The Ramanujan integral and its derivatives:
Computation and analysis

Walter Gautschi! and Gradimir V. Milovanovié?

1Departmen‘c of Computer Science, Purdue University, West Lafayette, IN 47907-2066, USA,
wgautschi@purdue.edu
2Serbian Academy of Sciences and Arts, 11000 Belgrade, Kneza Mihaila 35, Serbia and Univerity
of Nis, Faculty of Sciences and Mathematics, 18000 Nis, Serbia, gvm@mi.sanu.ac.rs

The principal tool of computation used in this paper is classical Gaussian quadra-
ture on the interval [0, 1], which happens to be particularly effective here. Explicit
expressions are found for the derivatives of the Ramanujan integral and it is proved
that the latter is completely monotone on (0,00). A new series expansion for the
incomplete gamma function is found and conjectured to converge alternately from
above and below. The paper also pays attention to another famous integral, the Eu-
ler integral — better known as the gamma function —revitalizing a largely neglected
part of the function, the part corresponding to negative values of the argument, which
plays a prominent role in our work.



