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SOLVABILITY FOR MULTI-POINT BVP OF NONLINEAR
FRACTIONAL DIFFERENTIAL EQUATIONS AT RESONANCE
WITH THREE DIMENSIONAL KERNELS

ZIDANE BAITICHE!, MAAMAR BENBACHIR?, AND KADDOUR GUERBATTI!

ABSTRACT. This work deals with the BVP multi-point existence of solutions of a
nonlinear fractional differential equations at resonance, where the kernel’s dimension
of the fractional differential operator is equal to three. Our results are based on
Mawhin’s theory of coincidence. As application, we give an example to illustrate
our results.

1. INTRODUCTION

The present work concerns a kind of fractional differential equation which can be
written as Lz = Nz, where L is a linear Fredholm operator of index zero, and N is a
nonlinear operator. It is well known that if the kernel of the linear part contains only
zero, the corresponding boundary value problem is called non-resonant. In this case,
L is invertible, the equation can be reduced to a fixed point problem for the L' N
operator. Otherwise, if L is a non-invertible, i.e., dimker L. > 1, then the problem is
said to be at resonance, and then the problem can be solved by using the coincidence
degree theory. The higher value of dim kerlL is the more difficult. Recently, many
authors investigated the existence of solutions for fractional differential equations at
resonance. For instance, see [3-6,9-11,15,16,18,19,32] and the references therein.

The case of dimker L = 1 has been discussed by many authors [3,4,6,9-11,16, 18,
19,32]. In [6], Z. Bai and Y. Zhang investigated the boundary value problem for a
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fractional differential equation with nonlinear growth with dimker L = 1

{Dm ) = (4 u(), Dy tu(t)), te(o,1],
(0) =0, u(1) = ou(n),

where D, is the standard Riemann-Liouville derivative, 1 < o <2, f: [0,1]xR* — R
is continuous and o € (0, c0), € (0, 1) are given constants such that on®~! = 1.

Z. Hu et al. in [10] prove the existence of solutions of two-point boundary value
problem for a fractional differential equation at resonance with dimker L = 1

{Dmu( )= £ (tu(). w(®), tefo.1)
(0)=0, u(1)=wu(D),

where Dg. is the Caputo fractional derivative, 1 < a <2, f:[0,1] x R? — R satisfies
the Caratheodory conditions.

L. Hu et al. studied in [11] a two-point boundary value problem for fractional
differential equation at resonance with dimker L = 1:

Dg.u(t) = f(tu(t), D§Ttu(t), D32u(t), ..., Dy u()),
u(0) = D& 2u(0) = - - = DIT N Vu(0) = 0, D tu(0) = DS tu(1),
where 0 <t <1, N -1 < a <N, D, is Riemann-Liouville fractional derivative, and
f:[0,1] x R* = R is a continuous function.
For the case dimker L = 2, Bai and Zhang established in [5] the existence of at

least one solution for the m-point boundary value problem for fractional differential
equation at resonance with dimker L = 2

Dgiu(t) = f(t,u(t), Dy ?ult), Dy tult)), t € (0,1),

Ig7'u(0) = 0, Dgi'u(0) = Dgi(n), (1) = % aqu(ns),
where 2 < a <3, 0<n<1,0<m<m<- - <nNu<1l,m>2 3" ani ' =
> amf‘_z = 1. D§, and I§, are the standard Riemann-Liouville fractional derivative

and fractional integral respectively and f : [0,1] x R?® — R satisfies the Caratheodory
conditions. The results are obtained under the assumption that:

1 T(a)'(a—1) m 20—2 1 (T 20—1
R=2n m—nll_;amz ]_a—ln (20 l ZO‘Z" ]

W. Jiang showed in [15] an existence result for the boundary value problem of
fractional differential equation at resonance with dimker L = 2:

{Dmu() f(tu(t), Dgtut)), teJ =[0,1],
(0)=0, Dgitu(0) =" a;Dgr (&), Dy 2u(0) = 55—, by Dg* (),

where 2 < a < 3, D, is Riemann-Liouville fractional derivative, 0 < § < & <
< <L O0<m << <m <L YMa=1, 300 =130 b =1,
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f:[0,1] x R? — R satisfies the Caratheodory conditions. The results are obtained
under the assumption that

?1)(1—%1@77;’?)2% ;1 Z%)ZZS%O

Motivated by the results cited above, we investigate the solvability of multi-point
boundary value problem of nonlinear fractional differential equation at resonance with
dimker L = 3

/
(6()°Dgeu(t)) = £ (tu®). (0w (0). w"(8), “Dgult)), ¢ 1,
LD () =0, Dgu(0) =0, w(0) = T, a (),
w(0) = S5y by (my), /(1) = X4y exed' (p),

where CD(‘; is the Caputo fractional derivative, 3 < a < 4, 0 < & < -+ < & <
LOo<m<--<y<L 0<p <~ <py <1, a;,bj,c,eR, i=1,...,m,j =
L...,Lk=1,...,n,I=[0,1], ¢(t) € C*([0,1]), p = minge; ¢(t) > 0 and f : [0,1] x
R> — R is a Caratheodory function, that is,

(i) for each x € R, the function x — f(t, ) is Lebesgue measurable;
(ii) for almost every ¢ € [0, 1], the function ¢t — f(¢, ) is continuous on R?;
(iii) for each r > 0, there exists ¢, (t) € L1<[0, 1], R) such that, for a.e. t € [0,1] and
every |z| < r, we have |f(t,x)| < p.(1).

In this work, we will always suppose that the following conditions hold.

(Hy) X, a; = 22:1 bj = >k ok =1, 22:1 bin; =0, Yh_y Crpr = St Crpi = L.
(H2)

dll d12 d13
A=|dyn dy dy|#0,
d31 d32 d33

where for v = 1,2, 3, we define

a—4 l

7m Eis’/(fi_s) n; gv 77_5
dl/l —iZaZ/ Tds, ij/ T(S)dé’,

0

(- s 5)2
dl,g—/o vo(s) ds—ch/ —S)ds.

The rest of this work is organized as follows. In Section 2, we introduce some
notations, definitions and lemmas which will be used later. In Section 3, we present
and prove our main results by applying the coincidence degree continuation theorem.
Finally, in Section 4 we provide an example.
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2. PRELIMINARIES

In this section, we present the necessary definitions and lemmas from fractional
calculus theory. These definitions and properties can be found in recent literature,
see for example [17,26-28, 30].

Definition 2.1. Let o > 0, and u a function u : (0,00) — R. The Riemann-Liouville
fractional integral of order « of u is defined by

Igu(t) = g ) (0= 9 u(s)ds.

provided that the right-hand side is pointwise defined on (0, 00).

Remark 2.1. The notation [§u(t) ;=0 means that the limit is taken at almost all
points of the right-sided neighborhood (0, ¢), € > 0, of 0 as follows:

I5vu(t) |i=o= tl—%}r g u(?).

Generally [I§,u(t) |i=o] is not necessarily zero. For instance, let o € (0,1), u(t) = ¢t=*.
Then

0 1 o= lim —— [ (t—s)*'s~*ds = lim I(1 =TI(1

o+ |t:0—ti%3r1“(a)/o( —5)"s §=m (1-a)=T(1-a)
Definition 2.2. Let a > 0. The Caputo fractional derivative of order a of a function
u: (0,00) = R is given by

where n = [o] + 1, [a] denotes the integer part of real number «, provided that the
right-hand side is pointwise defined on (0, o).

“Dfu(t) = Iy u™(t) =

Lemma 2.1. Let a,n > 0, n = [a] + 1, then the following relations hold

Cnha
Dot = —1—
T Tip—a+1)

n>n-—1,

and
°Deth =0, k=0,...,n—1.

Lemma 2.2. Let a, > 0 and u € Ll([O,l]). Then I 15 u(t) = IS u(t) and
“Dg, I¢ u(t) = u(t) for all t € [0,1]

Lemma 2.3. Let « >0, n = [a] + 1. Then
n—1
15 (“Dgiu(t)) = u(t) + 3 kt", G €R.
k=0

Lemma 2.4. Let « > 0 and n = [a] + 1. If “Dgiu(t) € C[0,1], then u(t) €
([0, 1]).
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Proof. Let h(t) € C[0,1], such that D, u(t) = h(t), then, from Lemma 2.2, we have

n—1
u(t) = g+h(i) + Z 5ktk, o € R.
k=0

It is easy to check that u(t) € C"~1([0,1]). O
Lemma 2.5. Let o >0, u € Ll([O, 1],R). Then, for all t € [0,1], we have

1 u(t) < 1l
Proof. Let u € Ll([O, 1],R>, from Lemma 2.2, we have

t 1
[ u(t) = 1L, I8 u(t) = /0 ISu(s)ds < /0 1% u(s)|ds = | I8l 1. O
Lemma 2.6 ([30]). The fractional integral I$,, o > 0, is bounded in L'(]0, 1], R) with
[l 1
I < —.
|| 0+U||L1 = F(Oé+ 1)

Now, let us recall some notations about the coincidence degree continuation theorem.
For more details see [25].

Definition 2.3. Let X and Y be real Banach spaces. A linear operator L : dom L C
X — Y is said to be a Fredholm operator of index zero if

(1) Im L is a closed subset of Y;
(2) dimker L = codimIm L < co.

It follows from Definition 2.3 that there exist continuous projectors P : X — X
and () : Y — Y such that

kerL=ImP, ImL=ker@, X=kerLdkerP, Y =ImL&ImQ.

It follows that
L, =L |aom Lrker p: dom L Nker P — Im L

is invertible. We denote the inverse of this map by K.

Definition 2.4. Let L be a Fredholm operator of index zero. If (2 is an open bounded
subset of X and dom LN # 0 . The map N : Q — X will be called L-compact on
Qif

(1) QN(Q) is bounded;

(2) Kpg N = K,(I — Q)N : Q — X is compact.

Theorem 2.1. Let L : dom L C X — Y be a Fredholm operator of index zero and

N : X =Y L-compact on §). Assume that the following conditions are satisfied:

(1) Lx # ANz for every (z, A\) € [(dom L\ ker L) N 92 x (0,1);

(2) Nz ¢ Im L for every x € ker L N 0SY;

(3) deg (QN |xerr, 2 Nker L,0) # 0, where @ : Y — Y is a projection such that
Im L = ker Q.
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Then, the abstract equation Lx = Nx has at least one solution in dom L N €.
For our purpose and according to Lemma 2.4, the adequate functional space is:
X = {u . “Dg,u € C([0,1],R), u satisfies boundary value conditions of (1.1)}

endowed with the norm:

3
ullx =3 1u?o + [|Dfstillo,  where [|ulo = max |u(t)].
i=0 €[0,1]

By means of the functional analysis theory, we can prove that (X, |.||x) is a Banach
space.

Let Y = L0, 1] be the Lebesgue space of real measurable functions ¢ — y(t) defined
on [0,1] and such that ¢ — |y(t)| is Lebesgue integrable. Y is a Banach space with
the norm ||y||,1 = fy |y(t)|dt. Define L to be the linear operator from dom LN X to Y’

Lu = <¢CD8+U),, u € dom L,
where
dom L = {u € X : “Dg u(t)is absolutely continuous on [0, 1]}

and define the operator N : X — Y as:

Nu(t) = f(t,u(t),u/(t),u"(t),u" (1), “Dgsu(t)), t€[0,1].
Then the boundary value problem (1.1) can be written in abstract form as:

Lu = Nu, wué&dom L.

To study the compactness of operator N, we need the following lemma.

Lemma 2.7. U C X is a relatively compact set in X if and only if U is uniformly
bounded and equicontinuous. Here uniformly bounded means there exists M > 0 such
that for every uw € U

3
lullx = >~ 14 loo + [°Diulloe < M,
=0
and equicontinuous means that for all € > 0, exists 6 > 0, such that
WD (t) —uD(ty)| <&, forallu €U, t,ty €1, |t; —ts| <8, i€{0,1,2,3},

and

|CD8+U(t1) — CD8+U(t2)| <eg, forallueU, ty,ty€l, |t1 — t2| < 0.
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3. MAIN RESULTS

In this section we shall present and prove our main result.

Lemma 3.1. Let y € Y, ¢ € C[0,1], minse; ¢(t) > pu > 0, and suppose that (H;)
holds. Then u € X is the solution of the following fractional differential equation:

(6()°Dgu(t)) =), ter1=[.1)
(3.1) w(0) =0, “Dgau(0) =0, u"(0) = £, an (&),
u"(0) = ey byu (), W' (1) = Siy e (o),
where u is given by
(3.2) u(t) = i&ti + L /t (t—s)* /s y(r)drds, 01,02,03 € R
i=1 I(a)Jo  o(s) 0 ’ T ’

and

(3.3) Ti(y) = Ta(y) = Tz(y) = 0,

where Ty, Ty, Ty :' Y — Y are three linear operators defined as follow:

52‘ i— S) S
T\ (y) :;ai/o g(;ﬁ(s)/o y(r)drds,

y) = i b; /nj (n; — )" qz(ga_g /08 y(r)drds,
T3(y) :/0 (1;(2);2/ r)drds — Z Ck /pk pk s /OS y(r)drds.

Proof. Let u be a solution of problem (3.1). Then we have

(1) D ult —5—1—/ ds, §eR.

The hypothesis “Dg,u(0) = 0 and min,e; ¢(t) > 0, allow us to write

1t
<Z>(t)/0 y(s)ds.

CD0+U( )=

By Lemma 2.3, we get that
t (t _ 8)0471

5.1 s
= gézt + F(Oé) /0 ¢(8) /0 ?J(T)drdsa 50751752,(53 € R.

u(0) = 0, implies that

& ; 1 t(t— - s
=20t drds, 61,0505 € R.
; Z +F(04)/0 P(s) /0 y(r)drds, 01,062,035 €
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By uW(O) — Zznil aiu///(&) and ZZ 10 = 1 we obtain

zl: /61 6;(3&4/0 y(r)drds = 0,

=1
From the conditions «”(0) = >"_, bju”(n,) and Z;Zl ;i =1, Zézl bn; =0, we get

El: / (n; ;(3“3 /0 " y(r)drds = 0.

Combining /(1) = Zk:l at (pr), Sh_jep=1and X7 cxpe = 1, Sp_, cups = 1, we
find )
1—s)° - s
/0 M/ r)drds — ch /pk pk s) /0 y(r)drds = 0.

Ti(y) = Ta(y) = Tz(y) = 0.

Thus,

On the other hand, we let

_ 3 ; 1 t (t o S)O‘_l s
B ;@t + [(a) /0 o(s) /0 y(r)drds,

where 1, o, d3 are arbitrary constants. It is clear that «(0) = 0, in view of Lemmas
2.1 and 2.2, we obtain

D ult) = qﬁgt) /Oty(s)ds.

!/

Thus, D2 u(0) = 0 and (qb(t)CDg+u(t)) — y(t) for all £ € [0, 1].

If (3.3) holds, we can calculate the following equations

Ty (y)
/// a;u ///51_ () :O, bun _ 2 207
-3 Fa-3) S = Yy
%()
=0
Z Cku ,Ok P(Oé _ 1) )
so, u is the solution of the problem (3.1), this completes the proof. O

Lemma 3.2. Assume that (Hy) and (Hs) hold. Let ¢ € C*([0,1]), minyeo 1 ¢(t) >
>0, then L:dom L C X — Y is a Fredholm operator of index zero, and the inverse
linear operator K, = Lljl :ImL — dom L Nker P is defined by

(3.4) (Ky)(t) = F(la) / ‘e ;(58);_1 / " y(r)drds.

It satisfies

44 T(a—2)

3.5 K.
(3.5) I1Kpyllx < T —2) Y[l
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Proof. 1t is clear that ker L = {u cu(t) = S0 0tk 01,00, 05 € R}. Furthermore,
Lemma 3.1 implies

(3.6) mL ={yeY : Ti(y) = Tay) = Ts(y) = 0}.
Consider continuous linear mapping ) : Y — Y defined by

(3.7) Qu = Q1(y) + Q2(y)t + Qs(y)t*,

where (01, Q2, Q3 : Y — Y are three linear operators defined as follows

Q1(y) = i(enﬂ (y) + e1Ta(y) + 613T3(y))7

Qa2(y) = i(elel (y) + exTh(y) + 623T3(y)>,

Qs(y) = i(e?dTl (y) + es2To(y) + 633T3(y))7

eij, 1,J = 1,2, 3, are the algebraic complements of d;;.
We will prove that ker @ = Im L. Obviously, Im L C ker Q). As well, if y € ker @,
then
enTi(y) + enTo(y) + e13Ts(y) =
(3.8) enT1(y) + enTs(y) + exsTs(y)
ea1T1(y) + esTo(y) + essT3(y)
The determinant of coefficients for (3.8) is A% # 0. We find T3 (y) = Ta(y) = T3(y) = 0
and that implies y € Im L. So, ker @ C Im L. Now, we prove Q%y = Qy, y € Y. For
y € Y, we have

Qily) = L [611T1 (Ql(y)) + e1275 (Ql(y)) + e1373 (Ql(?ﬂ)]

0,
0,
0.

= >

= — (611d11 + e1adar + 613d31)Q1?/

= Ql%

o (QQ(y)t> = L [611T1 (Q2(y)t) + e1915 <Q2(y)t) + 1375 (Qg(y)tﬂ

>

ol e

= — (611d12 + e19das + 613d32> Q2y

Ql(QB(y>t2> = [611T1 (Q3(y)t2) + e121h (Qs(y)tQ) + e1373 (Qz(y)tQ)]

»—|>‘»—“O|>

= Z (611d13 + 612d23 + 613d33)Q3y
=0.

Similarly, we obtain

(@) =0, Qa(Q(v)t) = Quy, Qa(Qs(w)*) =0,
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Qs(@1(y) =0, Qs(@a()t) =0, Qs(Qs(v)!*) = Qsy.
Therefore, we get
Q*9 =1 (Ql( )) + Ql(QQ( )t> + 1 (Qs( )t ) + QZ(Ql(y)>t + Q2(Q2(y)t)t
+ Q2 (Q3 )t + Qs (Ql )752 + Qs (Qz(y)t>t2 + Qs <Q3(y)t2)t2
=Q1(y) + Q2(y)t + Qs(y)t”
=Qg.
This implies that the operator () is a projector.
Take y € Y in the form y = (y — Qy) + Qy. Then (y — Qy) € ker Q@ = Im L and
Ry € Im@. Thus, Y =Im@Q +ImL. And for any y € Im@Q NIm L from y € Im Q),

there exist constants d;, 02,93 € R such that y(t) = Yi_, 6t*, from y € Im L, we
obtain

dy101 + d1202 + dy305 = 0,
(3.9) d2101 + d2202 + da303 = 0,

The determinant of coefficients for (3.9) is A # 0. Therefore, (3.9) has an unique
solution d; = 95 = 03 = 0, which implies Im ) N Im L = 0. Then, we have

(3.10) Y=ImQ®kerQ =ImQ & Im L.

Thus, dimker L = 3 = dim Im ) = codim ker ) = codimIm L, this means that L is a
Fredholm operator of index zero.
Let P: X — X be a mapping defined by
’ u(k)(())tk
k! ‘

(3.11) Pu(t) =

k=1
We note that P is a linear continuous projector and Im P = ker L. It follows from
u = (u — Pu) + Pu that X = ker P + ker L. By simple calculation, we obtain that
ker L Nker P = {0}. Hence,

(3.12) X =ker L & ker P.
Define K, : Im L — dom L N ker P as follows:

L1 st g
(Kpy)(t) = F(a)/o 205) /Oy(r)drds.

Now, we will prove that K, is the inverse of L |gom Loker p- In fact, for u € dom LNker P,
we have

IL (6D u , 3 (k)
0< °> (1) = 12.D2 u(t) — u(t) + 3 PO,
p 2

(KpL)u(t) = Ig+
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In view of u € dom L Nker P, u(0) = 0 and Pu = 0. Thus,
(3.13) (K, Lyu(t) = u(t),

and for y € Im L, we find
o015 (15 () )] =vt0

-1
Thus, K, = (L |dom LA ker P ) . Again for each y € Im L, and from Lemmas 2.2, 2.5
and 2.6, we have

(LE)y(t) = L(Kpy)(t) =

I, yux—zmax (Kp) @ (8)] + max |“Dg. (K,y) (t)]

o t€[0,1] te[0,1]

& Ij+y Ity
) s ) “Dg. ( 0* ) t

= S (5 )0+ gy P20 (57) 0

3 11 1 1

;”yHLl max Ige ¢( )|+ Yl max 10@(25)

3 11 1

< 3 lyller mmace 1157 0)| + llwlar mass L2 (1)

i Iyl Iyl

— Oz+ 1 —Z) i

4+ TN«

#Hy!ly. -

[a =2)

Lemma 3.3. Suppose that € is an open bounded subset of X such that dom LN # ().
Then, N is L-compact on €.

Proof. 1t is clear that QN (Q) and K,(I — Q)N(Q) are bounded, due to the fact that
f realize the caratheodory conditions.

Using the Lebesgue dominated convergence theorem, we can easily find that QN
and Kpg N = K,(I — Q)N : Q — X are continuous. By the hypothesis (iii) on the
function f, there exists a constant A > 0, such that |(/—Q)N(u(t))| < A, forallu € Q,
t€[0,1]. Fori=0,1,2,3,0<t; <ty <1,and u € Q, we put M(t) = (I — Q)Nu(t).
One has

) t2 )
{/ (ty — 8)* ™ — (t; — 5)* " ds —I—/ (to — s)o‘_’_lds}
CY — Z 0 t1
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Furthermore, we have

“Ds Kpg Nu(ty) — “Dg Kpg Nul(ty)

1 to 1 t1
:¢@>0M@“_MMA‘M@“

1 1 t 1 t2
:KW@_¢mQA‘M@“+Mmﬁ;M@“
A A
< alt) — o]+ (6 - n).

Since t*~* and ¢(¢) are uniformly continuous on [0, 1], we get that K,(I—-Q)N : Q — X
is compact. The lemma is proved. 0

Theorem 3.1. Let f be a Caratheodory function, ¢ € C*[0,1], minep 1y ¢(t) > p > 0.
(Hy) and (Hz) hold. In addition, assume that the following conditions hold.

(Hs) There exist non-negative functions 0;(t) € Y, i =0,...,5, such that

'f(ta Lo, L1, T2, T3, ZL’4>

1
<D 0i(t) || + 605(t),
i=0

where
22+«
AN=—0wn——— 0; 1.
ul(a ;} 103] 1 <
(Hy) There exists a constant M > 0 such that for u € dom L\ ker L, if [u' (t)| > M or
lu' ()| > M or |u" (t)| > M for all t € [0,1], then Ty(Nu) # 0 or To(Nu) # 0
or T3(Nu) # 0.

(Hs) There exists a constant M* > 0 such that for any 01,04,05 € R, if [6;| > M*,
|02 > M*, 63| > M*, then either

3 3
S TN (Z 5@’“) <0
1=1 k=1
or

Then (1.1) has at least one solution.

Proof. Consider the set
Q; ={uedomL\ker L : Lu=ANu, A € [0,1]}.

Then for v € Qi, Lu = ANu, thus A\ # 0, Nu € ImL = kerQQ C Y. Hence,
Q(Nu) =0 that is, T3 (Nu) = To(Nu) = T3(Nu) = 0. We get from (H,) the existence
of t1,ta,t3 € [0, 1], such that |u/(t;)| < M, |[u"(t2)] < M, |u"(t5)] < M.
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If t, =ty = t3 = 0, we have that |/ (0)| < M, [u"(0)] < M, |v""(0)| < M. Otherwise,
if max{t,ts,t3} # 0, by Lu = ANu, we obtain

3 uh)(0) E(f— gya-1 s
u(t):kz::l /{;!(O)t +F()\oz)/o ( <Z5(S)) /ONu(r)drds.

Then

" (t) = 4" (0) + F(of\— 3 /Ot (t ;5(2);_ /OS Nu(r)drds.

If t3 # 0, we get

u(t3) = u"'(0) + F(a)\— 3 /Ot3 (ts ; ) / Nu(r)drds,

together with |u"(t3)| < M, we have

L (t—s) g [Nl
") < u (¢ / /N drds < M + et
|U ()|_|U (3)|+F(Oé—3) 0 ¢<3) 0 | U(T)|T’S_ +M1—\(a_2)
Therefore,
NUHLl
3.14 ") < M Hi
(3.14) )] < M+ e

If ty # 0, then

I o "m A t2 (t2 - 5
u’(t2) = u"(0) + u (0)t2+f‘(a—2)/o / Nu(r)drds,

from (3.14) and |u"(t2)| < M, we find
to (tg _ S)a—S

¢(s)

[u"(0)] < |u"(t2)] + |u™(0)] + F(al— 2) /0 /OS |Nu(r)|drds

oy 2Nuls
ul(a — 2)

Consequently,

2| Nu|| g
3.15 "(0) <2M + ———.
(315) (o)) <200 + AL

If t; # 0, then

W () = /(0) + u"(0)ty + = Q(O)t%lj(of_ 1)/ (tl;s / Nu(r)drds,

according to (3.14), (3.15) and |u/(t1)| < M, we get
/ / " mn 1 (tl _ S
< Nu(
O] < )]+ O]+ a0+ oy [ O [ vutlaras

4| Nu| 1
pl(a—2)

<AM +
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So,
4||Nu|| L

3.16 "0) <4AM + ———.
(3.16) O] < 4M + g
Again for u € €2y, we get

— @ (¢

|Pullx = z  mese | (P) (1) + mmace DG, (Pu)()

< 2|U( )|+ 3[u”(0)] + 4" (0)].
From (3.14), (3.15) and (3.16), we obtain
18| Nul| 1
pl(a —2)°

Again for all u € €y, we have (I — P)u € dom L Nker P. Thus, by (3.13) and (3.5),
we find

(3.17) | Pullx < 18M +

318) = Pulls =1L - Ppully < SR L - P
< S Ll
< eIVl

From (3.17) and (3.18), we obtain

319) e < BPulls + 10 = Pl < 180 + Z 2P0 v,

On the other hand, from (Hy), we have
1 1 c
nNump::/ KNUMQ%B::A £ (), (8), " (8), ™ (1), “Dgu(h))

| Oas + [ )] Dgu(s)ds + [ fools)|as

ds

(3.20) < HuHxZ 16:ll 2 + 165 ] 1

=0
Therefore, (3.19) and (3.20), yields

18l (o = 2)M + (22 + T(a — 2))|[65]| 2
u(l—A)F(a—Q) '

lullx <

So, €2 is bounded.
Let

={uekerL : NueImL}.
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For u € €y, then u € ker L = {u Cu(t) = Y0 0tk 61,02,03 € R} and Q(Nu) =0,

that is, Ty N (X5, 0xt*) = ToN (S, 0xt*) = TsN (332, k") = 0. From condition

(Hj), we get |01] < M*, |62 < M*, |63] < M*. Hence, €25 is bounded. Let
Qs={uckerL : =AJu+ (1 =NQNu=0, A €[0,1]},

if the first part of (Hj) holds.
Or we'll set

Qs={uckerL : =AJu+ (1 =XN)QNu=0, X\ €[0,1]}

if the second part of (Hj) holds.
Here J : ker L — Im @) is the linear isomorphism given by

3
(321) J <Z (5ktk> = wy + wat + W3t27 517 52, (53 S R,
where
wy = l<€11’(51| + e12[0o] + 613’53|)
A Y
1
Wo = K<621’51| + €90|0o| + 623’53|),
W3 = K<631’51’ + 632’52| + 633’55|)

Without loss of generality, we assume that the first part of (Hs) holds. In fact u € Qg,
means that u = Y3 _; 6tF and —A\Ju + (1 — A\)QNu = 0. Then we obtain

(3.22) —-\J (i 5ktk> +(1=XNQN (i 5k,t"”> =0.

k=1
If A= 0, then |51‘ S ]\4*7 ‘52| S M*7 ’(53| S M* It A= 1, then
e11]d1| + e12|da| + es]ds| =0,
(323) 621|(51| -+ 622‘(52| -+ 623‘53| = 0,
631‘51| -+ 632‘52| + 633‘53| = 0.
The determinant of coefficients for (3.23) is A? # 0. Thus, (3.23) only have zero

solutions, that is 6; = dy = 93 = 0.
Otherwise, if A # 0 and A # 1, again from (3.21), (3.22) becomes

A (wl -+ WQt + Cc.)3t <Q1N <Z3: (Sktk) + QQN <23: (Sktk> t
k=1 k=1
+Q3N (i (5ktk> t2>

k=1
Hence,

3
)\wi = (1 — )\)Qz (Z (5ktk> y for i = ]_, 2, 3.
k=1
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Thus,
3
M| = (1= NN (Z 5ktk> , fori=1,23.

k=1
Then, we get

3 3 3
AN 16 = (1 =N TN (Z 5kt’“> <0.
=1 =1 k=1

By the first part of (Hs), we have |0;] < M*, |05] < M*, |05] < M*. Here, Q3 is
bounded.

Now, we shall prove that all the conditions of Theorem 2.1 are satisfied. Let €2 be
a bounded open set of X containing J?_, ;. By Lemma 3.3, N is L-compact on £,
because 2; and €2, are bounded sets, then

(1) Lu # ANu for each (u, A) € [(dom L\ ker L) N 9] x (0, 1);

(2) Nu ¢ ImL for each u € ker L N 09.

At least we will prove that the hypothesis (3) of Theorem 2.1 is satisfied. Let
H(u,\) = £ Ju+ (1 — \)QNu.

The set €3 is bounded, then H(u,A) # 0, for all u € ker L N 0N). Appealing to the
homotopy property of the degree, we obtain

deg (QN |xerr, QNker L,0) =deg (H(.,0),2Nker L, 0)
=deg (H(.,1),2Nker L,0)
=deg (+J,QNker L,0) # 0.
Then by Theorem 2.1, Lu = Nu has at least one solution in dom L N ), we conclude

that the boundary value problem (1.1) has at least one solution in X. The proof is
finished. O

Remark 3.1. It is very important to note that the condition A # 0 is not necessary
since L still Fredholm even if this condition is dropped. Indeed the role of @ in
Mawhin’s theory is purely auxiliary and conditions like that usually arise from the
authors of hundreds of paper choosing Im @) just simply being ker L. Avoiding such an
assumption is just a matter of choosing @ differently, for more details see [14, 20, 21].

4. EXAMPLE
To illustrate our main results, we will present an example.
FExample 4.1. Let us consider the following fractional boundary value problem
/
(6)°D5u(t)) = £ (tu®),w(0), ' (6),w" (). Du(t)), € [0,1),

(4.1) U(O) =0, CD8{+U(0) =0, u///(()) _ ///( ) + 2 ///( )
u’(0) = 4u"(3) = 3u"(3), (1) =u'(3) —3u'(3) + 3 (3),
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where ¢(t) = e~ 2! and
10012 f (t,u(t),u’(t),u”(t), " (t).C D2, u(t ))

_ @) - o
_W + cos CD0+u( )(1 —sinu (t)) (1 —sinu (t))

+ iarctan ( (t )CDO+u( ))

Corresponding to the problem (1.1), we have that a = %, =2, m=2,n=3,a =
—1lay=2§=¢ =1, =4 b=-3, m=1 mp=3, =1 c=-3 ¢=
3, p1 = i, po = %, pP3 = %, p=-e12 Then we get a; +as =b; +by = ¢ + ¢y +c3 =
1, bimy + bamo = 0, c1p1 + Copa + C3ps = c1p? + cop3 + c;;p% = 1. Thus, the condition
(H) holds.

Also, we find

1 1 _1 s 1 1 _1 s
Ti(y) = — /6 6123( — 8) 2/ y(r)drds + 2/5 el?s ( - s) i / y(r)drds,
6 0 Y 0
i 12s 3 125 (1 3o
4/ ( —s / y(r)drds —3/ ( - s) / y(r)drds,
0 0
1 T s
(r)drds —/ ' <4 — s) / y(r)drds
0
3
2

y
0
+3/2 128( 3> /Osy deS—3/ 128<—s>3/05y(7‘)drd3.

By calculations, we get

188l _ 207 143
14200 T T 16697 BT 9103
920 484 277
= =y = ———
da1 1803’ A2 6725~ 20262
15770 6489 5427
d3 =51 d3y = 0 d33 = TR

Then, A = =% £ 0. Therefore, the condition (Hs) holds.
On the other hand, we have
F(tult) (0), " (8), " (£).€ Diou(t))
We can get that the condition (H3) holds, where
0o(t) = 01(t) = O2(t) = 04(t) =0, B5(t) = 0.01e 2, O5(t) = 0.05¢ 2

838
and A = o5 < L.

Let M = 1 and assume that |u" ()| > 1 holds for all ¢ € [0, 1], we obtain

< 0.01e™2|u”(t)] + 0.05¢ 2

1 , 1 1 3
T5(y) >O.016’12/ e (1 - 8)%Sd5 —0.06e 2 /4 e'?s <4 - s) sds
0

0
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—12 2 126 (1 2 12 1 125 (3 2
+ 0.03e / e 3~ s) sds—0.18e / e 1 s ) sds.
0 0

43818,
=290 ¢ O

so condition (Hy) is satisfied.
Let M* =1 and ¢y, d2, 3 € R be such that |§;| > 1, |d2| > 1, |d3] > 1, we have

2 3\ _ PR (] —12 __.Cns 2 3
N(élt + 0ot + 4t ) —0.06e T3 360 +0.01e™ 2 cos “D2, (5175 1 5ot + Sst )
X <1 — sin (51 + 252t + 3(53t2)> X (1 — sin (252 + 663t)>
0.02¢e~12 7
= arctan ( (811 + 8ot + 65¢%) DG, (1t + 6287 + 551°) )
T
J3]
=0.06 1z (0]
‘1t 3662
Hence,
T1N<§3:5kt’f) — 0.06e2—1%_g
~ 1+ 3662
T2N<Z 5ktk) = 0.06e™"* 9] dy2,
~ 1+ 3662
T3N<§3:5ktk) _ 0.06e—121%! 13
2 1 + 3667
Thus,
iT-N( i 5ktk> =0 06e‘12ﬁ(d11 +dip + diz) > 0
T\ &~ ' 1 + 3602 o

So, (Hs) hold. Then, all the assumptions of Theorem 3.1 hold. Thus, the problem
(4.1) has at least one solution.
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