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GENERALIZED DONOHO-STARK UNCERTAINTY INEQUALITIES
IN n-DIFFERENT LINEAR CANONICAL DUNKL DOMAINS

AHMED SAOUDI

ABSTRACT. This paper studies Donoho-Stark type uncertainty principles for the
linear canonical Dunkl transform. We derive new concentration inequalities across
three linear canonical Dunkl domains, linking time and band-limiting parameters
with the measures of the associated measurable sets. These results extend and unify
existing uncertainty principles for several classical and fractional transforms, includ-
ing the Dunkl transform, fractional Dunkl transform, fractional Hankel transform,
and the one-dimensional linear canonical transform. We further generalize the frame-
work to n linear canonical Dunkl domains for n > 3, establishing a comprehensive
multi-domain uncertainty principle.

1. INTRODUCTION

The classical uncertainty principle states that a nonzero function and its Fourier
transform cannot both be highly localized at the same time. This fundamental result,
arising from mathematics and physics, has far-reaching consequences, especially in sig-
nal processing. A significant generalization is the Donoho-Stark uncertainty principle,
which recasts the Heisenberg inequality in terms of measurable sets. This approach has
demonstrated strong effectiveness in applications, particularly for designing methods
of signal recovery and reconstruction (see [7,11]).

The linear canonical transform was initially developed by Collins [5] in the field of
paraxial optics during the early 1970s and, independently, by Quesne et al. [22] in
the context of quantum mechanics. Wolf later extended the framework to Hermitian
operators in [29], investigating the behavior of information and uncertainty under
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linear phase-space transformations. Since the 1990s, the combined contributions of
Collins and Quesne have been increasingly referenced in a growing body of research,
evolving into a substantial field with applications in radar and optical system analysis,
mathematical physics, pattern recognition, phase retrieval, filter design, and both
analog and digital signal processing, among other areas.

In recent developments, the linear canonical transform has been generalized across
multiple mathematical frameworks. Notable extensions include its adaptation to the
Fourier-Bessel context, as explored in [1,2], and the Dunkl framework addressed in
[25]. Further expansions have been investigated within the Jacobi-Dunkl setting [15],
as well as within Stockwell-based formulations [6,17]. Additional contributions have
extended the transform to quadratic-phase systems [26], quaternion algebras [27], and
octonion structures, including both octonion linear canonical domains [16] and offset
octonion settings [3]. Moreover, advancements in signal processing have led to an
adaptive non-uniform partition algorithm utilizing the linear canonical transform for
enhanced signal representation [31], among other innovative adaptations.

Our principal goal in this article is to investigate and analyze uncertainty principles
pertaining to measurable sets associated with the linear canonical Dunkl transform
Bﬁ, following the approach of Pan Lian [20] and Kou et al. [19]. This perspective
unifies and extends several integral transforms previously introduced by Ghazouani
et al. [14]. For M € SL(2,R) with b # 0, the linear canonical Dunkl transform of a
function f belonging to L!(R) is defined as

DM F(t) = {(bﬁglfR EY (¢, w) f(w)|lw[**dw, b#0,
i f(t]a), b=0,

where EM (t, w) represent the linear canonical Dunkl kernel given by (2.2).

In this work, we establish new uncertainty principles of Donoho-Stark type in the
framework of the linear canonical Dunkl transform DY, First, we derive concentra-
tion inequalities for a function and its transforms in three distinct linear canonical
Dunkl domains, yielding quantitative bounds that generalize earlier results for the
classical Dunkl, fractional Dunkl, and linear canonical transforms. Specifically, under
appropriate time- and band-limiting conditions on measurable sets, we prove two
main uncertainty inequalities (Theorems 3.2 and 3.5) that relate the concentration
parameters rp, and the measures of the sets involved. Notably, by specializing to the
one-dimensional linear canonical transform (i.e., taking v = —1/2), we recover the cor-
responding uncertainty principles in three linear canonical domains established by Pan
Lian [20, Theorem 3.2 and 3.5]. These results unify and extend existing uncertainty
relations for special cases such as the fractional Hankel transform, the Dunkl-Fresnel
transform, and the fractional Fourier transform. Furthermore, we generalize the
analysis to n linear canonical Dunkl domains (n > 3) and obtain a comprehensive
uncertainty principle (Theorem 4.1) that accounts for multiple transform domains
simultaneously. Our approach leverages the algebraic properties of the transform,
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notably the additivity property and makes use of projection operators associated with
measurable sets. The results not only broaden the theoretical landscape of uncertainty
principles in harmonic analysis but also provide a flexible framework applicable to
signal processing, phase-space analysis, and other areas where generalized integral
transforms are employed.

The remainder of this paper is organized as follows. In Section 2, we recall the
definition and essential properties of the linear canonical Dunkl transform, including
its inversion formula, Plancherel theorem, and additivity property. Section 3 is devoted
to the study of uncertainty principles in three linear canonical Dunkl domains. We
first present a Donoho-Stark type uncertainty inequality and then establish two main
concentration inequalities, along with several corollaries for special cases such as the
fractional Dunkl transform and the classical Dunkl transform. In Section 4, we extend
the analysis to the general setting of n linear canonical Dunkl domains and prove a
comprehensive uncertainty principle.

2. LINEAR CANONICAL DUNKL TRANSFORM

We will employ the following function spaces throughout this work.

e Cy(R): the space of continuous functions on R that vanish at infinity.

e S(R): the Schwartz space of smooth functions on R that, together with all
their derivatives, are rapidly decreasing.

e [P(R): the weighted LP-space of measurable functions on R satisfying

1

+o00 P
£ = ([ 1 @P P dw)” < o0, i1 <p < +oc,

[flloc = esssup | f(w)| < +oo, if p= +oo0,
weR

equipped with the norm || - [|,,. Moreover, £2 denotes the Hilbert space
endowed with the inner product
/ Flw)g(@) w2+ dw.

Definition 2.1. Let M € SL(Q,R) such that b # 0. The linear canonical Dunkl
transform of f € ,C}L is given by

(zb)v+l fR (t w) (w)|w|2”+1dw, b# 0,

(2.1) D, f(t) =

Ta‘fﬂ (t/a), b=0,
where the kernel EM(t,w) is defined as (see [14, (3.30)])
(2.2) EM(t,w) = 2 (GPH59*) B (—it /b, w),

where E,(t,w) denotes the Dunkl kernel of type As (see [24])

(2.3) B, (it w) = ju (tw) + 2 ()

2v +1
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and the constant o, is given by
B 1
2 (v 4 1)

In the above, j, is the normalized spherical Bessel function given by

Oy

(2.4) Ju(t) :=2"T (v + 1)J;St) =T(v+1) Z_O:Z n(';(lqz”ffj— Z)’

and .J, represents the classical Bessel function (see [28]).

The transform DY generalizes numerous integral transforms through specific choices
of the matrix M, the multiplicity parameter v, and the function spaces involved.
Examples include the following.

e For M = (0,—1,1,0), DM reduces to the Dunkl transform introduced by Dunkl
[8-10]:

1
Dof(t) =0 [ SOt w)lw dw, vz,
R
e For M = (cosf,sin®, —sinf, cos ), DM becomes the fractional Dunkl transform
(up to a constant unimodular factor (¢?)**!) defined by Ghazouani et al. [12,13]
Avp Jn e%(t2+w2)C°taE,, (Si;ég),w> fw)|w)>Hdw, 0 € %,
@,(if(t) =9 f(t), 0 = 2nm,
F(=1), 6= (2n+ ),

i(v+1)(67/2—(6—2nm)) A .
where A, , = er(y+1)(2|sin9\)V+1 ,n € 7Z and 0 = sgn(sinf).

e For M (1) = (1,7,0,1), DM reduces to the one-dimensional Dunkl-type Fresnel
transform defined by Rosler [23]

Dl(f)(t) _ (”C)rizﬂ fR 6%(t2+w2)EV(_it/T,w)f(w)\wP”Hdw’ . 7& 0,
7e) 7=0.

e The even part of DY reduces to the canonical Hankel transform defined by [30]

(Zg)ol’zljﬁl 0+OO e%(%tQ'i‘%wZ)jV (%ﬂ) f(w)wQI/-i-ldw’ b # O7

ic42
%f(t/a)v b=0.

e For M = (cosf,sin@, —sinf,cosf), the even part of DM yields the fractional
Hankel-type transform, up to a constant phase factor (e®)*+! [18]

o fir e O, () Sy dw, 6 €
J{z(if@) =9 f(t), 0 = 2nm,
f(=1), a=(2n+ 1)r,
2ei(v+1)((0—2n7)—0m/2)
C(v+1)(2]sin(0)[)»++ -

36 f(t) =

where ¢y =
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e For v = —1, DY reduces to the one-dimensional linear canonical transform

described by Bultheel et al. [4]

i(dy24 a2 i,
N | L DR
R L

e f(t/a) b= 0.

e For v = —% and M = (cosf,sinf, —siné, cosf), DM becomes the fractional

Fourier transform defined by [21]

ei(0n/a—(0—2nm)/2) R
) W f]R KG(t7 w)f(w)dw7 AS nwZ’
f(-t), 0 = (Zn + 1)71',

i

with Ky(t,w) = o2 (1740?) ot Oy for a1l 9 € R\7Z.
e For v =—; and M = (0,—1,1,0), D} reduces to the classical Fourier transform:

TUNE == [ e

The following proposition gathers several fundamental properties of the linear
canonical Dunkl transform. These results form essential tools and will be repeatedly
used in the subsequent analysis and developments of this paper.

Proposition 2.1 (see [14]). Let M be a matriz belonging to SL(2,R).
(a) Suppose that b # 0. Then, for all f € LL(R), DMf belongs to €y (R) and

satisfies

< el
veo = T(v + 1)(2p) 1 1T
(b) For every f in LL(R) such that DM f € L (R),

(2.5) (DY o DY) f=f ae and (DY oDV )f=f ae

D £

(¢) The linear canonical Dunkl transform DM defines a bijective mapping from 8 (R)
onto itself. Furthermore, for any f € 8§ (R),

(DY) f =DM,

(d) (Plancherel theorem). Let f and g be functions in L1(R), and let M € SL(2,R)
with b # 0. Then,

DY @@ de = [ F@yDI gl e
(e) For every f € §(R) and M € SL(2,R)
|22 1], = £l
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(f) Let M € SL2,R). If f € LL(R) N LA(R), then DY f € L2(R) and [ DY f]| =

1£11.2-
(g) Let M € SL(2,R). There exists a unique unitary operator on L%(R) that

coincides with DM on LL(R) N L2(R); this extension is denoted by f — DM f.

The following theorem state the additivity property for linear canonical Dunkl
transform.

Theorem 2.1 (see [14]). Let My, My € SL(2,R) and f € LL(R) with DMz f € LL(R).
Then, we have

(2.6) DMipMz f — i MMy f

where 1 is constant phase see [14, Theorem 4.2].

3. UNCERTAINTY RELATIONS IN THREE LINEAR CANONICAL DUNKL DOMAINS

The Donoho-Stark uncertainty principle is a powerful generalization of the classical
Heisenberg inequality, shifting emphasis from pointwise behavior to the behavior of
functions on measurable sets. To present this uncertainty principle, we need to recall
the following notations and definitions.

Definition 3.1. Let £, and F5 be two measurable subsets of R and f a non-zero
function in L?(R). We say that

(a) fis kg, time-limited in the L2(R)-norm if

||f - XE1f||V,2 < KEq,

(t) = 1, teE,
X = 0, otherwise,

where

(b) f is kg, linear canonical Dunkl band-limited in the L2(R)-norm if its linear
canonical Dunkl transform D f satisfies

H‘D,]/\/hf - XEz‘Dz]/VIIf

Define the time-limiting and frequency-limiting operators on the Hilbert space
L2(R), denoted by 7g, and Ilg,, respectively, as

e f(1) = xe () f(1), tER,

D f

< Kp,

‘V,Q v,2 ’

and
e (D) = DI [ (DI (A (1), teR,
Remark 3.1. Let E; and Es be two measurable subsets of R and f a non-zero function
in L2(R).
(a) fis kg, time-limited in the L2(R)-norm if and only if

lve < ke fllve-

||7TEff
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(b) f is kg, linear canonical Dunkl band-limited in the L?(R)-norm if and only if
| D f = DY (Mg, 1) = D2 f = xm D, = | DY 1
DylfHV,Q '

Define the norms of the time-limiting and frequency-limiting operators respectively

by

v,2

v,

<KE,

Hﬂ' ” . H,/TElfHI/,Q

o= e T 2

U gezmw e

e Mg, £
g

|g,|| = sup 2

rerz@ | fllve
Using Plancherel’s theorem, the norm of Iz, can also be expressed as

HXEQD,]/V[lf
g, = sup

D,J}IleL,%(R) ||‘Dl]/\41f||l/,2 ‘

v,2

Consequently, 7g, and Ilg, are projection operators with norm 1.
We now present the Donoho-Stark uncertainty principle for the linear canonical
Dunkl transform established in our preprint work with T. Moumni and 1. Zayed.

Theorem 3.1 (Donoho-Stark theorem). Let Ey and Ey be two measurable subsets of
R with 0 < |Ey|,|Es| < +00. Assume that kg, + kg, < 1. If f is kg, time-limited
and kg, linear canonical Dunkl band-limited in the L?(R)-norm, then

(1= ki, = kig,)* [P < o} B - | B,
where |Ey| and |Es| denote the measures of Fy and Es, respectively.

To develop uncertainty inequalities involving three distinct linear canonical Dunkl
domains, namely for f, DMi(f) and DM2(f), we use IIg, to denote the projection
defined via DM and the set Ey, and Ilg, for the projection defined via DM2 and E.
Specifically,

HElf = Dzjj\/lfl [XEJDS/II (f)} )

For simplicity, we omit explicit reference to M; and M, in the notation for Ilg,
and HEZ'

Proposition 3.1. Let My = (anr,, bary, Cary s dary ) and Mo = (apg,, bag, Cosy, dary) be two
matrices with det(M;) = det(My) = 1 and by, bar, # 0. Then, for every f € L2(R),

(v 1 1
| DY (Mg, T, £)|| < 02 bas,bars |~V B4 |2 B - [El2]|f Lo,

where |E1|, |E3| and |Es| represent the measures of the sets E1, E5 and Es.
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Proof. Assume that the measures of F, F3, and F5 are finite. By definition,
DY (U, g g, f) = XE (D]ywl (WEgnEzf)) :

Hence,

61 [P (st = ([ Dl (WEBHEQf)IQwQ"“dw)%
Moreover,

DU (rpull ) (w) = (s [ BN 0, 2) (T ) ()

Applying Holder’s inequality and the bound for the kernel, we obtain

iyt f, B ) (T ) )2 da

S|le’V+1 (/Ed
. (/ (g, f) ()] x2y+1dx)2

1
3
(3.2) |b|y+1 (/ (g, ) (z))? 2u+1dl,>

Furthermore, using Holder’s inequahty and the Riemann-Lebesgue lemma yields

DI (7, s, f) (w)] =

1
) 1
EM (), :10)‘ x2”+1dx> i

1

(/EJ<HE2][>( 2 z T de ) (/ ‘ DM? XE2®M2f>( )‘ x2”+1d$)2
< (/. w2u+1dx>; |22 (xm22f)]

|Bs|? || D25 (xmD)f)|
= |Bal20, by |~
(33) < Bl |l @Mz(f)HMQ-

- ’ ‘ll+1

Substituting (3.3) into (3.2) and then into (3.1), we obtain

0.2

2 S Tyt B sl Bl

H® HElﬂEsﬂEQf)H

Since by-1 = —bay,, it follows that

2

1
WWH |Bs| - [ B2 f ]l

H@ HE17TE3HE2f)H
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3.1. First uncertainty inequality. We now present the first uncertainty principle
governing three distinct linear canonical Dunkl transform domains. The matrices M;
and M, are those introduced in Proposition 3.1, and we assume by, byz, # 0.

Theorem 3.2. Let f be a non-zero function in L2(R). Assume that f is kg, time-
limited on Es, DMi(f) is kg, -limited on Ey, and D*2(f) is kp,-limited on Ey. Then,

(1 — Ky — Ky — KEy) < 02lbanbagy |~V En|Z| By| - | B2

Proof. Without loss of generality, assume that E;, F3 and E, have finite measure. By
the given concentration properties

I = mele = ([, V@Pd) " < wsl
|22 () = D (s f)],, < R [ D)
| D () = DY (W, ), < s | D)

From these we obtain the two approximations

H‘Dyl (HElf) - ‘Dyl (HE17TE3f)HV72 = HXElpzjyh (f) - XEl‘Dyl (ﬂ-E3f>H

S
=f —7r fll, 2

’
v,2

v,2 ’

v,2

and
HD% (g, 7, f)—Dy" (HE17TE3HE2JC)HV’2 = HXElﬂl]/Ml (T8 f) =X D" (WEgnEzf)HV

< | DY (wp, f = 7, Mg, f)

,2

‘I/,2

= ||7py f — 7 lm, £, 5

<|If =g, fll,

= [ D) - D= (11, ),
< By || fllve2-

Now, using the triangle inequality and Proposition 3.1,

|2 ), < D2 = DI (W £, + [ DI (e f) = DI (T, £
+ | D (g, f) — DY (g mp i, )
+ [ D2 (Mg 7m 1S,

DY), + 5l flluz + s [ D= (S)

+ 02bar b, |~V B2 Es| - [Eo| | £

,2

<K
S Kpy 2
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This implies

(1 — KE, — KE3 — /{E2)

(v 1 1
D (1), , < oUlbanbanl VB2 | Bal - Bl 2| f e

Applying the Plancherel theorem for the linear canonical Dunkl transform gives the
desired result. 0
Setting M; = M, and E; = E5, Theorem 3.2 reduces to the following.

Theorem 3.3. Let f be a non-zero function in L%(R), such that f is kg, time-limited
on E3 and DM(f) is kg, -limited on Ey. Then,

(1 —2kp, — kg,) < oplban |2V TV|EL| - |Es).

Remark 3.2. When kg, = 0, we obtain a sharper bound than the result established
in our preprint work with T. Moumni and I. Zayed

(1~ k) < 0plbag, |20V By - | Esl.

For v = —%, the linear canonical Dunkl transform is reduced to the one-dimensional
linear canonical transform and we recover the uncertainty inequality in three linear
canonical domains introduced by Pan Lian in [20, Theorem 3.2].

Corollary 3.1. Let f be a non-zero function in L*(R). Assume that f is kg, time-
limited on Es, FM(f) is kg, -limited on Ey, and FM2(f) is kp,-limited on E,. Then,

(1 — kg, — KBy — KEy) < (27) Y bar bagy| V| En|2 | B3| - | Eal2.

When M; = (cos a;, sin «y;, — sin i, cos «;) for o; € R and ¢ = 1, 2, the linear canon-
ical Dunkl transform reduces to the fractional Dunkl transform DY. For M; =
(cosaq,sinag, —sinag,cosag) and My = (cos e, sin amp, — sin ag, cos aip) such that
sinag sinas # 0 and ag,ay € R\ 7Z, Theorem 3.2 yields the following uncertainty
inequality in three fractional Dunkl domains.

Theorem 3.4. Let [ be a non-zero function in L2(R). Assume that f is kg, time-
limited on Es, D2 (f) is kg, -limited on Ey, and D*(f) is kg,-limited on Ey. Then,

(1 — kg, — kg, — KE,) < 02| sinag sin as| Y| B3| By| - | B2,
Setting a; = g and Ey = F5 gives the following corollary.

Corollary 3.2. Let f be a non-zero function in L(R) such that f is kg, time-limited
on E3 and DX (f) is kg, -limited on Ey. Then,

(1 —2kp, — kg,) < 02| sinay | 20TV |Ey| - |Esl.

For M, = (0,1, —1,0), the linear canonical Dunkl transform reduces to the classical
Dunkl transform D,. Then Theorem 3.3 yields the following uncertainty relation.

Corollary 3.3. Let f be a non-zero function in L2(R) such that f is kg, time-limited
on E3 and D,(f) is kg, -limited on Ey. Then,

(1 - 2kp, — km,) < oy| B - | Esf.
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Remark 3.3. For the special case kg, = 0, we obtain a sharper bound for the Donoho-
Strack uncertainty principle for the Dunkl transform

(1= rp,) < 0Byl - | Es|.

3.2. Second uncertainty inequality. We now present the second uncertainty in-
equality in three linear canonical Dunkl domains.

Theorem 3.5. Let f be a non-zero function in L3(R), and let By, E3 and E, be
measurable subsets of R satisfying

1 1 v 1
|Ev|Z| B3| - | Ea|? < oplbarbary| "V V|EL|Z, K, + K, + K, < 1
If f is kg, time-limited on E3, DM\(f) is kg, -limited on Ey, and DY2(f) is rp,-limited
on FEs, then
1 1 1
1- (K?ﬁ + /{12E3 + ’%?52)2 < JZ|bM1bM2|_(V+1)|E1|§|E3| ’ |E2|§-

Proof. Denote by J the identity operator. Then,
J=1g, + g =g, 7p, + g7 + g
= g, mp, g, + Ug, mp, g + g mpe + g
By orthogonality of the operators Ilg, and 7g,,

2
If = Mgy me e, f,, = HHE17TE3HE§fJFHENTngJrHEff‘V2

- HHEJE:”HES 12/,2 - HHElWE??f i,z - HHEff ’iz
Since ||7g,|| = ||Ug, || = ||IIg,|| = 1, we obtain
B4 = el < [ e, o+ fres ], + ],
On the other hand,
(3.5)

1f =7 Ue, fll,0 2 1 fllve = Meme e, fll, o > (1 — [[He e s, []) || f]l2-

From Proposition 3.1 we have
(3.6) (1= o2barbar, |~V Ey2| B3| - |Ea|?) || fllz < (1 = |[Tg, mg, s, 1) || £ll2-
Combining (3.4), (3.5) and (3.6) yields

N\ —2
1F1125 < (1 = 02lbarbar, |~V E1| 2| Es] | 2| )

x <HHE5f 12/2> '

Using the concentration hypotheses one has
1 1\2
(1= o2 lbasbasy| OB sl - |Bl?)” < 3, + i, + i,

2

T

2
v,2 + H/]TEi’C’f

v,
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Consequently,

L 1 1
1- (R?EH + ’iQEg + ’%?Ez)Q < 0-1%|bM1bM2|7(V+1)|E1|§|E3’ ’ |E2|§'
U

For v = —%, the linear canonical Dunkl transform is reduced to the one-dimensional
linear canonical transform and we recover the uncertainty inequality in three linear
canonical domains introduced by Pan Lian in [20, Theorem 3.5].

Corollary 3.4. Let f be a non-zero function in L*(R), and let Ey, E3, and Ey be
measurable subsets of R satisfying

1 1 1
BB Bl Eaf? < 2nlbas bag| OB, Y, + i, R, < 1.

If f is kg, time-limited on Es, FM(f) is kg, -limited on Ey, and F*2(f) is kp,-limited
on Fs, then

3 1 1
1- <K2E1 + H2E3 + ’{%2)2 < JZ|lebM2|_(V+1)|E1|2 |E3| ’ |E2|2'
Setting M; = M, and E, = E5 gives the following special case.

Theorem 3.6. Let f be a non-zero function in L2(R) such that f is kg, time-limited
on B3 and DM(f) is kg, -limited on Ey. Then,

1
1— (263, +#3,)" < 2lbay |2V By - | B,

4. UNCERTAINTY RELATIONS IN n LINEAR CANONICAL DUNKL DOMAINS

We extend the study of uncertainty principles from the case of three domains,
discussed in the preceding section, to the general setting of n domains with n > 3.
Consider n distinct matrices M;, j € [0,n — 1], such that b; # 0 for each. The
frequency-limiting operators Ilg; associated with M; are defined by

Mt : :
Mg, f=Dv’ [x5,D(N)], jel0n-1]
Proposition 4.1. Let f be a non-zero function in L%(R). Then,
D3 (T, - T, f)|| | S M B2 [Br -+ [Enal - | Buca |2 || £llo,

where |E;| denotes the measure of the set E; for each j € [0,n — 1] and the constant
A s given by

-1
o ‘Ei\/ln—2Mn—1

|

bl

_ | pMomME
A= |

with ’E,ﬂw(x, y)‘ representing the modulus of the kernel.
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Proof. We demonstrate the cases n = 2 and n = 3 and the general result follows by
induction. For n = 2, the definition directly gives

'D]VV[O (HEOHEI f) = XE (Dﬂ/lo (HE1f)) :

Consequently,

= ([ o (02% (1, ) )

Using the additivity property of the linear canonical Dunkl transform (2.6), we obtain

D (T f) ()] = | [ B (k) (T, f) (0t

- ‘/ B (1 w) (DI f) (t)t”“dt’ .
Ey

Applying Holder’s inequality yields
’91],%0 (g, f) (w)‘ < </é EyOMl_l(t,w)‘thHdt)% (/E (911,%1]0) (t)‘2t2y+1dt)é
B2 (/ ‘(@lllwlf) (t)‘2t2y+1dt); '
Ey
Substituting (4.2) into (4.1) gives
1
[t 16,1, = ([ [ (D2 (115, )+ 1aw)
| Eo|z|Ey|2 ([El’(@ylf) (t)‘Qtz”Hdt)%

—1 1 1
(4.3) < | BMM| Bl B2 | £]e-
For n = 3, we replace f with Ilg, f in (4.3) to obtain

AEHE ([ (2 (W5, 1) <ac>\2dac)é -

Applying the estimate (4.2) once more yields

(4.1) | D2 (g, s, )

v,

1

(4.2) = |l

-1
< | By

H@yo (HEOHElﬂEQf)H , < ‘E%Mfl

v,

| D2 (1L, g I, ), < [ EDPM |Eo|2| B - [Eal2 || £l

-1
. ‘Eiwle

This completes the proof for the cases presented and the general result follows by
induction on n. U

Adapting the argument used in the proof of Theorem 3.5 leads to the following
general result.

Theorem 4.1. Let f be a function in L2(R) and let E;, j € [0,n—1], be n measurable
sets satisfying
1 1
|Eo| 2| L] - -+ | Enal - | Epea|? < A7,
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and let kg; > 0 be such that Z?;& li%j <1.1If @,],wjf is kg, -limited on E; for each j,
then

n—1 2
1— (ZH%,,.) <N|Eo|2|Ey| - | By sl - |Bual?,
Jj=0

where |E;| is the measure of E; for all j € [0,n — 1] and

Mn—QM,;_ll

)\:}EIJ/WOMFI ’Eu

|

A careful inspection of the proof reveals that the conclusion remains valid when
My = M,,_y with n > 3. In particular, taking My = M,,_; and Ey = E,_; gives the
following corollary.

Corollary 4.1. Let f be a function in L:(R) and let E;, j € [0,n — 2], be n — 1
measurable sets satisfying

|Eo| - |Ey| - -+ | Bna| < A7

and let kg; > 0 be such that Z;f;g /{%j <1.1If @,],ij is kg, -limited on E; for each j,
then

n—2 2
1 - (%%@ +2 “iy) < AEo| - |EL|- - [Ep-al,

Jj=1

where |E;| is the measure of E; for j € [0,n — 2| and

_ | pMomME
A= |

|mana

. ‘ MMy

CONCLUSION

In this paper, we have established new Donoho-Stark type uncertainty principles
within the framework of the linear canonical Dunkl transform. By deriving concen-
tration inequalities in three distinct linear canonical Dunkl domains, we have related
time- and band-limiting parameters to the measures of the corresponding measurable
sets. These results generalize and unify existing uncertainty principles for several inte-
gral transforms, including the Dunkl transform, fractional Dunkl transform, fractional
Hankel transform, and the one-dimensional linear canonical transform. Furthermore,
we extended the analysis to n linear canonical Dunkl domains (n > 3), yielding a
comprehensive multi-domain uncertainty principle. Our approach leverages funda-
mental properties of the linear canonical Dunkl transform, such as additivity and the
Plancherel theorem, providing a unified framework that broadens the theoretical land-
scape of uncertainty relations in harmonic analysis and offers potential applications
in signal processing and phase-space analysis.
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