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ORGANIZATION

ORGANIZERS

Faculty of Science
University of Kragujevac

The Faculty of Science in Kragujevac was estab-
lished as a branch of the Faculty of Science in Bel-
grade on October 16th 1972. On April 15th 1976, the
branch evolved into an independent Faculty which,
by merging with five other faculties and two insti-
tutes, became one of the founders of the Univer-
sity "Svetozar Marković", today the University of
Kragujevac. The Faculty comprises the following or-
ganizational units:

• Department of Mathematics and Informatics,

• Department of Biology and Ecology,

• Department of Physics,

• Department of Chemistry,

• Chair of General Education Courses,

• Secretariat.

The faculty offers degrees at all three levels of study - Bachelor’s, Mas-
ter’s, and Doctorate degrees. For 51 years, following both the develop-
ment of science and education and the demands of labour market, we
have been developing teaching excellence concurrently with the courses
offered, and the value of our Faculty may be shown as the outcomes of
our alumni who build their successful careers both here and around the
world. The academic staff includes 134 teachers and teaching assistants,
100 of whom hold doctorates. This year, 1401 students are studying
at the faculty at all degree levels, 117 of whom are doctoral students.
Every year, we publish about 200 scientific papers in the most respected
international scientific journals. Our faculty has gained a reputation in
scientific research due to:
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• numerous scientific projects,

• prestigious international scientific journal MATCH - Communi-
cations in Mathematical and in Computer Chemistry (In 2021,
MATCH impact factor was 2.633.),

• editions of international monographs Mathematical Chemistry Mono-
graphs,

and two national scientific journals:

• Kragujevac Journal of Mathematics, and

• Kragujevac Journal of Science.

Teachers and associates of Faculty are also the authors of the wide array
of monographs and textbooks. Apart from the Academic Departments,
The Faculty of Science also encompasses two separate units that are both
classrooms for our students and places for our fellow citizens and tourists
to visit:

• Aquarium

• Botanical Garden.

We have established international scientific cooperation and, enhanc-
ing it further, we are dedicatedly engaged to promote science with all
the surrounding countries: North Macedonia, Montenegro, Bosnia and
Herzegovina, and Croatia. We have effective cooperation with Italy, Aus-
tria, Germany, Czech Republic, China, Spain, Turkey, Poland, Bulgaria,
Hungary, Romania, France, Greece, the UK, Switzerland, Belgium, the
USA, Egypt, Russia... Over 20 countries around the world! Our mis-
sion is to enable the highest academic standards and provide acquiring
of distinguishably exceptional knowledge and skills through education,
scientific research work and through participation in the development
of academic and broader social community. Our vision is to make Fac-
ulty grow into modern European higher education institution recognized
by both educational and scientific achievements and graduate students’
accomplishments. Having been cherishing excellence in education and
science, the Faculty tends to contribute not only to the change of compre-
hensive educational and economy ambience in Serbia but to the overall
social development.
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CO-ORGANIZERS

Serbian Academy of University of Kragujevac
Sciences and Arts

Faculty of Natural Sciences Mathematical Institute of
and Mathematics, Nǐs Serbian Academy of

Sciences and Arts, Belgrade

Faculty of Technical Sciences, Čačak

SPONSORS

Ministry of Science, Technological Development and Innovations
of the Republic of Serbia
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SCIENTIFIC COMMITTEE

1. Gradimir Milovanović (Belgrade, Serbia)
2. Miodrag Mateljević (Belgrade, Serbia)
3. Vladimir Rakočević (Belgrade, Serbia)
4. Alexander Aptekarev (Moscow, Russian Federation)
5. Francisco Marcellán (Madrid, Spain)
6. Lothar Reichel (Kent, OH, USA)
7. Walter Van Assche (Leuven, Belgium)
8. Martin Bohner (Rolla, Missoury, USA)
9. Yılmaz Şimşek (Antalya, Turkey)
10. Irik Mukhametzyanov (Ufa, Russian Federation)
11. Ekrem Savaş (Uşak, Turkey)
12. Donatella Occorsio (Potenza, Italy)
13. Erdal Karapinar (Ankara, Turkey)
14. Dragomir Šarić (New York, USA)
15. Javid Ali (Aligarh, India)
16. Samarjit Kar (Durgapur, India)
17. Miodrag Spalević (Belgrade, Serbia)
18. Marija Stanić (Kragujevac, Serbia)
19. Dragan -Durčić (Čačak, Serbia)
20. Miloš Arsenović (Belgrade, Serbia)
21. Dragan -Dord-ević (Nǐs, Serbia)
22. Marko Petković (Nǐs, Serbia)
23. Zoran Ognjanović (Belgrade, Serbia)
24. Ljubǐsa Kočinac (Nǐs, Serbia)
25. Dragan Pamučar (Belgrade, Serbia)
26. Malǐsa Žižović (Čačak, Serbia)

ORGANIZING COMMITTEE

1. Miloljub Albijanić (Belgrade, Serbia)
2. Bojan Tubić (Belgrade, Serbia)
3. Nenad Filipović (Kragujevac, Serbia)
4. Marija Stanić (Kragujevac, Serbia)



5. Dragan -Durčić (Čačak, Serbia)
6. Miloš Arsenović (Belgrade, Serbia)
7. Tatjana Tomović Mladenović (Kragujevac, Serbia)
8. Suzana Aleksić (Kragujevac, Serbia)
9. Nevena Vasović (Vrnjačka Banja, Serbia)
10. -Dord-e Baralić (Belgrade, Serbia)
11. Aleksandar Jovanović (Kragujevac, Serbia)
12. Nevena Petrović (Kragujevac, Serbia)
13. Aleksandra Milosavljević (Kragujevac, Serbia)
14. Miomir Kovačević (Kragujevac, Serbia)
15. Danica Fatić (Čačak, Serbia)
16. Jelena Gajić (Banja Luka, Bosnia and Hercegovina)

HOST CITY – VRNJAČKA BANJA

Known from antiquity as the favorite destination of aristocracy, Vr-
njačka Banja (eng. Vrnjacka spa) is a health resort in the heart of Serbia,
popular nowadays for its springs of water with healthy features.

Vrnjačka Banja was named after the village of Vrnjci where mineral
springs were first discovered. It is located in Central Serbia, 200 kilome-
ters south from the city of Belgrade, at forested slopes of mountain Goč
and in valleys of the Vrnjačka river and the Lipovačka river.

It has mild continental climate, and it has seven mineral springs,
four of which are used for balneological therapy. History says that these
mineral springs were discovered in ancient history at the time when this
area was populated by the Celtic tribe Scordisci.

Based on archaeological findings, we can say that these springs were
used in ancient times and at hot mineral spring in Vrnjačka Banja Ro-
mans built the health resort Aquae Orcinae, visited both by legionnaires
and aristocracy. The remains of antique pools and terms are preserved
to this day.

According to a legend, its healing powers were well known to the
Turks as well, as it is known that Turkish sipahi came here looking for a
piece of heaven. Local people covered the springs with dirt attempting
to hide them.

The modern history of Vrnjačka Banja begins in 1868, when Pavle
Mutavdžić, the district chief in Kruševac of the time, formed an appro-
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priate Constitutive association together with some other people of high
reputation.

They bought land, ground catchment was performed, a pool was
built, and drinking fountains of hot and cold water were set.

In 1883 state ownership was declared, and the inaugural season was
opened by the Serbian Prince Mihailo (1867) when the spa became an
elite summer resort.

Hot and cold mineral springs, helped by modern medicine, are used
for treatment of diseases of the digestive system, diabetes, kidney dis-
eases and urinary tract diseases, cardio vascular diseases and many more.
Mineral waters from Vrnjačka Banja are also recommended to healthy
people due to their curative effects.

Vrnjačka Banja is one of the most visited spas in Serbia, but what it
also offers are numerous possibilities for sports and recreation.

A must see event organized in Vrnjačka Banja is The Carnival of
Vrnjci, and those who enjoy other kinds of festivities can visit The Film
Script Festival, The Great Summer Film Marathon and The Great Poetic
Meeting.

The Carnival of Vrnjci is held every July and gives you a chance
to join numerous costume balls and see many interesting exhibitions,
concerts and theatrical plays.

While staying in Vrnjačka Banja you should visit some of the me-
dieval monuments located near the spa. The monasteries Studenica,
Žiča, Gradac, Djurdjevi Stupovi and Sopoćani are situated along the
valley of the Ibar river.

The unforgettable experience awaits you at the medieval cities and
fortresses of Ras, Maglic and Koznik. The magnificent manor house Beli-
marković, including the museum of Vrnjačka Banja, enriches the beauties
of this town.

How to get to Vrnjačka Banja?
If you are traveling from the direction of Belgrade, you can get to

Vrnjačka Banja using the Belgrade–Kraljevo road or the Belgrade–Nǐs–
Skopje highway via Pojate. The road is around 200 km long.

If you are coming by bus all the major cities have bus connections to
Vrnjačka Banja. Also you can go to Kraljevo, and then take a local bus
to the spa and the distance is 30 km.



SPECIAL SESSION DEDICATED TO

GRADIMIR V. MILOVANOVIĆ –
ABSTRACT

The life path and scientific career of
Academician Professor Gradimir V. Milovanović

Miodrag M. Spalević1, Marija P. Stanić2

1University of Beograd, Faculty of Mechanical Engineering, Department of
Mathematics, mspalevic@mas.bg.ac.rs

2University of Kragujevac, Faculty of Science, Department of Mathematics and
Informatics, marija.stanic@pmf.kg.ac.rs

The life path and rich scientific career of the world numerician and
mathematician, scientist, professor and Serbian academician Gradimir V.
Milovanović will be presented by his former PhD students and permanent
collaborators.
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SPECIAL GUEST – ABSTRACT

The Ramanujan integral and its derivatives:
Computation and analysis

Walter Gautschi1, Gradimir V. Milovanović2

1Department of Computer Science, Purdue University, West Lafayette, IN
47907-2066, USA, wgautschi@purdue.edu

2Serbian Academy of Sciences and Arts, 11000 Belgrade, Kneza Mihaila 35, Serbia
and Univerity of Nǐs, Faculty of Sciences and Mathematics, 18000 Nǐs, Serbia,

gvm@mi.sanu.ac.rs

The principal tool of computation used in this paper is classical Gaus-
sian quadrature on the interval [0, 1], which happens to be particularly
effective here. Explicit expressions are found for the derivatives of the
Ramanujan integral and it is proved that the latter is completely mono-
tone on (0,∞). A new series expansion for the incomplete gamma func-
tion is found and conjectured to converge alternately from above and
below. The paper also pays attention to another famous integral, the
Euler integral – better known as the gamma function – revitalizing a
largely neglected part of the function, the part corresponding to nega-
tive values of the argument, which plays a prominent role in our work.
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PLENARY LECTURES – ABSTRACTS

Lp bounds for orthogonal polynomials and
applications

Alexander Aptekarev1

1Keldysh Institute of Applied Mathematics, Russian Academy of Sciences, Moscow,
aptekaa@gmail.com

The classical Steklov problem deals with bounds of the Tchebyshëv
norm ‖pn‖∞ for the polynomials pn(x), orthonormal on the interval ∆
with respect to the strictly positive wieght function: w ∈ L1(∆)

⋂
Sδ,

Sδ := {w : w(x) ≥ δ > 0, x ∈ ∆}. Modern applications (in particular, to
the information entropy of quantum systems) motivate us to consider also
the estimates of Lp norms: ‖pn‖pw(∆) for the Steklov weight functions
w ∈ X(∆)

⋂
Sδ from the various classes X := L∞, S — (the Szego

class),BMO, Ap — (the Muckenhoupt class).
Our talk is based on the joint papaer with Sergey Denisov and Michel

Alexis [1]. Thus, we focus on ‖pn‖pw, p > 2, for w ∈ A2
⋂
Sδ.

References

[1] M. Alexis, A. Aptekarev, S. Denisov, Continuity of Weighted Oper-
ators, Muckenhoupt Ap Weights, and Steklov Problem for Orthogonal
Polynomials, Int. Math. Res. Not. 2022(8) (2020), 5935–5972.
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Semiclassical orthogonal polynomials, Painlevé
equations and applications to quadrature

formulae
Francisco Marcellán1

1Departamento de Matemáticas, Universidad Carlos III de Madrid, Leganés, Spain,
pacomarc@ing.uc3m.es

In this lecture we overview the theory of semiclassical orthogonal
polynomials following [5]. Some illustrative examples (see [1], [2]) are
presented with a special emphasis on the Laguerre-Freud equations as-
sociated with the coefficients of the three term recurrence relation they
satisfy. The connection with discrete and continuous Painlevé equations
has been deeply analyzed in [6],

The truncated Hermite case (see [2]) is related to the so called Rys
polynomials, whose zeros and quadrature formulas have been studied
in [4], among others. In the framework of random matrices, Gaussian
unitary ensembles with two jump discontinuities have been studied in
[3], among others.

Some open problems will be stated.
References

[1] Y. Chen, G. Pruessner, Orthogonal polynomials with discontinuous
weights, J. Phys. A: Math. Gen. 38 (2005) L191–L198.

[2] D. Dominici, F. Marcellán, Truncated Hermite polynomials, arXiv:
2208.01125v1[Math.CA], 1 August 2022.

[3] S. Lyu, Y. Chen, Gaussian unitary ensembles with two jump discon-
tinuities, PDEs and the coupled Painlevé II and IV systems, Stud.
Appl. Math. 146(1) (2021), 118–138.

[4] G. V. Milovanovic, An efficient computation of parameters in the Rys
quadrature formula, Bull. Cl. Sci. Math. Nat. Sci. Acad. 43 (2018), 39–
64.

[5] P. Maroni, Une théorie algebrique des polynômes orthogonaux. Ap-
plication aux polynômes orthogonaux semi-classiques., In Orthogonal
polynomials and their applications (Erice, 1990), 95–130, IMACS Ann.
Comput. Appl. Math. 9, Baltzer, Basel, 1991.

[6] W. Van Assche, Orthogonal Polynomials and Painlevé Equations,
Austral. Math. Soc. Lect. Ser. 27, Cambridge University Press, Cam-
bridge, 2018.
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Polynomial inequalities
Vilmos Totik1

1University of Szeged, Hungary, Bolyai Institute Szeged, Aradi v. tere 1, 6720,
Hungary, totikv@gmail.com

The talk will discuss Bernstein and Markov type polynomial inequali-
ties in various settings (general sets, integral norms). The main emphasis
will be on the exact constants in the inequalities.
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Multiple orthogonal polynomials
for special function weights

Walter Van Assche1

1KU Leuven, Department of Mathematics, walter.vanassche@kuleuven.be

Multiple orthogonal polynomials are polynomials in one variable that
satisfy orthogonality conditions with respect to r measures. They ap-
pear naturally in Hermite-Padé approximation to r functions. The case
r = 1 corresponds to the usual orthogonal polynomials. Several systems
of multiple orthogonal polynomials have been constructed using classical
weight functions (multiple Hermite, multiple Laguerre, multiple Jacobi
polynomials). In this talk I will use weight functions given by special
functions satisfying a differential equation. The r weights then appear
by writing the differential equation as a system of first order equations,
which then generalizes the Pearson equation for classical orthogonal poly-
nomials. The weights are in terms of modified Bessel functions Kν(2

√
x)

[3], modified Bessel functions Iν(2
√
x) [4], hypergeometric functions [1]

and confluent hypergeometric functions [2], and the exponential integral
[5]. We give some applications where these multiple orthogonal polyno-
mials appear, such as the eigenvalues of products of random matrices,
non-intersecting Brownian motions, and rational approximations to real
numbers.
References

[1] H. Lima, A. Loureiro, Multiple orthogonal polynomials with respect
to Gauss’ hypergeometric function, Stud. Appl. Math. 148(1) (2022),
154–185.

[2] H. Lima, A. Loureiro,Multiple orthogonal polynomials associated with
confluent hypergeometric functions, J. Approx. Theory 260 (2020),
105484, 36 pp.

[3] W. Van Assche, S.B. Yakubovich, Multiple orthogonal polynomials
associated with Macdonald functions, Integral Transform. Spec. Funct.
9(3) (2000), 229–244.

[4] E. Coussement, W. Van Assche, Multiple orthogonal polynomials as-
sociated with the modified Bessel functions of the first kind, Constr.
Approx. 19(2) (2003), 237–263.

[5] W. Van Assche, T. Wolfs, Multiple orthogonal polynomials associated
with the exponential integral, arXiv:2211.04858[math.CA]



INVITED LECTURERS FOR THE
SESSION ANALYSIS – ABSTRACTS

The Beverton–Holt equation
Martin Bohner1, Jaqueline Mesquita2, Sabrina Streipert3

1Missouri S&T, USA, Department of Mathematics and Statistics, bohner@mst.edu
2University of Brasilia, Brazil, Department of Mathematics, jgmesquita@unb.br
3University of Pittsburgh, USA, Department of Mathematics, SAS887@pitt.edu

In this talk, we will present the Beverton–Holt equation as used in
fisheries and other population models, in many different scenarios (dis-
crete case, continuous case, time scales case, quantum case, periodic case,
with and without harvesting etc.).
References

[1] Martin Bohner, Rotchana Chieochan, The Beverton-Holt q-difference
equation, J. Biol. Dyn. 7(1) (2013), 86–95.

[2] Martin Bohner, Fozi M. Dannan, Sabrina Streipert, A nonau-
tonomous Beverton-Holt equation of higher order, J. Math. Anal.
Appl. 457(1) (2018), 114–133.

[3] Martin Bohner, Jaqueline Mesquita, Sabrina Streipert, The
Beverton-Holt model on isolated time scales, Math. Biosci. Eng. 19(11)
(2022), 11693–11716.

[4] Martin Bohner, Stevo Stević, Howard Warth, The Beverton-Holt dif-
ference equation, In Discrete dynamics and difference equations, World
Sci. Publ., Hackensack, NJ, (2010), pages 189–193.

[5] Martin Bohner, Sabrina Streipert, The Beverton-Holt equation with
periodic growth rate, Int. J. Math. Comput. 26(4) (2015), 1–10.

[6] Martin Bohner, Sabrina Streipert, Optimal harvesting policy for the
Beverton-Holt model, Math. Biosci. Eng. 13(4) (2016), 673–695.

[7] Martin Bohner, Sabrina Streipert, Optimal harvesting policy for the
Beverton-Holt quantum difference model, Math. Morav. 20(2) (2016),
39–57.

[8] Martin Bohner, Sabrina H. Streipert, The Beverton-Holt q-difference
equation with periodic growth rate, Difference equations, discrete
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dynamical systems and applications of Springer Proc. Math. Stat.
Springer, Cham 150 (2015), 3–14.

[9] Martin Bohner, Sabrina H. Streipert, The second Cushing-Henson
conjecture for the Beverton-Holt q-difference equation, Opuscula
Math. 37(6) (2017), 795–819.

[10] Martin Bohner, Howard Warth, The Beverton-Holt dynamic equa-
tion, Appl. Anal. 86(8) (2007), 1007–1015.
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On almost sequence spaces defined by infinite
matrix

Ekrem Savaş1

1Uşak University, Department of Mathematics, ekremsavas@yahoo.com

Let w denote the set of all real and complex sequences x = (xk).
By l∞ and c, we denote the Banach spaces of bounded and convergent
sequences x = (xk) normed by ‖x‖ = supn |xn|, respectively. A linear
functional L on l∞ is said to be a Banach limit [1] if it has the following
properties:

1. L(x) ≥ 0 if n ≥ 0 (i.e. xn ≥ 0 for all n),

2. L(e) = 1 where e = (1, 1, . . .),

3. L(Dx) = L(x), where the shift operator D is defined by D(xn) =
{xn+1}.

Let B be the set of all Banach limits on l∞. A sequence x ∈ `∞ is said
to be almost convergent if all Banach limits of x coincide. Let ĉ denote
the space of almost convergent sequences.

Definition 1. Let A = [an,k] denote a summability transformation [4]
that maps complex sequences x into the sequence Ax where the n-th
term of Ax is as follows:

[Axn] =

∞∑
k=1

an,kxk

The purpose of this paper is to present the new deferred almost se-
quence space which emerges naturally from the concepts of almost con-
vergence and an infinite matrix. Further some theorems are proved.
References

[1] S. Banach, Theorie des Operations linearies, Warszawa, 1932.
[2] R. P. Agnew, On deferred Cesaro means, Ann. of Math. 33(3) (1932),

413–421.
[3] V. K. Bhardwaj, N. Singh, On some sequence spaces defined by a

modulus, Indian J. Pure Appl. Math. 30(8) (1999), 809–817.
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[4] Hardy, G. H. Divergent Series Oxford Univ. Press, London, 1949.
[5] W. H. Ruckle, FK spaces in which the sequence of coordinate vectors

is bounded, Canad. J. Math. 25 (1973), 973–978.
[6] F. Nuray, E. Savas, Some new sequence spaces defined by a modulus

funcion, Indian J. Pure. Appl. Math. 24(11), (1993), 657–663.
[7] E. Savaş, On some generalized sequence spaces defined by a modulus,

IJMMS. 30(5) (1999), 459–464.



SESSION 1 - ANALYSIS – ABSTRACTS

Dynamical sampling for shift-preserving
operators acting on finitely generated

shift-invariant subspaces of Sobolev spaces
Suzana Aleksić1, Stevan Pilipović2, Aleksandar Aksentijević3

1University of Kragujevac, Faculty of Science, Department of Mathematics and
Informatics, suzana.aleksic@pmf.kg.ac.rs

2University of Novi Sad, Faculty of Sciences, Department of Mathematics and
Informatics, stevan.pilipovic@dmi.uns.ac.rs

3University of Kragujevac, Faculty of Technical Sciences, aksentijevic@kg.ac.rs

We analyze shift-invariant spaces Vs, subspaces of Sobolev spaces
Hs(Rn), s ∈ R, generated by the set of generators ϕi, i ∈ I, I is
countable at most, by the use of range functions and characterize Bessel
sequences, frames and Riesz basis of such spaces. We show that an
f ∈ D′L2(Rn) belongs to Vs if and only if its Fourier transform has the
form f̂ =

∑
i∈I figi, fi = ϕ̂i ∈ L2

s(R
n), {ϕi(· + k) : k ∈ Zn, i ∈ I} is

a frame and gi =
∑

k∈Zn a
i
ke
−2π
√
−1〈·,k〉, with (aik)k∈Zn ∈ `2. Moreover,

connecting two different approaches to shift-invariant spaces Vs and V2
s ,

s > 0, under the assumption that the finite number of generators be-
longs to Hs ∩L2

s, we give the characterization of elements in Vs through
the expansions with coefficients in `2s. We also give the representation
for shift-preserving operators L : Vs → Vs in terms of range operators.
Using a range operator approach, we derive a result about dual frames
and solve the dynamical sampling problem for a class of shift-preserving
operators acting on a finitely generated shift-invariant space Vs.
References

[1] A. Aguilera, C. Cabrelli, D. Carbajal, V. Paternostro, Diagonaliza-
tion of shift-preserving operators, Advan. in Math. 389(3) (2021) No.
107892, 32 pp.

[2] A. Aguilera, C. Cabrelli, D. Carbajal, V. Paternostro, Dynamical
sampling for shift-preserving operators, Appl. Comput. Harmon. Anal,
51 (2021), 258–274.
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[3] M. Bownik, The structure of shift-invariant subspaces of L2(Rn), J.
Funct. Anal. 177 (2000), 282–309.
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Fixed point algorithms: convergence, stability
and data dependence results

Javid Ali1

1Aligarh Muslim University, India, Department of Mathematics,
javid.mm@amu.ac.in

In this talk, we discuss a newly introduced two step fixed point it-
erative algorithm. We prove a strong convergence result for weak con-
tractions. We also prove stability and data dependency of a proposed
iterative algorithm. Furthermore, we utilize our main result to approx-
imate the solution of a nonlinear functional Volterra integral equation.
If time permits, then we will discuss Image recovery problem as well.

Theorem 1. Let T : C → C be a weak contraction satisfying (1.9),
where C is a nonempty, closed and convex subset of a Banach space X.
Then proposed iterative algorithm (1.21) is almost T -stable.

Theorem 2. Let S be an approximate operator of a weak contraction
mapping T satisfying (1.9), {xn} be a sequence generated by proposed
iterative algorithm (1.21) for T and define a sequence {un} for S as
follows:

(1)


u0 = u ∈ C,
un+1 = Svn,
vn = S((1− an)un + anSun), n ∈ Z+,

where {an} is a sequence in (0, 1) satisfying 1
2 ≤ an for all n ∈ Z+ and∑∞

n=0 an =∞. If Tp = p and Sq = q such that un → q as n→∞, then
we have

‖p− q‖ ≤ 5ε

1− δ
,

where ε > 0 is a fixed number.
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24 AAA2023, Vrnjačka Banja, Serbia

Hp theory for separately (α, β)-harmonic
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We investigate spaces shpα,β of separately (α, β) harmonic functions
on the unit polydisc. The Dirichlet problem with continuous boundary
data on the distinguished boundary Tn for the corresponding system of
PDEs is solved. Also, representation and extension theorems are proved
for the full range of exponents 1 ≤ p ≤ +∞. Results on convergence in
norm and in weak-star topolgy at the boundary are obtained in analogy
with the classical case of Hardy spaces. In addition, properties of so
called slice functions are investigated. These are obtained by fixing k
variables, for example u(z1, . . . , zn−k) = v(z1, . . . , zn−k, ζ1, . . . , ζk)
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Let p(z) be a complex polynomial of degree n. We study conditions
for representing this polynomial as the arithmetic mean of monomials
(z − zi)

n, 1 ≤ i ≤ n. We prove the corresponding uniqueness and
existence reslut. We also give estimation of the parameters zi in terms
of the coefficients of the given polynomial p(z).
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Relations for Bernoulli–Barnes numbers and
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The Barnes ζ-function is

ζ(z, x;a) :=
∑

m∈Zn≥0

1

(x+m1a1 + · · ·+mnan)z

defined for <(x) > 0 and <(z) > n and continued meromorphically to
C. Specialized at negative integers −k, the Barnes ζ-function gives

ζ(−k, x;a) =
(−1)nk!

(k + n)!
Bk+n(x;a)

where Bk(x;a) is a Bernoulli–Barnes polynomial, which can be also de-
fined through a generating function that has a slightly more general
form than that for Bernoulli polynomials. Specializing Bk(0;a) gives
the Bernoulli–Barnes numbers. We exhibit relations among Barnes ζ-
functions, Bernoulli–Barnes numbers and polynomials, which generalize
various identities of Agoh, Apostol, Dilcher, and Euler.
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Existence of approximating solution of second
order nonlinear integro-differential equations via

iteration method
Sidheshwar S. Bellale1, Bapurao C. Dhage1

1Dayanand Science College, Latur, Maharashtra, India, sidhesh.bellale@gmail.com,
bcdhage@gmail.com

In this paper the existence theorem for the second order functional in-
tegro-differential equations in Banach algebras is proved under the mixed
generalized Lipschitz and Caratheodory conditions. The existence of ex-
tremal solutions is also proved under certain monotonicity conditions
usings Dhage iteration Method. As a generalization of ordinary integro-
differential equations, there is a series of papers dealing with the abstract
measure integro-differential equations in which ordinary derivative is re-
placed by the derivative of set functions, namely, the Radon-Nokodym
derivative of a measure with respect to another measure. See Bellale
[10], Dhage [4], Dhage and Bellale [8] and the references therein. The
above mentioned papers also include some already known abstract mea-
sure differential equations those considered in P. C. Das and Sharma [2]
, Shendge and Joshi studied as special cases. The origin of the quadratic
integral equations appears in the works of Chandrasekhar’s H-equation
in radioactive heat transfer, but the study of nonlinear integral equations
via operator theoretic techniques seems to have been started by Dhage
in the year 1988. Similarly, the study of nonlinear quadratic differential
equations is relatively new and initiated by Dhage and O’Regan in the
year 2000. In this paper we discussed the following problem for external
solution For a given closed and bounded interval J = [0; a] in R, the set
of real numbers, consider the following integro-differential equation.

(2)


(

x(t)

f(t, x(t))

)′
= g

(
t, x(t),

t∫
0

k(s, x(s))ds

)
a.e. t ∈ J

x(0) = x0 ∈ R

where f : J × R → R \ {0} is continuous, g : J × R × R → R and
k : J × R→ R.

The existence of the solutions to (2) is proved in Dhage and Ballale
by using a new nonlinear alternative of Leray-Schauder type developed
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in same paper. In this paper we apply a nonlinear alternative of Leray-
Schauder type due to Dhage and Bellale [7] involving the product of two
operators in a Banach algebra under some weaker conditions than that
given in Dhage and Regan [9] to a quadratic abstract measure differential
equation related to (2) for proving the existence results. The existence
of extremal solutions is also proved using a fixed point theorem of Banas
[1] in ordered Banach algebras.
References

[1] J. Banas, K. Goebel, Measures of non compactness in Banach space,
Lect. Notes Pure Appl. Math. 60, Dekker, New York (1980)

[2] P. C. Das, R. R. Sharma, Existence and stability of measure differ-
ential equations, Zech. Math. J. 22 (1972), 145–158.

[3] B. C. Dhage, On abstract measure integro-differental equations, J.
Math. Phy. Sci. 20 (1986), 367–380.

[4] B. C. Dhage, On system of abstract measure integro-differential in-
equalities and applications, Bull. Inst. Math. Acad. Sinica 18 (1989),
65–75.

[5] B. C. Dhage, Bellale, S. K. Ntouyas, Abstract measure differential
equations, Dynam. Systems Appl. 13 (2010), 105–108.

[6] S. S Bellale,B. C. Dhage, Abstract measure integro-differential equa-
tions, Global Jour. Math. Anal. 1(1-2) (2007), 91–108.

[7] B. C. Dhage,S. S. Bellale, Exitence theorem for perturbed Abstract
measure differential equations, Nonlinear Anal. Theory Methods and
Appl. (2008) doi:1016j.na.2008.11.057.

[8] B. C. Dhage, S. S. Bellale, Local asymptotic stability for Nonlinear
quadratic functional equations, Electron. J. Qual. Theory Differ. Equ.
1-13 (2008)

[9] B. C. Dhage, D. O’Regan, A fixed point theorem in Banach Algebras
with application to the nonlinear integral equations, Funct. Differ. Equ.
7(3-4) (2000), 259–267.

[10] S. S. Bellale, Hybrid fixed point theorem for abstract measure integro
differential equations, World Acad. Sci. and Tech. 73 (2013), 782–785.



30 AAA2023, Vrnjačka Banja, Serbia
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We will discuss certain problems on completions of different types
of operator matrices and using these results we will give certain nec-
essary and sufficient conditions for the existence of solutions of some
operator equations that belong to prescribed classes of operators. Ap-
propriate representations of solutions for each class will be given. Also,
we will discuss the existence of a positive solution of the operator equa-
tion AXB = C which is still an open problem considered before only
under additional conditions including that of regularity, as well as un-
der certain range conditions such as R(B) ⊆ R(A∗). In this talk we
will consider the existence of a positive solution of the operator equation
AXB = C without any additional range or regularity assumptions using
two well-known results of Douglas and Zoltán. Also we will give a general
form of a positive solution and consider some possible applications.
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[1] D. S. Cvetković Ilić, Completion problems on operator matrices,
Amer. Math. Soc. Ser. Math. Surveys Monogr. 267 (2022)
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[3] D. S. Cvetković Ilić, Solvability and different solutions of the operator
equation XAX = BX, Ann. Funct. Anal. 14(1) (2023), 5.
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The study of ϕ-contractions dates to 1968. and results of eminent
researchers like F. E. Browder, D. W. Boyd and J. S. Wong. In the
following half of century various modifications and improvements of this
concept were in the spotlight of research in the area of Metric Fixed Point
Theory. We intend to discuss on the relation of Boyd-Wong contraction,
Matkowski contraction, Meir-Keeler contraction, Proinov contraction,
F -contraction and θ-contraction. It is also of great importance to study
possible applications and benefits of applying nonlinear contractions over
Banach contraction and its modifications.
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In this paper we define and study the classes of the essentially left
and right generalized Drazin invertible operators and of the left and right
Weyl-g-Drazin invertible operators by means of the analytical core and
the quasinilpotent part of an operator. We show that the essentially left
(right) generalized Drazin invertible operator can be represented as a sum
of a left (right) Fredholm and a quasinilpotent operator. Analogously,
the left (right) Weyl-g-Drazin invertible operator can be represented as
a sum of a left (right) Weyl and a quasinilpotent operator. We also
characterize these operators in terms of their generalized Saphar decom-
positions, accumulation and interior points of various spectra of operator
pencils. Furthermore, we expand the results from [7], on generalized left
and right Drazin invertible operators. Special attention is devoted to the
investigation of the corresponding spectra of operator pencils.
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right Browder operators, Jour. Korean Math. Soc. 48 (2011), 1053–
1063.
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34 AAA2023, Vrnjačka Banja, Serbia

Double stochastic operators on L1

Dragan S. Djordjević1
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We prove some results on double stochastic operators on L1 spaces.
Thus, we extend some results from a discrete case to a more general
settings.
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In the case of linear operators in a Banach space, the study of isolated
points in the spectrum is strongly connected with the theory of gener-
alzied inverses. For example, if zero is an isolated point in the spectrum
of a linear bounded operator, its has a generalized Drazin inverse. For
a linear relation (multivalued linear operator) in a Banach spaces the
direct sum decoposition of it represents a powerful tool for determining
the existence of a generalized inverses.

In this talk, we introduce the notions ofR−invariance andR−restriction
that is the best way to study the spectral decomposition associated with
an isolated points in the spectrum of a linear relation. Our main atten-
tion is focused on the study the case when 0 or ∞ are an isolated points
in the spectrum of a linear relation or, even more, when there are a pole
of the resolvent function.
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The classical Karamata’s theory of regular variability has a functional
and sequence forms. In this paper, we will consider asymptotic equiva-
lence relations (strong and weak asymptotic equivalence and asymptotic
similarity) in terms of Karamata’s theory (see [1]). We will also use the
index function operator, and prove new statements of the same type (in
function and sequence variants) (see [2]).
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We define separately (α, β)− harmonic functions in the unit polydisc
which satisfy a system of elliptic PDEs. Also, we derive series expansion
of such functions. Our result extend earlier results for (α, β)-harmonic
functions in the disc and for n-harmonic functions in Dn. This is joint
work with Miloš Arsenović and Miodrag Mateljević and this is work in
progress.
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1Mathematical Institute of the Serbian, Academy of Sciences and Arts, p.p. 367,
Kneza Mihaila 36, 11000 Beograd, Serbia, stefan.iv10@outlook.com

The dynamics of wedge operators on the (non-commutative) C∗-
algebra of compact operators on a Hilbert space has been considered
in for instance [2], whereas the dynamics of the weighted composition
operators on the (commutative) C∗-algebra of continuous functions has
been considered in for instance [1]. In this talk we present an algebraic
generalization of these results to the case of arbitrary non-unital C∗-
algebras. More precisely, we let A be a non-unital C∗-algebra such that
A is a closed two-sided ideal in a unital C∗-algebra A1 and we let Φ
be an isometric ∗-isomorphism of A1 such that Φ(A) = A. For an in-
vertible element b ∈ A1 we let TΦ,b be the operator on A1 defined by
TΦ,b(a) = b ·Φ(a) for all a ∈ A1. Then TΦ,b is a bounded linear operator
on A1 and since A is an ideal in A1, it follows that TΦ,b(A) ⊆ A because
Φ(A) = A.

We study the dynamics of the operator TΦ,b and we provide the nec-
essary and sufficient conditions for a finite family of such operators to
be disjoint hypercyclic on A. Moreover, we illustrate our result in the
various cases of some concrete non-unital C∗-algebras.

In addition, we study the dynamics of the generalized weighted bilat-
eral shift operators on the standard Hilbert C∗-module, and we provide
concrete examples. This talk is partly based on [3, 4].
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On generalized metric properties of the
hyperspace F(X)
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We present some results concerning several generalized metric prop-
erties of the space F(X) of finite subsets of a space X endowed with
the Vietoris topology. In particular, we consider such properties (P ) for
which F(X) has (P ) if and only if X has (P ). Also, we identify a few
properties (Q) such that X has (Q) whenever F(X) has (Q), but the
converse is not true.



40 AAA2023, Vrnjačka Banja, Serbia

The subsequences of a power sequence in a
Banach algebra

Dragan S. Djordjević1, Milica Z. Kolundžija1,
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Mathematics, Nǐs, Serbia, dragandjordjevic70@gmail.com,
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We consider the covergence of the sequences aqn and aqn , where a is
an arbitrary element of a complex Banach algebra with the unit, and q
is an integer such that q ≥ 2.

We give necessary and sufficient conditions such that lim
n→∞

aqn = d

exists, and give the explicit form of d. The final result of this limit has
the same form as the one obtained by Chen and Hartwig [1], but we use
a different method to prove it. We, also, consider the existence and the
form of the limit lim

n→∞
aq

n for the same q.
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Asymptotical behavior of solutions of
Emden-Fowler equation
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We will show the existence of infinitely many solutions of differential
equation of Emden-Fowler type y′′ + xayσ = 0, for a ∈ R and σ < 0,
which are tending to 0 as x→ 0+. Also, we will describe the conditions
on parameters a and σ which assure that equation of Emden-Fowler type
y′′−xayσ = 0, for a ∈ R and σ < 0 has infinitely many solutions defined
in some neighborhood of 0 and the conditions which guarantee existence
of infinitely solutions with certain asymptotic behavior.
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Linear preservers of the extended majorization
relations on `p(I)
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Linear preservers of the extended majorization relations on the dis-
crete Lebegue spaces `p(I), where I is an arbitrary non-empty set and
p ∈ [1,∞), are disscused. Necessary and sufficient conditions under
which a bounded linear operator on `p(I) is a linear preserver of the
selected majorization relation, are given.
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Lipschitz continuity for harmonic functions and
solutions of the ᾱ-Poisson equation

acad. dr Miodrag Mateljević1, Nikola Mutavdžić2
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We study Lipschitz continuity for harmonic functions, gradient har-
monic functions and solutions of the ᾱ-Poisson equation in planar case
and several variables. We also review some recently obtained results.
It turns out that the gradients of hyperbolic harmonic functions behave
differently from those of euclidean harmonic functions. A similar conclu-
sion is obtained for the family of Tα-harmonic functions. Namely, unlike
the space of harmonic functions, the solution of the Dirichlet problem in
the space of Tα-harmonic functions is shown to be Lipschitz-continuous
when so is the boundary function, for α > 0.
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Generalization of the Levin-Stečkin inequality
Jurica Perić1

1Sveučilǐste u Splitu, Prirodnoslovno-matematički fakultet, jperic@pmfst.hr

V. I. Levin and S. B. Stečkin proved the following theorem

Theorem 1. Let f be defined on [0, 1] satisying the conditions:

(3) f(x) is nondecreasing for 0 ≤ x ≤ 1

2
,

and

(4) f(x) = f(1− x), x ∈ [0, 1].

Then for any convex function φ we have

(5)
∫ 1

0
f(x)φ(x)dx ≤

∫ 1

0
f(x)dx

∫ 1

0
φ(x)dx.

Using the Green function we obtain some interesting results concern-
ing the difference of the integral arithmetic means∫ b

a f(x)dλ2(x)∫ b
a dλ2(x)

−
∫ b
a f(x)dλ1(x)∫ b
a dλ1(x)

,(6)

where λ1, λ2 : [a, b] → R are continuous functions or the functions of
bounded variation, such that λi(a) 6= λi(b), i = 1, 2.
First we derive results for integral means with general measures, using
them we obtain the results for integral weighted means with functions
as weights and with unique measure, and finally we show that we have
really obtained generalization of the Levin-Stečkin inequality.
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W-distance
Vladimir Rakočević1,2
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In 1996, the Japanese mathematicians Kada, Suzuki and Takahashi
introduced the new concept of w-distance on a metric space. They proved
a new non convex minimization theorem, and by using this theorem, the
authors obtained some generalizations of Caristi’s fixed point theorem
and Ekeland’s ε-variationalprinciple. As applications, some fixed point
theorems due to Ćirić, Kannan and Subrahmanyam were also deduced.
Fundamental results in these directions are the papers of Suzuki and
Takahashi. There exists a large literature devoted to this subject.
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Further results on (b, c)-inverses
Ivana Stanǐsev1
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In this talk we present some new results on (b, c)-inverses in rings
with a unity. We show a connection between the unity of a ring and the
(b, c)-inverses of elements in that ring. Also, a number of properties that
hold for some other generalized inverses are extended to (b, c)-inverses.
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Application of multivalued fixed points and fixed
figures

Anita Tomar1
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We define some contractions to establish a multivalued fixed point,
fixed ellipse, and fixed hyperbola. Further, we discuss some results which
contribute to the study of the existence of multivalued fixed points, their
geometry, and an application to a boundary value problem with differ-
ential inclusion significantly. This work is motivated by the geometry of
set-valued fixed points performing a remarkable role in real-world prob-
lems and is fascinating and innovative.
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[6] N. Y. Özgur̈, N. Taş, Some fixed-circle theorems on metric spaces,
Bull. Malays. Math. Sci. Soc. 42(4) (2017), 1433–1449.



48 AAA2023, Vrnjačka Banja, Serbia
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On reverse and forward order laws for the
(b, c)-inverse in rings

Jelena Vǐsnjić1
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The (b, c)-inverse unifies some well known generalized inverses, such
as the Moore-Penrose inverse, the Drazin inverse, the core inverse, the
inverse along an element, etc. In this talk, the reverse order law for the
(b, c)-inverse, in a ring with a unity, is discussed. Also, we introduce the
forward order law for the (b, c)-inverse in a ring with a unity. We derive
equivalent conditions for these rules to hold and we analyze these rules
for different choices of b and c.
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Presentation of characteristic models for defining
weight coefficients of criteria in multi-criteria

analysis
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The paper presents some new procedures for determining weighting
coefficients of criteria and presents a comparison with some previously
developed techniques. The paper shows the advantages and disadvan-
tages of the observed techniques for determining the weighting coeffi-
cients of the criteria and presents recommendations for the successful
and efficient application of characteristic models.
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On reverse triangle inequality and some its
applications
Ivan D. Arand-elović1
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In Euclidean space the triangle inequality asserts that the sum of any
two sides of a triangle is strictly bigger than the remaining third side.
The reverse triangle inequality is its equivalent which say that any side
of a triangle is greater than to the difference between the other two sides.

In first part of this talk we shall proved equivalence of triangle in-
equality and reverse triangle inequality on class of pseudo - metric spaces.
In particular we shall presented the following pseudo - metric spaces char-
acterization of Lindenbaum’s type [1].
Proposition 1. Let X be non empty set and d : X ×X → [0,∞), such
that for any x, y ∈ X x = y implies d(x, y) = 0. Then the following
statements are equivalent:

1) (X, d) is pseudo - metric space;
2) for any x, y, z ∈ X holds d(x, y) ≤ d(x, z) + d(y, z);
3) for any x, y, z ∈ X holds |d(x, z)− d(y, z)| ≤ d(x, y).
Further, as examles of applications of reverse triangle inequality, we

shell proved one inequality of Serbian mathematician D. D. Adamović
(see [2] page 281.) and some its generalizations. The main result of this
section is:

Proposition 2. If sequences (an), (bn) ∈ Lp and ‖(bn)‖Lp = B, then∣∣∣∣∣∣
( ∞∑
i=1

|an|p
) 1

p

−

( ∞∑
i=1

|bn|p
) 1

p

∣∣∣∣∣∣ ≤ inf
‖(cn)‖Lp=B

∞∑
i=1

|ai − ci|.
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An optimal quadrature formulas for numerical
integration of Riemann-Liouville fractional

integral
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In the present article, the problem of construction of the optimal
quadrature formula is discussed for numerical integration of the right
Riemann-Liouville integral in the Hilbert space W (m,m−1)

2 [t, 1] of real-
valued functions. Initially, the norm of the error functional is found using
the extremal function of the error functional of the quadrature formula.
Since the error functional is defined on the Hilbert space, the quadrature
formula that we are constructing is exact for zeros of this space, that is,
we have the conditions that the influence of the error functional on these
functions is equal to zero. Then, the Lagrange function is constructed
to find the conditional extremum of the error functional. Thereby, a
system of linear equations is obtained for the coefficients of the optimal
quadrature formula. The existence and uniqueness of the solution of the
obtained system are studied. This system of linear equations is solved
by the Sobolev method. And the analytical form of the coefficients is
obtained.
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SRBerta - BERT transformer language model for
Serbian legal texts

Miloš Bogdanović1, Jelena Tošić1
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The proofreading of formal language in official documents is a spe-
cific challenge that requires domain knowledge regarding grammatical,
lexical, and orthographic, but also formal rules used within a domain spe-
cific language. A separate part of the previous problem refers to checking
the correct use of formal language when writing legislative texts. Such
tasks are delegated to specialists, and domain experts, whose daily work
could be facilitated by the development of software tools for these spe-
cific purposes. The ultimate goal, which is also the biggest challenge,
is for a machine to understand a language. For a machine to learn a
particular language, it must understand, not only the words and rules
used in a particular language, but also the context of sentences and the
meaning that words take on in a particular context. In the experimental
development that was carried out, the goal of the language model we
developer - SRBerta, was to understand the formal language of Serbian
legal documents. In 2018, the Google Research AI team presented the
BERT (Bidirectional Encoder Representation from Transformers) arti-
ficial neural network architecture [1], setting 2 goals: masked language
modeling and next sentence prediction. Starting from the BERT archi-
tecture, in 2019 the Facebook AI team presented RoBERTa (Robustly
optimized BERT pretraining approach), a network optimized for the task
of masked language modeling [2]. SRBerta was created on the basis of
the RoBERTa architecture, whereby the training of the SRBerta network
for the task of understanding the formal language of Serbian legislation
was carried out in two phases. In the first phase, the OSCAR dataset
was used to train the SRBerta network. OSCAR is a large set of open
data created using linguistic classification over data from the Common
Crawl corpus [3]. The dataset we used consisted of 645,747 texts. The
evaluation of the SRBert network was performed using 10of which con-
sists of 60,000 input sequences, i.e., small texts in the Serbian language.
A random masking of 15first stage show that the SRBerta model con-
verges around an accuracy value of 73increases to a value of 73.7Serbian
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whose words are masked in 15(token) hidden behind it in 73.7In the sec-
ond phase, SRBerta was fine-tuned using a larger number of available
legal texts. This data was gathered from the Legal Information System
of the Republic of Serbia. These legislative texts, each of which is be-
tween 12 and 15 MB of data, had to be prepared, that is, preprocessed,
in a slightly more specific way, with the aim of generating as many input
sequences as possible. At the end of the preprocessing process and after
the creation of input sequences (tensors), created in a

Similar way as in the process of initial training of the network over
the Serbian language, masked input sequences for training were created,
with a total size of 10,266. Four fine-tuning epochs were performed, with
the best-measured value for the accuracy metric being 84.8task of masked
language modeling of legislative texts and thus proved the feasibility of
creating such a tool based on the previously defined principles of natural
language processing. Based on all of the above, the development and
testing conclude that it is possible to achieve a high level of accuracy
(industrially acceptable of over 90having a sufficiently high-quality and
large set of data and an appropriate physical architecture of the system
on which we perform the training process.
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Boubaker collocation method to solve the single
degree of freedom system
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In many mechanical vibration situations, a complex system can be
idealized as a single degree of freedom spring-mass system [1]. This
research offers a new and straightforward method for single degree of
freedom system in terms of Boubaker polynomials. On the basis of
this method, the solution of the problem is approximated by truncated
Boubaker series [2]. The assumed solution and its derivatives are writ-
ten in the matrix form and then they are substituted in the equation.
By utilizing the collocation points, the equation is transformed into a
system of linear algebraic equations. This system is expressed in the
matrix form. Finally, a new system is obtained by using this last system
and the conditions. The solution of this system determines coefficients
of the assumed solution. The effectiveness of the method is mentioned
as a result of comparing the obtained results with the exact solution.
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The world we live in is pervaded with uncertainty and imprecision,
which are incorporated into every information system that attempts to
provide a complete and accurate model of the real world. Until recently,
almost all aspects of imperfect data were modeled by probability the-
ory but in the last decades, many new models have been developed to
represent uncertain, imprecise or incomplete data, and provide reason-
ing that is approximate rather than precise. Fuzzy sets and rough sets
take a prominent place among those models. The rapid development
of these two approaches provided a basis for soft computing, an area of
computing that, along with fuzzy sets and rough sets, also includes neu-
ral networks, probabilistic reasoning, belief networks, machine learning,
evolutionary computing, and chaos theory.

Fuzzy sets and rough sets are complementary generalizations of clas-
sical sets. Capability of fuzzy sets to cope with uncertainty is based on
the concepts of graded truth and graded set membership, while rough
sets are a formal approximation of conventional sets in terms of a pair
of sets which give the lower and the upper approximation of the orig-
inal set. In the standard version of rough set theory, the lower- and
upper-approximation sets are conventional sets, but nowadays a specific
combination of rough and fuzzy approaches is increasingly used, where
the approximating sets are fuzzy sets. Our research is based on just such
an approach.

The basic characteristic of our approach to fuzzy rough approxima-
tions is dealing with fuzzy approximation spaces defined by a family of
fuzzy relations, rather than by a single fuzzy relation, which is common
with other authors. This is very important due to applications in various
fuzzy (multi)relational systems such as fuzzy transition systems, fuzzy
networks and others [13, 9, 15, 12]. We consider fuzzy rough approx-
imation operators both on one and two universes of discourse, and we
relate them with particular systems of fuzzy relation equations and in-
equations with one and two unknown fuzzy sets. We describe various
algebraic properties of the solution sets of these systems, and expanding
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the methodology developed in our previous papers dealing with fuzzy
relation equations and inequations [2, 3, 4, 5, 11] we provide efficient
algorithms for computing the greatest and the least solutions.

This research was supported by the Science Fund of the Republic of
Serbia, Grant no 7750185, Quantitative Automata Models: Fundamental
Problems and Applications - QUAM.
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Fuzzy logic presents many potential applications for modelling and
simulation. In particular, this paper analyses fuzzy linguistic represen-
tation model with one of the most popular fuzzy logic techniques for
computing with words [4, 2]. We will formalize the way people make con-
clusions on basis of linguistic description which is a set of fuzzy if–then
rules understood as natural language expressions [1]. A model presented
here is based on automated method given in [3].

The research of the first author is supported by the Science Fund
of the Republic of Serbia, Grant no 7750185, Quantitative Automata
Models: Fundamental Problems and Applications - QUAM.
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The combined SDLINAR model of order p is a model of time se-
ries that is suitable for modeling phenomena whose values change over
time through integer increments or decrements, and which, with certain
probabilities, can be the result of the near or distant past. Under the
spotlight of this work are results of parameter estimations of such mod-
els, as well as the problems that have arisen and possible directions for
solving those problems.
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Measures generating classical orthogonal polynomials are determined
by Pearson’s equation, whose parameters usually provide the positivity
of the measures. The case of general complex parameters (nonstandard)
is also of interest; the non-Hermitian orthogonality with respect to (now
complex-valued) measures is considered on curves in C.

Some applications lead to multiple orthogonality with respect to a
number of such measures. In this talk, we will introduce a unified ap-
proach allowing to prove the perfectness of the systems of complex mea-
sures satisfying Pearson’s equation with nonstandard parameters. For
a system of r orthogonality measures, the perfectness is an important
property implying, in particular, the uniqueness for the whole family of
corresponding multiple orthogonal polynomials, and for their (r+2)-term
recurrence relations.

We will also consider the polynomials satisfying multiple orthogo-
nality relations with respect to a system of classical discrete (Charlier,
Krawtchouk, Meixner or Hahn) measures. The corresponding measures
solve the difference counterpart of Pearson’s equation. Using the same
approach, we verify the perfectness of such systems for general param-
eters. For some values of the parameters, discrete measures should be
replaced with the related continuous measures with non-real supports.

The work is supported by Moscow Center of Fundamental and Ap-
plied Mathematics, agreement with Ministry of Science and Higher Ed-
ucation of Russia No. 075-15-2022-283.
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This paper is devoted to construction of optimal quadrature formulas
in the Hilbert space W̃2

(m,m−1)
of complex-valued, periodic functions for

the numerical calculation of the integral
∫ 1

0 e
2πiωxϕ(x)dx for ω ∈ Z. In

the cases m = 1 and m = 2, the exponentially weighted integrals of some
functions at the values of some N and ω are approximated using the
constructed optimal quadrature formulas, and it is shown in numerical
results that the orders of convergence of this formulas are O(h+ |ω|−1)

and O((h + |ω|−1)2), respectively. Also, in the space W̃2
(m,m−1)

, the
sharp upper bound of the error for the optimal quadrature formulas is
obtained, and it is shown analytically that the order of convergence of the
optimal quadrature formula is O((h+ |ω|−1)m). Furthermore, in the case
ω ∈ R, effective quadrature formulas for the approximate calculation of
Fourier integrals are obtained and they are used in the reconstruction of
CT images.
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A factorization of a given matrix is its representation in the form of
a product of two or more matrices and, as such, entails data analysis.
Although matrix factorization typically gives a more compact represen-
tation than learning the full matrix, it is a simple embedding model.
In the language of computer science, the expression of a matrix D as a
product amounts to pre-processing of the data in D and organizing that
data into two or more parts structured to be of better use in whichever
way necessary, and more accessible for computation. There are many
different matrix (factorisations) decompositions over fields such as rank
factorization, LU factorization, QR factorisation, Cholesky factorization,
singular value decomposition, spectral factorisation etc. and each finds
use among a particular class of problems, such as SVD-like machine
learning model, mathematical problems in social network analysis and
real-world recommendation systems, airflow problems and so on... The
concept of an idempotent-aided factorization, presented here, can be
viewed as a semigroup theoretical generalization of the full rank fac-
torization of matrices (cf. [1, 13]). Namely, Green’s D-classes of the
semigroup of matrices, consist of all matrices of the same rank. If D
is considered to be a matrix over a field, a factorization of the matrix
D with respect to the idempotent matrix E (with the same rank as D)
represents the decomposition of the matrix D into the product D = UV
of the matrices U and V such that U has the same null space (kernel)
with E and the same range (image, column space) as D, while V has
the same range as E and the same null space as D. This factorization
is a full-rank factorization of D and, moreover, U is a left invertible and
V is a right invertible matrix. Several effective algorithms related to
idempotent-aided factorizations of matrices have been provided and the
correctness of those algorithms has been proven.

This research was supported by the Science Fund of the Republic of
Serbia, Grant no 7750185, Quantitative Automata Models: Fundamental
Problems and Applications - QUAM.
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This research study aims to compare and evaluate the performance of
Hill’s tail index estimator and the estimator proposed in Bacro and Brito
(1993). The analysis was performed on GARCH (1,1) data which are
widely used for modelling processes with time varying volatility. These
include financial time series, which can be particularly heavy tailed. The
tail index is a key parameter for quantifying the extreme tail behavior
of financial time series, which is crucial for the risk management and
decision-making. The work is the empirical continuation of Ilic et al.
(2019) and it tracks the behavior of the tail index estimators in the sim-
ulated GARCH sample and also in the case of the GBP/CAD exchange
rate between 1st May 2007 and 18th October 2010. The accuracy and
precision of the estimators are also compared in the case when certain
portion of the sample is missing. The results highlight the strengths and
limitations of each estimator and thus provide the possibility of certain
improvement of the risk assessment and decision-making processes in
various financial applications.
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We studied the error bound of Gaussian quadrature for analytic func-
tions. The basic idea is to express the remainder of Gaussian quadrature
as a contour integral, then the error bound is reduced to find the maxi-
mum of the kernel function:

(7) Kn(z;ω) =
%n(z;ω)

πn(z)
, %n(z;ω) =

∫ 1

−1

πn(t)

z − t
dt, z ∈ C \ [−1, 1].

The integral representation of the error term leads directly to the error
bound

(8) |Rn(f)| ≤ l(Γ)

2π

(
max
z∈Γ
|Kn(z)|

)(
max
z∈Γ
|f(z)|

)
,

where l(Γ) is the length of the choosen contour Γ.
A common choice for the contour Γ is one of the confocal ellipses

with foci at the points ∓1, also known as the Bernstein ellipses, and the
sum of semi-axes ρ > 1,

(9) Eρ =

{
z ∈ C : z =

1

2

(
u+ u−1

)
, u = ρeiθ, 0 ≤ θ < 2π

}
.

For such Γ we studied the estimates (8) when w is one of the four
generalized Chebyshev weight functions.
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Homogenization theory is one of the most successful approaches for
dealing with optimal design problems, that consists in arranging given
materials such that obtained body satisfies some optimality criteria,
which is mathematically usually expressed as minimization of some (in-
tegral) functional under some (PDE) constrains.

We consider optimal design problems in the setting of the Kirchhoff-
Love equation describing an elastic, thin, symmetric plate, which is a
fourth order elliptic equation, and we restrict ourselves to domains filled
with two isotropic elastic materials. The optimization method is based on
the small amplitude, or small contrast, approximation for homogeniza-
tion. Since the classical solution usually does not exist, we use relaxation
by the homogenization method in order to get a proper relaxation of the
original problem.

Numerical results are presented for compliance minimization, i.e.,
maximizing the global stiffness of the plate, and for minimizing the in-
tegral of the square of the deflection in a subset of the plate.
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Series containing the digamma function arise when calculating the
parametric derivatives of the hypergeometric functions and play a role in
mathemtical physics. As these series are typically non-hypergeometric,
a few instances when they are summable in terms of hypergeometric
functions are of importance. In this talk, we will discuss some known
and new examples of this type. In particular, we will present several
identities that can be viewed as hypergeometric expressions for the 1-
norm of the gradient of the generalized hypergeometric function with
respect to all its parameters.

The talk is based on a joint work with Asena Çetinkaya.
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For a probability measure µ and for square integrable fields (At) and
(Bt) (t ∈ Ω) of commuting normal operators we prove Landau type
inequality∣∣∣∣∣∣∣∣∣∣∣∣∫

Ω
AtXBtdµ(t)−

∫
Ω

Atdµ(t)X

∫
Ω

Btdµ(t)

∣∣∣∣∣∣∣∣∣∣∣∣
6

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
√∫

Ω
|At|2dµ(t)−

∣∣∣∫
Ω

Atdµ(t)
∣∣∣2X√∫

Ω
|Bt|2dµ(t)−

∣∣∣∫
Ω

Btdµ(t)
∣∣∣2∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣

for all X ∈ B(H) and for all unitarily invariant norms ||| · |||.
For Schatten p-norms similar inequalities are given for arbitrary dou-

ble square integrable fields, i.e. in that case normality and commutativity
conditions can be dropped. Also, for all bounded self-adjoint fields sat-
isfying C 6 At 6 D and E 6 Bt 6 F for all t ∈ Ω and some bounded
self-adjoint operators C,D,E and F , and for all X ∈ C|||·|||(H) we prove
Grüss type inequality∣∣∣∣∣∣∣∣∣ ∫

Ω
AtXBtdµ(t)−

∫
Ω

Atdµ(t)X

∫
Ω

Btdµ(t)
∣∣∣∣∣∣∣∣∣

6
‖D − C‖ · ‖F − E‖

4
· |||X|||.
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Let ~µ = (µ1, . . . , µd) be a vector of positive Borel measures on R.
We denote by µ̂j(z) :=

∫
(z − x)−1 dµj(x) their Cauchy transforms. We

start from the type I and type II Hermite–Padé interpolation problems.
For an arbitrary multi-index ~n ∈ Nd the problem is to find polynomials
q~n,0, q~n,1, . . . , q~n,d and p~n, p~n,1, . . . , p~n,d with deg p~n = |~n| := n1 + · · ·+nd,
such that the following interpolation conditions are satisfied for j =
1, . . . , d and z →∞:

q~n:=q~n,0 +
d∑

k=1

q~n,kµ̂k = z−|~n|(1 + o(1)), deg q~n,j < nj ,(10)

p~n=z|~n|(1 + o(1)), r~n,j := p~nµ̂j + p~n,j = O(z−nj−1).(11)

If for each ~n ∈ Nd the solution of this problem exists and is unique,
then the system of measures ~µ is called perfect. We have

α~n,j := lim
z→∞

znj+1r~n,j(z) 6= 0

for perfect systems. In this case let us define the following function:

(12) F~n(x, y) := p~n(x)q~n(y)−
d∑
j=1

a~n,jp~n−~ej (x)q~n+~ej (y),

where a~n,j := α~n,j/α~n−~ej ,j and E := {~e1, . . . , ~ed} is the standard basis
in Rd.

The Christoffel–Darboux formula for Hermite–Padé interpolations
was obtained in [1]. Here we reformulate it in the following way. For two
multi-indices ~n0, ~n ∈ Nd we consider a path {~nm}Mm=0 ⊂ Nd connecting ~n0

to ~n, that is

~nM = ~n, ~nm+1 − ~nm ∈ ±E, m = 0, . . . ,M − 1.
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Let

pm :=

{
p~nm , if ~nm+1 − ~nm ∈ E,

−p~nm+1
, if ~nm+1 − ~nm ∈ −E,

qm :=

{
q~nm+1

, if ~nm+1 − ~nm ∈ E,
q~nm , if ~nm+1 − ~nm ∈ −E.

Then we have the identity:

(13) (x− y)
M−1∑
m=0

pm(x)qm(y) = F~n(x, y)− F~n0
(x, y).

The right-hand side does not depend on the path but only on its ends.
In particular, it is equal to zero for a closed path, then ~n0 = ~n.

Let us consider one important class of perfect systems, namely the
Nikishin systems. The Nikishin system [2] is based on a set of generating
measures (σ1, . . . , σd) supported on segments suppσj ⊂ ∆j , ∆j∩∆j+1 =
∅. More specifically, we put sj,j := σj , and then by induction on |k − j|
we define dsj,k := ŝj+1,k dσj for k > j and dsj,k := ŝj−1,k dσj for k < j.
The vector of measures (s1,1, . . . , s1,d) is perfect, see [3].

Now we move to the multilevel interpolation problem for the Nik-
ishin system [4]: given ~n ∈ Nd find polynomials q~n,0, q~n,1, . . . , q~n,d and
p~n,0, p~n,1, . . . , p~n,d such that for j = 1, . . . , d and z → ∞ the following
interpolation conditions hold

q~n := q~n,0 +
d∑

k=1

ŝ1,kq~n,k=z
−|~n|(1 + o(1)),(14)

q~n,j +

d∑
k=j+1

ŝj+1,kq~n,k=O(znj−1),

p~n := p~n,0=z|~n|(1 + o(1)),(15)
j∑

k=1

p~n,k−1ŝj,k + p~n,j=O(z−nj−1).

For each ~n ∈ Nd the solution of this problem exists and is unique [5].
The solution also satisfies [6] the Christoffel–Darboux formula (13). The
proof based on recurrent relations is similar to [7]. We will discuss some
applications of this result during the talk. The particular case ~n = n~ed
with d = 2 corresponds to the biorthogonal Cauchy polynomials, see
[8, 9].
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Hermite interpolation at Pollaczek zeros
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The Authors consider an Hermite–type interpolation process and
show its convergence in weighted function spaces, under proper necessary
and sufficient conditions on the weights.

The main difficulty is that the Pollaczek zeros have not arcsin distri-
bution. The proof is reduced to the behavior of a Lagrange polynomial.
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1University of Nǐs, Faculty of Sciences and Mathematics, Department of Computer
Science, ivana.micic@pmf.edu.rs, miroslav.ciric@pmf.edu.rs,
jelena.matejic@pmf.edu.rs, stefan.stanimirovic@pmf.edu.rs

Weak bisimulations have been widely studied as a generalization of
bisimulations for fuzzy automata (FAs). These bisimulations maintain
language equivalence and perform better in the state reduction of FAs.
However, a significant limitation of weak bisimulations is their inability
to be computed for all (∨, ·)-FAs, where ∨ represents the maximum op-
eration and · denotes the product t-norm on the real-unit interval [0, 1].
The reason is that weak bisimulations are solutions to specific linear
systems of fuzzy relation inequalities, and such systems can consist of
infinitely many inequalities when observed under such FAs.

We propose a solution to this problem by introducing a new type
of weak bisimulation, named ε-weak bisimulation. By choosing a small
value ε > 0, we define ε-weak bisimulations, which yield finite systems
of fuzzy relation inequalities. These ε-weak bisimulations preserve a
new form of approximation for language equivalence. Specifically, we
demonstrate that two (∨, ·)-FAs that are ε-weak bisimilar recognize each
word with degrees that are either equal or both less than or equal to ε.

Furthermore, we present two algorithms developed for computing the
ε-weak bisimulation. The first algorithm computes the ε-weak bisimu-
lation for a single automaton, while the second algorithm extends the
computation to two automata. We discuss the time complexity of these
algorithms and analyze the complexity of storing the resulting bisimula-
tions.

As ε-weak bisimulations possess the property of approximating equiv-
alence for arbitrarily small values of ε > 0, they effectively model an
"almost-equivalence" between two FAs. This means that words accepted
with degrees smaller than or equal to ε can be considered irrelevant. Our
proposed ε-weak bisimulations offer a practical approach to address the
challenge of computing bisimulations for (∨, ·)-FAs, expanding the scope
of bisimulation techniques in the field of fuzzy automata. The presented
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algorithms provide efficient methods for computing the ε-weak bisim-
ulation, and the analysis of time complexity and storage requirements
further contribute to the understanding and applicability of these tech-
niques in practice.

This research was supported by the Science Fund of the Republic of
Serbia, Grant no 7750185, Quantitative Automata Models: Fundamental
Problems and Applications - QUAM.
References
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Let G = (V,E), V = {v1, v2, . . . , vn}, be a simple connected graph
with n vertices, m edges and vertex–degree sequence ∆ = d1 ≥ d2 ≥
· · · ≥ dn = δ > 0, di = d(vi). If vertices vi and vj are adjacent in G, we
write i ∼ j.

In graph theory, a graph invariant is property of the graph that is
preserved by isomorphisms. Topological indices are special kinds of nu-
merical graph invariants. The first and the second Zagreb indices,M1(G)
and M2(G), are graph invariants defined in terms of vertex degrees as
[4, 5]

M1(G) =

n∑
i=1

d2
i =

∑
i∼j

(di + dj) and M2(G) =
∑
i∼j

didj .

The linear combinations of these indices were considered in [1, 2, 6]. In
[1] it is proven that

M2(G)−M1(G) ≥ 11m− 12n,

in [2]
M1(G) + 2M2(G) ≤ 4m2,

and in [6]
δM1(G)−M2(G) ≤ mδ2,

∆M1(G)−M2(G) ≤ m∆2,

∆M1(G)−M2(G) ≥ m∆δ.

Inspired by these results, here we determine bounds for linear com-
binations of harmonic index, H(G), and the inverse sum indeg index,
ISI(G), which are defined as [3, 7]:

H(G) =
∑
i∼j

2

di + dj
and ISI(G) =

∑
i∼j

didj
di + dj

.
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Here we prove the following inequalities

ISI(G) +
δ2

2
H(G) ≥ mδ,

ISI(G) +
∆2

2
H(G) ≥ m∆,

M1(G)− 2ISI(G) + ∆δH(G) ≤ m(∆ + δ).

Let us note that obtained bounds are sharp since there are many
classes of graphs for which equalities are attained.
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Partitions and automorphisms of finite Kurepa
trees

Žarko Mijajlović1
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-Duro Kurepa introduced in [4] a finite partially ordered set Tn =
(Tn,≤, 0), a rooted tree of height n with root 0 in which each node of
height k < n splits into k+1 successors. This tree is related to the Kurepa
left factorial hypothesis KHp which states that for no prime p > 2, p | !p,
where !n ≡ |Tn−1| = 0! + 1! + · · ·+ (n− 1)!, n ≥ 1. Kurepa defined !n in
[3] and posed there KHp. The status of KHp is not yet resolved, but it
is numerically checked by many authors, with the last achievement for
p ≤ 240, see [1]. History of the problem and related results are presented
in [2] and [5]. We consider here KHp combinatorially studying partitions
of Tn−1 into n components having the same size. We proved that there
are no such partitions P if all components in P are connected subsets
of Tn−1, or there is a component invariant under all automorphisms of
Tn−1. Along the way, we found that Aut(Tn) is the wreath product of
factorial powers of permutation groups Sk, k ≤ n. We also found an
approximation of Kurepa function K(z), an extension of !n to complex
domain.
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Anti-Gaussian quadrature rules related to
orthogonality on the semicircle
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Let Γ be a unit semicircle Γ = {z = eiθ : 0 ≤ θ ≤ π}. Orthogonal
polynomials on the semicircle with respect to the complex-valued inner
product

〈f, g〉 =

∫
Γ
f(z)g(z)(iz)−1dz =

π∫
0

f(eiθ)g(eiθ)dθ

was introduced by Gautschi and Milovanović in [1], were the certain basic
properties were proved. Such orthogonality as well as the applications
involving Gauss-Christoffel quadrature rules were further studied in [2]
and [4]. In this article we introduce anti-Gaussian quadrature rules re-
lated to the orthogonality on the semicircle (see [1]) and present stable
numerical method for their construction. Also, some numerical examples
are included.
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In this paper we investigate initial boundary value problems for one
dimensional hyperbolic equations in disjoint domains. As a model ex-
ample we take an area consisting of two non-adjacent intervals. In each
interval an Robin’s initial-boundary value problem is given. The interac-
tion between their solutions is described using nonlocal integral conjuga-
tion conditions Robin-Dirichlet type on the boundaries of the observed
subareas. For the model problem the existence and uniqueness of its
weak solution in appropriate Sobolev-like space is proved. A finite dif-
ference scheme approximating this problem is proposed and analyzed.
An estimate of the convergence rate, compatible with the smoothness of
the input data is obtained.
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Generalized (also called optimal) averaged Gauss quadrature formu-
las may yield higher accuracy than Gauss quadrature rules that use the
same moment information. This is illustrated in [3]. They therefore may
be attractive to use when moments or modified moments are cumbersome
to evaluate. However, generalized averaged Gauss quadrature formulas
may be not internal, i. e., they may have nodes outside the convex hull of
the support of the measure that defines the associated Gauss rules; see,
e.g., [2, 4, 1] for examples and analyses. It may therefore not be possible
to use generalized averaged Gauss quadrature formulas with integrands
that only are defined on the convex hull of the support of the measure.
A survey of our results on internality of generalized averaged Gaussian
quadrature rules and their truncations will be presented.
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An r-states random environment integer-valued autoregressive pro-
cess is presented. This RrINAR process is based on a random environ-
ment process, defined as a Markov chain, which by taking its different
values represents a selection mechanism of process marginals from the
family of differently parameterized geometric distributions. This im-
plies the non-stationarity of the finally introduced RrNGINAR model
based on the negative binomial thinning. Here we present some essential
properties of this process focusing on estimation procedures of model
parameters. Also, the model motivation and interpretation is given by
its application to specific real-life counting data, where it is compared to
some other possible and competitive time series models.
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This work introduces a novel approach for estimating the repair rate
of an observed system comprised of multiple components. The presented
approach is based on the calculation of the probability density function
(PDF) of a systemвҐЄs repair time by observing the probability that
repair rates of its components surpass a determined threshold. Based on
the obtained method, it can be concluded at what interval maintenance,
repair, or replacement should be performed in order to achieve the de-
sired level of availability. The method can be further used for planning
maintenance activities and a dynamic forecast of system characteristics.
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We consider the gradient neural network models for solving several
different systems of linear matrix equations in areal time. The conver-
gence properties are investigated in details using Lyapunov method and
it is shown that models are globally convergent to the general solution,
determined by the initial values choice. A few applications are given,
including the computation of matrix generalized inverses. Several nu-
merical examples are shown to illustrate the theoretical results.



AAA2023, Vrnjačka Banja, Serbia 87

The set of anti-Gaussian quadrature rules and
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1University of Kragujevac, Faculty of Mechanical and Civil Engineering in Kraljevo,
Department of Basic Engineering Education, nevena.z.petrovic@pmf.kg.ac.rs

2University of Kragujevac, Faculty of Science, Department of Mathematics and
Informatics, marija.stanic@pmf.kg.ac.rs, tatjana.tomovic@pmf.kg.ac.rs

3University of Banja Luka, Faculty of Science, Department of Mathematics and
Informatics, miroslav.pranic@pmf.unibl.org

Laurie in ([1]) introduced anti-Gaussian quadrature rule, that gives
an error equal in magnitude but of opposite sign to that of the corre-
sponding Gaussian quadrature rule. Here, we consider a set of anti-
Gaussian quadrature rules for the optimal set of quadrature rules in
Borges’ sense, with respect to the set of r different weight functions,
as well as the corresponding class of multiple orthogonal polynomials.
Also, we define the set of averaged quadrature formulas and give some
numerical examples.
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88 AAA2023, Vrnjačka Banja, Serbia
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We discuss a construction of several types of Gauss and rational
Gauss quadrature rules through manipulations with Jacobi or Jacobi-
like matrices. We pay particular attention to the rational anti-Gauss,
simplified Gauss and Gauss-Radau rules. The interest in these rules
stems from the need to approximate the matrix functionals of the form
vT f(A)v arising in many applications, where v is a vector, A is a large
symmetric positive matrix, and f is a function defined on the spectrum
of A. Although a distribution function in the functional vT f(A)v is not
explicitly known, we can compute the corresponding Jacobi or Jacobi-
like matrix (and therefore the Gauss or rational Gauss quadrature for
the mentioned functional) by several steps of Lanczos or rational Lanc-
zos method with input v and A. By modifying such a matrix we can
compute some other quadrature that enables us to estimate the error in
the Gauss or rational Gauss quadrature.

This is a joint work with Lothar Reichel and Jihan Alahmadi.
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Computation of the complex zeros of the
parabolic cylinder function U(a, w)

Diego Ruiz-Antolin1, Amparo Gil1, Javier Segura2, T. Mark Dunster3
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We provide a Matlab algorithm to compute the complex zeros of
the parabolic cylinder function U(a,w). Through the combination of
a fourth order root finding method described in [1] and the numerical
methods studied in [2] together with a Liouville-Green expansion from
[3] to evaluate the parabolic cylinder function, we find the roots of the
function for a large region of its parameters.
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Optimization of composite cubature formulas on
a lattice
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Quadrature and cubature formulas are widely used in various bran-
ches of mathematics and its applications. When obtaining a discrete
approximation, i.e. cubature formula, it is important that the cubature
formula approximates the given definite integrals as best as possible.
Such cubature formulas can be obtained, for example, using variational
principles. Therefore, when constructing lattice optimal cubature for-
mulas in the Sobolev space by the variational method, this is one of the
urgent problems of computational mathematics.

In the present paper, composite lattice optimal cubature formulas
are constructed by the variational method in the Sobolev space. In
addition, the square of the norm of the error functional of the constructed
lattice optimal cubature formulas in the dual Sobolev space is explicitly
calculated.
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Formulas for sum of powers of consecutive
integers derive from certain family of finite sums
involving higher powers of (inverse)binomial

coefficients
Yılmaz Şimşek1

1University of Akdeniz TR-07058 Antalya, Turkey, Faculty of Science, Department
of Mathematics, ysimsek@akdeniz.edu.tr

One of the main purposes of this presentation, which contains very
interesting and applicable new results and will also be converted into
an article, is to surval generating functions in terms of hypergeometric
function and logarithm function for finite sums involving higher powers
of inverse binomial coefficients, denoted by Sv(n;λ, p) (cf. for detal see
[1]). Sv(n;λ, p) is a polynomial with respect to λ. Its degree is n. The
second main purposes of this presentation is to give some applications
of the polynomials Sv(n;λ, p). By using these applications, we derive
many formulas for sums of powers of consecutive integers involving the
Bernoulli and Euler-type numbers and polynomials, the Stirling num-
bers, the (alternating) harmonic numbers, the Apostol-type numbers and
polynomials. In addition, we also give some remarks and observations
on these results.
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Numerical approximation of the third
initial-boundary-value parabolic problem
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In this paper a finite difference scheme approximating the third initial-
boundary-value problem for the parabolic equation with time-dependent
coefficients is derived. In a special W 1, 1/2

2 Sobolev norm ,a convergence
rate estimate, compatible with the smoothness of the solution of the
problem, is obtained.
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Compound step-size methods in unconstrained
nonlinear optimization

Predrag S. Stanimirović1
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Various improvements of gradient-descent and conjugate-gradient meth-
ods for solving nonlinear the unconstrained optimization problem are
investigated. More specifically, we investigate possibility of using com-
posite step size in gradient-descent and conjugate-gradient algorithms.
The composite step size is generated as a function of different param-
eters. The first modification suggests a slight increase in the step size
involved in gradient-descent methods. Another class of methods utilizes
additional parameters which are defined using appropriate scalar ap-
proximations of the Hessian. One possibility to define additional tuning
in optimization methods occurs by hybridizing gradient descent meth-
ods with the Picard-Mann-Ishikawa iterative process. An additional ap-
proach to defining acceleration parameters is based on the application
of the neutrosophic logic and three membership functions in determin-
ing appropriate step size for a class of descent direction methods. It is
proved that the proposed methods are linearly convergent for uniformly
convex functions as well as under some standard conditions. Numerical
tests and comparisons are presented.
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method for solving unconstrained optimization problems, Math. Probl.
Eng. 2014 http://dx.doi.org/10.1155/2014/965104
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Gauss-type quadrature rules for variable-sign
weight functions

Jelena Tomanović1
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When the Gauss quadrature formula Gn is applied, it is often as-
sumed that the weight function (or the measure) is non-negative on the
integration interval [a, b]. In the present paper, we introduce a Gauss-
type quadrature formula Qn for weight functions that change the sign in
the interior of [a, b]. Construction of Qn is based on the idea to trans-
form the given integral into a sum of one integral which doesn’t cause a
quadrature error and the other integral with a property that the points
from the interior of [a, b] at which the weight function changes sign are
the zeros of its integrand. It proves that all nodes of Qn are pairwise
distinct and contained in the interior of [a, b]. Moreover, Gn (with a non-
negative weight function) turns out to be a special case of Qn. Obtained
results on the remainder term of Qn suggest that the application of Qn
makes sense both when the points from the interior of [a, b] at which the
weight function changes sign are known exactly, as well as when those
points are known approximately. The accuracy of Qn is confirmed by
numerical examples.
References

[1] W. Gautschi, A Survey of Gauss-Christoffel Quadrature Formulae,
in: P. L. Butzer, F. Fehér (Eds.), E. B. Christoffel, Birkhäuser, Basel,
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Optimal set of quadrature rules for trigonometric
polynomials with preassigned nodes
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In the case when we have numerically evaluating of a set of definite
integrals taken with respect to distinct weight functions, but related to
a common integrand and interval of integration it is not efficient to use a
set of Gauss–Christoffel quadrature rules, because valuable information
is wasted. Borges has introduced the optimal set of quadrature rules for
algebraic polynomials [1].

Quadrature rules of Gaussian type for trigonometric polynomials are
generalization of the classical Gaussian quadrature rules for algebraic
polynomials. We introduced multiple orthogonal trigonometric polyno-
mials of semi-integer degree and the corresponding the optimal set of
quadrature rules for trigonometric polynomials [2, 3]. Also, we investi-
gated such quadrature rules with preassigned nodes.
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Binomial orthogonal polynomials
Mikhail Tyaglov1
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Given a symmetric positive measure σ on an interval [−a, a], 0 < a ≤
+∞, one can construct two one-parametric families of orthogonal poly-
nomials by real and pure imaginary one-dimensional perturbations of the
tridiagonal matrix corresponding to the measure σ. In the present talk,
we consider an example of such perturbations of a given finite discrete
measure.

Namely, we construct an interesting example of a discrete finite posi-
tive strongly related to both Chebyshev and discrete Chebyshev polyno-
mials. We find the corresponding moments, Hankel minors, and describe
the measure. We also construct the pure imaginary one-dimensional per-
turbation of the tridiagonal matrix corresponding to the considered mea-
sure. This gives us an (explicit) example of a of non-positive moment
functional LN on the real line. The limit cases connected with Bessel
polynomials are also discussed.
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Some modifications of the Chebyshev measure
and the corresponding orthogonal polynomials

Gradimir V. Milovanović1, Nevena M. Vasović2
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Repeated modifications for distinct and the same linear divisors have
been studied by Gautschi in [1] and applied to generate special Gaussian
rules for dealing with nearby poles. Among interesting examples, he
considered the Szegő-Bernstein measure

dµm(t) =
1

(c2
1 − t2)(c2

2 − t2) · · · (c2
m − t2)

dt√
1− t2

, −1 < t < 1,

with ck = 1 + 1/k > 1 for each k = 1, . . . ,m, and m ≤ 24 (working
in 52-digit arithmetic). This lecture is devoted to these problems by
symbolic computation. In the case of identical quadratic divisors, c2 + t2

(c > 0), i.e., dµm(t) = 1
(c2+t2)m

dt√
1−t2 (−1 < t < 1), the moments

µ
(m)
k =

∫ 1
−1 t

k dµm(t) (k ≥ 0) are µ(m)
k = 0 for odd k, and for even k

they can be expressed in terms of the hypergeometric function

µ
(m)
k = π

(
k

k/2

)
22m−k+1 Xm

(1 +X)2m 2F1

(
1

2
,m;

k

2
+ 1;

4X

(1 +X)2

)
,

where c = sinhϕ and a = 2c2 + 1 = cosh 2ϕ = 1
2(e2ϕ + e−2ϕ) =

1
2

(
X +X−1

)
> 1, X = e−2ϕ. Here, evidently 0 < X < 1.

For the coefficients β(m)
ν in the recurrence relation for the correspond-

ing orthogonal polynomials, we can obtain

β(m)
ν =

1

4
, ν ≥ m+ 2, β

(m)
m+1 =

1

4
(1 +Xm) ,

β(m)
m =

1−X2m +mXm−1(1−X2)

4(1 +Xm)
,

etc. For distinct quadratic divisors, c2
ν + t2 (cν > 0), ν = 1, . . . ,m,

the corresponding recurrence coefficients can be expressed in terms of
symmetric functions of Xν = e−2ϕν , ν = 1, . . . ,m.
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Barycentric interpolation based on equilibrium
potential

Kelong Zhao1, Shuhuang Xiang1
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A novel barycentric interpolation algorithm with specific exponen-
tial convergence rate is designed for analytic functions defined on the
complex plane, with singularities located near the interpolation region,
where the region is compact and can be disconnected or multiconnected.
The core of the method is the efficient computation of the interpola-
tion nodes and poles using discrete distributions that approximate the
equilibrium logarithmic potential, achieved by solving a Symm’s integral
equation. It takes different strategies to distribute the poles for isolated
singularities and branch points, respectively. In particular, if poles are
not considered, it derives a polynomial interpolation with exponential
convergence. Numerical experiments illustrate the superior performance
of the proposed method.

This work is partially supported by the NSF of China (No.12271528).



AAA2023, Vrnjačka Banja, Serbia 101

Two multiplicative methods of multicriteria
analysis
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The paper presents two multiplicative methods in multicriteria anal-
ysis. It is characteristic of these methods that the evaluation of alterna-
tives in multi-criteria models is based on the product of the characteris-
tic values of the alternatives for each criterion. Both methods have an
important feature that the introduction and evaluation of possible new
alternatives in the multi-criteria model has no effect on the evaluations of
previously evaluated alternatives. This means that there is no possibility
of favoring one of the alternatives over the other alternatives, which is a
characteristic of many methods of multicriteria analysis.
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Bakić, Radoš, 25
Bayad, Abdelmejid, 26
Beck, Matthias, 26
Bellale, Sidheshwar S., 28
Bogdanović, Miloš, 54
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Pranić, Miroslav, 87, 88

Quoc Tuyen, Luong, 39
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Stanimirović, Predrag S., 64, 93
Stanimirović, Stefan, 75
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Tomanović, Jelena, 95
Tomar, Anita, 47
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