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Let ii = (p1,- .., 1aq) be a vector of positive Borel measures on R. We denote by
f;(2) == [(z — )"  du;(z) their Cauchy transforms. We start from the type I and
type II Hermite-Padé interpolation problems. For an arbitrary multi-index 7 € N¢
the problem is to find polynomials ¢z 0, ¢s.1, - - -, ¢,a a0d pg, i1, - - ., Pr.g With deg py =
|7i| :== n1 + - -+ 4+ ng, such that the following interpolation conditions are satisfied for
j=1,...,dand z — oc:

d
(1) ga:=qao+ Z Gapfie = 2 (14 o(1)), deg gz ; < nj,
k=1

(2) pr =21+ 0(1)), 7= pafl; +pay = O(z"7),

If for each 77 € N¢ the solution of this problem exists and is unique, then the
system of measures /i is called perfect. We have oz ; := lim, Zn'j+lrﬁ’j(2) = 0 for
perfect systems. In this case let us define the following function:

d
(3) Fa(w,y) == pa(x)aa(y) — Y am pi-e, (€)gase, (1),
j=1
where az ;= agj/ar_e, ; and E = {€1,..., €} is the standard basis in R<.

The Christoffel-Darboux formula for Hermite-Padé interpolations was obtained
in [1]. Here we reformulate it in the following way. For two multi-indices iy, i € N¢
we consider a path {7, }M_, C N connecting iy to 7, that is

v =7 ey —fim € B, m=0,.. . M—1.
Let
Do 1= pﬁm7 lf ﬁm—i—l — ﬁm € E, G = q'r_ierl) lf ﬁm—f—l — 'ﬁ:m < E,
m D if ﬁm-ﬁ-l — ﬁm - —E, m Qi s if ﬁm+1 — ﬁm € —F.



Then we have the identity:

M-1

(4) (@ =) Y Pml(@)am(y) = Fa(,y) — Fro(2,y).

m=0

The right-hand side does not depend on the path but only on its ends. In particular,
it is equal to zero for a closed path, then 7y = 7.

Let us consider one important class of perfect systems, namely the Nikishin sys-
tems. The Nikishin system [2] is based on a set of generating measures (o1, ..., 04)
supported on segments suppo; C A;, A; N A4 = (. More specifically, we put
s;j = 0j, and then by induction on |k — j| we define ds;j = 5,41 do; for k > j and
dsjk = Sj_1,doj for k < j. The vector of measures (s11,...,s1,4) is perfect, see [3].

Now we move to the multilevel interpolation problem for the Nikishin system [4]:
given 77 € N? find polynomials gz 0,41, -, qra and pso, pi1, - - -, pia such that for

j=1,...,d and z — oo the following interpolation conditions hold
d d
(5) @ = gm0+ Zglvkqﬁk =z (1 +0(1), ga;+ Z SivirGae = O™,
k=1 k=j+1
J
(6) pi=pio=2"(1+0(1), Y par-1Sik+pa;=O0(""").
k=1

For each 77 € N? the solution of this problem exists and is unique [5]. The solution
also satisfies [6] the Christoffel-Darboux formula (4). The proof based on recurrent
relations is similar to [7]. We will discuss some applications of this result during the
talk. The particular case 17 = ney with d = 2 corresponds to the biorthogonal Cauchy
polynomials, see [8, 9].
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