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ABOUT COMPACTNESS TYPE OF UNIFORM SPACES

DINARA KANETOVA 1 AND BEKBOLOT KANETOV 2

Abstract. This paper introduces uniform analogues of compact, finally compact
and countable compact spaces and investigates their connection with other uniform
properties of compactness type.

1. Introduction and Preliminaries

It is well known that compact, finally compact and countable compact spaces play an
important role in set-theoretical topology. Finding and studying uniform analogues of
these classes of compactness types is an important and interesting problem in uniform
topology.

Throughout this paper, all uniform spaces are assumed to be Hausdorff, topological
space are Tychonoff and mappings are uniformly continuous.

A topological space X is called finally compact if every open cover has a countable
open refinement [1]; a topological space X is called countable compact, if every
countable open cover has a finite open refinement [1]; a uniform space (X, U) is called
precompact if it has a base consisting of finite covers [2,4,17]; a uniform space (X, U)
is called strongly uniformly paracompact if every finitely additive open cover has a star
finite uniform refinement [5]; the filter F is called Cauchy filter if α

⋂
F ̸= ∅ for any

α ∈ U [1, 17]; a uniformly continuous mapping f : (X, U) → (Y, V ) of uniform space
(X, U) onto a uniform space (Y, V ) is called a precompact, if for each α ∈ U there
exist a uniform cover β ∈ V and finite uniform cover γ ∈ U , such that f−1β ∧ γ ≻ α
[1]; a continuous mapping f : X → Y of topological space X to a topological space Y
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is called ω-mapping, if for each point y ∈ Y there exist neighborhood Oy and W ∈ ω,
such that f−1Oy ⊂ W [5].

For a cover α of a set X and x ∈ X, M ⊂ X, we have: St(α, x) = {A ∈ α : A ϶ x}
α(x) = ⋃

St(α, x), St(α, M) = {A ∈ α : A
⋂

M ̸= ∅}, α(M) = ⋃
St(α, M). For

covers α and β of the set X, the symbol α ≻ β means that the cover α is a refinement
of the cover β, i.e., for any A ∈ α there exists B ∈ β such that A ⊂ B and, for covers
α and β of a set X, we have: α ∧ β = {A

⋂
B : A ∈ α, B ∈ β}. For a cover α of a

set X let α∠ = {⋃
α0 : α0 ⊂ α - is finite}. The cover α is finitely additive if α∠ = α.

For the uniformity U by τU we denote the topology generated by the uniformity and
symbol UX means the universal uniformity.

2. Compactness Type of Uniform Spaces

This paper introduces and studies u-uniformly compact, u-uniformly finally compact
and u-uniformly countable compact spaces.

The following lemma will serve as the basis for our definitions.

Lemma 2.1. A topological space (X, τ) is compact (countable compact, finally co-
mpact) if and only if every finitely additive arbitrary (countable, arbitrary) open cover
has an open finite (finite, countable) refinement.

Proof. Necessity. Let α be an arbitrary (countable) open cover of (X, τ). Then, for
the finitely additive (countable) open cover α∠ there exists a finite (finite, countable)
open cover β such that β ≻ α∠. For each B ∈ β choose AB ∈ α∠ such that
B ⊂ AB, AB = ⋃n

i=1 Ai, Ai ∈ α, i = 1, 2, . . . , n. Let α0 = ⋃ {αB : B ∈ β}, αB =
{B

⋂
Ai : i = 1, 2, . . . , n}. Then α0 is finite (finite, countable) open cover of the

topological space (X, τ) such that α0 ≻ α. Consequently, the topological space (X, τ)
is compact (countable compact, finally compact).

The sufficiency is obvious. □

Definition 2.1. A uniform space (X, U) is said to be u-uniformly compact if every
finitely additive open cover has a finite uniform refinement.

Definition 2.2. A uniform space (X, U) is said to be u-uniformly countable compact
if every finitely additive countable open cover has a finite uniform refinement.

Definition 2.3. A uniform space (X, U) is said to be u-uniformly finally compact if
every finitely additive open cover has a countable uniform refinement.

Proposition 2.1. If a uniform space (X, U) is u-uniformly compact (u-uniformly
countable compact, u-uniformly finally compact), then topological space (X, τU) is com-
pact (countable compact, finally compact). Conversely, if a topological space (X, τ)
is compact (countable compact, finally compact), then the space (X, UX) is compact
(countable compact, finally compact), where UX is the universal uniformity on topo-
logical space (X, τ) such that τUX

= τ .
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Proof. Let α be an arbitrary (countable) open cover of the space (X, τU). Then
for a finitely additive (countable) open cover α∠ of (X, U) there exist finite (finite,
countable) uniform cover β ∈ U such that β ≻ α∠. It is known that the interior ⟨β⟩
of uniform cover β is a uniform cover. Denote γ = ⟨β⟩. Then γ is a finite (finite,
countable) open uniform cover of the uniform space (X, U). For each Γ ∈ γ we
choose AΓ ∈ α∠ such that Γ ⊂ AΓ, where AΓ = ⋃n

i=1 Ai, Ai ∈ α, i = 1, 2, . . . , n.
Let’s put α0 = ⋃ {αΓ : Γ ∈ γ}, αΓ = {Γ ⋂

Ai : i = 1, 2, . . . , n}. Then α0 is finite
(finite, countable) open cover of the space (X, τU) and α0 ≻ α. So (X, τU) is compact
(countable compact, finally compact).

Conversely, let (X, τ) be compact (countable compact, finally compact). Then the
set of all open covers form the base of the universal uniformity UX of the topological
space (X, τ). It is evident that the uniform space (X, UX) is u-uniformly compact
(u-uniformly countable compact, u-uniformly finally compact). □

The following theorem gives a characterization of u-uniformly compactness (u-
uniformly finally compactness) in the spirit of Tamano.

Theorem 2.1. Let (X, U) be a uniform space and bX be a certain compact Hausdorff
extensions of the space (X, τU). A uniform space (X, U) is u-uniformly compact (u-
uniformly finally compact) if and only if for compact K ⊂ bX\X there exist a finite
(countable) uniformly cover α ∈ U , such that [A]bX

⋂
K = ∅ for any A ∈ α.

Proof. Necessity. Let (X, U) be a u-uniformly compact (u-uniformly finally compact)
space and K ⊂ bX\X be an arbitrary compact. For each point x ∈ X there is an
open neighborhood Ox of the compact Hausdorff extensions bX of the space (X, τU),
such that [Ox]bX

⋂
K = ∅. Denote γ = {Ox

⋂
X : x ∈ X}. Obviously γ is open

cover of the space (X, U). Let β ∈ U be a finite (countable) uniform cover of the
space (X, U) such that β ≻ γ∠, then [B]bX ⊂ [⋃n

i=1(Oxi

⋂
X)]bX ⊂ ⋃n

i=1[Oxi
]bX . Since

[Oxi
]bX

⋂
K = ∅, i = 1, 2, . . . , n, then [B]bX

⋂
K = ∅, B ∈ β.

Sufficiency. Let α be an arbitrary finitely additive open cover of the space (X, U).
Then there exists an open system β of the compact Hausdorff extensions bX, such
that β ∧ {X} = α. Denote K = bX\ ⋃

β. It is easy to see that K is compact.
Accordingly to the condition of the theorem, there exists a finite (countable) cover
γ ∈ U , such that [Γ]bX

⋂
K = ∅, Γ ∈ γ. Since [Γ]bX is compact in bX, there exist

B1, B2, . . . , Bn ∈ β, such that [Γ]bX ⊂ ⋃n
i=1 Bi. Then Γ ⊂ ⋃n

i=1 Ai,
⋃n

i=1 Ai ∈ α. Thus,
the space (X, U) is u-uniformly compact (u-uniformly finally compact). □

Proposition 2.2. Any compact uniform space (X, U) is u-uniformly compact.

Proof. Let α be an arbitrary (countable) open cover of (X, U). As is known, every
open cover of a compact is a uniform cover. It follows that α ∈ U . Since the space
(X, U) is precompact, there exists a finite uniform cover β ∈ U such that β ≻ α. □

Proposition 2.3. Any u-uniformly compact uniform space (X, U) is u-uniformly
finally compact (u-uniformly countable compact).
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Proof. Let α be an arbitrary (countable) open cover of (X, U). Since the space (X, U)
is u-uniformly compact, there exists a finite uniform cover β ∈ U such that β ≻ α.
Thus, (X, U) is u-uniformly finally compact (u-uniformly countable compact). □

Proposition 2.4. Any u-uniformly finally compact uniform space (X, U) is complete.

Proof. Let (X, U) be a u-uniformly compact space and F be an arbitrary Cauchy
filter. Suppose that a Cauchy filter F does not converge at any point of the space
(X, U). Then, each point x ∈ X has a open neighborhood Ox and B ∈ F such that
Ox

⋂
B = ∅. Denote α = {Ox : x ∈ X}. Since the space (X, U) is u-uniformly

finally compact, then α∠ ∈ U , therefore α∠ ⋂
F ≠ ∅, i.e., there are A∠ ∈ α∠ such

that A∠ ∈ F , where A∠ = ⋃n
i=1 Oxi

, Oxi
∈ α. Hence, (⋂n

i=1 Bxi
) ⋂(⋃n

i=1 Oxi
) ̸= ∅.

Then, there exists i0 ≤ n, such that Bxi0

⋂
Oxi0

≠ ∅. A contradiction. Thus, (X, U)
is complete. □

Corollary 2.1. Any u-uniformly compact uniform space (X, U) is complete.

Proposition 2.5. For a uniform space (X, UX) the following conditions are equiva-
lent:

1. (X, UX) is u-uniformly compact;
2. (X, UX) is compact.

Proof. 1. ⇒ 2. The completeness of (X, UX) implies in Proposition 2.4. Let α be an
arbitrary uniform cover of the space (X, UX). Then, there exists a finite uniform cover
β ∈ U , such that β ≻ α∠. For each Bi ∈ β we choose ABi

∈ α∠ such that Bi ⊂ ABi
,

where ABi
= ⋃k

j=1 Aj, Aj ∈ α, j = 1, 2, . . . , k. Denote α0 = ⋃ {αBi
: i = 1, 2, . . . , n},

αBi
= {Bi

⋂
Aj : j = 1, 2, . . . , k}. Then, α0 is a finite open cover of the space (X, UX)

and α0 ≻ α. Since UX is universal uniformity, then α0 ∈ UX . Thus, (X, UX) is
compact.

2. ⇒ 1. Is implied in Proposition 2.2. □

In the class of precompact uniform spaces compactness, u-uniform compactness
and u-uniform finally compactness are equivalent.

Proposition 2.6. Any u-uniformly compact space (X, U) is strongly uniformly para-
compact.

Proof. Let α be an arbitrary finitely additive open cover of the space (X, U). Then,
there exists a finite uniform cover β of the space (X, U) such that the cover β is refined
in a cover α. It is easily to see that the cover β is star finite uniform cover of the
space (X, U). Thus, the uniform space (X, U) is strongly uniformly paracompact. □

If (X, τ)is a strongly paracompact but not compact space, then a uniform space
(X, UX) according to Proposition 2.1. is strongly uniformly paracompact but not
u-uniformly compact.

Example 2.1. Real line R with the natural uniformity is u-uniformly finally compact.
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Proof. Let α be an arbitrary finitely additive cover of R and β = {(n − 1, n + 1) : n =
0, ±1, ±2, . . .}. Then, β ∈ U is countable uniform cover of R. Since [n − 1, n + 1] is
compactum, then there exists a finite family {A1, A2, . . . , An}, Ai ∈ α, i = 1, 2, . . . , n,
such that (n − 1, n + 1) ⊂ [n − 1, n + 1] ⊂ ⋃n

i=1 Ai, i.e., β ≻ α∠ = α. Hence, R is
u-uniformly finally compact, but not u-uniformly compact. □

Let (X, τ) be a countable compact, but not compact space. Then a uniform space
(X, UX) according to Proposition 2.1. is a u-uniformly countable compact but not
u-uniformly compact.

u-uniformly compactness (u-uniformly countable compactness, u-uniformly finally
compactness) inherented by taking closed subspaces.

Theorem 2.2. Any closed subspace M of u-uniformly compact (u-uniformly count-
able compact, u-uniformly finally compact) space (X, U) is u-uniformly compact (u-
uniformly finally compact) space.

Proof. Let γM be an arbitrary finitely additive (countable) open cover of the subspace
(M, UM). Then there exits a finitely additive (countable) open family γ of the space
(X, U), such that γ ∧ {M} = γM . Put γ̂ = {γ, X\M}. Obviously the cover γ̂ is an
finitely additive (countable) open cover of the space (X, U). Then, there exists a finite
(finite, countable) uniform cover β ∈ U , such that β ≻ γ̂. Denote βM = β ∧ {M}.
Then, it is easy to see that βM is finite (finite, countable) uniform cover of the subspace
(M, UM) and βM ≻ γM . Thus, (M, UM) is u-uniformly compact (u-uniformly countable
compact, u-uniformly finally compact). □

Theorem 2.3. Let f : (X, U) → (Y, V ) be a ω-mapping between uniform spaces
(X, U) and (Y, V ). If (Y, V ) is u-uniformly compact (u-uniformly finally compact, u-
uniformly countable compact) space, then the uniform space (X, U) is also u-uniformly
compact (u-uniformly finally compact, u-uniformly countable compact) space.

Proof. Let ω be an arbitrary finitely additive (countable) open cover of the space
(X, U) and f : (X, U) → (Y, V ) be a ω-mapping of the uniform space (X, U) onto
u-uniformly compact (u-uniformly countable compact, u-uniformly finally compact)
space (Y, V ). Then, for each point y ∈ Y there exists a neighborhood Oy and W ∈ ω,
such that f−1Oy ⊂ W . Denote β = {Oy : y ∈ Y }, β∠ = {⋃

β0 : β0 ⊂ β is finite}. Since
the space (Y, V ) is u-uniformly compact (u-uniformly countable compact, u-uniformly
finally compact), there exists a finite (finite, countable) uniform cover γ ∈ V , such
that γ ≻ β∠. Then finite (finite, countable) uniform cover f−1γ is refined of cover ω.
Thus, (X, U) is u-uniformly compact (u-uniformly countable compact, u-uniformly
finally compact). □

Theorem 2.4. Let f : (X, U) → (Y, V ) be a perfect mapping between uniform spaces
(X, U) and (Y, V ). If (Y, V ) is u-uniformly compact (u-uniformly finally compact, u-
uniformly countable compact) space then the uniform space (X, U) is also u-uniformly
compact (u-uniformly finally compact, u-uniformly countable compact) space.



1430 D. E. KANETOVA AND B. E. KANETOV

Proof. Let α be an arbitrary finite additive open cover of uniform space (X, U). It
is clear that the cover {f−1y : y ∈ Y } is refined of the cover α. Then, β = f#α =
{f#A : A ∈ α}, where f#A = Y \f(X\A) is an open cover of the space (Y, V ). Since
the space (Y, V ) is u-uniformly compact (u-uniformly finally compact, u-uniformly
countable compact) space, there exists a finite (countable) cover γ ∈ V such that
γ ≻ β∠. It is easy to see that f−1γ ≻ α and f−1γ is finite (countable) cover of the
space (X, U). Consequently, the space (X, U) is u-uniformly compact (u-uniformly
finally compact, u-uniformly countable compact). □

Corollary 2.2. Let f : (X, U) → (Y, V ) be a uniformly perfect mapping between
uniform spaces. If (Y, V ) is u-uniformly compact (u-uniformly finally compact, u-
uniformly countable compact) space, then the uniform space (X, U) is also u-uniformly
compact (u-uniformly finally compact, u-uniformly countable compact) space.
Proposition 2.7. Product (X, U) × (Y, V ) of a u-uniformly compact (u-uniformly
countable compact, u-uniformly finally compact) space (X, U) by a compact space
(Y, V ) is u-uniformly compact (u-uniformly countable compact, u-uniformly finally
compact).
Proof. Let (X, U) be a u-uniformly compact (u-uniformly countable compact, u-
uniformly finally compact) and let (Y, V ) be compact. It is known that projec-
tion πX : (X, U) × (Y, V ) → (X, U) is uniformly perfect mapping of the product
(X, U)×(Y, V ) onto u-uniformly compact (u-uniformly countable compact, u-uniformly
finally compact) space (Y, V ). Then, projection πX is ω-mapping for any finitely ad-
ditive (countable) an open cover ω. Then, according to Theorem 2.3., the product
(X, U) × (Y, V ) is u-uniformly compact (u-uniformly countable compact, u-uniformly
finally compact). □

Theorem 2.5. A uniform space (X, U) is u-uniformly compact if and only if (X, U)
is u-uniformly finally compact and u-uniformly countable compact.
Proof. Necessity follows from Proposition 2.3.

Sufficiency. Let α be an arbitrary finally additive open cover of the space (X, U).
Since the space (X, U) is u-uniformly finally compact space, there exists a countable
cover β ∈ U such that β ≻ α. Since the space (X, U) is u-uniformly countable compact
there exists a finite uniform cover γ ∈ U , such that γ ≻ β∠. Then, γ ≻ β∠ ≻ α∠ = α,
this means that γ ≻ α. Thus, (X, U) is u-uniformly compact. □

Corollary 2.3. A Tychonoff space (X, τ) is compact if and only if (X, τ) is finally
compact and countable compact.

3. Acknowledgement

The corrections and excellent suggestions of the anonymous reviewer are gratefully
acknowledged. The second author was partially supported by a grant from the Kyrgyz
National University named after Jusup Balasagyn (No. 290/08.07.2024 Compact types
of uniform spaces and uniformly continuous mappings).



ABOUT COMPACTNESS TYPE OF UNIFORM SPACES 1431

References
[1] A. A. Borubaev, Uniform Topology and its Applications, Bishkek, Ilim, 2021.
[2] A. A. Borubaev, Uniform Topology, Bishkek, Ilim, 2013.
[3] A. A. Borubaev, B. E. Kanetov, A. M. Baidzhuranova, T. Zh. Zhumaliev and A. Bekbolsunova,

On the R-compactification of uniform spaces, AIP Conference Proceedings 2879 (2023), Article
ID 020001. https://doi.org/10.1063/5.0175194

[4] Lj. D. R. Kočinac, Selection principles in uniform spaces, Note di Mathematica 22 (2003),
127–139.

[5] B. E. Kanetov, Some Classes of Uniform Spaces and Uniformly Continuous Mappings, Bishkek,
KNU, 2013.

[6] B. E. Kanetov and N. A. Baigazieva, Strong uniform paracompactness, AIP Conference Proceed-
ings 1997 (2018), Article ID 020085. https://doi.org/10.1063/1.5049079

[7] B. E. Kanetov, A. M. Baidzhuranova and B. A. Almazbekova, About weakly uniformly paracompact
spaces, AIP Conference Proceedings 2483 (2022), Article ID 020004. https://doi.org/10.1063/
5.0129289

[8] B. E. Kanetov, U. A. Saktanov and D. E. Kanetova, Some remainders properties of uniform
spaces and uniformly continuous mappings, AIP Conference Proceedings 2183 (2019), Article ID
030011. https://doi.org/10.1063/1.5136115

[9] B. E. Kanetov, D. E. Kanetova and M. O. Zhanakunova, On some completeness properties of
uniform spaces, AIP Conference Proceedings 2183 (2019), Article ID 030010. https://doi.org/
10.1063/5136114

[10] B. E. Kanetov, N. A. Baigazieva and N. I. Altybaev, About uniformly-paracompact spaces, Int.
J. Appl. Math. 34 (2021), 353–362. https://dx.doi.org/10.12732/ijam.v34i2.11

[11] B. E. Kanetov and A. M. Baidzhuranova, Paracompact-type mappings, Bulletin of the Karaganda
University. Mathematics Series 2 (2021), 62–66. https://doi.org/10.31489/2021M2/67-73

[12] B. E. Kanetov and A. M. Baidzhuranova, On a uniform analogue of paracompact spaces, AIP
Conference Proceedings 2183 (2019), Article ID 030009. https://doi.org/10.1063/1.5136113

[13] B. E. Kanetov, D. E. Kanetova and N. I. Altybaev, On countably uniformly paracompact spaces,
AIP Conference Proceedings 2334 (2020), Article ID 020011. https://doi.org/10.1063/5.
0046213

[14] B. E. Kanetov, U. A. Saktanov and A. M. Baidzhuranova, Totally bounded remainders of
uniform spaces and samuel compactification of uniformly continuous mappings, AIP Conference
Proceedings 2334 (2021), Article ID 020013. https://doi.org/10.1063/5.0046220

[15] B. E. Kanetov, D. E. Kanetova and A. M. Baidzhuranova, About uniformly Menger spaces,
Mathematica Moravika 28 (2024), 53–61. https://doi.org/10.5937/MatMor23401053K

[16] B. E. Kanetov, D. E. Kanetova and M. K. Beknazarova, About uniform analogues of strongly
paracompact and Lindelöf spaces, Trans. Natl. Acad. Sci. Azerb. Ser. Phys.-Tech. Math. Sci. 44
(2024), 117–127. https://doi.org/10.30546/2617-7900.44.1.2024.117

[17] J. R. Isbell, Uniform Spaces, Providence, 1964.

1Central Asian International medical university,
T. Baizakova 174, 720906, Jalal-Abad, Kyrgyzstan
Email address: dinara_kg@mail.ru, dkanetova76@gmail.com
ORCID iD: https://orcid.org/0000-0001-6588-1396

2Institute of Mathematics and Informatics,
Jusup Balasagyn Kyrgyz National University,
Frunze Street 547, 720033, Bishkek, Kyrgyzstan
Email address: bekbolot.kanetov.73@mail.ru, bekbolot.kanetov@knu.kg
ORCID iD: https://orcid.org/0009-0009-0146-9533

https://doi.org/10.1063/5.0175194
https://doi.org/10.1063/1.5049079
https://doi.org/10.1063/5.0129289
https://doi.org/10.1063/5.0129289
https://doi.org/10.1063/1.5136115
https://doi.org/10.1063/5136114
https://doi.org/10.1063/5136114
https://dx.doi.org/10.12732/ijam.v34i2.11
https://doi.org/10.31489/2021M2/67-73
https://doi.org/10.1063/1.5136113
https://doi.org/10.1063/5.0046213
https://doi.org/10.1063/5.0046213
https://doi.org/10.1063/5.0046220
https://doi.org/10.5937/MatMor23401053K
https://doi.org/10.30546/2617-7900.44.1.2024.117
https://orcid.org/0000-0001-6588-1396
https://orcid.org/0009-0009-0146-9533

	1. Introduction and Preliminaries
	2. Compactness Type of Uniform Spaces
	3. Acknowledgement
	References

