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DEGENERATE BERNSTEIN FORMS: SOME COMPUTATIONAL
FEATURES AND STOCHASTIC LOGIC ASSOCIATED

RODRIGO INGELMO1 AND YAMILET QUINTANA1,2

Abstract. In this work, we study degenerate Bernstein basis functions (in the
sense of T. Kim and D. S. Kim [15, 16]), analyzing several of their algebraic and
analytical properties and drawing parallels with their classical counterparts. We
introduce degenerate Bernstein forms and establish the necessary conditions under
which such a form can be implemented by a stochastic logic of the Qian-Riedel-
Rosenberg type.

1. Introduction

The classical Bernstein polynomials, introduced by S. N. Bernstein in 1912 [5, 6],
play a central role in approximation theory and have since become fundamental tools
in diverse areas of mathematics and computer science. They provide a means of
approximating continuous functions on compact intervals [25,27]. Their close relation
with Bézier curves has led to widespread applications in computer-aided geometric
design, while their algebraic and probabilistic structure makes them particularly well
suited for applications in combinatorics, numerical analysis, and stochastic models
(see, for instance, [8–12] and the references therein).

It is well known that any polynomial of degree at most n can be uniquely expressed
in terms of the Bernstein basis functions; this representation is called the Bernstein
form of the polynomial. Bernstein forms are especially useful in combinational circuit
design and stochastic logic hardware due to their natural probabilistic interpretations
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(cf. [28–32]). Related matrix approaches for tensorial Bernstein forms have also been
studied [38].

Beyond these classical developments, Bernstein polynomials and their variants have
been investigated in diverse mathematical contexts, including q-series, complex analy-
sis, p-adic Volkenborn integrals, and algorithmic applications. Following the approach
of [36], the authors in [1] introduced new generating functions for the Bernstein basis
functions. Since these generating functions involve the classical exponential function,
several works [1,15,16,35–37] have replaced it with a degenerate exponential function
to explore the algebraic and analytic behavior of the so-called degenerate Bernstein
polynomials (or degenerate Bernstein basis functions). These polynomials extend the
Bernstein basis by introducing a parameter that generates a family of bases with new
algebraic and analytic features.

In particular, degenerate Bernstein polynomials were first introduced by T. Kim
and D. S. Kim [15] (see also [16]), motivated by a probabilistic viewpoint in which
the degeneracy parameter may be interpreted as a “psychological burden” affecting
the success probability in binomial trials. Recent work has further developed this
probabilistic perspective, including probabilistic formulations of degenerate Bernstein
polynomials [17], degenerate binomial and Poisson random variables [19], and related
moment/expectation identities involving degenerate Stirling-type numbers and spe-
cial random variables [20–24]. We also emphasize that, throughout the paper, by
“degenerate Bernstein polynomials” (or “degenerate Bernstein basis functions”) we
refer to the objects introduced in [15,16].

Although we briefly recall some known properties (to make the paper self-contained
and to highlight the analogy with the classical Bernstein basis), the main contributions
of this paper concern (i) computational features of degenerate Bernstein forms and
(ii) their implementation in Qian-Riedel-Rosenberg-type stochastic logic.

Motivated by recent developments [28–30,32], this paper has two main objectives.
First, we analyze the degenerate Bernstein basis functions introduced by Kim and
Kim [15,16], examining their algebraic and analytic properties while drawing system-
atic parallels with their classical counterparts. Second, we define and examine the
corresponding degenerate Bernstein forms, with the aim of investigating theoretical
aspects of a stochastic logic model of the Qian-Riedel-Rosenberg type. In particular,
we establish conditions under which a polynomial expressed in such a form can be
implemented by a stochastic logic model of the Qian-Riedel-Rosenberg type.

Throughout this paper, let N, N0, Z, R and C denote, respectively, the sets of
natural numbers, non-negative integers, integers, real numbers, and complex numbers.
As usual, we denote by Pn the linear space of polynomials with real coefficients and
a degree at most n ∈ N0. For x, λ ∈ R and n ∈ Z, we use the notation (x)n,λ for the
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generalized falling factorial given by (see e.g., [13, 15,16]):

(1.1) (x)n,λ =


1, if n = 0,∏n

i=1(x − (i − 1)λ), if n ≥ 1,

0, if n < 0.

2. Bernstein Forms Revisited

This section is devoted to collecting some structural and computational properties
of Bernstein bases and their associated Bernstein forms. As usual, for each n ∈ N0
and for x ∈ [0, 1], the Bernstein basis functions are defined as:

(2.1) bn
k(x) =

(
n

k

)
xk(1 − x)n−k, k = 0, . . . , n.

It is clear that bn
k(x) ∈ Pn, for any n ∈ N0. Furthermore, in terms of probabilistic

modelling, bn
k(x) indicates the probability of obtaining k successes in n trials of a

random process with individual probability of success x in each trial, k = 0, . . . , n,
n ∈ N.

More generally, the Bernstein basis functions of degree n over a general interval
[a, b] are given by:

(2.2) b̌n
k(x) =

(
n

k

)
(x − a)k(b − x)n−k

(b − a)n
, k = 0, . . . , n.

2.1. Fundamental algebraic and analytic properties. The following results pro-
vide some algebraic and analytic properties of Bernstein basis functions (2.1) (see e.g.,
[9, 10, 25,30,31]).

Theorem 2.1 (Algebraic properties). Let {bn
0 (x), . . . , bn

n(x)} be the Bernstein basis
functions. Then, the following statements hold.

(a) Symmetry
bn

k(x) = bn
n−k(1 − x), k = 0, . . . , n.

(b) Recursion formula

bn+1
k (x) = xbn

k−1(x) + (1 − x)bn
k(x), k = 0, . . . , n,

with initial condition bn
−1(x) := 0.

(c) Partition of unity
n∑

k=0
bn

k(x) = 1.

(d) Basis relations.
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(d.1) Bernstein basis functions are expressed in terms of the power basis as

(2.3) bn
k(x) =

n∑
j=k

(
n

j

)(
j

k

)
(−1)j−kxj, k = 0, . . . , n.

(d.2) Inversion formula

(2.4) xk =
n∑

j=k

(
j
k

)
(

n
k

)bn
j (x), k = 0, . . . , n.

(e) Scaling the independent variable

bn
k(rx) =

n∑
j=k

bj
k(r)bn

j (x), k = 0, . . . , n.

(f) Degree elevation

bn
k(x) =

k+r∑
j=k

(
n
k

)(
r

j−k

)
(

n+r
j

) bn+r
j (x), k = 0, . . . , n, r ∈ N.

Theorem 2.2 (Analytic properties). Let {bn
0 (x), . . . , bn

n(x)} be the Bernstein basis
functions. Then, the following statements hold.

(a) Non negativity. For any x ∈ [0, 1] we have

bn
k(x) ≥ 0, k = 0, . . . , n.

(b) Unimodality. The k-th Bernstein basis function attains its maximum at the
point xk,n = k

n
, k = 0, . . . , n.

(c) Derivatives
d

dx
bn

k(x) = n(bn−1
k−1(x) − bn−1

k (x)),

where bn−1
−1 (x) := 0 and bn−1

n (x) := 0.
(d) Integral formula∫

bn
k(x)dx = 1

n + 1

n+1∑
j=k+1

bn+1
j (x), for 0 ≤ k ≤ n.

With appropriate adjustments, analogous versions of Theorems 2.1 and 2.2 also hold
for the Bernstein basis functions defined over any interval [a, b], using their general
form given in (2.2).

Notice that the inversion formula (2.4) immediately implies that the set of poly-
nomials {bn

0 (x), . . . , bn
n(x)} is a basis for Pn. Thus, any p(x) ∈ Pn can be uniquely

expressed in terms of {bn
0 (x), . . . , bn

n(x)} as

(2.5) p(x) =
n∑

k=0
akbn

k(x), ak ∈ R, k = 0, . . . , n.
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The expression on the right-hand-side of (2.5) is called Bernstein form of p(x) and
was coined by Farouki and Goodman in [10]. Although Qian et al. have preferred to
use the term Bernstein polynomial of degree n for it (cf. [28, 29]).

Some algebraic and analytic properties of Bernstein forms are collected in the
following results (cf. [7, 11,12,30]).

Theorem 2.3 (Algebraic properties). Let p(x) = ∑n
k=0 akbn

k(x) be a Bernstein form.
Then, the following properties hold.

(a) Degree elevation. For each r ∈ N, the Bernstein form of p(x) with respect to
the Bernstein basis functions {bn+r

0 (x), . . . , bn+r
n+r(x)} is given by

(2.6) p(x) =
n+r∑
k=0

an+r
k bn+r

k (x),

where an+r
k denotes the coefficient of bn+r

k (x) in the expansion (2.6), and is given
explicitly by

an+r
k =

min(n,k)∑
j=max(0,k−r)

(
r

k−j

)(
n
j

)
(

n+r
k

) aj, for k = 0, . . . , n + r.

(b) Degree reduction. Let ∑n
k=0 ckxk be the representation of p(x) in terms of the

power basis. Assume that cn = cn−1 = · · · = cn−r+1 = 0 and cn−r ̸= 0, for some
1 ≤ r < n. Then, the Bernstein form of p(x) with respect to the Bernstein basis
functions {bn−r

0 (x), . . . , bn−r
n−r(x)} is given by

p(x) =
n−r∑
k=0

an−r
k bn−r

k (x),

where the coefficient an−r
k is given explicitly by

an−r
k =

k∑
j=0

(−1)k−j

(
k−j+r−1

r−1

)(
n
j

)
(

n−r
k

) aj, for k = 0, . . . , n − r.

Theorem 2.4 (Analytic properties). Let p(x) = ∑n
k=0 akbn

k(x) be a Bernstein form.
Then, the following properties hold.

(a) The Bernstein form verifies that p(0) = a0 and p(1) = an.
(b) Lower and upper bounds. For x ∈ [0, 1]

min
0≤k≤n

ak ≤ p(x) ≤ max
0≤k≤n

ak.

(c) Variation-diminishing property. If Z [p(x)] denotes the number of zeros of p(x)
on the interval (0, 1) and V [a0, a1, . . . , an] the number of sign changes in its sequence
of coefficients, then

Z [p(x)] = V [a0, a1, . . . , an] − 2K,

where 0 ≤ K ≤
⌊

n
2

⌋
.
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(d) Derivative. The Bernstein form of p′(x) is given by

p′(x) =
n−1∑
k=0

Dn−1
k bn−1

k (x),

where Dn−1
k = n(ak+1 − ak) for k = 0, . . . , n − 1.

(e) Integration. The Bernstein form of
∫

p(x)dx is given by∫
p(x)dx =

n+1∑
k=1

In+1
k bn+1

k (x),

where In
k = 1

n+1
∑k−1

j=0 aj and In+1
0 := 0.

The definite integral of p(x) on [0, 1] is∫ 1

0
p(x)dx = 1

n + 1

n∑
k=0

ak.

(f) Coefficients approximation. Assume that deg(p(x)) = n, then for any ε > 0
there exists a natural number M ≥ n such that for all integers m ≥ M and k =
0, . . . , m, we have ∣∣∣∣∣βm

k − p

(
k

m

)∣∣∣∣∣ < ε,

where βm
0 , βm

1 , . . . , βm
m satisfy p(x) = ∑m

k=0 βm
k bm

k (x).

Thanks to (2.2), it is also possible to consider the Bernstein form of p(x) over any
interval [a, b]. With appropriate adjustments, analogous versions of Theorems 2.3 and
2.4 also hold for Bernstein forms defined on arbitrary intervals.

We conclude this section with a fundamental property of Bernstein representations
- well established in geometric modeling (see [7–9]).

Theorem 2.5 (Convex hull property of Bernstein coefficients). The Bernstein co-
efficients of a polynomial g(x) over [a, b] lie within the convex hull of its values on
[a, b].

Proof. Let g(x) be a polynomial of degree n defined on the interval [a, b]. Consider
the following equally spaced partition of [a, b]:

xk := a + k

n
(b − a), k = 0, 1, . . . , n.

By (2.2), the Bernstein coefficients of g(x) over [a, b] are given by

ãk = g (xk) = g

(
a + k

n
(b − a)

)
.

Thus, the Bernstein form of g(x) is

g(x) =
n∑

k=0
g (xk) b̌n

k(x),
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where b̌n
k(x) ≥ 0 for all x ∈ [a, b], and ∑n

k=0 b̌n
k(x) = 1.

This means that for each x ∈ [a, b], g(x) is a convex combination of the values g(xk).
Hence,

min
0≤k≤n

g(xk) ≤ g(x) ≤ max
0≤k≤n

g(xk), for all x ∈ [a, b].

Let R = {g(x) : x ∈ [a, b]}, and denote by conv(R) the convex hull of this set. Since
g(x) is continuous on a compact interval, its image is also compact and connected, so

conv(R) =
[

min
x∈[a,b]

g(x), max
x∈[a,b]

g(x)
]

.

Since each coefficient ãk = g(xk) corresponds to a value of g(x) at some point
xk ∈ [a, b], it follows that

ãk ∈ conv(R), for all k = 0, . . . , n.

□

2.2. Computational aspects of Bernstein forms: numerical stability. When
working with computers, it is important to be cautious not only about the data being
entered, but also about the operations being performed. Input data are typically
subject to uncertainties, which may arise from measurement errors or from backward
error, that is, the accumulation of rounding errors during floating-point computations.

Let Φ ≡ {ϕ0(x), . . . , ϕn(x)} ⊂ Pn be a basis defined over any interval [a, b]. Then,
there exist unique coefficients c0, . . . , cn such that

p(x) =
n∑

k=0
ckϕk(x).

In the context of numerical computation with polynomials, we assume that each
coefficient ck is subject to a perturbation, denoted by δck. As a result, the polynomial
is processed not as p(x), but as

p(x) + δp(x) =
n∑

k=0
ckϕk(x) +

n∑
k=0

δckϕk(x),

where δp(x) reflects the total effect of these perturbations. The value of δp(x) depends
on three main factors.

(a) The value of the independent variable x.
(b) The statistical distributions of the perturbations δc0, . . . , δcn.
(c) The adopted basis Φ in which the polynomial will be expressed.

In order to specifically analyze the factor (c), the influence of the factor (a) will
be controlled by assuming that x ∈ [a, b]. To control the factor (b), it is assumed
that the coefficient perturbations follow uniform distributions with a fixed magnitude
ε > 0 such that

|δck| ≤ |ck|ε, for all k = 0, . . . , n.
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Thus, the polynomial error due to perturbations can be bounded as follows

|δp(x)| =
∣∣∣∣∣

n∑
k=0

δckϕk(x)
∣∣∣∣∣ ≤

n∑
k=0

|δck| · |ϕk(x)| ≤ CΦ(p(x))ε,

where

CΦ(p(x)) :=
n∑

k=0
|ckϕk(x)|

is the so-called condition number of the polynomial p(x) at the value x on the basis Φ,
which allows to control the influence of the basis choice in the perturbation suffered
by the polynomial. Note that CΦ(p(x)) depends as much on the adopted basis Φ as
on the particular polynomial p(x) under consideration.

In the results presented throughout this section, the concept of a non-negative
basis plays a crucial role. We follow mainly, the approach of [10]. Given a basis
Φ ≡ {ϕ0(x), . . . , ϕn(x)} ⊂ Pn defined over any interval [a, b], it is said to be a non-
negative basis on [a, b] if it satisfies

ϕk(x) ≥ 0, for all x ∈ [a, b] and k = 0, . . . , n.

Definition 2.1. Let Φ, Ψ ⊂ Pn be two non-negative bases on [a, b]. We say that the
basis Φ is systematically more stable than the basis Ψ when CΦ(p(x)) ≤ CΨ(p(x)) for
every p(x) ∈ Pn.

By considering the set of all non-negative bases for Pn on [a, b], denoted by Pn, it
is possible to define a partial order on this set by means of the following rule.

Given Φ, Ψ ∈ Pn, we say that Φ ≾ Ψ if for some non-negative (n + 1) × (n + 1)
matrix A, we have

(2.7) ΨT = AΦT .

It is not difficult to prove that Φ ≾ Ψ and Ψ ≾ Φ simultaneously hold, if and
only if, under suitable ordering, the elements of Φ are positive scalar multiples of the
corresponding elements of Ψ. In such a case, we write Φ ∼ Ψ, indicating that Φ is
similar to Ψ. If Φ ≾ Ψ but Φ ≁ Ψ, we write Φ ≺ Ψ, meaning that Φ precedes Ψ.
Hence, Φ ≾ Ψ, if and only if, Φ precedes or is similar to Ψ.

Hence, (Pn,≾) is a partially ordered set, but not totally ordered set, since there
may exist bases Φ, Ψ ∈ Pn such that neither the matrix A defined by (2.7) nor its
inverse is non-negative; no precedence relation can be established between such bases.
In this case, the bases are said to be incomparable.

This leads to the definition of a minimal basis. A non-negative basis Φ ∈ Pn is
said to be minimal if there exists no basis Ψ ∈ Pn such that Ψ ≺ Φ. In general, more
than one minimal basis may exist in Pn.

As discussed in [10], Definition 2.1 can be characterized through the partial ordering
of bases defined by non-negative transition matrices (2.7).
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Theorem 2.6. Let Φ, Ψ ∈ Pn be two non-negative bases. Then, for every polynomial
p(x) ∈ Pn, the following equivalence holds:
(2.8) Φ ≾ Ψ ⇔ CΦ(p(x)) ≤ CΨ(p(x)).

For instance, if Φ is Bernstein basis functions (2.1) and Ψ is the power basis,
then the identities (2.3), (2.4) and Theorem 2.6 imply that CΦ(p(x)) < CΨ(p(x)) for
every polynomial p(x) ∈ Pn. Therefore, the Bernstein basis functions (2.1) is strictly
systematically more stable than the power basis. This fact is related to the following
more general result presented in [10].

Theorem 2.7. The Bernstein basis functions (2.1) is a minimal element of Pn and
is the only minimal element for which the basis functions have no roots in (0, 1).

Definition 2.2. A basis Φ ⊂ Pn on [a, b] is optimally stable if CΦ(p(x)) is the least
possible condition number for all p(x) ∈ Pn on [a, b]. That is:

CΦ(p(x)) ≤ CΨ(p(x)), for every Ψ ∈ Pn and p(x) ∈ Pn.

Definition 2.2 gives a stronger condition than being minimal under ≾. This condition
means being minimal in the total order of condition numbers, not just in the partial
ordering of bases defined by non-negative transition matrices (2.7). It is also worth
noting that every optimally stable basis is minimal basis.

However, not all the optimally stable bases are used in practice because optimal
stability alone may not be sufficient for the adoption of a basis in practical applications.
In addition to being optimally stable, a basis must also admit efficient algorithms for
interpolation, approximation, root-finding, and similar tasks in order to be considered
for adoption. In this sense, the Bernstein basis functions (2.1) is the only known
optimally stable basis that is widely used due to its variety of algorithms that address
the diverse computational requirements.

We refer the interested reader to [2, 3] for recent developments and applications of
Bernstein polynomials in approximation theory and numerical analysis, as well as for
an alternative generalization of the condition number for polynomials.

3. Degenerate Bernstein Forms: Computational Features

This section is devoted to the study of degenerate Bernstein basis functions and
their associated forms, focusing on several structural properties that extend some of
the results presented in Section 2.

We begin with the following definition.

Definition 3.1. For each λ, x ∈ R, the degenerate Bernstein basis functions are
defined as:

(3.1) bn
k,λ(x) :=

(
n

k

)
(x)k,λ(1 − x)n−k,λ, k = 0, . . . , n, and n ∈ N0,

where (x)k,λ denotes the generalized falling factorial (1.1).
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The degenerate Bernstein basis functions (also called degenerate Bernstein poly-
nomials) were first introduced by T. Kim and D. S. Kim [15, 16], motivated by a
probabilistic viewpoint in which the degeneracy parameter may be interpreted as a
“psychological burden” affecting the success probability in binomial trials.

It is clear that bn
k,λ(x) ∈ Pn, for any n ∈ N0 and each λ ∈ R. Furthermore, from

(1.1) and (3.1) we have bn
k,0(x) = bn

k(x) for all k, n ∈ N and x ∈ R. In Figure 1 we plot
some degenerate Bernstein basis functions along the interval [0, 1] for certain values
of the parameter λ.

(a) Degenerate Bernstein basis
functions of degree 5 and λ = 1

(b) Degenerate Bernstein basis
functions of degree 5 and λ = −1

(c) Degenerate Bernstein basis
functions of degree 5 and λ = 0.2

(d) Degenerate Bernstein basis
functions of degree 5 and

λ = −0.2

Figure 1. Degenerate Bernstein basis functions of degree 5 for
λ = ±1, ±0.2.

Definition 3.2. For a fixed degree n ∈ N0, we say that λ ∈ R is n-admissible if

(3.2) (1)n,λ =
n−1∏
j=0

(1 − jλ) ̸= 0 equivalently λ /∈
{

1
j

: j = 1, . . . , n − 1
}

.

It is clear that for n = 0 or n = 1 the condition (3.2) is satisfied for any λ ∈ R,
thus every λ ∈ R is 0-admissible or 1-admissible, respectively. However for n ≥ 2
the condition (3.2) is strictly necessary in order to obtain the well definition of the
λ-admissibility.
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When λ is not n-admissible, some identities below may become singular and the
family (3.1) may become linearly dependent (for instance, for λ = 1 and n ≥ 2 all
bn

k,1(x) share the common factor x(1 − x)). In the statements where a basis (and
uniqueness of representation) is required, we will explicitly assume (3.2).

For each λ ∈ R the generalized falling factorials {(x)0,λ, . . . , (x)n,λ} ⊂ Pn form a
basis for Pn. Moreover, if λ is n-admissible in the sense of (3.2), then the degenerate
Bernstein basis functions (3.1) also form a basis for Pn. In order to prove this first fact
we recall the definition of signed Stirling numbers of first kind and Stirling numbers
of second kind, respectively, in the sense of [13].

Definition 3.3. The signed Stirling numbers of the first kind are defined by the
recurrence relation

s(n + 1, k) = s(n, k − 1) − n s(n, k),
where s(n, k) is defined for n, k ≥ 1, with boundary conditions

s(0, 0) = 1, s(n, n) = 1, s(n, 0) = 0, for n > 0, s(0, k) = 0, for k > 0.

Definition 3.4. The Stirling numbers of the second kind are defined by the recurrence
relation

S(n + 1, k) = k S(n, k) + S(n, k − 1),
where S(n, k) is defined for n, k ≥ 1, with boundary conditions

S(0, 0) =1, S(n, 0) = 0, for n > 0, S(0, k) = 0, for k > 0,

S(n, n) =1, for n ≥ 0.

Proposition 3.1. For each λ ∈ R and n ∈ N0 the following identities are satisfied:

(3.3) (x)n,λ =
n∑

k=0
λn−ks(n, k)xk,

where s(n, k) denotes the signed Stirling number of first kind

(3.4) xn =
n∑

k=0
λn−kS(n, k)(x)k,λ,

where S(n, k) denotes the Stirling number of second kind

Proof. Without loss of generality, we assume that n ∈ N. Since (x)n,λ ∈ Pn, there
exist unique coefficients {an

0 , . . . , an
n} such that (x)n,λ = ∑n

k=0 an
kxk. Notice that these

coefficients are obtained from expanding and rearranging the terms of the generalized
falling factorial (1.1). Then, it is clear that when the expansion in the power basis
is done, the coefficient corresponding to the power xk will be an

k = λn−kcn
k for some

value of cn
k . Hence,

(x)n,λ =
n∑

k=0
λn−kcn

kxk .

Using the generalized falling factorial property
(x)n+1,λ = x(x − λ)(x − 2λ) · · · (x − nλ) = (x)n,λ(x − nλ) ,
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we have

(x)n+1,λ =
(

n∑
k=0

λn−kcn
kxk

)
(x − nλ) =

n∑
k=0

λn−kcn
kxk+1 − n

n∑
k=0

λn+1−kcn
kxk

= cn
nxn+1 +

n∑
k=1

(cn
k−1 − ncn

k)λn+1−kxk + cn
0 λn+1 =

n+1∑
k=0

cn+1
k λn+1−kxk .

Thus, the coefficients cn
k satisfy the recurrence relation cn+1

k = cn
k−1 − ncn

k , for all
n, k ≥ 1. However, from the expansion of (x)n,λ it is also clear that cn

0 = 0 and cn
n = 1

for every n > 0, and the particular case (x)0,λ = 1 implies c0
0 = 1 and c0

k = 0 for
all k > 0. Therefore, we see that the coefficients cn

k are indeed the signed Stirling
numbers of first kind since they satisfy the same relations, i.e, cn

k = s(n, k) . Thus,
(3.3) is satisfied.

Similarly, if we seek for the coefficients {αn
0 , . . . , αn

n} such that xn = ∑n
k=0 αn

k (x)k,λ.
Since (x)n,λ is the unique polynomial of degree n belonging to {(x)0,λ, . . . , (x)n,λ},
matching coefficients we have αn

n = 1. Moreover, the expansion (3.3) implies that it
contributes to the power xn−1 with the coefficient λs(n, n − 1), whose exponent for
the power of λ is 1, that must be cancelled by the generalized falling factorial (x)n−1,λ

because it is the only remaining polynomial of degree n − 1 or greater with not fixed
coefficient yet. Therefore, αn

n−1 = −λs(n, n − 1).
For the power xn−2 notice that (x)n,λ contributes with a term whose exponent for

the power of λ is 2, whereas (x)n−1,λ will do it with a term whose exponent for the
power of λ equal to 1 but then the contribution of −λs(n, n − 1)(x)n−1,λ will be one
power wit exponent 2 in λ, which then implies that αn

n−2 = λ2cn
n−2, where cn

n−2 is
some value.

Following this reasoning, assume that it still holds for k = m + 1 < n the property
αn

m+1 = λn−(m+1)cn
m+1 for some value cn

m+1. It will be computed the coefficient αn
m.

Notice that independently, each (x)k,λ contributes to the power xm with k > m with a
term whose power of λ is k − m. Therefore, each αk (x)k,λ = λn−kcn

k (x)k,λ with k > m
will contribute to xm with a term of power of λ equal to n − m. Thus, αn

m = λn−mcn
m

for some cn
m.

It is possible to write then xn = ∑n
k=0 λn−kcn

k (x)k,λ. Hence, it remains to be proven
that the cn

k coefficients are the Stirling numbers of second kind. For this, it suffices to
see that the identity (x)k+1,λ = (x)k,λ(x − kλ) implies x(x)k,λ = (x)k+1,λ + kλ(x)k,λ.
Hence,

xn+1 = x
n∑

k=0
λn−kcn

k(x)k,λ =
n+1∑
k=1

λn+1−kcn
k−1(x)k,λ +

n∑
k=0

kλn+1−kcn
k(x)k,λ

= cn
n(x)n+1,λ +

n∑
k=1

(cn
k−1 + kcn

k)λn+1−k(x)k,λ =
n+1∑
k=0

cn+1
k λn+1−k(x)k,λ.

Therefore, the coefficients cn
k satisfy the recurrence relation cn+1

k = cn
k−1 + kcn

k , for all
n, k ≥ 1. However, since the leading coefficient of the polynomial (x)n+1,λ is already 1
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then, cn
n = 1 for each n > 0. Moreover, observe from the last equality that cn

0 = 0 for
all n > 0. Lastly, the particular case x0 = 1 = α0

0(x)0,λ +∑n
k=1 c0

k(x)k,λ gives directly
that c0

0 = 1 and c0
k = 0 for all k > 0. Thus, one sees that the coefficients cn

k are
indeed the Stirling numbers of second kind since they satisfy the same relations, i.e.,
cn

k = S(n, k). Then, (3.4) is satisfied. □

We have two straightforward consequences from Proposition 3.1. First, identity
(3.4) say us that the set {(x)0,λ, . . . , (x)n,λ} is a basis for Pn. Second, the identity
(3.4) allow us to deduce an explicit expression for the degenerate Stirling numbers of
first kind in the sense of [13] in terms of the signed Stirling number of first kind, as
follows. According to [13] the degenerate Stirling numbers of first kind sλ(n, k) are
defined as the coefficients in the expansion

(x)n,λ =
n∑

k=0
sλ(n, k)xk .

Then, the comparison between this expansion and (3.3) yields

sλ(n, k) = λn−ks(n, k), for all n, k ∈ N0 and λ ∈ R.

Related identities for generalized/degenerated Stirling numbers and Bell-type poly-
nomials, can be found for instance in [21]. However, in order to avoid ambiguities it
is worth to mention that degenerated Stirling numbers given in [21] are different from
the degenerated Stirling numbers given in [13], however both authors used the same
name for these numbers.

Another important and useful result for this section is the following [13,15,16].

Theorem 3.1 (Binomial theorem for generalized falling factorials). Given arbitrary
real values for the parameters x, y and λ, the k-th generalised falling factorial satisfies
that

(3.5) (x + y)k,λ =
k∑

s=0

(
k

s

)
(x)s,λ(y)k−s,λ .

With these ideas in mind, we can proceed to study the main structural properties
of degenerated Bernstein basis functions and their associated degenerate Bernstein
forms.

Theorem 3.2. Let {bn
0,λ(x), . . . , bn

n,λ(x)} be the degenerate Bernstein basis functions.
Then, the following properties are satisfied.

(a) Symmetry
bn

k,λ(x) = bn
n−k,λ(1 − x), k = 0, . . . , n.

(b) Recursion

bn+1
k,λ (x) = (x − (k − 1)λ)bn

k−1,λ(x) + (1 − x − (n − k)λ)bn
k,λ(x), k = 0, . . . , n,

with initial condition bn
−1,λ(x) := 0.
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(c) Degenerate partition of unity

(3.6)
n∑

k=0
bn

k,λ(x) = (1)n,λ.

(d) Basis relations.
(d.1) Degenerate Bernstein basis functions are expressed in terms of the generalized

falling factorial basis as

(3.7) bn
k,λ(x) =

n∑
j=k

(
n

k

)(
n − k

j − k

)
(−1)j−k(1 − jλ)n−j,λ(x)j,λ, k = 0, . . . , n.

(d.2) Inversion type formula

(3.8) (x)k,λ = 1
(1 − kλ)n−k,λ

n∑
j=k

(
j
k

)
(

n
k

)bn
j,λ(x), (1 − kλ)n−k,λ ̸= 0, k = 0, . . . , n.

(e) Degree elevation. For each n ∈ N0 we have
(3.9)

bn
k,λ(x) = 1

(1 − nλ)r,λ

k+r∑
j=k

(
n
k

)(
r

j−k

)
(

n+r
j

) bn+r
j,λ (x), k = 0, . . . , n, r ∈ N0, (1 − nλ)r,λ ̸= 0.

(f) [15, Theorem 2.1] Generating function. The degenerate Bernstein basis functions
can be expressed by means of the following generating function and series:

1
k! (x)k,λtk(1 + λt)

(1−x)
λ =

+∞∑
n=k

bn
k,λ(x) tn

n! , k ∈ N0.

Proof. Since (a) and (b) are straightforward consequences of (3.1), and the interested
reader may find a complete proof of (f) in [15], we focus our efforts on the proof of
(c), (d) and (e).

Using (3.1) and (3.5) we obtain that
n∑

k=0
bn

k,λ(x) =
n∑

k=0

(
n

k

)
(x)k,λ(1 − x)n−k,λ = (x + (1 − x))n,λ = (1)n,λ,

hence, (3.6) holds.
Again, by (3.1) and (3.5), we deduce that

bn
k,λ(x) =

(
n

k

)
(x)k,λ(−1)n−k ((x − kλ) + (−1 + (n − 1)λ))n−k,λ

=
(

n

k

)
(x)k,λ(−1)n−k

 n∑
j=k

(
n − k

j − k

)
(x − λk)j−k,λ(−1 + (n − 1)λ)n−j,λ


=

n∑
j=k

(
n

k

)(
n − k

j − k

)
(−1)n−k(x)j,λ(−1 + (n − 1)λ)n−j,λ.(3.10)
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Now, from the well-known identities
(−x)k,λ =(−1)kx(x + λ) · · · (x + (k − 1)λ) = (−1)k(x)k,−λ,

(x)k,−λ =x(x + λ) · · · (x + (k − 1)λ) = (x + (k − 1)λ)k,λ,

it follows that (−1 + (n − 1)λ)n−j,λ = (−1 + jλ)n−j,−λ = (−1)n−j(1 − jλ)n−j,λ. Hence,
the right-hand-side of (3.10) becomes

n∑
j=k

(
n

k

)(
n − k

j − k

)
(−1)2n−k−j(x)j,λ(1 − jλ)n−j,λ

=
n∑

j=k

(
n

k

)(
n − k

j − k

)
(−1)j−k(x)j,λ(1 − jλ)n−j,λ,

and thus (3.7) follows.
Applying (3.5), we deduce that

(x)k,λ(1 − kλ)n−k,λ = (x)k,λ(x − kλ + (1 − x))n−k,λ

= (x)k,λ

n−k∑
s=0

(
n − k

s

)
(x − λk)s,λ(1 − x)n−k−s,λ

= (x)k,λ

n∑
j=k

(
n − k

j − k

)
(x − λk)j−k,λ(1 − x)n−j,λ

=
n∑

j=k

(
j
k

)
(

n
k

)bn
j,λ(x),

which proves (3.8), whenever (1 − kλ)n−k,λ ̸= 0, k = 0, . . . , n.
Finally, using the identity (1 − nλ)r,λ = ((x − kλ) + (1 − x − nλ + kλ))r,λ, (3.1)

and (3.5) we get
bn

k,λ(x)(1 − nλ)r,λ = bn
k,λ(x) ((x − kλ) + (1 − x − nλ + kλ))r,λ

= bn
k,λ(x)

k+r∑
j=k

(
r

j − k

)
(x − kλ)j−k,λ(1 − x − (n − k)λ)r−(j−k),λ


=

k+r∑
j=k

(
n

k

)(
r

j − k

)
(x)j,λ(1 − x)n+r−j,λ =

k+r∑
j=k

(
n
k

)(
r

j−k

)
(

n+r
j

) bn+r
j,λ (x),

from which (3.9) follows, whenever (1 − nλ)r,λ ̸= 0. □

Theorem 3.3 (Derivative and integral formulas). Let {bn
0,λ(x), . . . , bn

n,λ(x)} be the
degenerate Bernstein basis functions and assume that λ is (n − 1)-admissible in the
sense of (3.2), with n > 2. Then,

(3.11)
d

dx
bn

k,λ(x) =
(

n

k

)
n−1∑
j=0

Aj,k(λ)bn−1
j,λ (x), k = 1, . . . , n − 1,
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where

Aj,k(λ) =



∑j
s=0

∑j−s
l=0

(k−1−s
l )(−λ)k−1−s−l,λ

(1−(n−k+s+l)λ)k−s−l−1,λ
· (k−s−l−1

j−s−l )
(n−1

j ) , 0 ≤ j ≤ k − 1,

−∑n−1−j
s=0

∑n−1−j−s
l=0

(n−k−1−s
l )(−λ)n−k−1−s−l,λ

(1−(s+l+k)λ)n−1−s−l−k,λ
· (n−1−s−l−k

j−k )
(n−1

j ) , k ≤ j ≤ n − 1.

If λ is (n + 1)-admissible in the sense of (3.2), with n ∈ N, then

(3.12)
∫

bn
k,λ(x)dx =

n+1∑
j=0

Bn+1
j,k (λ)bn+1

j,λ (x), k = 0, . . . , n,

where

Bn+1
j,k (λ) =

j∑
s=0

n∑
l=max(s−1,0)

n∑
m=max(k,l)

(
n
k

)(
n−k
m−k

)(
j
s

)
(−1)m−k(1 − mλ)n−m,λλm+1−s(
n+1

s

)
(1 − sλ)n+1−s,λ

× s(m, l)S(l + 1, s)
(l + 1) .

Proof. It is clear that
d

dx
bn

k(x) =
(

n

k

)(
d

dx
((x)k,λ)(1 − x)n−k,λ + (x)k,λ

d

dx
((1 − x)n−k,λ)

)
,

thus, our problem is reduced to compute separately the derivatives d
dx

((x)k,λ) and
d

dx
((1 − x)n−k,λ) to be substituted later in the above expression. Since

(x)s,λ(x − (s + 1)λ)k−1−s,λ = x(x − λ) · · · d

dx
((x − sλ)) · · · (x − (k − 1)λ),

for s = 0 . . . , k − 1. Then, using (3.5), we obtain

d

dx
((x)k,λ)(1 − x)n−k,λ =

k−1∑
s=0

k−1−s∑
l=0

(
k−1−s

l

)
(

n−k+s+l
s+l

)(−λ)k−1−s−l,λbn−k+s+l
s+l,λ (x).

By (3.9) we can express the sum on the right of above identity in the form

S1 :=
k−1∑
s=0

k−1−s∑
l=0

(
k−1−s

l

)
(−λ)k−1−s−l,λ(

n−k+s+l
s+l

)
(1 − (n − k + s + l)λ)k−s−l−1,λ

×
k−1∑

j=s+l

(
n−k+s+l

s+l

)(
k−s−l−1

j−s−l

)
(

n−1
j

) bn−1
j,λ (x).

Similarly, using (3.5) we get

(x)k,λ
d

dx
((1 − x)n−k,λ) = −

n−k−1∑
s=0

n−k−1−s∑
l=0

(
n−k−1−s

l

)
(

s+l+k
k

) (−λ)n−k−1−s−l,λbs+l+k
k,λ (x),
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and again by (3.9), we can express the sum on the right of previous identity as follows

S2 := −
n−k−1∑

s=0

n−k−1−s∑
l=0

(
n−k−1−s

l

)
(−λ)n−k−1−s−l,λ

(1 − (s + l + k)λ)n−1−s−l−k,λ

n−1−s−l∑
j=k

(
n−1−s−l−k

j−k

)
(

n−1
j

) bn−1
j,λ (x) .

Therefore, by rearranging the terms of the sums S1 and S2, and making suitable
substitutions (3.11) follows.

Now by (3.7), (3.3), (3.4) and (3.8), for k = 0, . . . , n,
∫

bn
k,λ(x)dx =

n+1∑
j=0

 j∑
s=0

n∑
l=max(s−1,0)

n∑
m=max(k,l)(

n
k

)(
n−k
m−k

)(
j
s

)
(−1)m−k(1 − mλ)n−m,λλm+1−s(
n+1

s

)
(1 − sλ)n+1−s,λ

· s(m, l)S(l + 1, s)
(l + 1)

 bn+1
j,λ (x),

and so (3.12) follows. □

From Proposition 3.1 and inversion type formula (3.8) we can deduce that the set
Φλ ≡ {bn

0,λ(x), . . . , bn
n,λ(x)} is a basis for Pn whenever λ is n-admissible in the sense

of (3.2). Thus, for each fixed n-admissible λ ∈ R, any p(x) ∈ Pn can be uniquely
expressed in terms of Φλ as

(3.13) p(x) =
n∑

k=0
akbn

k,λ(x), ak ∈ R, k = 0, . . . , n.

We call the expression on the right-hand-side of (3.13) degenerate Bernstein form
of p(x).

The degree elevation and reduction relations for degenerate Bernstein forms are
given in the next theorem.

Theorem 3.4. Let p(x) = ∑n
k=0 ak bn

k,λ(x) be a degenerate Bernstein form. Then the
following properties hold.

(a) Degree elevation. Let r ∈ N0 and assume that λ is (n + r)-admissible in the
sense of (3.2) (in particular, (1 − nλ)r,λ ̸= 0). The degenerate Bernstein form of p(x)
can be expressed in terms of the degenerate Bernstein basis functions of degree n + r
as

p(x) =
n+r∑
j=0

a n+r
j,λ b n+r

j,λ (x),

where the coefficients a n+r
0,λ , . . . , a n+r

n+r,λ are given by

a n+r
j,λ =

min(n,j)∑
k=max(0,j−r)

1
(1 − nλ)r,λ

·

(
n
k

)(
r

j−k

)
(

n+r
j

) an
k,λ, j = 0, . . . , n + r.



830 R. INGELMO AND Y. QUINTANA

(b) Degree reduction. Let r ∈ N0 and assume that λ is n-admissible in the sense of
(3.2), with n > 1. Let g(x) ∈ Pn with deg(g(x)) = n. If

g(x) =
n+r∑
k=0

a n+r
k,λ b n+r

k,λ (x)

is its representation in the degenerate Bernstein basis of degree n + r, then its coeffi-
cients in the degenerate Bernstein basis of degree n are given by

an
j,λ =

j∑
m=0

n∑
l=m

n+r∑
t=l

t∑
k=0

C
(n,r,λ)
j,m,l,t,k a n+r

k,λ , j = 0, . . . , n,

where

C
(n,r,λ)
j,m,l,t,k =

(
n + r

k

)(
n + r − k

t − k

)
(−1) t−k(1 − tλ) n+r−t,λ s(t, l) λ t−mS(l, m)

(1 − mλ) n−m,λ

·

(
j
m

)
(

n
m

) .

Proof. From the degree elevation property (3.9), we obtain

p(x) =
n+r∑
j=0

 min(n,j)∑
k=max(0,j−r)

1
(1 − nλ)r,λ

·

(
n
k

)(
r

j−k

)
(

n+r
j

) an
k,λ

 b n+r
j,λ (x).

On the other hand, it is known that

p(x) =
n+r∑
j=0

a n+r
j,λ b n+r

j,λ (x).

By comparing both representations of p(x), we conclude that

a n+r
j,λ =

min(n,j)∑
k=max(0,j−r)

1
(1 − nλ)r,λ

·

(
n
k

)(
r

j−k

)
(

n+r
j

) an
k,λ, j = 0, . . . , n + r.

Now, let r ∈ N. From (3.3), (3.7), (3.4), and the inversion-type formula (3.8), it
follows that

p(x) =
n∑

j=0

j∑
m=0

n∑
l=m

n+r∑
t=l

t∑
k=0

C
(n,r,λ)
j,m,l,t,k a n+r

k,λ bn
j,λ(x),

where

C
(n,r,λ)
j,m,l,t,k =

(
n + r

k

)(
n + r − k

t − k

)
(−1)t−k(1 − tλ) n+r−t,λ s(t, l) λt−mS(l, m)

(1 − mλ)n−m,λ

·

(
j
m

)
(

n
m

) .

Therefore, the coefficients of p(x) = ∑n
j=0 an

j,λbn
j,λ(x) are given by

an
j,λ =

j∑
m=0

n∑
l=m

n+r∑
t=l

t∑
k=0

C
(n,r,λ)
j,m,l,t,k a n+r

k,λ , j = 0, . . . , n.

□
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Notice that when λ is n-admissible in the sense of (3.2), from (3.6) it follows that
the normalized degenerate Bernstein basis functions

(3.14) b̂n
k,λ(x) = 1

(1)n,λ

bn
k,λ(x), k = 0, . . . , n,

form a partition of unity, i.e.,
n∑

k=0
b̂n

k,λ(x) = 1, for all x ∈ R.

However, as expected, neither the degenerate Bernstein basis functions nor their
normalizations generally satisfy the non negativity condition. In fact, a detailed
analysis of the values λ for which bn

k,λ(x) remains non-negative on [0, 1] is provided
in [14, Theorem 3.7]. From this result, it follows that the most general condition
ensuring

bn
k,λ(x) ≥ 0, for all x ∈ [0, 1]

is simply that λ ≤ 0.
Therefore, under the condition λ ≤ 0, the degenerate Bernstein basis functions

are non-negative on [0, 1]. This property allows us to derive bounds and end-point
evaluations for degenerate Bernstein forms, as stated in the following theorem.

Theorem 3.5. Let p(x) = ∑n
k=0 akbn

k,λ(x) be a degenerate Bernstein form. Then, for
x ∈ [0, 1] and λ ≤ 0 the following properties hold.

(a) Lower and upper bounds.
(3.15) (1)n,λ min

k
ak ≤ p(x) ≤ (1)n,λ max

k
ak.

(b) End-point values. The degenerate Bernstein polynomial verifies that p(0) =
a0(1)n,λ and p(1) = an(1)n,λ.

Proof. Since x ∈ [0, 1] and λ ≤ 0, it follows that bn
k,λ(x) ≥ 0 for k = 0, . . . , n. Hence,

by (3.6), we obtain
n∑

k=0
akbn

k,λ(x) ≤ max
k

ak

n∑
k=0

bn
k,λ(x) = (1)n,λ max

k
ak.

Similarly,
n∑

k=0
akbn

k,λ ≥ min
k

ak

n∑
k=0

bn
k,λ = (1)n,λ min

k
ak.

Combining these inequalities, we obtain (3.15).
For the end-point values, consider first x = 0. Then,

p(0) =
n∑

k=0
akbn

k,λ(0) = a0b
n
0,λ(0) = a0(1)n,λ.

Similarly, for x = 1, we have

p(1) =
n∑

k=0
akbn

k,λ(1) = anbn
n,λ(1) = an(1)n,λ.
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□

We conclude this section with the following result, which establishes a connection
between the power basis, the Bernstein basis functions, and their degenerate counter-
parts in terms of their condition numbers. This relation illustrates the comparative
stability of these bases under perturbations.

Theorem 3.6. For λ ≤ 0, let us consider Φ = {1, x, . . . , n}, Φλ = {(x)0,λ, . . . , (x)n,λ},
Ψ = {bn

0 (x), . . . , bn
n(x)} and Ψλ = {bn

0,λ(x), . . . , bn
n,λ(x)} be the power basis, the genera-

lized falling factorial basis, the Bernstein basis functions and the degenerate Bernstein
basis functions, respectively. Then, for every polynomial p(x) ∈ Pn with x ∈ [0, 1], the
following relations hold:

(a) CΦλ
(p(x)) > CΨλ

(p(x)),
(b) CΦλ

(p(x)) > CΦ(p(x)),
(c) CΦλ1

(p(x)) > CΦλ2
(p(x)), whenever λ1 < λ2 ≤ 0,

(d) CΨλ
(p(x)) > CΨ(p(x)).

Proof. Inequality CΦλ
(p(x)) > CΨλ

(p(x)) is a straightforward consequence of (3.7)
and (3.8).

Since Φ, Φλ ∈ Pn (on the interval [0, 1]), by (3.3) and the condition λ ≤ 0 we
deduce that

(x)n,λ =
n∑

k=0
(−1)2n−2k |λ|n−k |s(n, k)| xk =

n∑
k=0

|λ|n−k |s(n, k)| xk,

which implies that CΦ(p(x)) ≾ CΦλ
(p(x)), or equivalently CΦ(p(x)) ≤ CΦλ

(p(x)), by
(2.8).

But from (3.4) and (2.8) it follows that CΦλ
(p(x)) ≦̸ CΦ(p(x)). Consequently,

CΦ(p(x)) < CΦλ
(p(x)).

Now, assume λ1 < λ2 ≤ 0. In order to prove the inequality in part (c), we consider
any polynomial p(x) ∈ Pn and its power form ∑n

k=0 akxx. Then the application of
(3.4) yields the following representations of p(x) with respect to the generalized falling
factorial bases Φλ1 and Φλ2 , respectively,

(3.16) p(x) =
n∑

k=0
Λk,m(x)k,λm , m = 1, 2,

with
Λk,m =

n∑
r=k

arλ
r
mS(r, k), m = 1, 2, k = 0, . . . , n.

Since λ1 < λ2 ≤ 0 implies that (x)k,λ2 < (x)k,λ1 , for all x ∈ [0, 1], k = 2, . . . , n, and
clearly (x)0,λm = 1 and (x)1,λm = x, for m = 1, 2, we obtain

(3.17) (x)k,λ2 < (x)k,λ1 , for all x ∈ [0, 1], k = 0, . . . , n.
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In view of (3.16), (3.17), and the inequality 0 ≤ |λ2| < |λ1|, we deduce that

CΦλ2
(p(x)) =

n∑
k=0

|Λk,2| (x)k,λ2 =
n∑

k=0

∣∣∣∣∣
n∑

r=k

arλ
r
2S(r, k)

∣∣∣∣∣ (x)k,λ2 .

Now, since S(r, k) ≥ 0 and |λ2| < |λ1|, the sequence {λr
2S(r, k)}n

r=k is a component-
wise contraction of {λr

1S(r, k)}n
r=k. Hence,∣∣∣∣∣

n∑
r=k

arλ
r
2S(r, k)

∣∣∣∣∣ ≤
∣∣∣∣∣

n∑
r=k

arλ
r
1S(r, k)

∣∣∣∣∣ = |Λk,1|,

for each k = 0, . . . , n. Combining this with (3.17), we obtain

|Λk,2|(x)k,λ2 < |Λk,1|(x)k,λ1 , for each k = 0, . . . , n.

Summing over k yields CΦλ2
(p(x)) < CΦλ1

(p(x)), which proves part (c).
Finally, for part (d), notice that each factor of bn

k,λ(x) can be written as a Bernstein
form of degree one. Indeed, for µ1 ≥ 0 and µ2 ≥ 1 we have

x + µ1 = µ1b
1
0(x) + (1 + µ1) b1

1(x),
µ2 − x = µ2b

1
0(x) + (µ2 − 1) b1

1(x).

Since products of Bernstein forms with non-negative coefficients are again Bernstein
forms of higher degree with non-negative coefficients, it follows that every bn

k,λ(x) can
be expressed as a non-negative linear combination of the Bernstein basis functions Ψ.
Therefore, we have Ψ ≾ Ψλ, and in view of (2.8), this implies CΨλ

(p(x)) ≥ CΨ(p(x)).
The inequality is strict whenever λ < 0, because in that case the degenerate Bernstein
basis functions differ from the classical ones, and thus the expansions cannot coincide.
Hence, CΨλ

(p(x)) > CΨ(p(x)), which proves part (d). □

4. Qian-Riedel-Rosenberg-type Stochastic Logic and Degenerate
Bernstein Forms

The main idea behind the combinational circuits design with polynomial arithmetic
of Qian et al. [28–30] consist of the following.

(1) Take advantage, in a suitable way, of the redundancy provided by stochastic
computing for choosing binary sequences x ∈ {0, 1}N corresponding to the value px, in
order to make an association between x and a certain N -tuple of independent random
variables X = (X1, . . . , XN), where each component Xk has Bernoulli distribution
with some parameter pk ∈ [0, 1].

(2) Given a Boolean function y = f(x1, . . . , xN) implementing a combinational cir-
cuit, use the association aforementioned for inducing a stochastic circuit implemented
by a function of the form Y = F (X1, . . . , XN) (see for instance, [26]).

The passage of the Boolean function y = f(x1, . . . , xN) to the function Y =
F (X1, . . . , XN) is called stochastic logic or stochastic logic in the sense of Qian-
Riedel-Rosenberg [28–30] and the following property holds.
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Theorem 4.1. (cf. [28, Theorem 1]]). Given a Boolean function f : {0, 1}N → {0, 1}.
Stochastic logic yields a polynomial in N variables F̂ given by

(4.1) F̂ (a1, . . . , aN) =
1∑

i1=0
· · ·

1∑
iN =0

(
αi1...iN

N∏
k=1

aik
k

)
,

where the coefficients αi1...iN
are integers. Moreover, for each y = f(x1, . . . , xN) we

have

(4.2) pY = F̂ (pX1 , pX2 , . . . , pXN
) =

1∑
i1=0

· · ·
1∑

iN =0

(
αi1...iN

N∏
k=1

pik
Xk

)
.

If we preassign some variables of the polynomial F̂ (a1, . . . , aN) given in (4.1) as
constant values in [0, 1] and the rest of variables is taken equal to one variable t, then
F̂ becomes a polynomial in one variable and real coefficients g(t). Thus, different
boolean functions f and preassigned variables will give rise to different polynomials
g(t). For particular combinational circuits whose stochastic logic yields a multivariate
polynomial as in (4.1) and for their corresponding associated polynomials g(t), the
authors of [28] proposed representations of g(t) in terms of certain families of Bernstein
forms.

As mentioned in [32], the remarkable papers [15,16] suggest that the fundamental
properties and identities satisfied by the degenerate Bernstein basis functions could
be used to define a special model of stochastic logic. In this section we explore such
a model.

Given n ∈ N and (x, px) a stochastic number with x ∈ {0, 1}n. For each k =
1, 2, . . . , n we choose pk ∈ [0, 1] and consider discrete and independent random varia-
bles Xk having Bernoulli distribution with parameter pk, i.e., Xk ∼ Be(pk) (cf. [31]
and the references therein). Since xk ∈ {0, 1}, each probability density function is
given by P{Xk = xk} = pxk

k (1 − pk)1−xk .
We define

pXk
:= P{Xk = 1} = pk and 1 − pXk

:= P{Xk = 0} = 1 − pk, k = 1, 2, . . . , n.

Suppose that we have a combinational circuit y = f(x1, x2, . . . , xn) consisting of a de-
coding block1 and a multiplexing block2, which transform the n inputs {x1, . . . , xn} ∈
{0, 1} as follows: If k out of the inputs {x1, . . . , xn} of the decoding block are logical
1, then sk is set to 1 and the other outputs are set to 0, 0 ≤ k ≤ n. So, the output
of the decoding block is (s0, . . . , sn). The outputs of the decoding block are fed into
the multiplexing block, as shown in Figure 2 and act as the selecting signals (control

1In general, a decoding block is a combinatorial circuit which has n inputs and m outputs, with
m ≤ 2n. A typical application of the decoding blocks is to generate keyboard codes for introducing
data into the computer from a keyboard [33].

2A multiplexing block is a combinatorial circuit which has n inputs, m control inputs with m ≤ n,
and a unique output. Essentially, multiplexing blocks generalized to a multiplexer circuit [33].
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inputs). The data signals (inputs) of the multiplexing block consist of n + 1 inputs
z0, . . . , zn ∈ {0, 1}.

Figure 2. Combinational circuit associated to a degenerate Bernstein
form with coefficients in [0, 1] (cf. [28, 32,33]).

Since the circuit contains a multiplexing block, once it decodes the inputs x1, . . . , xn

then the boolean function y = f(x1, . . . , xn) takes the form

(4.3) y =
n∨

k=0
(zk ∧ sk),

which means that the output of the multiplexing block y is set to be the input zk if
sk = 1.

Since xk ∈ {0, 1}, for λ ≤ 0 fixed each degenerate probability density could be
given in terms of

(4.4) Pλ{Xk = xk} := (pk)xk,λ(1 − pk)1−xk,λ = pxk
k (1 − pk)1−xk .

Using the association (4.4) for (x1, . . . , xn), (s0, . . . , sn) and (z1, . . . , zn) we can
choose discrete and independent random variables (X1, . . . , Xn), (S0, . . . , Sn) and
(Z0, . . . , Zn), such that Xk ∼ Be(pk), k = 1, . . . , n, Sj ∼ Be(p̂j) and Zj ∼ Be(ˆ̂pj),
j = 0, . . . , n. Similarly, we define

pXk
:= Pλ{Xk = 1} = pk, 1 − pXk

:= Pλ{Xk = 0} = 1 − pk, k = 1, 2, . . . , n,

pSj
:= Pλ{Sj = 1} = p̂j, 1 − pSj

:= Pλ{Sj = 0} = 1 − p̂j,

pZj
:= Pλ{Zj = 1} = ˆ̂pj, 1 − pZj

:= Pλ{Zj = 0} = 1 − ˆ̂pj, j = 0, 1, . . . , n.

Applying Theorem 4.1 to the function y = f(x1, . . . , xn), we have that the stochastic
logic yields a multivariate polynomial as in (4.1), such that pY = F̂ (pX1 , . . . , pXn).

Let g(t) be the polynomial associated to F̂ for ak = t, k = 1, . . . , n. Assume that
pX1 = · · · = pXn = t0, since sj is set to 1 if and only if j out of n inputs of the
decoding block are 1, the degnerate probability that Sj is 1 is

pSj
= Pλ (Sj = 1) = 1

(1)n,λ

(
n

j

)
(t0)λ,j (1 − t0)λ,n−j = b̂n

j,λ (t0) , j = 0, . . . , n, λ ≤ 0.



836 R. INGELMO AND Y. QUINTANA

Now, assume that pZj
= cn

j , j = 0, . . . , n. Then,

(4.5) pY = Pλ{Y = 1} =
n∑

k=0
Pλ{Y = 1|Sk = 1}Pλ{Sk = 1},

but from (4.3) is deduced that Sj = 1 implies Y = Zj, so
(4.6) Pλ{Y = 1|Sj = 1} = Pλ{Zj = 1} = pZj

= cn
j .

By (3.14), (4.2), (4.5) and (4.6) we obtain

g(t0) = pY = Pλ{Y = 1} =
n∑

k=0
cn

k b̂n
k,λ(t0).

Hence, under the constrains imposed by us, the combinational circuit associated
to the function y = f(x1, . . . , xn) would require that g(t) be a degenerate Bernstein
form whose coefficients cn

k belong to [0, 1].
The next result summarizes the ideas above and provides an extension of [28,

Theorem 2].

Theorem 4.2. Let p(x) = ∑n
k=0 cn

k b̂n
k,λ(x) be any normalized degenerate Bernstein

form with λ ≤ 0. If the coefficients cn
k ∈ [0, 1], k = 0, . . . , n, then we can design a

stochastic logic to compute the normalized degenerate Bernstein form. That is, there
exists a multivariate polynomial F̂ satisfying (4.2) such that its associated polynomial
is p(x).

5. Conclusions

In this work, we analyzed the degenerate Bernstein basis functions (in the sense
of T. Kim and D. S. Kim [15, 16]) and their associated forms, establishing several
algebraic and analytic properties in parallel with their classical counterparts. We
derived explicit formulas for degree elevation and reduction, bounds, and endpoint
values, as well as comparative results on condition numbers that highlight the re-
lative stability of different polynomial bases under perturbations. Furthermore, we
showed how degenerate Bernstein forms can be naturally implemented within stochas-
tic logic models of the Qian-Riedel-Rosenberg type. These results not only extend
the theoretical framework of Bernstein-type polynomials but also reinforce their po-
tential for applications in numerical analysis, computer-aided design, and stochastic
computation.
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