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ON LAPLACIAN ESTRADA INDEX OF UNION AND CARTESIAN
PRODUCT OF GRAPHS
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ABSTRACT. The Estrada index EE of a graph G of order n is defined as the sum
of the terms e, i = 1,2,...,n, where A1, \a, ..., \, are its adjacency eigenvalues.
The Laplacian Estrada index LEFE of a graph G is defined as the sum of the terms
et i=1,2,...,n, where ui, 2, - .., by, are the Laplacian eigenvalues of GG. In this
paper we have obtained the upper bounds for the Laplacian Estrada index of union
of graphs and computed Laplacian Estrada index of Cartesian product of some
graphs.

1. INTRODUCTION

Throughout this paper we are concerned with simple graphs, that is, the graphs
having no loops or multiple edges or directed edges. Let GG be such a graph with n
vertices vy, vg, ..., v, and m edges. In what follows we say that G is an (n, m)-graph.

Let D(G) be the diagonal matrix of order n whose (i,7)-th entry is the degree of a
vertex v;. The adjacency matrix of a graph G, denoted by A(G), is the square matrix
of order n whose (i, j)-th entry is equal to the number of edges between the vertices
v; and v;. The eigenvalues of A(G) denoted by A1, Ag, ..., A, are called the adjacency
eigenvalues of G [4]. The matrix C(G) = D(G) — A(G) is called the Laplacian matriz
of G. The eigenvalues of C(G) denoted by u; = p;(G), i = 1,2,...,n, are called the
Laplacian eigenvalues of G and their collection is called the Laplacian spectrum of
G [21]).
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The Laplacian energy of a graph was introduced by Gutman and Zhou [18] and is
defined as

“ 2m
LE(G) =Y |u —
i=1 n
The Estrada index of a graph G is defined as
EE(G)=Y¢"

This graph invariant appeared for the first time in year 2000, in a paper by Ernesto
Estrada, dealing with the folding of protein molecules [6-8]. A large number of
recent works devoted to the study of its mathematical properties can be found in
[5,10-17,23,25]. The Laplacian Estrada index of G was defined in [9] as

LEE(G) =Y et
=1

Independent of [9], another varient of the Laplacian Estrada index was put forward
in [20], as

LEE;s0(G) = Z hi—(2m/n)
i=1

Evidently, LEEsc(G) = e /" LEFE(G), and therefore results obtained for LEE
can be immediately re-stated for LEEsc and vice-versa.

Some basic properties of LEFE were determined in the papers [3,9,20,26,27]. At
the outset we note that

k>0 =1
where the standard notational convention that 0° = 1 is used.
Let K, be the complete graph on n vertices and K,, be its complement. In [9] the
following bound for LEE(G) was obtained.

LEE(G) < ¥/ (n — 1 4 LE(@),

with equality if and only if G = K,,.
In [27], the authors have obtained the bound for LEE(G) as

LEE(G) < ¢*/"(n — 1 — LE(G) + "*19),

with equality if and only if G = K,,.

In this paper we obtain the upper bounds for the Laplacian Estrada index of union
of graphs. Further we obtain the Laplacian Estrada index of Cartesian product of
some graphs.
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2. LAPLACIAN ESTRADA INDEX OF UNION OF GRAPHS

Let GG; be a graph with vertex set V; and edge set E; and G5 be another graph
with vertex set V5 and edge set Ey. The union of G; and G, is a graph G U G5 with
vertex set V; U V4 and the edge set Ey U Ey. If Gy is an (ng, mq)-graph and G5 is an
(ng, mg)-graph then G; U G5 has ny + ngy vertices and my + msy edges. The Laplacian
spectrum of (G; U (G5 is the union of the Laplacian spectra of G; and Gs.

Theorem 2.1. Let Gy be an (ny, my)-graph and Gy be an (ng, msy)-graph where ’:—11 >
2 - Then

n2

(2.1) LEE(G1UG,) < e {(nl +ng) + ¥ [&E(Gn + eLE(qu _ 2} 7

2 2 -
where Y = 2mutma) g g x = 2minz—many)
n1tne ni+no

Equality holds when G = Gy = K,

Proof. Let G = G U G5. The number of vertices of G; U G5 is n = n; 4+ ny and the
number of edges of G; U G5 is m = my + ms. By the definition of Laplacian Estrada
index, we get

n1+n2

E(G1UGy) = e2(mitma)/(ni+n2) Z ehi(G)=2(m1+ma)/(n1+n2)
i=1

ni+nz

:eY n1+n2 + Z Zk' ,uZ y)k

=1 k>1

ni1+n2

<e¥ |( n1+n2+zzk,|m v

=1 k>1

Y{<n1+n2 by L S v S @ - v

k>1 =1 i=n1+1

|

(][]

35 () = VI + 3 () - Yﬂ}

i=1

|




26 H. S. RAMANE, G. A. GUDODAGI, AND A. ALHEVAZ

2my
W(Gr) — —
i(G) T

i

LEE(G1UG,) <e {(m +ng)+ Y i [(LE(GI) +nq (27"1 - Y))lc
(

+ny

%

2m1 YD

k>1 n

<6Y{<7’L1+77/2 +Zk'

2m2 v
U

2m2

/JJZ<G2) — 72 + Nno

(2.2) + (nz

i=1

Since 2t > "2 the Eq. (2.2) becomes

E>1 ny

(st (v - 22)Y))

na

=e¥ {(n1 +n2)+ > k! [ LE(Gh) + X)" + (LE(G2) + X)k}}
{
{

k>1
= " {(ny + ng) 4 HFOEITN |y LGN _ Y
=e" {(n +ny) +e* [eLE(Gl) + 6LE(G2)} - 2} ;

as desired. 0

Corollary 2.1. Let G be an ri-reqular graph on ny vertices and Gy be an ro-reqular
graph on ny vertices where r1 > ry. Then

LEE(G1UG,) <e” {(n1 +ny) + € [eLE(Gl) + eLE(GQ)] — 2} )

_ niritnory _ nina(ri—rs)
where P = "2 and Q= T

Proof. Result follows by putting m; = nyr1/2 and mg = nare/2 in the Theorem 2.1.
O

(nl

Corollary 2.2. Let G be an (n, m)-graph where m > = and G be the complement

of G. Then
LEE(GUG) < e {Qn + e2m—(3) [GLE(G) i eLE(é)} _ 2} ‘

Proof. It G is an (n, m)-graph, then its complement G has n vertices and @ -—m

edges. Substituting this in Eq. (2.1), the result follows. O

Corollary 2.3. Let G be an (n,m)-graph and G’ be the graph obtained from G by
removing k edges, 0 < k < m. Then

LEE(GUG") < e®n0/m fon 4 ek [HP(O) 4 LB@] 2}

Proof. The number of vertices and the number of edges of G’ is n and m — k, respec-
tively. Substituting this in Eq. (2.1), the result follows. O
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3. LAPLACIAN ESTRADA INDEX OF SOME CARTESIAN PRODUCT

Let G be a graph with vertex set V(G) and H be a graph with vertex set V(H).
The Cartesian product of G and H, denoted by G x H is a graph with vertex set
V(G) x V(H) and two vertices (u1,v1) and (ug, vy) are adjacent in G x H if and only
if either u; = uy and vy is adjacent to vy in H or v; = vy and wu, is adjacent to us in

G [19].

Theorem 3.1. [22] If u, pa, - - ., pbn, are the Laplacian eigenvalues of a graph G, then
the Laplacian eigenvalues of G X Ky are iy, g, .. -, fn and pi1 + 2, g + 2, ..., fby + 2.

Theorem 3.2. The Laplacian Estrada index of G X Ky is
(3.1) LEE(G x K3) = (14 ¢*)LEE(G).
Proof. By Theorem 3.1, we get

n

LEE(G x K,) Ze“’ + Z etit?

= (1 +e )LEE(G). O

Theorem 3.3. [21] If A\, N, ..., N\, are the adjacency eigenvalues of a reqular graph
G of order n and of degree r, then its Laplacian eigenvalues are r —X;, 1 =1,2,...,n

By Theorem 3.3, the Laplacian Estrada index of an r-regular graph of order n is [9]
(3.2) LEE(G)=> e,

where \;, i = 1,2,...,n, are the adjacency eigenvalues of G.

The line graph of G, denoted by L(G), is the graph whose vertices corresponds to the
edges of G and two vertices in L(G) are adjacent if and only if the corresponding edges
are adjacent in G [19]. The k-th line graph of G is defined as L*(G) = L(L*}(QG))
where L°(G) = G and L'(G) = L(G). If G is a regular graph of order ng and of degree
ro, then L(G) is a regular graph of order n; = ngry/2 and of degree r; = 2ry — 2.
Consequently, the order and degree of L*(G) are [1,2]

1
ng = Enk—ﬁ“k—l ka H 2k H ro — 271 + 2)

and 7y, = 2r,_1 — 2 = 2Fry — 251 12 respectively, where n; and 7; stand for the order
and degree of L'(G), i =0,1,2,..., respectively.
Theorem 3.4. [24] If A\, X, ..., A\, are the adjacency eigenvalues of a reqular graph

G of order n and of degree r, then the adjacency eigenvalues of L(G) are
N +r—2, 1=1,2,...,n and

-2,  n(r—2)/2 times.
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Theorem 3.5. If G is an r-reqular graph of order n and of degree r > 3, then
n(r —2)e*

LEE(L(G) x K,) = (14 €?) |LEE(G) + 5

Proof. It G is an r-regular graph, then L(G) is a regular graph of degree 2r — 2.
Therefore by Theorems 3.3 and 3.4, the Laplacian eigenvalues of L(G) are

r— A\, 1=1,2,...,n and
2r,  n(r—2)/2 times.

Therefore

n —9 2r -9 2r

(3.3) LEE(L(G)) =Y e+ W — LEE(G) + n(rz)e

i=1

Therefore by Theorem 3.2 and Eq. (3.3)
LEE(L(G) x Ky) = (1+ e} LEE(L(G))
-9 2r

In [9], the following result was reported.

Theorem 3.6. (9] If G is an r-reqular graph on n vertices, then for k =0,1,...

ng(ry — 2)e*x

LEE(LF"Y(@)) = LEE(L*(@)) + 5 :
where

k-1
n . o
re=(r—2)2"+2 and nk:?[[O(QZr—QlleQ)‘

Using Thereoms 3.2 and 3.6 we have following result.

Theorem 3.7. If G is an r-reqular graph on n vertices, then for k=0,1,...

LEE(L*(G) x K,) = (1 +¢€?) |LEE(LF(@)) + W |

where
k—1

re=(r—2)2"+2 and n; = 2% [[@r—2""+2).
i=0
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