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A NEW INERTIAL-PROJECTION METHOD FOR SOLVING SPLIT
GENERALIZED MIXED EQUILIBRIUM AND HIERARCHICAL

FIXED POINT PROBLEMS

OLAWALE KAZEEM OYEWOLE1,2 AND OLUWATOSIN TEMITOPE MEWOMO1

Abstract. In this paper, we introduce a new iterative algorithm of inertial form
for approximating the common solution of Split Generalized Mixed Equilibrium
Problem (SGMEP) and Hierarchical Fixed Point Problem (HFPP) in real Hilbert
spaces. Motivated by the subgradient extragradient method, we incorporate the
inertial technique to accelerate the convergence of the proposed method. Under
standard and mild assumption of monotonicity and lower semicontinuity of the
SGMEP and HFPP associated mappings, we establish the strong convergence of
the iterative algorithm. Some numerical experiments are presented to illustrate the
performance and behaviour of our method as well as comparing it with some related
methods in the literature.

1. introduction

Let C be a nonempty, closed and convex subset of a real Hilbert space H and
T : C → C be a nonlinear mapping. T is said to be:

(i) firmly nonexpansive, if for each x, y ∈ C

∥Tx − Ty∥2 ≤ ⟨Tx − Ty, x − y⟩;
(ii) a contraction, if for every x, y ∈ C and c ∈ (0, 1)

∥Tx − Ty∥ ≤ c∥x − y∥.

If c = 1, then T is called nonexpansive.

Key words and phrases. Pseudomonotone, equilibrium problem, hierachical fixed point, inertial,
strong convergence, Hilbert space.
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We denote by Fix(T ), the set of fixed points of the mapping T, that is Fix(T ) =
{x ∈ C : x = Tx}. The mapping T is called quasi nonexpansive if Fix(T ) ̸= ∅ and

∥Tx − p∥ ≤ ∥x − p∥, for all p ∈ Fix(T ), x ∈ C.

It is known that if T is quasinonexpansive, then Fix(T ) is closed and convex (see
[45]).

Let F : C × C → R be a bifunction. The Equilibrium Problem (EP) in the sense
of Blum and Oetlli [9], is to find a point x∗ ∈ C such that

F (x∗, y) ≥ 0, for all y ∈ C.(1.1)
We denote by EP (F, C), the set of solutions of EP (1.1). The EP unifies many
important mathematical problems, such as optimization problems, complementary
problems, fixed point problems, variational inequality problems, see [4, 6, 9, 25,36,37].
Let B : C → H be a nonlinear mapping. The Variational Inequality Problem (VIP)
is to obtain a point x∗ ∈ C such that

⟨Bx∗, y − x∗⟩ ≥ 0, for all y ∈ C.(1.2)
The set of solutions of the VIP is denoted V IP (B, C). Solution to these class of prob-
lems, fixed point problems and related optimization problems have been investigated
and iterative algorithm for approximating them have been proposed and studied by
several authors, see [2, 5, 10, 14, 15, 17, 19, 20, 27, 28, 32, 35]. Let ϕ : C → R be a real
valued function, then the Minimization Problem (MP), consists of finding a point
x∗ ∈ C such that

ϕ(x∗) ≤ ϕ(y), for all y ∈ C.(1.3)
The set of solutions of MP (1.3) will be denoted by MP (ϕ, C). For more on MP (see
[1, 8, 23,42]) and the references therein.

Let F : C × C → R be a bifunction, B : C → H a nonlinear mapping and
ϕ : C → R a proper, convex and lower semicontinuous function. The Generalized
Mixed Equilibrium Problem (GMEP) [10,24,26,33,38,48] is the problem of finding a
point x∗ ∈ C such that

F (x∗, y) + ⟨Bx∗, y − x∗⟩ + ϕ(y) − ϕ(x∗) ≥ 0, for all y ∈ C.(1.4)
We use GMEP (F, B, ϕ) to denote the set of solutions of GMEP (1.4). The GMEP
includes several optimization problems as special cases. The relationship with the
VIP and MP are easily observed by setting some maps to the zero map in inequality
(1.4). Numerous problems in economics, science and engineering can be reduced to
the problem of finding a solution to the GMEP (see [26,34,37]).

Let C and Q be nonempty, closed and convex subsets of real Hilbert spaces H1 and
H2 respectively and L : H1 → H2 a bounded linear operator. In 1994, Censor and
Elfving [12] introduced the notion of Split Feasibility Problem (SFP), which is defined
as follows: find a point

x∗ ∈ C such that Lx∗ ∈ Q.(1.5)
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The SFP is a special case of the Split Inverse Problem (SIP) first studied by Censor
et al. [13]. In SIP, there are two given vector spaces X and Y and a linear operator
L : X → Y. The first Inverse Problem, IPX say, is formulated in space X and the
second one IPY formulated in space Y. Given this information, the SIP is formulated
as follows: find x∗ ∈ X that solves IPX , such that y∗ = Lx∗ ∈ Y solves IPY . The
SIP is used as a model for sensor networks, radiation therapy treatment planning,
color imaging and other image restoration problems, see [11].

Furthermore, SFP over EP have been studied by some authors in the literature. For
example, Moudafi [30] considered a SFP over EP and called this the Split Equilibrium
Problem (SEP), see [22]. Let F : C × C → R and G : Q × Q → R be two bifunctions
and L : H1 → H2 be a bounded linear operator. The SEP is given as follows: find
x∗ ∈ C such that

F (x∗, x) ≥ 0, for all x ∈ C,

and such that
y∗ = Lx∗ ∈ Q solves G(y∗, y) ≥ 0, for all y ∈ Q.

For more, see [37, 46] and the references therein.
Since then, there have been several research in this direction where both bifunctions

have same mononotonicity property and others with different monotonicity properties.
Dinh et al. [16], studied the SEP involving pseudomonotone and monotone bifunctions.
Also, in 2017 Rattanaseeha et al. [40], studied a split generalized equilibrium problem
which involves both pseudomonotone bifunction and a monotone bifunction. For more
literature on this class of problems (see [16, 40,43]) and the references therein.

Moudafi and Mainge [31] introduced and studied the following Hierarchical Fixed
Point Problem (HFPP) for a nonexpansive mapping S with respect to another non-
expansive mapping T on C. The HFPP consists of finding a point x∗ ∈ Fix(S) such
that

⟨(I − T )x∗, y − x∗⟩ ≥ 0, for all y ∈ Fix(S).(1.6)
It is easy to see that the HFPP is equivalent to the problem of finding the fixed point
of a map A = PF ix(S) ◦ T. Let Ω denote the solution set of the HFPP (1.6). Note
that if Ω ̸= ∅, then Ω is closed and convex. The HFPP is general in the sense that it
includes as special case the monotone VIP on fixed point sets, MP over equilibrium
constraints, hierarchical MP... Very recently, Alansari et al. [7], studied an hybrid
iterative scheme for approximating a common solution of a split EP involving both
monotone and pseudomonotone bifiunction and a HFPP for a nonexpansive and quasi
nonexpansive mappings. They proved a weak convergence theorem for their proposed
algorithm.

Inspired by the works above and current research interest in this direction, in
particular, in order to provide a partial answer to the future research posed by Alansari
et al. [7] in conclusion of their work. We propose an iterative algorithm which combines
the inertial technique, projection method, diagonal subgradient method and viscosity
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approach [8, 24], see Section 3. We prove a strong convergence theorem using the
proposed algorithm to a solution of a SGMEP involving a pseudomonotone bifunction
and a monotone bifunction which is also a solution of a HFPP. In our proposed method,
the inertial extrapolation step was included to accelerate the rate of convergence of
the algorithm, (see [1,3,25,39]) for more literature on inertial algorithms. We present
some numerical examples to illustrate the behaviour and performance of our method
as well as comparing it with some related methods in the literature.

2. preliminaries

We denote by xn ⇀ v and xn → v the weak and strong convergence respectively of
a sequence {xn} in H to a point v ∈ H.

For each x ∈ H, there exists a unique nearest point y = PCx ∈ C such that
∥x − y∥ ≤ ∥x − z∥, for all z ∈ C.

The mapping PC : H → C is called the metric projection from H onto C. It is well
known that PC satisfies the following conditions.

(i) ∥PCx − PCy∥2 ≤ ⟨PCx − PCy, x − y⟩ for all x, y ∈ H.
(ii) For x ∈ H and y ∈ C, y = PCx if and only if

(2.1) ⟨x − y, y − z⟩ ≥ 0, for all z ∈ C.

Definition 2.1. A mapping T : C → C is said to be demiclosed at 0, if for any
sequence {xn} ⊂ C which converges weakly to x ∈ C with ∥xn − Txn∥ = 0, then
Tx = x.

It is well known (see [21]) that the nonexpansive mapping is demiclosed.

Definition 2.2. A bifunction f : C × C → R is said to be
(a) strongly monotone on C, if there exists a constant γ > 0 such that

f(x, y) + f(y, x) ≤ −γ∥x − y∥2, for all x, y ∈ C;
(b) monotone on C, if f(x, y) + f(y, x) ≤ 0 for all x, y ∈ C;
(c) pseudomonotone on C, if f(x, y) ≥ 0 implies f(y, x) ≤ 0 for all x, y ∈ C.

It is obvious from above that a strongly pseudomonotone bifunction is contained
in the class of monotone bifunctions and a monotone bifunction is pseudomonotone.

Definition 2.3 ([18]). Let f : C × C → R be a bifunction, where f(x, ·) is convex
for each x ∈ C. Then for ϵ ≥ 0 the ϵ-subdifferential (ϵ-diagonal subdifferential) of f
at x, denoted by ∂ϵf(x, ·)(x) is given by

∂ϵf(x, ·)(x) = {z ∈ H1 : f(x, y) + ϵ ≥ f(x, x) + ⟨z, y − x⟩ for all y ∈ C}.

For solving the GMEP, we assume ϕ : Q → R is proper, convex and lower semicon-
tinuous, the nonlinear mapping, B : Q → H2 is continuous and monotone and the
bifunction F : Q × Q → R satisfies the following restrictions:
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(R1) F (x, x) = 0 for all x ∈ Q;
(R2) F is monotone, i.e., F (x, y) + F (y, x) ≤ 0 for all x, y ∈ Q;
(R3) limt↓0 F (x + t(z − x), y) ≤ F (x, y) for all x, y, z ∈ Q;
(R4) for each x ∈ Q, the function y 7→ F (x, y) is convex and lower semicontinuous.
The following lemmas are used in the sequel.

Lemma 2.1 ([44]). In a real Hilbert space H, the following hold:
(i) ∥x − y∥2 = ∥x∥2 − 2⟨x, y⟩ + ∥y∥2 for all x, y ∈ H;
(ii) ∥x + y∥2 ≤ ∥x∥2 + 2⟨y, x + y⟩ for all x, y ∈ H;
(iii) ∥tx + (1 − t)y∥2 = t∥x∥2 + (1 − t)∥y∥2 − t(1 − t)∥x − y∥2 for all x, y ∈ H and

t ∈ (0, 1).
Lemma 2.2 ([48]). Let B : Q → H2 be a continuous and monotone mapping, ϕ :
Q → R be a proper, lower semicontinuous and convex function, and F : Q × Q → R
be a bifunction satisfying the conditions (R1)-(R4). Let r > 0 be any given number
and x ∈ H2 be any given point. Then, the following hold.

(i) There exists w ∈ Q such that

F (w, y) + ⟨B(w), y − w⟩ + ϕ(y) − ϕ(w) + 1
r

⟨y − w, w − x⟩ ≥ 0, for all y ∈ Q.

(ii) Define a mapping KF,B,ϕ
r : Q → Q by KF,B,ϕ

r (x) =
{

w ∈ Q : F (w, y) +

⟨B(w), y − w⟩ + ϕ(y) − ϕ(w) + 1
r

⟨y − w, w − x⟩ ≥ 0, y ∈ Q
}

, x ∈ Q.

The mapping KF,B,ϕ
r satisfies the following characteristics:

(a) KF,B,ϕ
r is single valued;

(b) KF,B,ϕ
r is fimrly nonexpansive, i.e., for all z, y ∈ H

∥KF,B,ϕ
r z − KF,B,ϕ

r y∥2 ≤ ⟨KF,B,ϕ
r z − KF,B,ϕ

r y, z − y⟩;
(c) Fix(KF,B,ϕ

r ) = GMEP (F, B, ϕ);
(d) GMEP (F, B, ϕ) is a closed and convex subset of Q.

The following restrictions are assumed to be satisfied by the pseudomonotone
bifunction f : C × C → R :

(F1) f(x, x) = 0 for all x ∈ C;
(F2) f is pseudomonotone on C with respect x ∈ EP (f, C), that is, for x ∈

EP (f, C), f(x, y) ≥ 0 implies f(y, x) ≤ 0 for all y ∈ C;
(F3) f is strict paramonotone, that is the following holds

x ∈ EP (f, C), y ∈ C, f(y, x) ≤ 0 implies y ∈ EP (f, C);
(F4) f is jointly weakly upper semicontinuous on C ×C in the sense that, if x, y ∈ C

and {xn}, {yn} ⊆ C converges weakly to x and y, respectively, then f(xn, yn) →
f(x, y) as n → +∞.

The following lemmas are very useful in obtaining the strong convergence of the
sequence considered in this work.
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Lemma 2.3 ([47]). Let {an} be a sequence of nonnegative real numbers satisfying the
following inequality

an+1 ≤ (1 − αn)an + αnβn + γn, n ∈ N,

where {αn} ⊂ (0, 1), {βn} and {γn} satisfy the restrictions:
(i) ∑+∞

n=1 αn = +∞, limn→+∞ αn = 0;
(ii) lim supn→+∞ βn ≤ 0;
(iii) γn ≥ 0,

∑+∞
n=1 γn < +∞.

Then limn→+∞ an = 0.

Lemma 2.4 ([29,41]). Let {an} be a sequence of real numbers such that there exists
a subsequence {nj} of {n} with anj

≤ anj+1 for all j ∈ N. Consider the integer
{τ(n)}n≥n0 defined by

τ(n) := max{j ≤ n : aj ≤ aj+1}.

Then {τ(n)}n≥n0 is a non-decreasing sequence satisfying limn→+∞ τ(n) = +∞ and for
all n ≥ n0, the following estimates hold:

aτ(n) ≤ aτ(n)+1 and an ≤ aτ(n)+1.

3. Main Result

In this section, we state and prove our main result. First, we give an explicit statement
of the proposed problem in this study. Let C and Q be nonempty, closed and convex
subsets of real Hilbert spaces H1 and H2 respectively and L : H1 → H2 be a bounded
linear operator. Let f : C × C → R and F : Q × Q → R be pseudomonotone
and monotone bifunctions respectively satisfying restrictions (F1)-(F4) and (R1)-
(R4). Let B : C → H2 be a nonlinear mapping and ϕ : Q → R a proper, convex
and lower semicontinuous function. Let S be a nonexpansive mapping and T a
quasinonexpansive mapping such that I − T is monotone. We consider the problem
of finding a point x∗ ∈ C such that

x∗ ∈ EP (f, C) ∩ Fix(PF ix(S) ◦ T )(3.1)
and such that

y∗ = Lx∗ ∈ Q solves GMEP (F, B, ϕ).(3.2)
We assume that the solution set of Problem (3.1)–(3.2) denoted by Γ is nonempty.

Remark 3.1 ([18]). If f is pseudomonotone on C with respect to EP (f, C), then by
restrictions (F1) and (F4), EP (f, C) is closed and convex. From Lemma 2.2 (d), we
have that GMEP (F, B, ϕ) is closed and convex. Also, if Fix(PF ix(S) ◦ T ) ̸= ∅, then
the solution set of the HFPP is closed and convex see [31]. We assume Γ ̸= ∅, hence
Γ is well defined.

Algorithm 3.1. Initialization. Choose x0, x1 ∈ C. Take the sequence of real numbers
{µn}, {βn}, {rn}, {θn}, {γn}, {σn}, {ϵn}, {αn} and {λn} satisfying
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(i) 0 < r < rn, 0 < a < αn < b < 1, 0 < á < λn < b́ < 1, 0 < ā < σn < b̄ < 1,
βn ≥ 0, γn ∈ (0, 2/∥L∥2) and ϵn → 0 as n → +∞;

(ii) ∑+∞
n=1 µ2

n < +∞;
(iii) ∑+∞

n=1 βn = +∞, limn→+∞ βn = 0;
(iv) {θn} ⊂ [0, θ], where θ ∈ [0, 1) and ∑+∞

n=1 θn∥xn − xn−1∥ < +∞;
(v) limn→+∞

θn

βn
= 0.

[Step 1. Given xn−1 and xn, n ≥ 1, compute
wn = xn + θn(xn − xn−1).(3.3)

Step 2. Take g(wn) ∈ ∂ϵn(f(wn, ·))(wn), n ≥ 1. Calculate ηn = max{1, ∥g(wn)∥},
λn = µn

ηn
and

zn = PC(wn − λng(wn)).(3.4)
Step 3. If wn = zn (wn ∈ EP (f, C)), then stop. Otherwise, evaluate

tn = (1 − σn)Tzn + σnzn yn = (1 − αn)wn + αnStn,

un = KF,B,ϕ
rn

Lyn,

vn = yn + γnL∗(un − Lyn).
(3.5)

Step 4. Compute
(3.6) xn+1 = βnh(xn) + (1 − βn)vn,

where h is a contraction.
Step 5. Set n := n + 1 and go to step 1.

Lemma 3.1. Let {xn} be the sequence given by Algorithm 3.1, then {xn} is bounded.
Consequently, the sequences {yn}, {zn}, {vn} and {un} are bounded.

Proof. Let u ∈ Γ, then from Lemma 2.1 (i) and (3.3), we have
∥wn − u∥2 =∥xn + θn(xn − xn−1) − u∥2(3.7)

=∥xn − u∥2 + 2θn⟨xn − u, xn − xn−1⟩ + θ2
n∥xn − xn−1∥2

≤∥xn − u∥2 + 2θn∥xn − u∥∥xn − xn−1∥ + θ2
n∥xn − xn−1∥2

=∥xn − u∥2 + θn∥xn − xn−1∥(2∥xn − u∥ + θn∥xn − xn−1∥).
It also follows from Lemma 2.1 (iii), that

∥tn − u∥2 = ∥(1 − σn)(Tzn − u) + σn(zn − u)∥2

= (1 − σn)∥Tzn − u∥2 + σn∥zn − u∥2 − σn(1 − σn)∥Tzn − zn∥2

≤ ∥zn − u∥2 − σn(1 − σn)∥Tzn − zn∥2

≤ ∥zn − u∥2.(3.8)
Next,

∥yn − u∥2 =∥(1 − αn)(wn − u) + αn(Stn − u)∥2
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≤(1 − αn)∥wn − u∥2 + αn∥Stn − u∥2 − αn(1 − αn)∥Stn − wn∥2

≤(1 − αn)∥wn − u∥2 + αn∥tn − u∥2 − αn(1 − αn)∥Stn − wn∥2

≤(1 − αn)∥wn − u∥2 + αn∥zn − u∥2 − αn(1 − αn)∥Stn − wn∥2

≤∥wn − u∥2 + 2αn⟨wn − zn, u − zn⟩ − αn(1 − αn)∥Stn − wn∥2,(3.9)
but from the definition of zn, we get

⟨wn − zn, u − zn⟩ ≤ λn⟨g(wn), u − zn⟩.
Using this in (3.9), we obtain

∥yn − u∥2 ≤∥wn − u∥2 + 2λnαn⟨g(wn), u − zn⟩ − αn(1 − αn)∥Stn − wn∥2

=∥wn − u∥2 + 2λnαn[⟨g(wn), u − wn⟩ + ⟨g(wn), wn − zn⟩]
− αn(1 − αn)∥Stn − wn∥2

≤∥wn − u∥2 + 2λnαn⟨g(wn), u − wn⟩ + 2λnαn∥g(wn)∥∥wn − zn∥
− αn(1 − αn)∥Stn − wn∥2.(3.10)

Note that by the definition of zn and wn ∈ C, we have
∥wn − zn∥2 ≤ λn⟨g(wn), wn − zn⟩ ≤ λn∥g(wn)∥∥wn − zn∥,

thus ∥wn − zn∥ ≤ λn∥g(wn)∥ and
λn∥g(wn)∥∥wn − zn∥ ≤λ2

n∥g(wn)∥2

=
(

µn

ηn

)2

∥g(wn)∥2 = µ2
n

(
∥g(wn)∥

max(1, ∥g(wn)∥)

)2

≤µ2
n,(3.11)

which implies
∥wn − zn∥2 ≤ µ2

n.(3.12)
Since ∑+∞

n=1 µ2
n < +∞, we obtain from above inequality, that

∥wn − zn∥ → 0 as n → +∞.(3.13)
Using (3.11) in (3.10), we have

∥yn − u∥2 ≤∥wn − u∥2 + 2λnαn⟨g(wn), u − wn⟩ + 2αnµ2
n − αn(1 − αn)∥Stn − wn∥2.

(3.14)

By using Lemma 2.2, we have
∥un − Lu∥2 =∥KF,B,ϕ

rn
Lyn − Lu∥2 = ∥KF,B,ϕ

rn
Lyn − KF,B,ϕ

rn
Lu∥2

≤⟨KF,B,ϕ
rn

Lyn − KF,B,ϕ
rn

Lu, Lyn − Lu⟩
=⟨KF,B,ϕ

rn
Lyn − Lu, Lyn − Lu⟩

=1
2
(
∥KF,B,ϕ

rn
Lyn − Lu∥2 + ∥Lyn − Lu∥2 − ∥KF,B,ϕ

rn
Lyn − Lyn∥2

)
.
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Hence, ∥un − Lu∥2 ≤ ∥Lyn − Lu∥2 − ∥un − Lyn∥2, which implies
2⟨Lyn − Lu, un − Lyn⟩ ≤ −2∥un − Lyn∥2.(3.15)

Now, from (3.5) and (3.15), we have
∥vn − u∥2 =∥yn + γnL∗(un − Lyn) − u∥2

=∥yn − u∥2 + 2γn⟨yn − u, L∗(un − Lyn)⟩ + γ2
n∥L∗(un − Lyn)∥2

=∥yn − u∥2 + 2γn⟨Lyn − Lu, un − Lyn⟩ + γ2
n∥L∗(un − Lyn)∥2

≤∥yn − u∥2 − γn(2 − γn∥L∥2)∥un − Lyn∥2,(3.16)
which implies

∥vn − u∥2 ≤∥wn − u∥2 + 2λnαn⟨g(wn), u − wn⟩ + 2αnµ2
n

− αn(1 − αn)∥Stn − wn∥2 − γn(2 − γn∥L∥2)∥un − Lyn∥2.(3.17)
Since wn ∈ C and g(wn) ∈ ∂ϵnf(wn, ·)(wn), we obtain

f(wn, u) + ϵn = f(wn, u) − f(wn, wn) + ϵn ≥ ⟨g(wn), u − wn⟩.
Using this in (3.17), we get

∥vn − u∥2 ≤∥wn − u∥2 + 2λnαn(f(wn, u) + ϵn) + 2αnµ2
n

− αn(1 − αn)∥Stn − wn∥2 − γn(2 − γn∥L∥2)∥un − Lyn∥2.

From the definition of λn and ηn, we obtain

λn = µn

ηn

≤ µn.

Therefore, we get from above, that
∥vn − u∥2 ≤∥wn − u∥2 + 2λnαnf(wn, u) + 2αn(µnϵn + µ2

n)
− αn(1 − αn)∥Stn − wn∥2 − γn(2 − γn∥L∥2)∥un − Lyn∥2.(3.18)

Since u ∈ Γ and wn ∈ C, we have f(u, wn) ≥ 0, then it follows from the monotonicity
of f that f(wn, u) ≤ 0 and

∥vn − u∥2 ≤∥wn − u∥2 + 2αn(µnϵn + µ2
n) − αn(1 − αn)∥Stn − wn∥2

− γn(2 − γn∥L∥2)∥un − Lyn∥2

≤∥wn − u∥2 + 2αn(µnϵn + µ2
n),(3.19)

which implies that

∥vn − u∥ ≤ ∥wn − u∥ +
√

(2αn(µnϵn + µ2
n).(3.20)

Furthermore, we have from (3.6) and some M1, M2 > 0, that
∥xn+1 − u∥ =∥βnh(xn) + (1 − βn)vn − u∥

≤βn∥h(xn) − u∥ + (1 − βn)∥vn − u∥
≤βn∥h(xn) − h(u)∥ + βn∥h(u) − u∥ + (1 − βn)∥vn − u∥



208 O. K. OYEWOLE AND O. T. MEWOMO

≤cβn∥xn − u∥ + βn∥h(u) − u∥ + (1 − βn)
(
∥wn − u∥

+
√

2αn(µnϵn + µ2
n)
)

≤cβn∥xn − u∥ + (1 − βn)
(
∥xn − u∥ + θn∥xn − xn−1∥

+
√

2αn(µnϵn + µ2
n)
)

+ βn∥h(u) − u∥
≤[1 − βn(1 − c)]∥xn − u∥ + θn(1 − βn)∥xn − xn−1∥ + βn∥h(u) − u∥

+
√

2αn(µnϵn + µ2
n)

=[1 − βn(1 − c)]∥xn − u∥ + θn(1 − βn)∥xn − xn−1∥

+ βn(1 − c)
1 − c

∥h(u) − u∥ +
√

2αn(µnϵn + µ2
n)

≤ max
{

∥xn − u∥,
∥h(u) − u∥

(1 − c)

}
+ θn(1 − βn)∥xn − xn−1∥

+
√

2αn(µnϵn + µ2
n)

≤ max
{

max
{

∥xn−1 − u∥,
∥h(u) − u∥

(1 − c)

}}
+ θn−1(1 − βn−1)∥xn−1 − xn−2∥

+
√

2αn−1(µn−1ϵn−1 + µ2
n−1) + θn(1 − βn)∥xn − xn−1∥

+
√

2αn(µnϵn + µ2
n)

...

≤ max
{

∥x1 − u∥,
∥h(u) − u∥

1 − c

}
+ M1 + M2

< + ∞,

where

M1 =
n∑

i=1
θi(1 − βi)∥xi − xi−1∥ < +∞,

by condition (iv) and

M2 =
n∑

i=1

√
2αi(µiϵi + µ2

i ).

Hence, {xn} is bounded. Consequently, all other sequences in Algorithm 3.1 are
bounded. □

Lemma 3.2. The following inequality is satisfied from (3.6) and all u ∈ Γ

∥xn+1 − u∥2 ≤
(

1 − 2βn(1 − c)
1 − cβn

)
∥xn − u∥2
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+ 2βn(1 − c)
1 − cβn

(
⟨h(u) − u, xn+1 − u⟩

1 − c
+ βnM3

1 − c

)

+ θn(1 − βn)
1 − cβn

(∥xn − xn−1∥)(M4 + ∥xn − xn−1∥) + 2αn(µnϵn + µ2
n),

for some M3, M4 > 0.

Proof. Let u ∈ Γ, then from Lemma 2.1 (ii), (3.4) and some M3, M4 > 0, we have
∥xn+1 − u∥2 =∥βn(h(xn) − u) + (1 − βn)(vn − u)∥2

≤(1 − βn)2∥vn − u∥2 + 2βn⟨h(xn) − u, xn+1 − u⟩
≤(1 − βn)2∥yn − u∥2 + 2βn⟨h(xn) − h(u), xn+1 − u⟩

+ 2βn⟨h(u) − u, xn+1 − u⟩
≤(1 − βn)2∥wn − u∥2 + 2βn∥h(xn) − h(u)∥∥xn+1 − u∥

+ 2βn⟨h(u) − u, xn+1 − u⟩ + (1 − βn)2(2αn(µnϵn + µ2
n))

≤(1 − βn)2
(
∥xn − u∥2 + θn∥xn − xn−1∥(2∥xn − u∥ + θn∥xn − xn−1∥)

)
+ 2βn⟨h(u) − u, xn+1 − u⟩ + 2αn(µnϵn + µ2

n)
+ cβn(∥xn − u∥2 + ∥xn+1 − u∥2)

=[1 − 2βn + cβn]∥xn − u∥2 + cβn∥xn+1 − u∥2 + β2
n∥xn − u∥2

+ 2βn⟨h(u) − u, xn+1 − u⟩ + 2αn(µnϵn + µ2
n)

+ θn(1 − βn)2∥xn − xn−1∥
(
2∥xn − u∥ + θn∥xn − xn−1∥

)
,

which implies
(1 − cβn)∥xn+1 − u∥2 ≤(1 − 2βn + cβn)∥xn − u∥2 + β2

n∥xn − u∥2

+ 2βn⟨h(u) − u, xn+1 − u⟩ + 2αn(µnϵn + µ2
n)

+ θn(1 − βn)∥xn − xn−1∥
(
2∥xn − u∥ + θn∥xn − xn−1∥

)
and

∥xn+1 − u∥2 ≤
(

1 − 2βn + cβn

1 − cβn

)
∥xn − u∥2(3.21)

+ θn(1 − βn)
1 − cβn

∥xn − xn−1∥
(
2∥xn − u∥ + θn∥xn − xn−1∥

)
+ β2

n

1 − cβn

∥xn − u∥2 + 2βn

1 − cβn

⟨h(u) − u, xn+1 − u⟩

+ 2αn

1 − cβn

(µnϵn + µ2
n)

≤
(

1 − 2βn(1 − c)
1 − cβn

)
∥xn − u∥2
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+ 2βn(1 − c)
1 − cβn

(
⟨h(u) − u, xn+1 − u⟩

1 − c
+ βnM3

1 − c

)

+ θn(1 − βn)
1 − cβn

(∥xn − xn−1∥) (M4 + θn∥xn − xn−1∥)

+ 2αn

(
µnϵn + µ2

n

)
. □

Theorem 3.2. Let {xn} be given by Algortihm 3.1, then {xn} converges strongly to
u = PΓh(u), where PΓ is the metric projection of H1 onto Γ.

Proof. We consider the following two possible cases for the sequence {∥xn − u∥}.
Case 1. Suppose there exists n ∈ N such that {∥xn − u∥2} is nonincreasing. Then

{∥xn − u∥2} converges and
∥xn − u∥2 − ∥xn+1 − u∥2 → 0 as n → +∞.

From (3.3) and condition (iv), we get

∥wn − xn∥ =∥xn + θn(xn − xn−1) − xn∥ ≤ θn∥xn − xn−1∥ → 0 as n → +∞.

(3.22)

Observe from (3.7) and (3.18), that
∥vn − u∥2 ≤∥wn − u∥2 + 2αn(µnϵn + µ2

n)
− αn(1 − αn)∥Stn − wn∥2 − γn(2 − γn∥L∥2)∥un − Lyn∥2

≤∥xn − u∥2 + θn∥xn − xn−1∥
(
2∥xn − u∥ + θn∥xn − xn−1∥

)
− αn(1 − αn)∥Stn − wn∥2

− γn(2 − γn∥L∥2)∥un − Lyn∥2 + 2αn(µnϵn + µ2
n),

using this in (3.21), we get

∥xn+1 − u∥2 ≤(1 − βn)
(
∥xn − u∥2 + θn∥xn − xn−1∥(2∥xn − u∥ + θn∥xn − xn−1∥)

+ 2αn(µnϵn + µ2
n)
)

+ 2βn⟨h(xn) − h(u), xn+1 − u⟩

− αn(1 − αn)∥Stn − wn∥2 − γn(2 − γn∥L∥2)∥un − Lyn∥2.

This implies

αn(1 − αn)(1 − βn)∥Stn − wn∥2 ≤(1 − βn)
(
θn∥xn − xn−1∥(2∥xn − u∥

+ θn∥xn − xn−1∥) + 2αn(µnϵn + µ2
n)
)

+ 2βn⟨h(xn) − h(u), xn+1 − u⟩
+ ∥xn − u∥2 − ∥xn+1 − u∥2 − βn∥xn − u∥2.

Using conditions (i)-(iv), we get
lim

n→+∞
∥Stn − wn∥ = 0.(3.23)
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Similarly, one gets,
γn(2 − γn∥L∥2)∥un − Lyn∥2 ≤(1 − βn)

[
θn∥xn − xn−1∥

(
2∥xn − u∥

+ θn∥xn − xn−1∥
)

+ 2αn(µnϵn + µ2
n)
]

+ 2βn⟨h(xn) − h(u), xn+1 − u⟩ + ∥xn − u∥2

− ∥xn+1 − u∥2 − βn∥xn − u∥2.

Since γn ∈
(
0, 2

∥L∥2

)
, we have

∥un − Lyn∥ → 0 as n → +∞.(3.24)
Recall from (3.18) that

∥vn − u∥2 ≤∥wn − u∥2 + 2λnαnf(wn, u) + 2αn(µnϵn + µ2
n)

− αn(1 − αn)∥Stn − wn∥2 − γn(2 − γn∥L∥2)∥un − Lyn∥2,

using this in (3.21), we obtain
2(1 − βn)λnαn(f(−wn, u)) ≤∥xn − u∥2 − ∥xn+1 − u∥2

+ (1 − βn)θn∥xn − xn−1∥
(
2∥xn − u∥ + θn∥xn − xn−1∥

)
− βn∥xn − u∥2 + 2βn⟨h(xn) − u, xn+1 − u⟩
+ 2αn(µnϵn + µ2

n).
Taking limit as n → +∞ and using (iv), we get

2 lim
n→+∞

(1 − βn)λnαn(−f(wn, u)) = 0.

Since 0 < á < λn < b́ < 1, 0 < a < αn < b < 1 and −f(wn, u) ≥ 0, we have that
lim sup
n→+∞

f(wn, u) = 0.(3.25)

Next we show ∥Tzn − zn∥ → 0 as n → +∞. Observe that
∥zn − u∥2 = ∥zn − wn + wn − u∥2 ≤ ∥wn − u∥2 + 2⟨zn − u, zn − wn⟩.

It follows from this, (3.8), (3.9) and (3.16), that
∥vn − u∥2 ≤∥wn − u∥2 + 2αn⟨zn − u, zn − wn⟩

− αnσn(1 − σn)∥Tzn − zn∥2 − αn(1 − αn)∥Stn − wn∥2

− γn(2 − γn∥L∥2)∥un − Lyn∥2.(3.26)
Substituting (3.26) into (3.21), we get

σnαn(1 − βn)(1 − αn)∥Tzn − zn∥2 ≤∥xn − u∥2 − ∥xn+1 − u∥2

+ (1 − βn)θn∥xn − xn−1∥
(
2∥xn − u∥

+ θn∥xn − xn−1∥
)

− βn∥xn − u∥2

+ 2βn⟨h(xn) − u, xn+1 − u⟩
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+ 2αn∥zn − u∥∥zn − wn∥.

Again, since 0 < a < αn < b < 1, 0 < ā < σn < b̄ < 1, it follows that
lim

n→+∞
∥Tzn − zn∥ = 0.(3.27)

Observe that
∥Stn − zn∥2 ≤∥Stn − wn∥2 + 2⟨wn − zn, Stn − zn⟩

≤∥Stn − wn∥2 + 2∥wn − zn∥∥Stn − zn∥,

which implies by condition, (3.13) and (3.23), that
lim

n→+∞
∥Stn − zn∥2 = 0.(3.28)

The following holds by triangular inequality, (3.27) and (3.28)
∥Tzn − Stn∥ ≤∥Tzn − zn∥ + ∥zn − Stn∥ → 0 as n → +∞.(3.29)

Also,
lim

n→+∞
∥tn − zn∥ = lim

n→+∞
(1 − σn)∥zn − Tzn∥ = 0.(3.30)

It follows again by triangular inequality, that
(3.31)

limn→+∞ ∥tn − wn∥ ≤ limn→+∞(∥tn − zn∥ + ∥zn − wn∥) = 0,

limn→+∞ ∥Stn − tn∥ ≤ limn→+∞(∥Stn − zn∥ + ∥zn − tn∥) = 0,

limn→+∞ ∥yn − tn∥ ≤ limn→+∞(1 − αn)∥wn − tn∥ + limn→+∞ αn∥Stn − tn∥ = 0,

limn→+∞ ∥yn − wn∥ ≤ limn→+∞(∥yn − tn∥ + ∥tn − wn∥) = 0,

limn→+∞ ∥yn − xn∥ ≤ limn→+∞(∥yn − wn∥ + ∥xn − wn∥) = 0.

Again,
∥Szn − zn∥2 =∥Szn − Stn + Stn − zn∥2

≤∥Szn − Stn∥2 + 2⟨Stn − zn, Szn − zn⟩
≤∥zn − tn∥2 + 2(∥Stn − zn∥ × ∥Szn − zn∥),

we obtain by (3.28) and (3.30), that
∥Szn − zn∥2 → 0 as n → +∞.(3.32)

Finally, we show that ∥xn+1 − xn∥ → 0 as n → +∞. Indeed, we have from (3.5) and
(3.24), that

lim
n→+∞

∥vn − yn∥ = lim
n→+∞

∥yn + γnL∗(un − Lyn) − yn∥

≤ lim
n→+∞

γn∥L∥∥un − Lyn∥ = 0(3.33)

and
∥xn+1 − vn∥ =∥βnh(xn) + (1 − βn)vn − vn∥ ≤ βn∥h(xn) − vn∥,
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which by condition (iii), implies that
∥xn+1 − vn∥ → 0 as n → +∞.(3.34)

Hence, by (3.22), (3.31), (3.33) and (3.34), we obtain

lim
n→+∞

∥xn+1 − xn∥ ≤ lim
n→+∞

(
∥xn+1 − vn∥ + |vn − yn∥ + ∥yn − wn∥ + ∥wn − xn∥

)
= 0.

Since {xn} is bounded, then there exists a subsequence {xnj
} such that xnj

⇀ v
and lim supn→+∞ f(xn, u) = limj→+∞ f(xnj

, u). It follows from (3.13), (3.23), (3.30)
and (3.31), that the sequences {wn}, {tn}, {zn} and {yn} all converge weakly to v.
Consequently, Lznj

⇀ Lv and Lynj
⇀ Lv. It follows from the demiclosedness of I − S

and (3.32), that v ∈ Fix(S). Next we show that v = (PF ix(S) ◦ T )v. It follows from
(3.5), that

tn − Stn = σn(I − T )zn + (Tzn − Stn),
which implies

1
σn

(tn − Stn) = (I − T )zn + 1
σn

(Tzn − Stn),(3.35)

thus for all w ∈ Fix(S), the monotonicity of (I − T ) and (3.35), we have〈
tn − Stn

σn

, zn − w
〉

=⟨(I − T )zn − (I − T )w, zn − w⟩

+ ⟨(I − T )w, zn − w⟩ + 1
σn

⟨Tzn − Stn, zn − w⟩

≥⟨(I − T )w, zn − w⟩ + 1
σn

⟨Tzn − Stn, zn − w⟩.(3.36)

Since {zn} and {zn − w} are bounded, it follows from (3.29), (3.31) and (3.36), that
lim sup
n→+∞

⟨(I − T )w, zn − w⟩ ≤ 0, for all w ∈ Fix(S).(3.37)

Replacing n with nj and letting j → +∞ in (3.37), we obtain
⟨(I − T )w, v − w⟩ ≤ 0, for all w ∈ Fix(S).

Note that tw + (1 − t)v ∈ F(S) for t ∈ (0, 1), since Fix(S) is convex. Hence,
⟨(I − T )(tw + (1 − t)v), v − w⟩ ≤ 0, for all w ∈ Fix(S).

Setting t → 0+ and using the continuity of (I − T ), we obtain
⟨(I − T )v, v − w⟩ ≤ 0, for all w ∈ Fix(S).

Thus v ∈ F (PF ix(S) ◦ T ). Next, we show that v ∈ EP (f, C). Since xnj
⇀ v,

∥wnj
−xnj

∥ → 0 and lim supn→+∞ f(wn, u) = limj→+∞ f(wnj
, u), by the upper weakly

continuity of f(·, u) and (3.25), we have
f(v, u) ≥ lim sup

j→+∞
f(wnj

, u) = lim
j→+∞

f(wnj
, u) = lim sup

n→+∞
f(wn, u) = 0.
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Since u ∈ Γ and v ∈ C, we have f(u, v) ≥ 0. By the pseudomonotone property of f,
we have f(v, u) ≤ 0. Consequently, we obtain f(v, u) = 0, and by restriction F3, we
get v ∈ EP (f, C). Furthermore, we show that Lv ∈ Fix(KF,B,ϕ

rn
) = GMEP (F, B, ϕ).

Since limn→+∞ ∥yn − xn∥ = 0 and xnj
⇀ v, it is easy to see that ynj

⇀ v. It therefore
follows from the continuity of L, that Lynj

⇀ Lv and by (3.24), we get unj
⇀ Lv.

Now since un = KF,B,ϕ
rn

Lyn, we have

F (un, w)+⟨B(un), w−un⟩+ϕ(w)−ϕ(un)+ 1
rn

⟨w−un, un −Lyn⟩ ≥ 0, for all w ∈ Q.

It follows from the monotonicity of F , that

ϕ(w) − ϕ(un) + ⟨B(un), w − un⟩ + 1
rn

⟨w − un, un − Lyn⟩ ≥ F (w, un), for all w ∈ Q,

and

ϕ(w) − ϕ(unj
) + ⟨B(unj

), w − unj
⟩ +

〈
w − unj

,
unj

− Lynj

rnj

〉
≥ F (w, unj

),(3.38)

for all w ∈ Q. This implies
⟨B(Lynj

), w − unj
⟩ ≥ϕ(unj

) − ϕ(w) + ⟨B(Lynj
), w − unj

⟩ − ⟨B(unj
), w − unj

⟩

−
〈

w − unj
,
unj

− Lnj

rnj

〉
+ F (w, unj

)

=ϕ(unj
) − ϕ(w) + ⟨B(Lynj

) − B(unj
), w − unj

⟩

−
〈

w − unj
,
unj

− Lynj

rnj

〉
+ F (w, unj

).(3.39)

Since B is continuous and limn→+∞ ∥Lyn−un∥ = 0, it follows that limn→+∞ ∥B(Lyn)−
B(un)∥ = 0. From the monotonicity of B, the weakly lower semicontinuity of ϕ and
unj

⇀ Lv, it follows from (3.39), that
(3.40) ⟨B(Lv), w − Lv⟩ ≥ ϕ(Lv) − ϕ(w) + F (w, Lv), for all w ∈ Q.

For any t ∈ (0, 1] and w ∈ Q, set zt = tw + (1 − t)Lv we have zt ∈ Q and thus satisfies
(3.40). Using assumptions (R1) and (R4), we get

0 =F (zt, zt) + ϕ(zt) − ϕ(zt)
≤tF (zt, w) + (1 − t)F (zt, Lv) + tϕ(w) + (1 − t)ϕ(Lv) − ϕ(zt)
=t[F (zt, w) + ϕ(w) − ϕ(zt)] + (1 − t)[F (zt, Lv) + ϕ(Lv) − ϕ(zt)]
≤t[F (zt, w) + ϕ(w) − ϕ(zt)] + (1 − t)t⟨B(Lv), w − Lv⟩.

This implies
F (zt, w) + ϕ(w) − ϕ(zt) + (1 − t)⟨B(Lv), w − Lv⟩ ≥ 0.

Letting t → 0+, we get
F (Lv, w) + ϕ(w) − ϕ(Lv) + ⟨B(Lv), w − Lv⟩ ≥ 0, for all w ∈ C,
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which implies Lv ∈ GMEP (F, B, ϕ).
To end Case 1, we show that {xn} converges strongly to u = PΓh(u). To do this,

it suffices to show that lim supn→+∞⟨h(u) − u, xn+1 − u⟩ ≤ 0 and apply Lemma 2.3.
Indeed, choose a subsequence {xnj

} of {xn} such that xnj
⇀ v ∈ H1 and

lim sup
n→+∞

⟨h(u) − u, xn+1 − u⟩ = lim
j→+∞

⟨h(u) − u, xnj+1 − u⟩.

We have that xn+1 ⇀ v since ∥xn+1 − xn∥ → 0 as n → +∞. By applying (2.1), we
have

lim sup
n→+∞

⟨h(u) − u, xn+1 − u⟩ = lim
j→+∞

⟨h(u) − u, xnj+1 − u⟩ = ⟨h(u) − u, v − u⟩ ≤ 0.

Using (2.1), (3.21) and Lemma 2.3, we conclude that ∥xn − u∥ → 0 as n → +∞.
Case 2. Assume that {∥xn − u∥} is non monotone. For some n0 large enough, let

τ : N → N be a mapping defined for all n ≥ n0 by
τ(n) := max{j ∈ N : j ≤ n, ∥xj − u∥ ≤ ∥xj+1 − u∥}.

By Lemma 2.4, τ(n) is nondecreasing sequence such that τ(n) → +∞ as n → +∞
and 0 ≤ ∥xτ(n) − u∥ ≤ ∥xτ(n)+1 − u∥ for all n ≥ n0. Just by using similar argument
as in Case 1, we have

lim
n→+∞

∥wτ(n) − xτ(n)∥ = lim
n→+∞

∥zτ(n) − wτ(n)∥ = lim
n→+∞

∥yτ(n) − wτ(n)∥

= lim
n→+∞

∥uτ(n) − Lyτ(n)∥ = lim
n→+∞

∥Tzτ(n) − zτ(n)∥

= lim
n→+∞

∥Szτ(n) − zτ(n)∥ = lim
n→+∞

∥xτ(n)+1 − xτ(n)∥ = 0

and
lim

n→+∞
⟨h(u) − u, xτ(n)+1 − u⟩ ≤ 0.

Since {xτ(n)} is bounded, there exists a subsequence of {xτ(n)} still denoted by {xτ(n)}
such that xτ(n) ⇀ v ∈ C. Following similar argument as in Case 1, we obtain v ∈ Γ.

From (3.21), we get

∥xτ(n)+1 − u∥2 ≤
(

1 −
2βτ(n)(1 − c)

1 − cβτ(n)

)
∥xτ(n) − u∥2

+ 2βτ(n)(1 − c)
1 − cβτ(n)

(
⟨h(u) − u, xτ(n)+1 − u⟩

1 − c
+ βτ(n)M3

1 − c

)

+ θτ(n)(1 − βτ(n))
1 − cβτ(n)

(
∥xτ(n) − xτ(n)−1∥

) (
M4 + θτ(n)∥xτ(n) − xτ(n)−1∥

)
+ 2ατ(n)

(
µτ(n)ϵτ(n) + µ2

τ(n)

)
.

Since ∥xτ(n) − u∥ ≤ ∥xτ(n)+1 − u∥ and βτ(n) > 0, we have
2βτ(n)(1 − c)

1 − cβτ(n)
∥xτ(n) − u∥2 ≤

2βτ(n)(1 − c)
1 − cβτ(n)

(
⟨h(u) − u, xτ(n)+1 − u⟩

1 − c
+ βτ(n)M3

1 − c

)
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+ 2ατ(n)
(
µτ(n)ϵτ(n) + µ2

τ(n)

)
+ θτ(n)(1 − βτ(n))

1 − cβτ(n)

×
(
∥xτ(n) − xτ(n)−1∥

) (
M4 + θτ(n)∥xτ(n) − xτ(n)−1∥

)
.

Hence,
2(1 − c)

1 − cβτ(n)
∥xτ(n) − u∥2 ≤ 2(1 − c)

1 − cβτ(n)

(
⟨h(u) − u, xτ(n)+1 − u⟩

1 − c
+ βτ(n)M3

1 − c

)

+ 2ατ(n)

βτ(n)
(µτ(n)ϵτ(n) + µ2

τ(n))

+ θτ(n)(1 − βτ(n))
βτ(n)(1 − cβτ(n))

(
∥xτ(n) − xτ(n)−1∥

)
×
(
M4 + θτ(n)∥xτ(n) − xτ(n)−1∥

)
.

This implies that lim supn→+∞ ∥xτ(n) − u∥2 ≤ 0 and

lim
n→+∞

∥xτ(n) − u∥ = 0.(3.41)

From (3.34) and (3.41), we obtain

∥xτ(n)+1 − u∥ ≤ ∥xτ(n) − u∥ + ∥xτ(n) − xτ(n)+1∥ → 0 as n → +∞.

Furthermore, for n ≥ n0, it is obvious that ∥xn − u∥ ≤ ∥xτ(n) − u∥. Consequently, we
get for all n ≥ n0, that

0 ≤ ∥xn − u∥ ≤ max{∥xτ(n) − u∥, ∥xτ(n)+1 − u∥} = ∥xτ(n)+1 − u∥.

Therefore, ∥xn − u∥ → 0 as n → +∞, that is xn → u. Thus completing the proof. □

If we set B = ϕ = 0 in (3.1)–(3.2), we obtain the following method for obtaining a
common solution of split EP and HFPP considered in [7].

Algorithm 3.3. Initialization. Choose x0, x1 ∈ C. Take the sequence of real numbers
{µn}, {βn}, {rn}, {θn}, {γn}, {σn}, {ϵn}, {αn} and {λn} satisfying

(i) 0 < r < rn, 0 < a < αn < b < 1, 0 < á < λn < b́ < 1, 0 < ā < σn < b̄ < 1,
βn ≥ 0, γn ∈ (0, 2/∥L∥2) and ϵn → 0 as n → +∞;

(ii) ∑+∞
n=1 µ2

n < +∞;
(iii) ∑+∞

n=1 βn = +∞, limn→+∞ βn = 0;
(iv) {θn} ⊂ [0, θ], where θ ∈ [0, 1) and ∑+∞

n=1 θn∥xn − xn−1∥ < +∞;
(v) limn→+∞

θn

βn
= 0.

Step 1. Given xn−1 and xn, n ≥ 1, compute

wn = xn + θn(xn − xn−1).(3.42)

Step 2. Take g(wn) ∈ ∂ϵn(f(wn, ·))(wn), n ≥ 1. Calculate ηn = max{1, ∥g(wn)∥},
λn = µn

ηn
and zn = PC(wn − λng(wn)).
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Step 3. If wn = zn (wn ∈ EP (f, C)), then go to step 3. Otherwise, evaluate


tn = (1 − σn)Tzn + σnzn,

yn = (1 − αn)wn + αnStn,

un = KF
rn

Lyn,

vn = yn + γnL∗(un − Lyn).

Step 4. Compute xn+1 = βnh(xn) + (1 − βn)vn, where h is a contraction.
Step 5. Set n := n + 1 and go to step 1.

We therefore give the following result as a consequence of our main theorem.

Corollary 3.4. Let C and Q be nonempty, closed and convex subsets of real Hilbert
spaces H1 and H2 respectively. Let L : H1 → H2 be a bounded linear operator.
Let f : C × C → R and F : Q × Q → R be bifunctions satisfying restrictions
F1-F4 and R1-R4 respectively. Let S : C → C be a nonexpansive mapping and
T : C → C be a quasinonexpansive mapping such that I − T is monotone. Assume
that Γ = EP (f, C) ∩ EP (F, Q) ∩ Ω ̸= ∅. Then the sequence {xn} given by Algorithm
3.3 converges strongly to u = PΓh(u), where PΓ is the metric projection of H1 onto Γ.

4. Numerical Examples

We give some numerical examples to illustrate the behaviour and performance of
our method as well as comparing it with some related methods in the literature.

Example 4.1. Let H1 = H2 = C = Q = R with inner product ⟨x, y⟩ = xy for
all x, y ∈ R and the induced usual norm | · |. Let f : C × C → R be defined by
f(x, y) = 2xy(y−x)+xy|y−x|, for all x, y ∈ H1. Define the bifunction F : Q×Q → R
by F (u, v) = −u2 + v2, for all u, v ∈ Q, B : Q → H2 by B(u) = u

5 for all u ∈ Q
and ϕ : Q → R by ϕ(u) = 0 for all u ∈ Q. For each x ∈ H1, define the mapping
L : H1 → H2 by Lx = x for all x ∈ H1. Also define the mappings S and T respectively
by Sx = x

2 and Tx = x. It is easy to see that f, F, S and T satisfy the conditions
of Theorem 3.2 and that Γ = {0}. From Theorem 3.2, we can conclude that the
sequences {xn}, {yn} and {zn} converge to 0. Let rn = 1, for all n ≥ 1, it is easy to
find that the resolvent KF,B,ϕ

rn
Lyn = 5yn

16 .
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Figure 1. Numerical results for Example 4.1. Left: x0 = 0.8, x1 = 0.5;
right: x0 = −1, x1 = −3.

Set σn = 1
2n2+3 , αn = 1

2n2+5 , ϵn = 0, γn = 1
5 , λn = 1

2 . Also, let µn = 1
n
, βn = 1

n+1
and θn = 1

4n2+1 . Then, after simplification Algorithm 3.1, becomes

Given x0 and x1 ∈ H1,

wn = xn + θn(xn − xn−1),
wn ∈ H1 such that g(wn) ∈ ∂ϵnf(wn, ·)(wn) = [w2

n, 3w2
n],

zn = PC(wn − λng(wn)),
tn = (1 − σn)Tzn + σnzn,

yn = (1 − αn)wn + αnStn,

un = 5yn

16 ,

vn = 1
15(3un + 2yn),

xn+1 = βnh(xn) + (1 − βn)vn.

We test our algorithm with varying values of initial terms x0 and x1, see Figure 1.

In this example, we set B = ϕ = 0.

Example 4.2. Let H1 = H2 = Q = ℓ2(R) be the linear spaces whose elements are all
2-summable sequences {xi}+∞

i=1 of scalars in R, that is

ℓ2(R) :=
{

x = (x1, x2 . . . , xi . . . ), xi ∈ R and
+∞∑
i=1

|xi|2 < +∞
}

,

with an inner product ⟨·, ·⟩ : ℓ2 × ℓ2 → R defined by ⟨x, y⟩ := ∑+∞
i=1 xiyi, where

x = {xi}+∞
i=1 , y = {yi}+∞

i=1 and the norm ∥ · ∥ : ℓ2 → R by ∥x∥2 := (∑+∞
i=1 |xi|2)

1
2 ,
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where x = {xi}+∞
i=1 . Let C = {z ∈ ℓ2(R) : ⟨a, z⟩ ≤ b}, where 0 ̸= a ∈ ℓ2 and

b ∈ R. Let f : C × C → R be defined by f(x, y) = 2xy(y − x) + xy∥y − x∥ for all
x = {xi}+∞

i=1 , y = {yi}+∞
i=1 ∈ ℓ2. Define the bifunction F : Q × Q → R by F (u, v) =

u(v − u) for all u = {ui}+∞
i=1 , v = {vi}+∞

i=1 ∈ ℓ2. For each x ∈ ℓ2, define the mapping
L : ℓ2 → ℓ2 by Lx = (x1, x2, . . . , xi, . . . ) for all x = {xi}+∞

i=1 ∈ ℓ2. Let rn = 0.5 for
all n ≥ 1, then it is easy to see that KF

rn
Lyn = 2Lyn

3 . Also, define the mappings
S and T ,respectively by Sx = (x1

2 , x2
2 , . . . , xi

2 , . . . ) for all x = {xi}+∞
i=1 ∈ ℓ2 and

Tx = (x1 cos x1, x2 cos x2, . . . , xi cos xi, . . . ) for all x = {xi}+∞
i=1 ∈ ℓ2. It is easy to see

that f , F , S and T satisfy the conditions of Corollary 3.4 and that Γ = {0}. We define
the control parameters as in Example 4.1 above and obtain the figures for varying
initial values. Using ∥xn+1 − xn∥ℓ2 < 10−3 as the stopping criterion, we compare our
Algorithm 3.3 with Algorithm Theorem 3.1 in [7], see Figure 2.

Case (i) x1 = (3.568, −5.8091, 0, . . . , 0, . . . )T , x0 = (1.521, −7.5647, 0, . . . , 0, . . . )T .
Case (ii) x1 = (1.7601, −2.1594, 0, . . . , 0, . . . )T , x0 = (0.3456, −4.1031, 0, . . . ,

0, . . . )T .
Case (iii) x1 = (10.5613, 7.2610, 0, . . . , 0, . . . )T , x0 = (5.1063, 2.1687, 0, . . . , 0, . . . )T .

We then plot the graphs of error ∥xn+1 −xn∥ℓ2 against the number of iteration in each
case.
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Figure 2. Numerical results for Example 4.2. Top left: Case (i); top
right: Case (ii); bottom: Case (iii).
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[21] D. Göhde, Zum Prinzip der kontraktiven Abbildung, Math. Nachr. 30 (1965), 251–258.
[22] Z. He, The split equilibrium problem and its convergence algorithms, J. Inequal. Appl. 2012

(2012), Article ID 162, 15 pages. https://doi.org/10.1186/1029-242X-2012-162
[23] C. Izuchukwu, A. A. Mebawondu and O. T. Mewomo, A New Method for Solving Split Varia-

tional Inequality Problems without Co-coerciveness, J. Fixed Point Theory Appl. 22(4) (2020),
Article ID 98, 23 pages. https://doi.org/10.1007/s11784-020-00834-0

[24] C. Izuchukwu, C. C. Okeke and O. T. Mewomo, Systems of Variational Inequalities and
multiple-set split equality fixed point problems for countable families of multivalued type-one
demicontractive-type mappings, Ukrainian Math. J. 71 (2020), 1692–1718. https://doi.org/10.
1007/s11253-020-01742-9

[25] L. O. Jolaoso, T. O. Alakoya, A. Taiwo and O. T. Mewomo, Inertial extragradient method via
viscosity approximation approach for solving equilibrium problem in Hilbert space, Optimization
70(2) (2020), 387–412. https://doi.org/10.1080/02331934.2020.1716752

[26] L. O. Jolaoso, K. O. Oyewole, K. O. Aremu and O. T. Mewomo, A new efficient algorithm
for finding common fixed points of multivalued demicontractive mappings and solutions of split
generalized equilibrium problems in Hilbert spaces, Int. J. Comput. Math. (2020). https://doi.
org/10.1080/00207160.2020.1856823

[27] L. O. Jolaoso, A. Taiwo, T. O. Alakoya and O. T. Mewomo, Strong convergence theorem for
solving pseudo-monotone variational inequality problem using projection method in a reflexive
Banach space, J. Optim. Theory Appl. 185(3) (2020), 744–766. https://doi.org/10.1007/
s10957-020-01672-3

[28] S. H. Khan, T. O. Alakoya and O. T. Mewomo, Relaxed projection methods with self-adaptive
step size for solving variational inequality and fixed point problems for an infinite family of
multivalued relatively nonexpansive mappings in Banach spaces, Math. Comput. Appl. 25 (2020),
Article ID 54. https://doi.org/10.3390/mca25030054

[29] P. E. Mainge, Strong convergence of projected subgradient methods for nonsmooth and nonstrictly
convex minimization, Set-Valued Var. Anal.. 16 (2008), 899–912. https://doi.org/10.1007/
s11228-008-0102-z

[30] A. Moudafi, Split monotone variational inclusions, J. Optim. Theory Appl. 150 (2011), 275–283.
https://doi.org/10.1007/s10957-011-9814-6

[31] A. Moudafi and P. E. Mainge, Towards viscosity approximations of hierarchical fixed point
problems, Fixed Point Theory Appl. 2006 (2016), Article ID 95453. https://doi.org/10.1155/
FPTA/2006/95453

[32] G. N. Ogwo, C. Izuchukwu and O. T. Mewomo, Inertial methods for finding minimum-norm
solutions of the split variational inequality problem beyond monotonicity, Numer. Algorithms
(2021). https://doi.org/10.1007/s11075-021-01081-1

[33] M. A. Olona, T. O. Alakoya, A. O.-E. Owolabi and O. T. Mewomo, Inertial shrinking projection
algorithm with self-adaptive step size for split generalized equilibrium and fixed point problems
for a countable family of nonexpansive multivalued mappings, Demonstr. Math. (2021). https:
//doi.org/10.1515/dema-2021-0006

[34] M. A. Olona, T. O. Alakoya, A. O.-E. Owolabi and O. T. Mewomo, Inertial algorithm for
solving equilibrium, variational inclusion and fixed point problems for an infinite family of strictly
pseudocontractive mappings, Journal of Nonlinear Functional Analysis 2021 (2021), Article ID
10, 21 pages. https://doi.org/10.23952/jnfa.2020.10

[35] A. O.-E. Owolabi, T. O. Alakoya, A. Taiwo and O. T. Mewomo, A new inertial-projection
algorithm for approximating common solution of variational inequality and fixed point problems

https://doi.org/10.1007/s40574-020-00
https://doi.org/10.1007/s40574-020-00
https://doi.org/10.1186/1029-242X-2012-162
https://doi.org/10.1007/s11784-020-00834-0
https://doi.org/10.1007/s11253-020-01742-9
https://doi.org/10.1007/s11253-020-01742-9
https://doi.org/10.1080/02331934.2020.1716752
https://doi.org/10.1080/00207160.2020.1856823
https://doi.org/10.1080/00207160.2020.1856823
https://doi.org/10.1007/s10957-020-01672-3
https://doi.org/10.1007/s10957-020-01672-3
https://doi.org/10.3390/mca25030054
https://doi.org/10.1007/s11228-008-0102-z
https://doi.org/10.1007/s11228-008-0102-z
https://doi.org/10.1007/s10957-011-9814-6
https://doi.org/10.1155/FPTA/2006/95453
https://doi.org/10.1155/FPTA/2006/95453
https://doi.org/10.1007/s11075-021-01081-1
https://doi.org/10.1515/dema-2021-0006
https://doi.org/10.1515/dema-2021-0006
https://doi.org/10.23952/jnfa.2020.10


HIERARCHICAL FIXED POINT PROBLEMS 223

of multivalued mappings, Numer. Algebra Control Optim. (2021). https://doi.org/10.3934/
naco.2021004

[36] O. K. Oyewole, H. A. Abass and O. T. Mewomo, Strong convergence algorithm for a fixed
point constraint split null point problem, Rend. Circ. Mat. Palermo (2) 70(2) (2020), 387–412.
https://doi.org/10.1007/s12215-020-00505-6

[37] O. K. Oyewole, L. O. Jolaoso, C. Izuchukwu and O. T. Mewomo, On approximation of common
solution of finite family of mixed equilibrium problems involving µ-α relaxed monotone mapping
in Banach space, Politehn. Univ. Bucharest Sci. Bull. Ser. A Appl. Math. Phys. 81(1) (2019),
19–34.

[38] O. K. Oyewole, O. T. Mewomo, L. O. Jolaoso and S. H. Khan, An extragradient algorithm for
split generalized equilibrium problem and the set of fixed points of quasi-ϕ-nonexpansive mappings
in Banach spaces, Turkish J. Math. 44(4) (2020), https://doi.org/10.3906/mat-1911-83

[39] B. T. Polyak, Some methods of speeding up the convergence of iteration methods, U.S.S.R
Comput. Math. Math. Phys. 4(5) (1964), 1–17.

[40] K. Rattanaseeha, R. Wangkeeree and R. Wangkeeree, Linesearch algorithms for split generalized
equilibrium problems and two families of strict pseudo-contraction mappings, Thai J. Math. 15(3)
(2017), 581–606.

[41] A. Taiwo, T. O. Alakoya and O. T. Mewomo, Halpern-type iterative process for solving split
common fixed point and monotone variational inclusion problem between Banach spaces, Numer.
Algorithms 80 (2021), 1359–1389. https://doi.org/10.1007/s11075-020-00937-2

[42] A. Taiwo, T. O. Alakoya and O. T. Mewomo, Strong convergence theorem for solving equilibrium
problem and fixed point of relatively nonexpansive multi-valued mappings in a Banach space with
applications, Asian-Eur. J. Math. (2020). https://doi.org/10.1142/S1793557121501370

[43] A. Taiwo, L. O. Jolaoso and O. T. Mewomo, Inertial-type algorithm for solving split common
fixed-point problem in Banach spaces, J. Sci. Comput. 86 (2021), Article ID 12. https://doi.
org/10.1007/s10915-020-01385-9

[44] A. Taiwo, L. O. Jolaoso and O. T. Mewomo, Viscosity approximation method for solving the
multiple-set split equality common fixed-point problems for quasi-pseudocontractive mappings in
Hilbert Spaces, J. Ind. Manag. Optim. (2020). https://doi.org/10.1007/s11075-020-00937-2

[45] W. Takahashi, Nonlinear Functional Analysis, Yokohama-Publishers, 2000.
[46] S. Takahashi and W. Takahashi, Viscosity approximation methods for equilibrium problems

and fixed point problems in Hilbert spaces, J. Math. Anal. Appl. 331 (2007), 506–515. https:
//doi.org/10.1016/j.jmaa.2006.08.036

[47] H. K. Xu, Iterative algorithms for nonlinear operators, J. Lond. Math. Soc. 66 (2002), 240–256.
https://doi.org/10.1112/S0024610702003332

[48] S. S. Zhang, Generalized mixed equilibrium problem in Banach spaces, Appl. Math. Mech.
(English Ed.) 30(9) (2009), 1105–1112. https://doi.org/10.1007/s10483-009-0904-6

1School of Mathematics, Statistics and Computer Science,
University of KwaZulu-Natal,
Durban, South Africa.
2DSI-NRF Center of Excellence in Mathematical and Statistical Sciences,
(CoE-MaSS) Johannesburg, South Africa.
Email address: 217079141@stu.ukzn.ac.za
Email address: mewomoo@ukzn.ac.za

https://doi.org/10.3934/naco.2021004
https://doi.org/10.3934/naco.2021004
https://doi.org/10.1007/s12215-020-00505-6
https://doi.org/10.3906/mat-1911-83
https://doi.org/10.1007/s11075-020-00937-2
https://doi.org/10.1142/S1793557121501370
https://doi.org/10.1007/s10915-020-01385-9
https://doi.org/10.1007/s10915-020-01385-9
https://doi.org/10.1007/s11075-020-00937-2
https://doi.org/10.1016/j.jmaa.2006.08.036
https://doi.org/10.1016/j.jmaa.2006.08.036
https://doi.org/10.1112/S0024610702003332
https://doi.org/10.1007/s10483-009-0904-6

	1. introduction
	2. preliminaries
	3. Main Result
	4. Numerical Examples
	Acknowledgements.

	References

