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SOLUTION TO B=AXB AND B =BXA UNDER CONSTRAINT
rank(A) = rank(B)

DIJANA MOSIC' AND PREDRAG S. STANIMIROVIC!

ABSTRACT. The first goal of the current paper is to characterize consistency and
solutions of the constrained linear matrix equation (CLME) B = AX B under the
rank constraint rank(A) = rank(B), where X € C"*™ A € C™*" and B € C™**,
and to present the general solution form of this CLME. The CLME B = BX A under
the constraint rank(A) = rank(B), where X € C"*™ A € C™*" and B € Ck*" | is
considered in the dual case. System of the previously mentioned two constrained
equations is studied too. The results obtained in this research show that solutions
to each of considered systems are certain inner inverses of A. As special cases of
these systems, we investigate new systems with the stronger condition rank(X) =
rank(B) = rank(A) instead of rank(B) = rank(A) and express solutions of new
systems in terms of inner and outer inverses of A. Examples based on symbolic and
exact computation are presented.

1. INTRODUCTION

Following the standard nomenclature from linear algebra, the set of m x n complex
matrices is denoted by C™*" while the rank, conjugate-transpose, null space (kernel)
and image (range, column space) of A € C™*" are marked as rank(A), A*, Ker(A)
and Im(A), respectively.

The Moore-Penrose inverse of A € C™" is unique X € C™*™ (denoted by A') [1]
which is satisfying XAX = X, AXA=A, (XA)*=XA, (AX)" = AX. In the case
if only AXA = A (resp. XAX = X) holds, X is an inner (resp. outer) inverse of A,
which is designated as A" (resp. A®). The set of all inner inverses corresponding to
A is standardly marked as A{1}.
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Matrix and operator equations have been applied frequently in linear system theory,
information theory, control theory, sampling and other scientific disciplines. The main
application of inner inverses is in solving systems of linear matrix or vector equa-
tions, where they are used analogously as the usual matrix inverse in the nonsingular
environment [1,5].

The equations BAX = B = XAB for linear bounded operators amongst Hilbert
spaces were studied in [2]. Separately, solvability of matrix equations XAB = B
or BAX = B with the same constraint rank(X) = rank(B) is investigated in [6,9].
Exchanging positions of A and X in the above mentioned equations, characterizations
as well as the existence of solutions to the matrix equations AXB = B = BX A were
presented in [3,11,12].

Motivated by the importance of solving matrix equations and previously mentioned
results, we continue to study this topic. Investigating characterizations of solutions
of equation B = AXB (or B = BXA) with restriction rank(B) = rank(A), it is
interesting that we can use only inner inverses of A. If we consider a constraint
rank(X) = rank(B) = rank(A), the solutions are not only inner inverse and they are
also outer inverses of A.

In details, our research streams are described in the following highlights, assuming
that A denotes conjunction.

(1) If X € C™ A e C™"and B € C™** we examine properties and the general
form of solutions to the constrained linear matrix equation (CLME)

(1.1) B = AXB A rank(B) = rank(A),

with respect to X. It is verified that arbitrary solution of (1.1) is an inner inverse of
A and the set of all solutions to (1.1) is characterized.

(2) Some particular case of the CLME (1.1) are studied too. Under the assumption
rank(X) = rank(B) = rank(A) in (1.1), the solution of this new system is both outer
and inner inverse of A.

(3) When X € C™*™ is unknown and A € C™*", B € C"*" are given, we investigate
solvability of the CLME

(1.2) B = BXA A rank(B) = rank(A).

(4) The general solution to conjunction of (1.1) and (1.2) is also presented. Precisely,
for A e C™" X € C"™ and B € C™*", we investigate solutions to the CLMEs

(1.3) B =AXB = BXA A rank(B) = rank(A).

The results are organized in the next sections. Solutions of the constrained system
(1.1) are characterized in Section 2. The system (1.2) and its particular case are
studied in Section 3. We consider solutions of system (1.3) in Section 4. The last part
presents final overview and remarks.
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2. SOLUTION TO (1.1)

Main results of Theorem 2.1 is firstly to present equivalent conditions to (1.1) and
then to give the general form for solutions to (1.1). Third part of Theorem 2.1 shows
that solutions to the system (1.1) are a subset of inner inverses of A.

Theorem 2.1. The subsequent statements are true for given matrices A € C™*",
B € C™* and unknown matriz X € C™™,

(a) The subsequent are equivalent statements:

(i) B= AXB A rank(B) = rank(A), i.e. X is a solution to (1.1);
(i) B=AXB A Im(B) =Im(A);
(ili) A=AXA A Im(B) =Im(A).

(b) If the conditions in (a) are satisfied, the general solution X to (1.1) is equal to
(2.1) X=A"4+7T - ATAYBB" = AT + T — ATATAAT, T e C™™

(c) If the conditions in (a) are satisfied, then the set of solutions to (1.1) coincides
with the set of inner inverses:

(2.2) {X| B=AXB A rank(B) =rank(A)} = A{1}.

(d) If the conditions in (a) are satisfied, the general solution X to (1.1) is equal to
(2.3) X=0U+7_T—-ATATAAT, T eC™™,
where U is any particular solution to AXA=A and T =X — U.

Proof. (a) (i) = (ii): The supposition B = AXB implies Im(B) C Im(A). Now,
rank(B) = rank(A) implies Im(B) = Im(A).

(ii) = (iii): The assumption Im(B) = Im(A) leads to A = BZ, for some Z € CF*".
In addition, applying B = AX B, it can be obtained

AXA =(AXB)Z =BZ = A.
~— —

=BZ =B

(iii) = (i): Since Im(B) = Im(A), one can conclude rank(B) = rank(A) and
B = AZ,, for some Z; € C™*. The condition AXA = A gives

B=AZ =(AXA)Z = AX(AZ)) = AXB.

(b) Furthermore, Im(BB') = Im(B) = Im(A) = Im(AA") implies BB = Py () =
Prnay = AAT. Hence,

(2.4) B = (BB")YB=AA" B = AA'BB'B.
~— —— ~~
=BB'B =AAt =BB'B
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According to [1, p. 52], [7] and (2.4), the LME B = AX B is consistent, and further,
for arbitrary T € C"*™ its general solution is

X = A"BBT+T — ATAT BB!
N N

=AAt =AAT
(2.5) = ATAAT +7 — ATATAAT
=Aft

= AT+ T — ATATAAT € A{1}.
(c) The results obtained in part (b) and [1, p. 52, Corollary 1], [7] imply
{X| B = AXB A rank(B) = rank(A)} = {Af + T — ATATAAT| T € C™}
= A{l},

which confirms this part of the proof.
(d) This statement follows from the part (b) and [8, Theorem 2.9]. O

Several additional characterizations of the CLME (1.1) are given in Corollary 2.1.

Corollary 2.1. For given A € C™" B ¢ C™* and unknown X € C"*™, the
subsequent statements are equivalent:

(i) B= AXB A rank(B) =rank(A), i.e. X is a solution to (1.1);

(i) At = ATAXAAT A Im(B) = Im(A);

(iii) AT = ATAXBB' A Im(B) = Im(A).
Proof. (i) = (ii): By Theorem 2.1, A = AX A and Im(B) = Im(A). So, ATAXAAT =
ATAAT = AT,

(ii) = (i): Multiplying AT = ATAX AAT by A from both left and right side, we get
the identity A = AX A.

(ii) < (iii): Because Im(B) = Im(A) gives BB = AAT, this equivalence is evident.

O

Recall that, by [1, Theorem 2], if A = AXA, then X € A{1,2} if and only if
rank(X) = rank(A). According to results obtained in [4,10], the minimal rank of X
is equal to

min rank(X) = rank(B).
B=AXB

Our goal is to investigate behaviour of (1.1) in this extreme case satisfying rank(X) =
rank(B) = rank(A) in (1.1). According to Corollary 2.2, the solution of the considered
system is both inner and outer inverse of A.

Corollary 2.2. For A€ C™", X € C™™ and B € C™*¥, the following statements
(i) and (ii) are equivalent:

(i) B=AXB A rank(X) = rank(B) = rank(A);,

(i) A= AXA A X = XAX A Im(B) = Im(A).
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Proof. (i) = (ii): Theorem 2.1 implies A = AX A and Im(B) = Im(A). Applying
[1, Theorem 2| and the equalities A = AXA and rank(X) = rank(A), we deduce
X =XAX.

(ii) = (i): By Theorem 2.1, we conclude B = AXB and rank(B) = rank(A).
Based on [1, Theorem 2] and the assumptions A = AXA and X = XAX, it can be

concluded rank(X) = rank(A). O
FExample 2.1. Choose
6 2 7
4 2 3
A= 12 4 14
10 2 15
For arbitrary generic 3 x 2 matrix
21,1 21,2
Z =\ 21 22 |, =zj;€R,
231 232
the matrix
62’171 + 22’271 + 72371 62172 + 22272 + 72372
B— A7 — 4211 + 2291 + 3231 4219 + 2299 + 3232

122171 —+ 422’1 -+ 142371 122172 + 422’2 + 142372
102171 + 222’1 -+ 152371 102172 + 222’2 + 152372

satisfies Im(B) C Im(A), which implies consistency of B = AXB. Also, rank(B) =
rank(A) = 2 is satisfied. In this case, the solution of B = AXB is equal to

T1,1  T1,2 1,3 T1,4
( Ta1 T22 35 (—20w11 — 30712 — 40z1,3 — 16321 — 24w22 + 15) & (10212 — 20714 + 8722 — 7) ) .
3,1 x32 Tle (—4z1,1 — 61,2 — 8x1,3 — 8x3,1 — 12232 — 1) % (221,20 — 41,4 + 4232+ 1)

In addition, symbolic calculations confirms that the matrix X coincides with the
generic solution of the LME AX A = A in symbolic form. It means that arbitrary
matrix X satisfying (i) of Theorem 2.1 also satisfies (iii) of Theorem 2.1.

Note that it is valid rank(X) = 3, so that the matrix equation X AX = X is not
valid.
As a confirmation of Corollary 2.1, it can be verified by symbolic calculus

131 92 131 343
3060 765 1530 3060
P oAt f_| 7 2 14 _ 23
Al = ATAXAAT = 153 153 153 153
22 9l 44 116
765 765 765 765
and

5 3 5 3

34 17 17 34

3 7 6 _5

T t_ | w 1w 17 17

AA" = BB' = 5 6 10 3

7 17 17 17

3 _5 3 29

34 17 17 34
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Ezxample 2.2. Let
14 20
16 24
17 26
14 20

A:

For arbitrary generic 2 x 2 matrix
z z
Z:< L1 1’2>, ZiJER,
221 222
the matrix of the form

142171 + 202’271 142’172 + 202272
1621,1 + 242’271 162172 + 242’272
172171 + 262271 1721’2 + 262272
1421,1 + 202271 1421’2 + 202272

satisfies Im(B) C Im(A), which implies consistency of B = AXB. In addition,
rank(B) = rank(A) = 2 is satisfied. In this case, the general solution of B = BX A is

1 1,2 13
x ( Ti1 Ti2 g (—4x12—5) —x11 — =t )

B=AZ =

1 x22 17
To1 T22 15 (7 - 8$2,2) —T21 — T3 T 9g

Symbolic calculations reveals that the matrix X coincides with the general solution
of AXA = A. It means that arbitrary matrix X satisfying (i) of Theorem 2.1 also
satisfies (iii) of Theorem 2.1.

Since rank(X) = 2, the equation X AX = X is satisfied.

3. SOLUTION TO (1.2)

The system (1.2) is considered in this section. Conditions for consistency are
investigated as well as the pattern of the general solution. An illustrative example is
presented.

Theorem 3.1. The next assertions hold for given A € C™", B € C**" and unknown
X e Cvm,
(a) The subsequent are equivalent assertions:

(i) B= BXA A rank(B) = rank(A), i.e., X is a solution to (1.2);
(i) B= BXA A Ker(B) = Ker(A);
(ili) A= AXA A Ker(B) = Ker(A).

(b) If the conditions in (a) are satisfied, the general solution to (1.2) is given by
(3.1) X =A"+T - B'BYAA! = AT+ T — ATATAAT, Y eC™™,

(c) If the conditions in (a) are satisfied, then
(3.2) {X| B=BXA A rank(B) =rank(A)} = A{1}.
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(d) If the conditions in (&) are satisfied, the general solution X to (1.2) is given
by (2.3).

Proof. (a) (i) = (ii): We observe, by B = BXA, that Ker(4) C Ker(B). The
assumption rank(B) = rank(A) gives Ker(B) = Ker(A).

(ii) = (iii): Because Ker(B) = Ker(A), it follows A = W B, for some W € C™*F,
Utilizing B = BX A, we get AXA=W(BXA)=WB=A.

(iii) = (i): Notice that Ker(B) = Ker(A) implies rank(B) = rank(A) and B = W, A,
for some W, € CH*™. Now, AXA = A yields B=W;A=(W,A)XA=BXA.

(b) Since Ker(B'B) = Ker(B) = Ker(A) = Ker(A'A) gives BB = Pxen) =
Pxer(a) = ATA, we obtain B = B(B'B) = BATA = BBTBATA. By [1], the equation
B = BX A is consistent and, for arbitrary T € C"*™,

X =B'BA"+T - B BTAA!
—— ——

—AtA —=ATA
= ATAAT+T — ATATAAT
H,T_/
=A

= AT+ T — ATATAAT € A{1}.
(c), (d) The proof of these statements is the same as in Theorem 3.1. O

Similarly as in Corollary 2.1, the next corollary is derived using Theorem 3.1.

Corollary 3.1. For selected A € C™*", B € CF" and unknown X € C"*™, the
subsequent assertions are equivalent:

(i) B = BXA and rank(B) = rank(A), i.e., X represents a solution of (1.2);
(i) AT = ATAX AAT A Ker(B) = Ker(A);
(iii) AT = BTBXAAT A Ker(B) = Ker(A4).
Replacing the condition rank(B) = rank(A) in (1.2) with rank(X) = rank(B) =
rank(A), we get the following result in Corollary 3.2.

Corollary 3.2. For fitred A € C™", B € C*" and unknown X € C™™, the below
listed assertions are equivalent:

(i) B= BXA A rank(X) = rank(B) = rank(A);
(i) A= AXA A X = XAX A Ker(B) = Ker(A).

Example 3.1. Let

8§ 16 24 4
10 20 30 5
A=1 8 16 24 4
2 4 6 1
4 10 10 3
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For arbitrary generic 3 x 5 matrix

21,1 ”12 21,3 214 215
Z = | 21 %92 23 Z4 25 |, zj€R,
23,1 R32 233 234 235

the matrix B = ZA is equal to

2 (42’171 + 521,2 + 42173 + 21,4 + 22’175) 2 (821,1 + 102’172 + 82’1,3 + 221,4 + 52175)
B=|2 (42271 + 52272 —+ 42273 + 224 + 22’275) 2 (822,1 —+ 102’272 + 82’2’3 + 22274 —+ 52275)
2 (423’1 -+ 523,2 -+ 42’373 + 23,4 + 22375) 2 (823’1 + 102372 + 823’3 + 223,4 + 52’375)

24211 + 30210 + 24213+ 6214 + 10215 4211 + 5212 + 4213+ 214 + 3215
2422,1 + 302272 + 242273 + 62274 -+ 102’275 422,1 + 52’272 + 42’273 + 224 + 322’5
2423,1 + 3023’2 -+ 242373 + 623’4 -+ 102375 423,1 + 52372 —+ 42373 + 234 + 323’5

and satisfies Ker(A) C Ker(B). Consequently, the equation B = BX A is solvable.
Also, rank(B) = rank(A) = 2 is satisfied. In this case, the general solution of
B = BXA is equal to

Tyl T1,2 T3 T4 Z1,5

Ta1 T22 T23 T24 Z2,5

r31 T2 33 sy1  w(—2w15—2me5—1) |’

T4y Tap Tz Y2 g (—2w15— 10225+ 3)
where Y1 = —8[L’171—10!13'172—81'173—21‘174—81‘271—1OZE272—8£E273—2£L‘2,4—32£E371 —4015372—321‘3,3-{—3
and Yo = —8[L‘171—1O$172—8I173—2$174—40$271—50?[)272—401'273—10[L‘274—16ZE471—201‘472—161‘473—5.
Symbolic calculations reveals that the matrix X coincides with the generic solution
of AXA = A. It means that arbitrary matrix X satisfying (i) of Theorem 3.1 also
satisfies (iii) of Theorem 3.1.

As a confirmation of Corollary 3.1, it can be verified by symbolic calculus

1 5 1 1 1
1218 4872 1218 4872 84
-5 2 _5 _5 1
T _ oAt T 174 696 174 696 4
Al =AAXAAT = 20 25 20 5 _4
609 609 609 609 21
-3 _ 1 _3 _ 3 5
203 812 203 812 42
and
1 1 4 1
14 6 21 21
15 9 1
ATA = BB = 6 6 3
4 0 20 _2
21 21 21
1 1 _2 1
21 3 21 7

4. SOLUTION TO (1.3)

Applying Theorem 2.1 and Theorem 3.1, we characterize solutions for the system
(1.3), which means that both the systems of constrained linear matrix equations (1.1)
and (1.2) are satisfied.
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Corollary 4.1. Consider fired A € C™*", B € C"™*",

(a) The below listed assertions with respect to unknown X € C™™ are equivalent:

(i) B=AXB = BXA A rank(B) =rank(A), i.e., X is a solution to (1.3);

(i) B=AXB =BXA A Im(B) =Im(A) A Ker(B) = Ker(A4);

(ili) A= AXA A Im(B) =Im(A) A Ker(B) = Ker(A).
(b) Under the conditions in (&), the general solution X to (1.3) is equal to

X = A4+ 71T - ATATAAT, T e C™,

(c) If the conditions in (a) are satisfied, then
(4.1) {X | B=BXA A rank(B) =rank(A4)} = A{1}.

Corollary 4.2 follows from conjunction of Corollary 2.1 and Corollary 3.1.

Corollary 4.2. For A € C™" X € C"™ and B € C"™*", the next assertions are
equivalent:
(i) B=AXB = BXA A rank(B) =rank(A), i.e. X is a solution of (1.3);
(i) AT = ATAXAAT A Im(B) = Im(A) A Ker(B) = Ker(A);
(iii) A" = BIBXBB' A Im(B) = Im(A) A Ker(B) = Ker(A).

Remark 4.1. The statements of Theorem 2.1, Theorem 3.1 and Corollary 4.1 provide
two additional characterizations of the set of inner inverses. Namely, these statements
characterize A{1} as the set of all solutions to the constrained equations (1.1), equa-
tions (1.2), as well as the set of all solutions to the constrained linear matrix system
(1.3).

Corollary 2.2 and Corollary 3.2 give a characterization for solutions to (1.3) under
the constraints rank(X) = rank(B) = rank(A).

Corollary 4.3. For A€ C™", X € C"™ and B € C™*", the following statements
are equivalent:

(i) B=AXB = BXA A rank(X) = rank(B) = rank(A);

(ii)) A= AXA N X = XAX A Im(B) =Im(A) A Ker(B) = Ker(A).

5. CONCLUSION

The main goal of this research is to characterize solutions of the matrix equation
B = AXB (or B= BXA) under the restriction rank(B) = rank(A) on ranks of input
matrices. It is proved that solutions of these equations belong to the set of inner
inverses of A. In this way, the results obtained in the paper can be considered as further
characterizations of inner inverses. In particular, we consider the system B = AXB =
BXA with constraint rank(B) = rank(A). If we impose the stronger constraint
rank(X) = rank(B) = rank(A) instead of the restriction rank(B) = rank(A), the
solutions of the corresponding restricted systems not only qualify as inner inverses
but also become outer inverses of A. Examples in symbolic form are presented.
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