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CRITICAL EXPONENT
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ABSTRACT. The article aims to study new and current problems in the theory
of nonclassical partial differential equations and their applications, proving the
existence and nonexistence of solutions to p-Kirchhoff type problems with critical
exponent of Sobolev in R™, which are of great interest in the study of mathematical
physics equations. We show the existence of a local minimizer with negative/positive
energy by using variational methods. More precisely, we considered a minimization
of F) constrained in a neighborhood of zero using the Ekeland variational principle,
then we found the first critical point of E) which achieves the local minimum of E
whose level is negative; next around the zero point, using the mountain pass theorem,
we also obtained a critical point whose level is positive. In addition, we studied the
case of A = 0, where there is no non-trivial solution using the contradiction principle.
We also established infinite solutions and discuss the different cases.

1. INTRODUCTION AND POSITION OF PROBLEM

In R™, we are concerned with the following problem
0—1
(1.1) - (a (/ |Vul? dm) + b> div (|Vu|p_2 Vu) = |ul"" 2u+ \f (2),
Rn

where 1 <p<n,0<a,b, 0<a-+b 6>1, \isa parameter, p* = pn/(n — p) is the
critical Sobolev exponent and f € W*\ {0} . Here, W* is the dual space of W!P(R™).
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Since equation (1.1) contains an integral over R it is no longer a point-wise identity.
Therefore, it is often called a nonlocal problem. It is also called non-degenerate if
0 < b and a > 0, while it is degenerate if b = 0 and 0 < a.

The non-local elliptic problem (1.1) is related to the original Kirchhoff equation in
[1] which was first introduced by Kirchhoff as an extension of the classical D’Alembert
wave equation for free vibrations of elastic strings. Kirchhoff’s model takes into
account the changes in length of the strings produced by transverse vibrations.

Problems involving non-local operators have been widely studied due to their numer-
ous and relevant applications in various fields of science. In particular, Kirchhoff-type
problems proved to be valuable tools for modeling several physical and biological
phenomena, and many works have been made to ensure the existence of solutions for
such problems. We quote in particular the article of Lions [2]. Since this famous paper,
very fruitful developments are given rise to many works in this promising direction,
and in most of them, with most relying on topological methods. However, only a few
improvements have been made concerning the multiplicity of solutions. In this regard,
the variational approach was sought instead of topological methods to solve these
kinds of problems and also to prove the existence of multiple solutions (see [3,4]).

In the last few years, great attention has been paid to the study of Kirchhoff
problems involving critical nonlinearities. This problem creates many difficulties in
applying variational methods. It is worth mentioning that the semilinear Laplace
equation of elliptic type involving the the critical Sobolev exponent was investigated
in the crucial paper of Brézis and Nirenberg [5]. After that, many researchers have
dedicated themselves to the study of several kinds of elliptic equations with a critical
exponent in a bounded domain or in the whole space. For p = 2 and a = 0, Tarantello
6] treated the problem (1.1) in a bounded domain of R™ and proved the existence of
at least two solutions using Nehari manifold methods. The first work on the Kirchhoff-
type problem with the critical Sobolev exponent was by Alves, Corréa and Figueiredo
in [7]. Naimen in [8] showed a Brézis-Nirenberg type result for the Kirchhoff problem
in a bounded domain. In [9], He et al. considered the following problem

— (a/ |Vu|pdx+b> div <|Vu\p_2 Vu) = f(u)+ hin Q,
Rn
u =0 on 0f),

where 2 C R? is a bounded domain, 0 < h € L?(Q) and f € C (R, R). They obtained
the existence of at least one or two positive solutions using the monotonicity technique
and the non-existence criterion by using the corresponding Pohozaev identity. Also,
they showed nonexistence properties for the 3-sublinear case and the critical case.
Under general assumptions on the nonlinearity, they also established the existence
result for the whole space R? by using the properties of the Pohozaev identity and
some delicate analysis.



p-KIRCHHOFF TYPE PROBLEMS WITH CRITICAL EXPONENT 1447

In [10], Miyagaki et al. obtained the existence of infinitely many solutions for the
following problem

—(a fan [Vul” dz + b) div (|Vul"? Vu) = Ag (2, u) + plu[” 2, in R",

where A > 0, 0 < pu < p,, with p, a positive constant, n > 2p and g (z,u) satisfies
certain subcritical growth conditions.

Ke et al. in [11] considered the problem (1.1) with § = 2 and f € L7 (R").
They obtained the existence of infinitely many solutions for problem (1.1) and the
multiplicity of solutions for the non-degenerate case (0 < b) with p* = 2p and 0 <
a < S72 and the degenerate case (b = 0) with p* > 2p and 0 < a.

Recently, Benaissa et al. in [12] discussed the problem (P,) with § = 2. When
p* > 2p, the authors showed the existence of A\, > 0 such that for 0 < A < A, (1.1)
has at least two solutions in a particular dimension n = 3p/2.

The main results in the present paper can be considered as an extension of the work
of [11] and [12] for a more general non-local problem (degenerate or non-degenerate
problem) with a large range of n.

To our knowledge, many of the results are new for p > 1 and even in the case 6 = 2.
Our results and setting are more general and delicate; it is not difficult to obtain the
second solution in the degenerate case where 6 < %.

In the case where a = A =0, b =1 and 1 < p < n, our main problem can be
reduced to the following problem

(1.2) —div (|[Vu|P=2Vu) = |u[P""2u, in R™

Sciunzi in [13] provided that if u is a positive solution of (1.2) then u (x) = v. 4, (2)
where

L =1 150
o (53
(1.3) Ve o (2) = | — L2z , €>0,1z€R"
er-1 + |z — xo|PT
Consequently,
S = inf Iul”
ueWLr (B")\{0} ( S " dx)ﬂ/p
satisfies
* _p
(14 [oeaoll’ = [ Nl dz = 5755,

For more details, see [14].

This paper is composed of four sections in addition to the introduction and the
conclusion with discussion. In Section 2, we give some abstract conditions when
the functional E) satisfies the Palais Smale condition, so to overcome the lack of
compactness, we need to determine a good level of the Palais Smale condition. We
state and prove our first main contribution results regarding the existence of local
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minimizer with negative/positive energy (Theorem 3.1 and Theorem 3.2) in Section
3, by using variational methods. More precisely, we consider a minimization of F)
constrained in a neighborhood of zero using the Ekeland variational principle (see
[15]). Then we can find the first critical point of E, that reaches the local minimum
of E\ whose level is negative, next around the zero point, using the mountain pass
theorem (see [16]). We also obtain a critical point whose level is positive. The proof
of the second results (Theorem 4.1 and Theorem 4.2) is given and proved in Section 4,
where we study the case of A = 0.

2. PRELIMINARIES AND TOOLS

In this section, we state several preliminary results needed.
First, we make use of the following assumptions:

(FHo) 1<9<%,O<aand0<b;

(H1) 1<6<E,a>0,0<banda+0<b;
() :%,aEOand0<b;
(Hs) :%,O§a<5_9and0<b;
(Hy) 0= %, a>S"%and b=0;
() :%,aZS_eandO<b;
(Hs) 9:%,O<aandb:0;

(H7) 8>%,O<aandb:b*,where

*
P _—P

—p* _ ~op—p* 1yt

91?*1?,
@—1Lp\ pr—»p
(Hs) Z <0,0<aandb> b
(Ho) 6>E,0<aandb< b

The Sobolev space W1P?(R") is the space of measurable functions u : R" — R" such
that v and the distributional gradient Vu = (0yu, . .., d,u) are in £P(R").

Definition 2.1. Let ¢ € R. A sequence (u,) C W'P(R") is a Palais Smale sequence
at level ¢, so called (PS). sequence, if

Ey(u,) — ¢ and FEf (u,) — 0.

Here, E) verifies the (PS), condition at level c if any (P.S). sequence has a convergent
subsequence in W1P(R™).

Lemma 2.1. Suppose that f € W*\ {0} and assume that (H;) or (Hs) holds. Let
c € R and (u,) C WHP(R") be a (PS). sequence for E. Then,

u, —u, in WH(R"),
for some u € WHP(R™) with E} (u) = 0.
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Proof. We have
Ex(up) = ¢ and  E} (u,) — 0.
Then,
cton (1) =Ex(un) and o, (1)[Jv]] = (B} (un),v),
for all v € WLP(R™), where o,, (1) denotes any quantity that tends to zero as n — +oo.
Since n — 400, we have

1 1
c+op (1) — EON (1) Hun” =FE) (un) — E <Ei\ (tn) aun>
9]9 op D" pr—1
0 et | 4+ 6E—L Jju, | = 1 -
pp* pp* p

—0p 0 Pt =D pr—1
>a” 7 [[un || 4 b=——= [Jun]|” — A
pp* pp*

that is, (u,) is bounded in WHP(R") if (H;) or (H,) holds. Up to a subsequence if
necessary, there exists a function v € W'?(R") such that u, — u in W'P(R") and
in LP" (R") ,u,, — u a.e. in R", and [gn f (z) updx — [gn f () udx. Then,

(E\ (u,),v) =0, forallveCs R").
Thus, FY (u) = 0. This completes the proof. O

:CL

/Rn f(z) upde

In order to introduce the local Palais Smale condition, we must state the following
lemma, which can be considered a key step in obtaining a solution with positive energy
(a mountain pass-type solution).

Lemma 2.2. Let 0 >1,0<a,b,0<a+0b,0>0and 2 = (%S*G)i for o # 1.
For x >0, let us consider the function ¥ : R™ — R*, where
U (z)=S"27 —aS’ 'z —b.
Then, the following hold.
(1) Ifo=1,5"%>a>0and 0 < b, then the equation ¥ (z) = 0 has a unique

positive solution such that

b
(S0 —a)so1’

I =

and ¥ (x) >0 for all x > ;.

(2) If o > 1, the equation ¥ (x) = 0 has a unique positive solution xy > T
and ¥ (x) >0 for all x > x5.

(3) If o < 1, then we have the following cases.

i) If ¥ (z) <0, then we have ¥ (z) # 0 for all x > 0.

i1) If ¥ (Z) = 0, then we have

b= 5" (1-0) (ZS—‘))“’ ,
and ¥ (x) # 0 for all x # T.
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i11) If W (z) > 0, then we have

b< S (1—0) ("59)1‘” ,

a
and ¥V (x) = 0 for two different points.
Proof. (1) For 0 =1, 57 > a >0 and 0 < b, we have

U (z) = 8% (S‘e — a) x —b.
That is, equation ¥ (z) = 0 has a unique positive solution

b
(S0 —a) SO-17

I =
and ¥ (z) > 0 for all z > 2.
(2) For o > 1, we have ¥/ (z) = S 127! — aS%! and
V' (r)=0(c—1)S 272 >0, forallz>0.
Then, V' (Z) =0, V' (x) < 0fory < Z and V' (y) > 0 for z > Z. Hence, ¥ is a concave

function and

(2.1) min¥ (z) = ¥ () = — (0 — 1) 5! (Zse)ﬁl <0.

x>0
Moreover, we have ¥ (%) < 0 and Er+n U (x) = 4oo0. Thus, from (2.1) and the

concavity of W, we can conclude that the equation ¥ (z) = 0 has a unique positive
solution x5 > 7 and ¥ (z) > 0 for all x > x».

(3) For o < 1, we have ¥’ (Z) = 0, ¥ is increasing for 0 < z < Z and W is decreasing
when = > Z. Moreover, from ¥ (0) = —b < 0, we obtain i), ii) and ). O

3. EXISTENCE OF LOCAL MINIMIZER WITH NEGATIVE/POSITIVE ENERGY

3.1. With negative energy.

Definition 3.1. We say that u € W1P(R")\ {0} is a weak solution of equation (1.1)
if

O p) [ Va2 Vede — [ (jul - A da =0
(allull 7 +5) [ 1VuP=?Vode — [ (ul" "0 Af () wdz =0,
for any v € WHP(R™).
Next, we define the energy functional.
a

b 1 .
Exw) = ol + Cpull == [ ol dz = [ f (@) wd,

associated to problem (1.1), for all u € WP (R").
Notice that the functional E) is well defined in W'*(R™), and belongs to

ct (WP (R"),R)
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and a critical point of E) is a weak solution of the problem (1.1). When A > 0, we
have the following result.

Theorem 3.1. Suppose that f € W*\ {0} and assume (Hy) or (Hz) holds. Then,
there exist constants A_ > 0 such that for any A € (0, A\_) problem (1.1) has a solution
u_ with negative energy.

Remark 3.1. If0>%,aZO,OSbandO<a+bor9:%,a:S*HandO<bor
0= %, a> S7% and 0 < b, then for any A > 0, we can easily show the existence of

one solution which is a ground state solution.

Using the Ekeland variational principle, we now provide the proof of our first main
result stated in Theorem 3.1.

Proof of Theorem 3.1. Let u € W'P(R")\ {0}, 0 < b, a > 0and 6 < %. By applying
Holder’s and Sobolev inequalities we have
A / x) udx

Bxw) = ol + 7 JulP = - /
P = Al

b S

[4
—[lull” + || (e

Now, we divide the proof into two cases.
Firstly, assume 0 < b and a > 0. If (H;) or (Hy) holds, we get

—1 1

b S—r*/p . b\ ? b\ »
Ex(u) > ~ [Jul]” = ——[lull” — | 5 15 :
A(u)_pHUH e [Jull <2> M fllw <2> [Jull

It follows from the inequality Xz < % + xq—q,/ for any X, z > 0 and ¢,¢' > 0, with
¢+ =1, that

= T 1 p
b S p—1 <b> o (b)
FE u) > — up— u _ - )\ * - - - Uu
A( )_pH I pe p ( 5 1l 5112 [[ul

p

—1 —

b Sl p—1 <b> !

> — ||ul|” — ulf —— [ = A . .
>3 Il e p ( ) 1l

For p > 0, let us consider the function h; € C'(R*,R*), given by

S—p"/p
P

hi(p) = *p”—

The direct calculation shows that

p _p - b p*—p . . b p*/p p*—p
Iilggcfu( p) =hi(p1) = - S <2> ,  with p; = l2S ,
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and hy (p) > 0 for all p € B,, (0). Consequently,

1 ((b\ 7 T
B.1) Ex<u>\3m<0)z—pp((2) MIfHW*> -

Moreover, for ||u|| = p; we have

p

B 2 b () — 2 ((S) ) ||f||W*>

for all A € (0, \y), with

p—1 pF—1

A e B AT

Al:( S) g () |
= £l (5

We turn to the case where 0 < a and 0 < b. If (3H;) holds, we obtain

a 0 S_p*/p * a ;7; a %
Bxtu) 2l = ==l = { (3) J(G)
) 2 ol = 2l = ((5)7 M) ((5) 7

S—p"/p
|l

—1 Op—1 1 Op
a op » Op—1 (a)ep op 1 (a)ep
>__ _ _ = N _
z ool == = (2 Mol ) =50 ((5) " Il

a op ST . Op—1 (a) W o=t
> 2 | - - A RN
e e (O

Now, we define the function hy € (R*,R*) as follows

ha (p) = %P e

Then,

*

1 1 o (@ s 70 . N
Iglgg( ha (p) = ha (p2) = <9p _ p*> S—P*/p [25'19 /p} . with py = {2517 /p] ’

and hy (p) > 0 for all p € B,, (0). Consequently,

op

Op—1(/a\ o op—1
Ly (U)|B,,2(0) Z _W ((2) A ||f||W*> :
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Moreover, for ||u|| = p2 we have

Op — 1 1 Op — a\ |
> — — = > —
= hs (p2) + eth (p2) op <<2) A ||f||w> = 0ph2 (p2)

for all XA € (0, A\2), with

Op—1

vp—1 *_1
pr—0p _ o \ " (a0 _
e () ()

We choose 6,, p. and A_ such that

| (01,01, M), if (Ha) or (FH;) satisfies with 0 < b,
(3:2) (Os pus A-) = { (0, pa, A2), if (H;) satisfies with 0 < a.

Then, for all A € (0,\_), we have

(3.3) By (u)’aBP* (0) = O
and
(3.4) L) (U)|BP*(0) > —Cjy,
with
(3.5) p
=t -1
o % ((S) A HfHW> 1 . if (Hy) or (Hy) is satisfied with 0 < b,
AT -1 o
6];*;1 ((‘;) ) ||f||W) v , if (H,) is satisfied with 0 < a.

Now, we define
(3.6) ¢ =inf {Ej (u),u € B, (0)}.

As f € W*\ {0} we can choose ¢ € WP(R™) such that [z. f (z)pdz > 0. Then, for
a fixed A € (0, \_), there exists ty > 0 such that ||to¢|| < p. and

c_ < E,\(?foQO) < O, for ¢t € (O,to) .

Hence, ¢ < E5(0) = 0. Using the Ekeland variational principle, for the complete
metric space B, (0) with respect to the norm of WP(R"), we obtain the result that
there exists a Palais Smale sequence u,, € B,, (0) at level c_. By Lemma 2.1, there
exists u_ € B,, (0) such that u, — u_ in W'(R") and E} (u_) = 0.
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Now, we shall show that u, — u_ in W'P. Suppose otherwise. Then, |u_|| <

hm mf ||unH which implies that
n—-+

c. < E\(u_)
1
= By (1) = o (B (u) )
p*—1
= P a4 P - A [ @) uda
* *— 1
<17ilr_r>1ig [apepp I nHHPJFb s H un||P — )\pp*/Rnf(x)und:c]

= lim inf [EA (up) — pl* (B (un) ,un>]

n—-+o0o

= C_.

This is a contradiction. We conclude that u,, — u_ strongly in W'P(R™). Therefore,
E{(u_)=0and E)(u_) =c_ < 0= FE,(0). Hence, u_ is a nonzero solution of (1.1)
with negative energy. d

3.2. Existence of a mountain pass type solution. The next theorem guarantees
a second solution of (1.1) of mountain pass type.

Theorem 3.2. Suppose that f € W*\ {0} such that [gn [ (x)vezodx # 0. Assume
that (Hy) or (Hs) holds. Then, there exists a constant Ay € (0, A\_] such that for any
A € (0, \,) the problem (1.1) has a second solution u, with positive energy.

Notice that the assumption [g. f () vz dx # 0 certainly holds if f € W*\ {0} does

not change its sign. Also, we have f € L#* 1 (R") since f € W*\ {0} and u_,uy > 0if
f > 0. Furthermore, in Remark 1.2 [11], the authors mentioned that it is not easy
to obtain the second solution for the case p < n, 0 < a and 0 < b. For the special
dimension n = 3p/2, this case is studied in [12]. In our work, we have overcome these
difficulties and we give the results for general 6 € (1, %} . Moreover, for 6 = 2, the

condition 6 < %* is equivalent to n € |p,2p] and n € {3,4} for p = 2. Our results
imply that suitable real 6 can release the restriction on the spatial dimension n, for
example. If § = 1+ ¢ with € > 0 is small enough, we have 6 < % for a large range
of n.

First, to ensure the local compactness of the Palais Smale sequence for F\, we have
to prove an important result.
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For i € {1,2}, let a; be defined as in Lemma 2.2 and let

1\ 0 1
C; —a (1 _ 1) (Sx{”) + (1 - 1) SaPT,
tp p* p D

C*:{Cl, ifg=2,5">a>0,0<b,

(3.7) Cs, if9<%,a20,0§b,a+0<b.

Lemma 3.1. Suppose that f € W*\ {0} and (3;) or (H3) hold. Let (u,) C WP(R")
be a Palais Smale sequence for Ey for some ¢ € R. Then, either w, — u orc >

Proof. From the proof of Lemma 2.1, we have that (u,) is a bounded sequence
in W (R") and w, — w in W' (R") for some u € W (R") with E} (u) = 0.
Furthermore, if we write v, = u,, — u, we derive

v, — 0 in WHP(R") and in LP" (R"),
(3.8) v, — 0 a.e. in R™,
{ Jgn [ (2) vdx — 0.

On the one hand, by using Brézis-Lieb’s lemma [17], one has

) Jall” = el =+l + 6., (1)
' Jn [un]? dz = Jgo [0n|P"dz + fgu |ulP" dz + 0, (1)
Since (E} (u),u) = 0, we obtain by (3.9) that
(3.10) 0n (1) = (EX (un) , tn) = [lvn " —/ [0l d,
Rn

and

c+ o, (1) =E)\ (u,) — !

*

1 1 » N (1 1> » »
=a | —— — | (Jual|" +|ul]")” + b = — =] (JJval|” + [
<@p p*>(\| 17+ ull®) 5> ) (el )

+>\<pl*—1> /nf(x)vndx—/\<pl*—1> f () udz

R’Il
11 , 11 1
>a|——— ||, p—i—b(—) vall? + Ex(u) — — (B (u) ,u) .
(5= 3 ) 1ol 0 (3 = )P+ Bt = 483 ) )
Consequently,
a a 0 b b
3.11 cto, (1) > Exw) + [ L= L), p+<—> ull?
(3.11) W2 By + (o= ) ol + (2= 2] ol

Assume that l_lff |lon|l = 1 > 0. Then, by (3.10) and the Sobolev inequality, we

obtain

Y

P> S (bzp + aﬁp)f' .
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This implies that

*

(3.12) ST — PO —p > 0,

Let x = S~0-DpO=1 and o = (fg*_i?)op. Then, by (3.12), we get

Sl —aS e —0 <.

It is clear that ¢ > 1 thanks to 0 < %. Then, by definition of ¥, we get ¥ (z) > 0.
We are now in a position to discuss two cases.
Casel. § = %, S >a>0and 0 < b. According to Lemma 2.2, we have ¥ (z) > 0
if x > xq, with
b
(S0 —a) SO-1’

r =
which implies that (» > Sz?~".
Case 2. 0 < %, a>0,0<band a+ 0 < b. In this case, it follows from Lemma 2.2
that W (z) > 0 if 2 > xo, with
0 (6—1)p
—1 p*—0p
Lo > (a( )p59> :
pr—p

1
which implies that [? > Sz3~". Then, by (3.11), one has

b b
N C PN P
Op p* p D

_1 *
DEE ST, if § =2,5%>a>0and 0 <b,
> Ex(u)+4q aNG .
az =t (55:5—1) LRSI i< P 0<abanda<b,
pp pp p
= B, (u) + C*.
The proof of Lemma 3.1 is complete. 0

Next, we estimate the level energy.

Lemma 3.2. Assume that all the conditions in Theorem 3.2 are fulfilled. Then, there
exists z. € WHP(R™) and \* > 0 such that

sup Ex(tz.) < c- +C*,  forall X € (0,\"),

t>0

where c_ and C* are given in (3.6) and (3.7), respectively.

Proof. Since [gn f () Ve (x) dz # 0, there exists z. = fwv.,, that satisfies

/nf(m)zg(:p)dm>0.
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Given any A > 0 and fixed ¢ > 0, using (1.4), we have

a 0 b tp*
By(tz) = ot el + el = -

Py — )\t/ f(z) zedx
R

op* b * tp* *
= LS 4 P SFT — S — M f(z) z.dz.
Op p p* R"

Define g, h : |0, +o00] — R by ¢(t) = Ex(tz.) and

6p* b p*

a 0 p* tp*
h(t) = e—t PSy* = + —tPSp—p — —*Sp*fp,
p p p

Then,

h/ (t) — _tpflspfip <tp*p N GS(QI’:l_)z* t(efl)p _ b) .

It follows from A’ () = 0 that

(3.13) aSwz;*lf)Z* (0= +b— P — ).
So,
* (6—1)p*
(3.14) 7" = aS 7o 1% 4 btP.
p(6— ) *
Let x =S e tr0-1 5 = (g—_lgjp and

| @y, if (33) holds,
DT @, i (H) holds.

Then, by (3.13) and the definition of ¥, we get
(3.15) U (z)=5"2" —aS’ 'z —b=0.
By Lemma 2.2, we can conclude that ¥ (z,) = 0, ¥ (z) < 0 for all z € ]0, z,[ and

U (z) > 0 for all z € |z,, +oo[. Therefore, b’ (t,) =0, ' (t) > 0 for all ¢ € ]0,¢,[ and
h'(t) <0 for all t € |t., +oo[, where

L) SRR (3) holds,
* T 1 1
S7ray’ V" if (H;) holds.

Moreover, since h (0) = 0 and Jim f (t) = —oo if (H;) or (H3) holds, then h attains

—+00
1ts maximum at t,.
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So, from (3.14), we have
max h(t) = h(t.)

* * p* *
= egtsz:*?;—p -+ ét{:SP’Z‘J—p — tLSpf—p
P P p*
a g op* b p* a g 0p* b p*
= —t*pSP*fp + —tZ:Sp*fp — —*t*pSp*fp + —*tQSP**P
Op p p p
—a(l—l) 153 +b<—1> S =
Op p* p*
1

By (3.4) and (3.6), we have c. > —C) for all A € (0, \,) . So, we can choose \3 < A\_
such that for any A € (0, A\3) we have C* —c_ > C* — C) > 0. Hence, C* —c_ > 0 for
all A € (0, \s).

Now, we consider the function g (t) := E\(tz.), t > 0. Then, g(t) = h(t) —
At fgn [ (2) zedx. So, for all A € (0, A\3), we have g (0) = 0 < C*—C). Hence, by the con-
tinuity of g (), there exists ¢; > 0 small enough such that g (t) < C* — C, for all t €
(0, t1).

We know also that tEeroog (t) = —oo if (H;) or (Hs) holds. Then, for to > 0

sufficiently large one hasg (t) < C* — C), for all t € (t2,+00). On the other hand,
as [gn f (2) zedx > 0, we can deduce from the above estimate on h (¢) that for all
t € [ti, o]

g(t) < C* — Mt /R f (x) 2edz.
Set
- (2rts fun f(2) 2ed)” CBIFIGE . if (FG) or (3) with O < b holds,
(ep -ty Jgo f (2 )zgdx) - g a | Flla2?, if (H,) with 0 < a holds.
Then, for any A € (0, \4), one has
YA /R f(x) 2edz < —Ch.

Taking Ay = min {A_, A3, \4}, then we deduce that
sup Ex(tz.) < C* +c_, forall A € (0,\}).

t>0

This concludes the proof of Lemma 3.2. U

Now, we are ready to prove the existence of the mountain pass-type solution and
give the proof of Theorems 3.2 with the help of Theorem 3.1.
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d, > 0 for all A € (0, A\_), where p,,0, are defined in (3.2). We know also that
limy o0 Fy (tz.) = —o0 if (Hy) or (H3) holds, then E)(Tz.) < 0 for T large enough.
Hence, E) satisfies the geometry conditions of the mountain pass theorem [16]. Then,
there exists a Palais Smale sequence (u,,) at level ¢y, such that

Proof of Theorem 3.2. Note that E(0) = 0 and from (3.3), we have E) (u)lyp, (o) =

Ey(up) = ¢y and  FES (u,) — 0, asn — +oo,

with
0 < ¢y = inf max Ey(v (t)) <sup E\(tTz.) < C* +c_, forall A € (0,),),
~v€r tel0,1] t>0
where

I ={yec (0,1, W»®R"),y(0)=07(1)=Tz}.

Using Lemma 2.1, we find that (u,) has a subsequence, still denoted by (u,), such
that u, — u; in WH(R") as n — +oo. Hence, from Lemma 3.1 if u, - u, in
WHP(R™) as n — —+o0, it holds

cr = Ex(uy) +C* = o +C7,
which is in contradiction with Lemma 3.2. Hence, E} (uy) = 0 and
E)\ <U+) =cCy > 0.

So, since ¢; > 0 = E) (0), we conclude that u, is a non-zero solution of (1.1) with
positive energy. This completes the proof of Theorem 3.2. 0

4. RESULTS IN THE CASE WHEN A =0

Now, in the case when A\ = 0, we have the following results.

4.1. Infinitely solutions.

Theorem 4.1. Let A =0,0<a,0<b, 1 <p<nand@ > 1. Forv.,,, given by

(1.3), the following conclusions hold.
(1) If 0 = %, then under the hypothesis (Hs), problem (1.1) for A = 0 has infinitely
many nonnegative solutions and these solutions are

1
b p¥—p
<1S’9a> Ve, g fOT’ all e > 0,

and under the hypothesis (Hg), the problem (1.1) for A = 0 has infinitely many positive
solutions 5ﬁvmo (for any & > 0) if and only if a = S~°.

(2) If 0 # %, b=0 and 0 < a, then problem (1.1) has infinitely many nonnegative
solutions and these solutions are

1
p*(6—1) ~ Op—p*
<aS PT—p ) Ve, foralle>0.
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( ) If (Ho) is satisfied, then there exists dy > S* (@S% P such that

p =P
6r = Ve 5y are solutions of problem (1.1), for all e > 0.
(4) If (H7) is satisfied, then problem (1.1) has infinitely many nonnegative solutions
and these solutions are

1

— [P oP e\
ST -» ((Q—UPCLS 9) Vego, Jor all e > 0.

(5) If (Hg) is satisfied, then there exist

*

-1 b =D 0 =
03€ 10,8 ((0—1)paS )

and
p*—p
*

Op—p*
5 -1 p —Dp —0
46 S ((9—1)]3(15 > 7+OO )

1
such that 63 "Ve o and 07 "4, are solutions of problem (1.1) for all € > 0.

Remark 4.1. Ke et al. in [11] have obtained Theorem 4.1 for the case § = 2.

We give the proof of Theorem 4.1.

Proof of Theorem 4.1. For any ¢ > 0, we define V 5 = 5ﬁvg7x0, where v, ,, is given
n (1.4). Since v, 4, is a solution of problem (1.2), we have that V. 5 solves the following
equation

—0div (|VVoslP 2V Ves) = Vol Ve,
Moreover, according to (1.4), one has

—-1) (6-1)p

5= al[Visl| @V £ b= a5 7 ooag| OV 4 b= aS"FT 5T 4 b,

Therefore, the positive solution of the problem (1.1) corresponds to the solution of
the following equation with respect to d > 0

(4.1) 6 —aS"F T 6 —b=0.
(1) For 0 = p— , equation (4.1) is equivalent to
(1-as’) —b=0.
If 0 < band S~ > a > 0, we have that

50:1—5"@
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is a solution of equation (4.1). Hence, V.5, = 50 Ve o, satisfies the following equation
in the weak sense

*—2

— (allul| P 4+ b) div (|VulP?Vu) = |u”2u.

If b =0 and 0 < a, then equation (4.1) is equivalent to
) (1 — aSe) =0,
then, for § > 0, we get 1 — aS? = 0. Thus, when 0 = p— , problem (1.1) has infinitely

many positive solutions V. s = 5<9—1>P Ve s, if and only 1f a=S7"Y.
(2) For 0 # %, b=0and 0 < a it is easy to see that

*

*(0-1)\ ~op=p¥
p (06— p—p*
51 = (aS p*—p )

is a solution of equation (4 1). Then, problem (1.1) for A = 0 has infinity many

positive solutions Va 51 = 51 P Ve 20 -
(3) Let z = (Sé) = , by (4.1) and Lemma 2.2, we get

(4.2) S 1t — S0 1g — b= 0.

So, ¥ (z) = 0 with 0 = (9 T
that ¥ (z) = 0 has a unique positive solution

Hence, for 6 < 2, according to Lemma 2.2, we have

—Dp

®

1 =0p

To > <a(0*)p50> .
p =D

Thus, problem (1.1) has infinity many positive solutions

1
p*—p
‘/552 — 5 Us,xm

with

*_ P*:P
6y = Sl P > g1 (a (9*_ 1)p59> o
p—p
For 6 > %, by using (4.2) and according to Lemma 2.2, we have the following.
If b = b*, then the equation ¥ () = 0 has a unique positive solution

(6—1L)p

. PP g\
x_<(9—1)pa5 ) '

Thus, problem (1.1) has infinity many positive solutions

V =P -» Pva 20>
with )
~ P _—pP
6= Sz,

This proves (4) .
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If b < b*, then ¥ has two different zero points x3 and x4 with 0 < 23 < T < x4.
Consequently, problem (1.1) has infinitely many positive solutions

1
__ Sp*-p
‘/&53 - 53 Ve, zg

and X
‘/5754 = Zf*_pvs,aioa
with *
p*—p * ﬁ
by =5""af"" e 0,57 [ L5
3 ‘7:3 9 (0 _ 1)]9@
and .
p*—p * ﬁ
Sp=S"lel e |5t LT P g0
! i (0 —1)pa e
This proves (5). O

4.2. Non-existence result.

Theorem 4.2. Assume that one of the hypotheses (H;) holds for i € {4,5,8}. Then,
problem (1.1) has no non-trivial solution for A = 0.

Remark 4.2. For § = 2, the authors in [11] proved the non-existence of solutions only
in the case p* < 2p, while the case p* = 2p is considered in our case. From this point
of view, Theorem 4.2 could be viewed as some extension and completeness of the
related results in [11].

We give the proof of Theorem 4.2.

Proof of Theorem 4.2. Suppose that (H,) is satisfied and let uv € W?(R")\{0} be a
solution of the problem (1.1). Then,

(4.3) a ||ul|” = / P da.
]Rn

*
P

If 0 = %, a>5"%and [ |ulf"de < S™F ||ul|”", we have, by (4.3),

_ 0 0 * — 0
Sl < alul® = [ julde < 57 ),

which leds to a contradiction.
Suppose now that (H) is satisfied and let u € W'P(R")\{0} be a solution of (1.1).
Then,

2] *
allul® + bl = [ ul” da.
If0=2,a>5"0<band

[l
Rn

Pdr < ST |lul”,
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we get
S|l < allull + bllul” = /R |

which is a contradiction.

e < 570 ull™,

1463

In the same way as above, under the condition (Hg), suppose that u € W1?(R")\{0}

is a solution of (Py), that is,

allu® + bl = [ ful”do.
Rn
Then,

L b de <75 full” = 5 57 )

*

P —p —-p
0—1 O o-n) [(0— 1 6D o
_ <()pa> s (()1)@) S (Jul| 7
pr—p pr—p
" 0-1p
P _—p *—p
£ _ 01 @ r  o(r"—p)
P <( : )pa> ]
@—-1)p pF—p
p*—p %971)5
— _ pP—pP
Op — p* 0—1 (0=1)p p* 0p—p*
L op=p <( )pa> -2 )
@—-1p\\ pr—»p
. (6071)17
p_—p p—p*
op—p* [[((6—1)p T
cafur+ = [(E=Dp ) T gy
@—-1)p P —p
0 o_1)p \ T
¥ _ p—p* (6—1)p*
—alul 4 PP (( )pa) 5 P
@—-Lp\ p*—p
<alu)|” +blul?
= | |ufdz,

R

which leads to a contradiction (see [18-22]). This completes the proof.

5. CONCLUSION

The objective of this article is to investigate contemporary challenges within the field
of non-classical partial differential equations and to explore their practical applications.
Specifically, it seeks to establish the presence or absence of solutions for p-Kirchhoff-
type problems with critical Sobolev exponents in the Euclidean space R™. These
investigations are pivotal for gaining a deeper understanding of mathematical physics
equations and addressing pertinent issues in this domain. The proposed article is an
expanded discussion of the question of existence and non-existence of solutions. We
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found several new results related to the discussion of the existence of a solution with
negative and positive energy using the latest methods in this field to support the
rapidly developing literature. After that, we discussed different cases depending on
the change in parameters to show that solutions do not exist.
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