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ASYMPTOTIC PROPERTIES OF THE SOLUTION TO NEUTRAL
STOCHASTIC DIFFERENTIAL EQUATIONS WITH
STATE-DEPENDENT DELAY

TEODORA LJUJIC!, MILJANA JOVANOVIC?, AND MARIJA MILOSEVIC?

ABSTRACT. The existence and uniqueness of the solution of the n-dimensional
neutral stochastic differential equation with state-dependent finite or infinite delay is
proved, so the focus of this paper is on the investigation of the asymptotic properties
of this solution. The whole consideration is influenced by characteristics of the
neutral term and the state-dependent delay. Theoretical results are complemented
by an example.

1. INTRODUCTION AND PRELIMINARIES

Describing the physical systems with differential equations whose delay depends
both on time and on the current state of the system is of great importance, since it is
known that these systems depend on some features associated with the state of the sys-
tem itself. Adding a noise to these systems leads to more realistic models, so studying
stochastic differential equations with state-dependent delay (SDEwSDD) is significant.
In the paper [15] more general type of stochastic differential equation (SDE) - the
neutral stochastic differential equation with state-dependent delay (NSDEwSDD), is
considered, where the existence and uniqueness of the solution is proven and some
asymptotic properties of the solution are given. This type of equations caught our
attention for several reasons. First, the state-dependent delay was not the subject of
many papers involving stochastic differential equations [1,6,14]. Second, none of these
papers handles equations of neutral type. Our attention was addressed to NSDEwSDD
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as we wanted to consider a more general type of equations, since SDEwSDD are a
special case of NSDEwSDD. The Khasminskii approach plays a significant role when
SDEs with highly nonlinear coefficients are considered and such equations have been
applied for the description of many real-life phenomena. Although the Khasminskii
approach is used in the existing literature (see e.g. [9,10]) for neutral SDEs with time
dependent delay, this approach could not be applied in the present paper because of
the dependence of the delay function on the state of the system under consideration.
In that sense, it should be emphasized that the techniques used in the present paper,
as well as the conditions on the coefficients of the equations, are influenced by the
nature of the SDEs observed, mainly by the presence of the neutral term and the
state-dependent delay. Our objective in this paper is to continue the previous work
by weakening the conditions for the existence and uniqueness of the solution to Eq.
(1.1), which we established in [15], as well as introducing new asymptotic properties
including the asymptotic p-moment estimates.

From now on, R, and R_ will stand for intervals [0, +00) and (—o0, 0], respectively,
DT will denote the transpose of a vector or matrix D and |-| will signify the Euclidean
norm in R™. Also, the following notation will be used:

« C(A; B) for the family of continuous functions from set A to set B,
o C'(A4; B) for the family of continuously differentiable functions from set A to set

B,

o CP(R_;R") for the family of functions o : R_ — R™, such that 5 is uniformly con-

tinuous on R_ and supyep |ggz;‘ < 400, where §: R_ — [1,400) is a continuous,

non-increasing function with () — 400, as § — —oo and §(0) = 1, with the
norm ||| = supger ‘g%',
o« C(J;R")={aq |a;:J—R"}, where J=[—n, 0], with the norm || || =supye s |1 (8)],
« C4 (J;R") for the family of Fy-measurable R"-valued random variables from
MP(J; R™), where MP(J;R") is the family of Fy-measurable, R"-valued processes
k(t) = k(t,w), t € J, with E [, |k(t)[Pdt < 400 and
« BC(R_;R") - bounded functions as:R_ —R", with the norm ||as|| =supyer |a2(0)].
For a complete probability space (2, F, P), with a filtration {F;};~0 that satisfies
the usual conditions, W (t) = (Wy(t),...,Wi(t))T, t > 0, is a k-dimensional Brownian
motion and we consider the n-dimensional neutral stochastic differential equation
with state-dependent delay

(1.1) dly(t) — D(t, y(t—p(t, y(1))))]
=a(t,y(t), y(t—p(t,y(t)))dt + b(t, y(t), y(t—p(t, y(t))))dW (t), t >0,
with the initial condition
(1.2) yo=1¢ ={y(0):0¢cJ}ecCs(J;R),
where J = R_ if

sup  (plt,y) — 1) = +o0,
(t,y)€R+ xR
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or J =[—n,0] if

sup  (p(t,y) —t) =n.
(t,y)€R+ xR™

The functions D : Ry xR® — R, a : Ry xR*xR"” — R" and b : R, x R" xR" — R"**
are Borel-measurable, as well as the state-dependent delay function p, defined on the
set Ry x R", which is nonnegative, bounded or unbounded. It is important to
accentuate the fact that we do not propose any additional condition on the delay
function. For example, in many papers involving time dependent delay the delay
function is differentiable, with a bounded first derivative (see [5,11,12]). In [1] delay
function is state dependent and Lipschitz continuous in both variables.

For V € CY*(JUR, x R™Ry), where C*?(J UR, x R";R,) is the family of
functions V: JUR, x R™ — R, which are continuously once differentiable in ¢ and
twice in y, an operator LV : R, x R™ x R* — R is defined by

LV(t,y,z) =Vi(t,y — D(t,2)) + V,(t,y — D(t, 2))a(t,y, 2)
1
(1.3) + 5 trace (b (t,y, 2)Vyy (t,y — D(t, 2))b(t,y, 2)]
With regard to simplify the notation in the following assertions we take

V= (0,4(0) = D0, 4:(=p(0,4(0))))).

In order to prove some of the following results, we give a Gronwall-type inequality
and a generalization of the Bellman-Gronwall inequality, which can be found in [4]
and [13], respectively.

Theorem 1.1 (Bellman 1943). If f,g € C(R.,Ry) and
t
F<C+ [ g)f(s)ds, 20,

where C' > 0 is a constant, then
F(t) < Celos®4s 4>,
Theorem 1.2 (Dhongade-Deo). Let f1,g1,n € C((0,+00), (0,4+00)), where n(t) is
monotonic non-decreasing function, and p € C((0,+00), [1,+00)). If
(1.4 710 <)+ (1) [ 95V A(s)ds, >0,
then .
f1(t) < n(t)p(t) exp </0 gl(s)p(s)ds> , t>0.

The paper is structured as follows. In Section 2, the theorem that ensures the
existence and uniqueness of the solution to Eq. (1.1) is introduced together with
the necessary assumptions. Under these assumptions, Section 3 presents the main
results on the asymptotic properties of the solution to Eq. (1.1). Section 4 contains
an example to illustrate the assertions from the previous section. In Section 5, we
conclude this paper by giving topics of our further research.
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2. THE EXISTENCE AND UNIQUENESS OF THE SOLUTION

Before we get to the asymptotic properties of the solution to Eq. (1.1), we need
to make sure that there is such unique solution. Suppose that the coefficients of Eq.
(1.1) with the initial condition (1.2) satisfy the following conditions.

C1. There exist a function V € C'*(J UR, x R™;R,), functions K; € C'(J U
Ry R\{0}), Ky € C(JURL;REN{0}), ¢ € C(JURY; Ry, with infye jur, K4(t) >0,
such that, for every (¢,y) € Ry x R™ and p > 0,

(2.1) Ki(®)]ylP < V(t,y) < q(t) + Ka(t)[y[".

Remark 2.1. Tt is obvious that we can simplify (2.1) by taking K;(t) = K(t), t > 0.
But since these functions can be different constants, we maintain generality.

C2. (Contractivity condition) There exists a constant v € (0, 1), such that, for all
y,z€ R"and t > 0,

<

|
The previous inequality induces that |D(¢,y)| < v|y| + F, for every (t,y) € Ry x R",

where sup,. |D(t,0)| = F'.

In order to prove some of the asymptotic properties for a wide class of NSDEwSDD,
let us discuss the existence of the unique global solution of Eq. (1.1). In paper
[15] the existence and uniqueness of the global solution are provided if equation
coefficients satisfy local Yamada-Watanabe condition or local Lipschitz condition in
addition to contractivity condition and assumption similar to C1, where K;(t) = K7,
K >0, in (2.1), if for the function V € C*?(JUR, x R™; R, ) there exists a function
D e C(Ry;Ry), such that

(2.2) LV(ty,z) < DE)(1+V(ty) + V(E - p(t,y), 2)),

for every (t,y,z) € Ry x R™ x R". Furthermore, there are many papers about
the existence and uniqueness of the global solution to neutral stochastic functional
differential equations (NSFDE), which can be applied to assure that there is unique
global solution to Eq. (1.1), as NSDEwSDD are special case of NSFDE. For example,
in [3] the existence and uniqueness of the global solution of NSFDE are obtained under
uniform Lipschitz condition and linear growth condition, in [2] under the uniform
Lipschitz condition and weakened linear growth condition, as well as under the linear
growth condition and local Lipschitz condition. In [7], Kim considers Holder condition
together with weakened linear growth condition. Contractivity condition is imposed
in all of the papers mentioned above.

As assumption C1 is weaker than adequate assumption in [15], we present the
assertion of existence and uniqueness of the solution of Eq. (1.1), which is proved in
Appendix. In order to simplify the notation, we introduce following assumptions for
the coefficients of Eq. (1.1).
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YW. (Yamada-Watanabe condition) For any integer m > 1, there exists a function
K, : R, — Ry, such that, for all z;,29 € R", y3,90 € C¥(R_;R") (or yi,y» €
C(J;R™)), with |z1| V |22 V |ly1]| V |ly2ll < m and all ¢t > 0,

la(t, z1,y1) — a(t, 2, y2)|* V [b(t, 21, 91) — b(t, 22, y2)|* < K (|21 — 2* + [ly1 — w2?)-

ds
Km(s)

Functions K, are continuous, non-decreasing, concave, K,,(0) = 0 and fo’fo
= 400. Also, for every t > 0, there exists a constant K > 0, such that

la(t,0,0)> v |b(t,0,0)* < K.

LL. (Local Lipschitz condition) For any integer m > 1, there exists a positive con-
stant K ,,, such that, for all z1, 25 € R", y1,yo € BC(R_;R") (or y1,y, € C(J;R™)),
with |z1| V |zo| V |ly1]|| V ||yl < m and all ¢ > 0,

|a(t, z1,y1) — a(t, 2, y2)|* V [b(t, 21, 51) — b(t, 22, 92) > < Kpu(Jz1 — 3] + [ly1 — 12]?).

Theorem 2.1. If one of the assumptions YW or LL hold, together with C1 and
C2 and if there exists a function D € C(Ry;R,), such that (2.2) holds for every
(t,y,z) € Ry x R" x R", then for any initial condition (1.2), there exists a unique
global solution y(t), t € JURy, of Eq. (1.1). Moreover, for everyt >0

1
sup EV(s,y(5)) < se(t)d(r)et®”,
seJU[0,t] 2

where

c(t) =1+ 2sup EV(0,4(0)) + 2 sup ¢(s)
oeJ s€[0,t]

~ KQ(S)
+ 2 sup Ky(s)(ri(p)E|||P + FPr + 2r3(p)EV su ,
(2.3) sup Ka(s) (ra(p) 2l | 2(¢)) + 2ra(p) BV sup T

Ks(s) -
d(t) =rs(p) sup sup D(s) V1,
(t) =ra( )se[O,t] K1(8) sefo (s)

and

0.1
1_’_>/p7 pe(? ]7
_ c
T pe(1,400), V="

e (1 ,

(2.4)

r3(p) =
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3. ASYMPTOTIC PROPERTIES OF THE SOLUTION

On the basis of the existing literature one can observe that there is no method for
finding the explicit solution of Eq. (1.1). Because of that, studying its asymptotic
properties is of great importance. In the following theorems, we establish some
asymptotic bounds for the solution of NSDEwSDD in the p-th moment sense. In
order to obtain these bounds, a condition stronger than (2.2) needs to be satisfied.

Remark 3.1. To simplify notation, we take Li(t,p, ) := L1(t), Ri(t,p, ) := Ry(t),
Ry(t,p,p) := Ry(t), for t > 0, ¢ € (0,1) and p > 0. Similarly, we also define the
corresponding functions in the following theorems.

Theorem 3.1. Let y(t), t € JUR,, be the solution of Eq. (1.1), with initial condi-
tion (1.2), and let the assumptions C1 and C2 hold. Suppose there exist functions
A, A2, A3 € C(Ry;Ry), and ¢ € (0, 1), which satisfy conditions

(31) LV(t, Y, Z) < _/\l(t) + )‘2(t)v(t7 y) - )\3(2?)\7@ - p(t7 y)? Z)a
for every (t,y,z) € Ry x R" x R", and
(3.2) max{0, L1(t)} < min{Ry(t), R2(t)}, ¢>0,
(if max{0, L1(t)} > 0, t > 0, then we have < instead of <), where
_ K@)
Ll (t) - Al(p, 80) Kl (t)v

FP Av(p,@)q(t)
Ai(t)— ( )K’( )
(3.3) Ru(t) = VAx(p, ‘p) Falt

i Ai(p, ¢)q(t)

Sy Kl g0

AQ( 790)h(t))‘3(t) !
RQ(t) - prAl(p, ) Kl( )
and
(34 hlt) = e?}%{o ¢] Kafw),
(3.5)
_ L p € (0,1], 1, (0,1],
Ailpe) = {(1 —ep pe(ldoe), 2P {go 5. pe (1 +oo)
Then
(3. imsup Ely(0) < NI + Frafe) + 2

for r1(p), ra2(p), r3(p) given by (2.4).
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Proof. For p > 1, by applying the elementary inequality
|a|” n |as|”
o Tt
twice, as well as the assumption C2, we have

(O = ly(t)—D(t, y(t—p(t, y(t))))+D(t, y(t—p(t, y(t))))"

ly(t) =D, y(t—p(t,y()P | D, y(t—p(t,y(t))))”
ly(t) =D, y(t—p(t, y(2))))
(1=&)r!

L (APly(t—p(t y(t))))? F?
T ( e <1—£>p—1) |

(37) |6L1 + a2|p < a > 0, Ao > O, 5 € (0, 1),

(3.9) <

Since
sup  Ely(u)” < E[[¢|” + sup Ely(u)|”,
ueJU[0,t] u€l0,t]
we find that
1
sup Ely(u)|” < .= sup Ely(u) — D(u, y(u—p(u,y(u))))l
u€[0,t] (1-¢) u€l0,t]
L (PEllP , 7 kP
+ sup Fly(u)|P + ————|.
5”1( gr-t gt ue[&o,t] ()l (1—=¢&pt

(1—5233” )) sup Ely(u)l < gy sup Elytu) = Do y(u—plu ()

€[0,2] uEOt
L (PE|p|” £r
+£p1( gt - )

If we choose § = /7, then 1 —~P¢ —2(-1 = 1 — ~ > 0, so the last inequality reduces
to

FP — 1=
sup. Elyu)l? < B+ 5

u€(0,t]
(1— )
+ 1\/_ sup Ely(u)—D(u, y(u—p(u, y(u))))|’.
-7 u€[0,t]
Using C1 we get

(3.10) sup Ely(u)|” <ri(p) B¢ [P+ FPra(p)

u€[0,t]
EV(u,y(u)—D(u, y(u—p(u,y(u)))))
t7stp) el Ki(u) '
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As left side of inequality (3.2) is nonnegative, there exists an increasing function
A€ CYR,4; R, ) with A(0) = 0, such that N () > K0 nd

Ki(t)
Ks(t)Aa(t) o Ki()
A er® ST R
Al(t)+ EVEK|(t)
(3.11) < iy ] 222 PR As(D) Ki(t) Ki(0)Ky(t)
' h YA, ) KA(E) Fr Appa(t)  EV

Ag(p,go)+ Ks(t) +Kl(0)

for ¢ € (0,1). The It6 formula gives us

e MOV(t y(t) — Dt y(t—p(t,y(?))  V
K1( ) Kl(o)

_ /Kl ® ( 0 ;Ki@ws,y<s>—p<s,y<s—p<s,y<s>>>>>

+ ms,y(s),y(s—p(s,y<s>>>>) ds +My(2),

where

D(s,y(s—p(s,9(5)))))b(s,y(s), y(s—p(s,y(s))))dW (s)

t

0= [

is a local martingale and M;(0) = 0. Since N'(¢)K:(t) + K (t) > 0, for every ¢t > 0, by
applying (3.1) and C1 respectively, the last inequality becomes

(3.12)
POEV(L y(t)—D(ty(t—p(t,y(1)  EV
K (1) K1(0)
t e—)\(s) /
<E/o K1(s) { V)i (();)LK< )V(S,y(s)—D(s,y(s—p(s,y(s)))))—/\l(s)

+Aa(s )V( y(s))—As(s )V(S—p(&y(S)),y(S—p(S,y(S))))]ds

K1 { 1(8)+K1(s)[y(s)=D(s,y(s—p(s, ()" = Ai(s) +Aa(s)q(s)

+ 2a(3) () ly(5) P~ Aa(5) K (5= pls () lys = pls. () ds:
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From (3.9), for ¢ € (0,1), we obtain

(3.13) ly(t) — D(t,y(t—p(t,y(t))))"

21—ty ~ AT

By applying inequality (3.13) in (3.12) we get

(3.14) )
AIEV(ty(t)=D(t,y(t—p(t,y(1)) EV
K (1) K,(0)

/ = FP(X (s @I(HHK{(S))_Al(s)MQ(s)q(s)] ds

+E/o m [Na(s) Ka(s) = (1= )" (X () K1 (8) + K () | [y (s)|” ds

vp [ o [”p“‘W%QLEZ(IESHK“S” - Ag}jl){;gs)] (s pls.y(s))Pds.

where h(t) is given by (3.4). Coming out of (3.11), for every ¢ > 0, we conclude that

F? Ai(p, p)alt )
As(p, ) K K 1<0>

Ai(t) F? Ai(p,p)a(t) | Ki(t)
) (Ag(p,90)+ Ka(®) )K1<f>’

X(t)

which induces

(3.15)
FrON K () + K1)~ M) | Alp,p)a) / EV

P LK (1) _Kl(t) + K1 (£) Ko (t) (N K (1) + K1) < _KI(O))‘ (t).

Also, from (3.11) we find that
B <ok + K1)
so (3.15) gives
1 | FPN ()KL (t) + Ki()) EV
o u = (0 + Ma(Bht)| < 5 N )
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Consequently, by applying previous two inequalities and (3.11) in (3.14) we get

POEV(ty(t) — Dt y(t—p(ty(1))  EV EV ' ey
Ki(t) - K,(0) S  K1(0) /0 N ()ds
— —KEIX)) (1 —e ),
such that
EV(t,y(t) = D(t,y(t—p(t,y(t)))) _ EV
(3.16) (1) < K2 (0)
and (3.10) admits
S r5(p)EV
s Bl < n Bl + Prale) + S

0 (3.6) holds.
For p € (0,1}, from (3.8) and the inequality
(317) |a1 + a2|p < |a1|p + |a2|p, ay > 0, as > 0,

we have

sup Ely(u)[” < sup Ely(u)—D(u, y(u—p(u,y(u))))[”

uel0,t] u€(0,t]

97 (El9l+ sup Ely(ul?)+F.
u€[0,t]
such that

sup Ely(u)” <
u€(0,t] 1

_17 ( PE|Y]|P+FP+ sup Ely(u)— D(u,y(u—p(%y(u))))|p)-

u€[0,t]

Consequently, taking into account (2.4), we derive (3.10). By applying (3.17) we

attain
(3.18) ly(t) = D(t,y(t—p(t, yO))I = [y =+ ly(t—p(t, ()" — F*.
Substituting (3.18) into (3.12), we obtain

e OBVt y(t) — Dt y(t—p(t.y(t)  EV
Ki(t) K1(0)

t €_>‘(S)

Kl( )

< [Fp(A%s)Kl(s) + K1(5)) = M(s) + Xa(s)q(s)] ds

—>\(s
+E | () Ka(s) = (N (s)K1(s) + K1 (s)) | [y(s)[? ds

N E/ [ "(s)Ki(s) + Ki(s))  As(s)h(s) ly(s—p(s,y(s)))[ds.

Ki(s) Ki(s)
Utilizing (3.2), similarly as for p > 1, we get (3.6).
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Especially, if p > 1, when F' = 0 in assumption C1, we can prove a result similar
to (3.6) with the assumption slightly different from (3.2). In this case, for p € (0, 1]
no new bound is achieved, other than one in (3.6), taking that F' = 0.

Proposition 3.1. Let y(t), t € JUR,, be the solution of Eq. (1.1), with initial
condition (1.2). Suppose that p > 1 and that the assumptions C1 and C2 hold with
F = 0. Also, suppose that there exist functions A1, A2, A3 € C(R;R,), and ¢ € (0,1),
such that (3.1) holds, for every (t,y,z) € Ry x R" x R™, as well as

(3.19) max{0, L1(t)} < min{R;(t), R3(t)}, t=>0,

(if max{0, L;(t)} > 0, t > 0, then we have < instead of <), with Li(t), Ri(t) given
by (3.3), while

Aa(p, p)h(t)A3(t)

Ry(t) = — K'(D),
0 1 Ai(p, ) 1)
where h(t) is given by (3.4) and Ai(p, ), As(p, ) are given by (3.5). Then,
. v EV
3.20 limsup Ely(t)|? < ——FE||¥||P + ————.
(3.20) msup Ely(0)F < 2Bl + e

Proof. For p > 1, instead of (3.9) we get
ly(t) = Dt y(t=p(tyO))P | Ply(t=p(t y(1)))P

B21) P < i ALy,
so for £ =, in the same manner as for (3.10), we derive
(3.22)
, L EV(uy)=Duylu—pluy@))) 4
Sup Ely(u)l” < (1=7) Sup () T Ell
From (3.21), for ¢ € (0,1), we have
(3.23) ly(t) = D(&, y(t—=p(t, y ()"
2(1 — ¢)P—1|y(t)|p _ 7p(1 — (10>p lz)@l_p@?y(t)))’p
and then (3.12) has the form
e POEV(t,y(t)—D(t,y(t—p(t,y(t)) EV
Ky (t) K4(0)
<[ oMl
+E /0 Kl—s[A2<s>K2<s>—(1—¢>H<A’<s>m<s>+f<i<s>>}ry<s>\p ds
—@)" (N (s) K (s)+K((5)) _ As(s)h(s) »
+E/ [ (pp_lKl(S) - Kl(S) |y(8—p(8,y(8)))| d87
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which, by using (3.19), leads to (3.16). Lastly, applying (3.16) in (3.22) gives (3.20).
0

Remark 3.2. If Ky(t) = K3, t € JUR,, in the assumption C1, where K is a positive
constant, the conditions of Theorem 3.1 and Proposition 3.1 are simplified with the
fact that K{(t) =0,t € JUR,.

In the next theorem, condition (3.1) is weakened, while the condition for functions
Ai, @ = 1,23, is incomparable to (3.2). This expands the family of coefficients of
Eq. (1.1), for which p-moment asymptotic bound of the solution can be determined.
However, this bound is greater than one previously obtained in Theorem 3.1.

Theorem 3.2. Let y(t), t € JUR,, be the solution of Eq. (1.1), with initial condition
(1.2), and let the assumptions C1 and C2 hold, where K, is an increasing function,
such that h = infec; K1(0). Also, assume there exist functions Ay, Ay, A3 € C(R;R,),
and ¢ € (0,1), which satisfy conditions

(3.24) LV(E,y,z) < M(t) + X (t)V(E,y) — As(E)V(E = p(t,y), 2),
for every (t,y,z) € Ry x R" x R", and

(3.25) max{L;(t), L2(t)} < Ri(t), t=>0,

where

S ey @A) - hA(p, ) As()
R1<t> - Kl (t) Al (p7 (,0) 9 Ll(t) Kl (t) 'YpAl (p) 90)
FP Ailp,p)a(t) ) .,

F? Ai(p, p)q(t) . ’
Az(p,¢)+ K

for positive constant v, with Ai(p,¢) and As(p,¢) given by (3.5). Then,

EV
(3.27) limsup Ely(t)]" < r1(p) [V + F'r2(p) + 73(p) <K1(0) + v),

where m1(p), ro(p) and r3(p) are given by (2.4).

Proof. Let A € C*(Ry;R,) be an increasing function with A(0) = 0. Using the Itd
formula yields

(3.28) 0 - K,(0)
e N (s)Kq(s) — K(s)
= [ o (MM TGy ) s gt o))
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where
t
My(t) = /eA(s)Vy(S,y(S) — D(s,y(s—p(s,y(5)))))b(s,y(s), y(s—p(s,y(s))))dW (s)
0

is a local martingale and M,(0) = 0. As (3.25) holds, we choose X(t), such that, for
every t = 0,

FP Ai(p, 0)q(t) )\ .,
A (t) + ( o) + () )K1(t)

( F? Av(p, 0)q(t)

max Ki(t) _ hAs(p, p)As(t)
K, (t) 'yPAl(p7 @)Kl (t) )

(3.29)
Nt < (Km () ha(t) )

Ki(t)  Aip,o)K (1)

where A;(p, p) and As(p, ) are given by (3.5). From (3.29) we see that, for every
t >0, N(t)K,(t) — K{(t) <0, so by using (3.24) and C1 respectively, from (3.28) it
follows that

(3.30)
OBVt y() = D(t,y(t—p(t,y(1)  EV
Ki(1) K,(0)
t M)
<E/0 Kl(s) [()\/(S)Kl(S)—Ki(S)>|y(S)—D<S,y(s—p(5’y(s))))|p+)\1(8)+)\2($)q(8)

+ Aa(8) K2(s)[y(s)[" = Ki(s—p(s, y(s))) As(s) [y (s — p(s, y(5)))[” | ds,

so, for p > 1, the inequality (3.13) and the fact that K; is an increasing function
imply

; R _Al(p780>(Ki(i)_)\/(S) _E!y(s)|pds

Ky (s) | Wy
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From (3.29) we get

SOEV(ty(t) — Dt y(t—p(ty(t)  EV
Ki(t) K4(0)
</tex<s>

P (EiGs) X<S)> L als) A2<s>q<s>] n
Then, from (3.29) we conclude that

F
m(m
< Alp o) Ka() (Ki(t) _ X(t)),

Ralf) < Ky(1)

(3.31)

so (3.31) generates

SOV, y(t) — D(ty(t—p(t,y(1))  EV
(3:32) 0 " 0)

‘e | [ Es) g FP Ai(p, ©)q(s) M(s) |
< [(ms) . )) ( TR0 ) * K1<s>]d ‘
From (3.29) we have

Ki(s) iy kP Ai(ppla(s) ) | Aals) o
(K1<8> . ))( M) Kl >+K1<s>< )

and applying last inequality in (3.32) gives us
EV = D(t, y(u— EV
(333)  sup 2V (W) = D y(u—pluy()
u€l0,t] Ky (u) K1(0)

Since C1 and C2 hold, we can derive (3.10), and, by (3.33), (3.27) holds.
In the same manner, for p € (0, 1], by applying the inequality (3.18) in (3.30) and
using the assumption (3.25), we get (3.32), so (3.27) holds. O

+ .

Remark 3.3. Apparently, Li(t) = —Ry(t), as well as Ry(t) = —L;(t). New functions
are introduced in order to simplify following of the conditions.

Proposition 3.2. Let y(t), t € JUR,, be the solution of Eq. (1.1), with initial
condition (1.2). Suppose that p > 1 and that the assumptions C1 and C2 hold
with F = 0, where K, is an increasing function, such that h = infycy K1(0). Also,
assume that there exist functions A1, A2, A3 € C(R4;R,), and ¢ € (0, 1), which satisfy
conditions (3.24), for every (t,y,z) € Ry x R" x R", and

(3.34) max{L(t), L3(t)} < Ri(t), t=>0,

where Ly(t) and Ry(t) are determined in (3.26) and

R/ As(p, 0)As(t)
P AUp, #)

La(t) = K (1)~
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for positive constant v, with A1(p, ) and Ay(p, ) given by (3.5). Then,

. Y _ EV
3.35 1 Elyt)P < —FE|¢||P+ (1 —~)" .
(3.35) i sup ly(t)] T [P 4+ (L =) (Kl(o) +v)
Proof. Similarly as in proof of Theorem 3.2, using (3.23) and (3.34) in (3.30), give us
(3.33) and therefore (3.35) holds. O

Theorem 3.3. Let y(t), t € JUR,, be the solution of Eq. (1.1), with initial condition
(1.2), and let the assumptions C1 and C2 hold. Also, assume that there exist functions
A1, A2, Az € C(Ry;Ry), such that, for every (t,y,z) € Ry x R" x R", (3.24) holds. If
there exist p € (0,1), a function v € C(Ry;RY), with [;7° v(t)dt < +o00, and positive
constant T, for which one of the conditions hold.

(1) For everyt > 0,

1 - FPEy(t)
(3.36) ( — 1) alt) + TEA() < et
such that,

(3.37) max {o, ;Eg } < min{ Ry (t), Ra(t), Re(6)}

(if max {O, ﬁgg} >0, t >0, then we have < instead of <), where

1 FPEL(1)
( As(p, ) 1) 1) A3 (p, %0)]
T (1) + ( ol 1) olt) - el

(3.38) Ry(t) = ﬁé?ﬂ/@(%—m(ﬂ)

)
= K(t) | Ap, )y Aa(p, ) h(t)As(t)
Ry(t) = ON ) :
(i1) For everyt >0,
1 _ - FPE,(t)
(3.39) (AQ(p’ > 1) q(t) + KL (t) > 0.0)
such that

(3.40) max {0, Egg Rl(t)} < min{Ry(t), Rs(t)}
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(if max {0, e t),Rl( )} >0, t >0, then we have < instead of <), where Ry(t), Ra(t)

and Rs(t) are given by (3.38).
Here, Ai(p, ) and As(p, ) are given by (3.5) and h(t) given by (3.4). Then,

+oo
(3.41) limsup E|y(t)|” < ers®) Jy vt

t—+o00

n (D)1 +Fra(p) +5(p) (KEIX)) +v)

where r1(p), r2(p), r3(p) are given by (2.4).

Proof. (i) Let A € C*(Ry;R,) be an increasing function with A\(0) = 0. From (3.36)
and (3.37), there exists N'(¢), such that, for every ¢ > 0,

Ki(t) oy K1)
max {— K@) O} <N(t)— 0

<min ot Ks(1) R
h 1 FPE(1)
14 Al ; A2 s h t )\3 t
(3.42) (0, ¢>(K;g>(t)<t> —w)), ) - v (;) (Ol )},
with A1 (p, ¢) and As(p, ¢) given by (3.5), which provides that K ()N (t) — K7 (t) > 0.
By using the It6 formula we can derive (3.28) and then, by using (3.24) and C1
respectively, it follows that
AOEV(Ly(t) — D(ty(t—p(ty(t)  EV
(3.43) D) ~ %0
M) "(s)Ki(s) — K{(s
<B [ 5 [” P S (4004 Rallyto) - Dl (s s, ()P

+ X1 (8)+Xa(s) (a(s)+ Kals)ly(s)P)
— Ki(s—p(s,9(s))Aa(s) [y (s—pls, y(s)I" | ds.

For ¢ € (0,1) and p > 1, inequality (3.7) and C2 give us

ly(t) — D(t, y(t—p(t, y(t)] < ‘Sypg)r L 1DE ?Jf((l’f:é;yl(t))))lp

_ w@P | APlyE—p(t y()) FP
ot P11 — )t (1 — )21
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Applying the last inequality in (3.43) we get
(3.44)

fODEV(t, y(t) = D(t,y(t—p(t,y(1) BV
K1( ) Kl(o)

—Ki(s) FPKs(s)
/K1 [ K, ) (Q(S)-FA%(p’gp))+)\1(s)+/\2(s)q(s)]ds

N[ (K (5)X (5) — K1 (5)) K s)
0 Kl(s) _ As(p, ) Ku(s)
¢ ) [ (Ki(s)X (s) = K{(s)) Ka(s)
0 Ki(s) [ Au(p,)\/Aa(p, ©) Ko (s)
where h(t) is given by (3.4). Inequalities in (3.42) provide that, for every t > 0,
(KON () — K1) Ka()
Ai(p, o)/ A2(p, ) Kn(t)
(K (0)N'(1) — Ki(t) Ka(t)
Az(p, ) K (1)
such that (3.44) becomes

COEV(t,y(t) — D(t,y(t—pt,y(t))  EV

+A2(s) Ka(s)

Ely(s)["ds

—h(s)As(s)

+ Ao (t) Ko (t) < Ky (t)v(t),

(3.45) 0 — K1(0)
Als) 1(s)N(s) — K{(s) B 1 . FPKy(s)
/ Kt [ Ki(s) ((1 Az(p, w))Q( HA%(]”@))
+ Ai(s)+ ds—l—/ (s)E|y(s)[Pds.

Also, from (3.42) we conclude that
KﬁW@—M@(G_ 1 )N | PrEs(t)
Ki(t) As(p, ¢)
STKL(ON'(1),
and (3.45) has the form

AOEV(Ly(t) — D(tyt—pty(1)  EV 1t oy
0 ~ %0 gv/o AN (s)ds

t
+ / Ay (s)Ely(s)|Pds.
0

Ely(s—p(s,y(s)))["ds,

Mm>)+M@+ Ral)

597
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As 22 <1 for 0 < s < ¢, considering the last inequality we have

EV(t,y(t) — D(t,y(t—p(t,y(t))))) _ FEVe
K (t) =K (0)

+/ s)Ely(s)|Pds.

(3.46) —e W)

According to (3.46), (3.10) provides

SI[lp]E|y(U)|”<rl(p)E||¢||p+Fpr2(p)+r3( ( +v+/ s) sup]E\y( )|”d8>,
u€e(0,t rel0,s

so applying Theorem 1.1 in the last inequality yields (3.41).
Furthermore, for p € (0, 1] inequalities (3.17) and C2 generate

ly(t) = D(t,y(t=p(t, yO))” < [y + 4" ly(t=p(t, y(@)) " + 7.
The last inequality used in (3.43) gives (3.44), so (3.41) holds. B
(7) If (3.39) holds, there exists an increasing function A € C(R;; R, ) with A(0) =0,
such that

Ki(t) o5 o KO _~ K@) _ s« K@) 5 K1)
max {—Kl(t),(), Rl(t)—Kl(t) } <A (t)_Kl(t) <min {Rg(t)—Kl(t),Rg(t)—Kl(t) },

where Ry(t), Ry(t) and Rs(t) are given by (3.38). By repeating completely the
procedure as in the first part of the proof, we get (3.41). O

Proposition 3.3. Let y(t), t € JUR,, be the solution of Eq. (1.1), with initial
condition (1.2). Suppose that p > 1 and that the assumptions C1 and C2 hold
with F = 0. Also, assume that there exist functions A, Ay, A3 € C(Ry;RY), such
that, for every (t,y,z) € Ry x R" x R", (3.24) holds. If there exist ¢ € (0,1),
v e C(Ry;Ry), with ;7 v(t)dt < +o0, and positive constant T satisfying one of the
following conditions.

(1) For everyt > 0,

!/

max {0, 223 } < min{ By (8), Ba(t), Ba(t)}

(if max{ : 28} >0, t >0, then we have < instead of <) and (3.36), where Ry(t)

and Ry(t) are determined in (3.38), while
~ Ai(p,@)h(t)As(t)  Ki(t
Rty = A oO() | Ki0)
VPEG(t) K, (1)

(17) For everyt >0,

max {O, [[283, él(t)} < min{Ry(t), Ry(t)}
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(if max {0, ﬁg,él(t)} >0, t >0, then we have < instead of <) and (3.39).

Here Ay(p, ) and As(p, ) are defined in (3.5) and h(t) is given by (3.4). Then,
v EV
T B|P + () [ 4T

where m1(p), r2(p), r3(p) are given by (2.4).

(3.47)  limsup Ely(t)]? < era®) Jy T vt

t—+o00

Proof. For ¢ € (0,1), inequality (3.7) and C2 give us

o Y@ APlyt—p(t,y(t)))P
|y(t) - D<t7y<t_:0<t7y<t>>>)’ < gOp_l + (1 N S0>p_1 )

so, as in the proof of Theorem 3.3, applying the last inequality together with (3.37)
provides (3.46). Using (3.46) in (3.22) leads to (3.47).
In the case where (3.39) holds instead of (3.36), the proof is similar. O

4. EXAMPLE

Ezample 4.1. We inspect neutral stochastic differential equation of the form (1.1),
with local Lipschitz drift and diffusion coefficients

Sl run(yv-2)
8 YUu)))

1 [ U(t t ¢ 2|2
b:R.xRxR =R, bt,y,2)=7 l((t))e%[elﬁﬁﬂ(t)(y_i)]’

a:R,xRxR >R, at,y, z):—['(t)(y_ z)

for the increasing function

4 1 1+t
o2 LY =1t
[ 5’+°°)_> [6’ ) =5

The neutral term is of the form

D:R, xR R, D(t,z)zi,

where ¥(0) =0+ 1, 6 € [—%, 0}, is the initial condition and state-dependent delay
function is given by
2
p:Ry xR =Ry, p(t,y):t—l—m.
As
D(t, ) — DI(t, )| = 411|Z1 “nl (L), () ER, xR,
assumption C2 is satisfied, with F' = 0. Taking

4 ¢
v [‘ 5’ +O°) xR Ry, V(ty)=ye T +It)y2+e'® e,
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we can estimate

(41) IO < V() <es e =TIyl (ty) € Ry xR,

Comparing (4.1) with (2.1), we conclude that

b= 17 Kl(t) = KQ(t> = l(t)7 Q<t) = ei% + eil(t) - 6717 t 2 07

EV = EV(0,4(0) — D(0, %(—p(0, (0)))) = \leé + ; : () e i e,

By applying some elementary inequalities, for every t > 0 and y, z € R, we estimate
the operator in (1.3) as follows

/ 1.—=F _ _z\2
LV(t, v, Z) _ _l <t> 1€ ( 4) . l,(t)e_l(t)
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As, for (t,y) € Ry x R", =2 <t — p(t,y) < —2, we have that : < I(t — p(t,y)) <
so using reverse triangle inequality gives

e saeo-)
GRS

<— V2eE +V(t,y)+et—e®

e O
4\ 20(t—p(t.y))

1
4

(V(t— p(t,y),z)— e Alp(ty) +€1)

() . 21(t)

10 T T
_ V(t.y)—
1 (6 Btfe6—e )—|- ( 7y) A

VI e 0y

V(t—p(t,y),2),

SO

LV(t,y,2)
l/ t t 3l t 1 1 l/ t
< () —\/§el<8)+el—el(t)+()(648+66—€1) + ( )V(t;y)
8 4 8
l/(t) 2l(t) U (t 15l2<t)l/(t)€%m (y - 5)4
_TV(t - p(ta y)7 Z) - l/(t)e_l(t)+ 1(6) - I(t) 4
16\/6—4 HI)y —3)?
2
U(t)(y— 2 ¢
v ((>)< ) [1—2l(t)—2l(t)el(8)]
2 /e +1(t)(y - 3)?
l’(t) R0 1 _ 3l(t) 1 1 _ 1 l/(t)
< —\/9 S _ (t) < 18 6 — 1> — v
5 75 e =9eT W S (eTm e e o g (t,y)
U(t)y/2U(t

Since —y/2e~ & +e‘1—9e_l(t)+7”il(t) (6_418 t+e76 —e_1> +3 <0, for t >0, it is clear

that (3.24) holds with
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Taking © = 0.5, (3.39) obviously holds. Also, for v(t) = 5+, we have that

12+1)%
1 Ut ,
R e ste ¢ 5 1 'ty 11
Ry(t) = . Ro(t) = + ()(_)7
4(2+1)2/1(t) 4(2+t) 2 \I(t) 4
= Uity 1 1
Rs(t) = <_|_)
=5 s
and inequality (3.40) holds, which can be noticed in Figure 1.
0.25 3.x1078
020l 2x107
A 1.x1078 ’
015: 3 - . L - Kl(t)/Kl(t)
: 5000 6000 7000 8000 | &
0.10F Ro(t)
: ~ R
0.05"
2 4 6 i)

FIGURE 1. Functions in (3.40)

According to Theorem 3.3 and (3.41), it follows that

S (ERRCRCERREY

In this example, it should be pointed out that Theorem 3.1 and Theorem 3.2 do not
hold, because (3.2) and (3.25) are not satisfied. Also, having in mind that K;(t) > %,
we can take K;(t) = %, t € Ry, while h = %. However, in that case, the conditions

of Theorem 3.1, 3.2 or 3.3 are not satisfied.

lim sup E|y(t)| < es ~ 3.81.

t—4o00

5. CONCLUSION

The main contribution of the paper are the asymptotic properties of the solution
to Eq. (1.1). Techniques used in proofs of assertions are influenced by the properties
of delay function, which depend on the state of the system, and by the fact that
it appears in some integrals. Moreover, it is important to mention that we provide
more general Khasminskii-type conditions for the existence and uniqueness of the
solution to Eq. (1.1), compared to the conditions in [15], which expands the number
of equations for which the existence of unique solution is assured. It should be noted
that studying different types of stability of the trivial solution of Eq. (1.1) is not part
of this paper, but is the subject of our current research. Since the existence of a stable



ASYMPTOTIC PROPERTIES OF THE SOLUTION 603

trivial solution would require stronger assumptions than those given in Section 3, it
is questionable whether the study of stability under conditions in this paper would be
useful in the sense that not many equations of type (1.1) would satisfy them. With
the intention of achieving the stability of different types under optimal conditions, we
continue our research by trying to implement different techniques in our proofs. Also,
future plans for our research include numerical methods for solving Eq. (1.1).

APPENDIX

As the existence and uniqueness of solution to Eq. (1.1) under the assumption C1
are not the main focus of this paper, but still they are important to provide to discuss
the asymptotic properties of Eq. (1.1), we give the proof of Theorem 2.1 here.

Proof of Theorem 2.1. As v € CgO(J; R™), there exists sufficiently large mg > 0, such
that ||| < mg. For each integer m > mg, define the increasing sequence of the
stopping times {, }msmy, with

vm = inf{t € [0,1,) : |y(t)| = m},

where v, is the explosion time, taking inf() = +oo, for an empty set () and v, =
lim,;, s 100 V. Obviously, vy, < v, a.s. For arbitrary n > 0 and p > 1, by using
inequality

1 p
lay + agl” < (1 +77p%1>p <’@1’p + m;’) , ap,ap €R,

(see [8], Lemma 4.1) and C2, we get

(5.1) |y(vm AD)[P
1 \p1
<(1—|—T]P—1) [y(V At) =DV A S, y(Vm A S—p(Uim A 8, y(Uim A 8)))) [P
1
7 (1607 ) T D A 890 A5 = plvm 5,y A )
1 1
g(l—}—nﬁ)p_ |y(l/m AN t)—D(Vm VAN S,y(l/m A S—P(Vm A S, y(y’m A S))))|p

_ 2\2(p1) [
ot (14n7r) <n LY A 5= p(Wm A 8,y (Vm A 5)))[P+sup [D(s, O)IP)-
s€[0,t]

As

sup K2(S)E|y(’/m A S_p(ym A S?ZJ(Vm A S)))|p
s€[0,t]
SE|[¢]]"sup Ka(s) + sup Ka(s)Ely(vm A s)[”,
sed s€[0,t]
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from (5.1), we carry out

sup Ko($)E|y(vm A s)P
s€[0,t]

1 1
<<1+77H)p_ sup Ko(8)E|y(vm A ) =DV A 8, y(Vm A S—p(Um A S, y(Vm A 5))))|P
s€[0,t]

_ 1\ 2(p1)
729 (L ) (B sup Ko(s)+ sup Ka(s)Ely(vm A 5)P")

s€[0,¢]

2(p-1
+'rf1(1+77ﬁ) " sup Kas) sup [D(s,0)P,
s€[0,t] s€[0,t]

SO

. 1N 2(p1)
<1—n27p(1+nw1) " ) sup Ky (s)Ely(vm A s)|P

s€[0,t]

S(l—i—nﬁ)iﬂ sup Ko (8)E|y(vm A 8)—DVm A S, y(Vm A S—p(Um A 8, y(Vm A 8)))) [P

s€0,t]
_ 1 N201)
ot (1407 ) 7 (TP B[ 7 sup Ko(s)+ P sup Ka(s)).
s€[0,¢] s€[0,t]
p—l 1 \2(p—1
Choosing n = (ﬁ(%) , we have 1 — 7)_27”(1 + npj) e 1 —v >0, so the last
inequality becomes
(5.2)
sup Ko(s)E|y(vm A s)|P
s€[0,t]
1— 1=p
g(lm sup KQ(S)E|y(Vm A 3) - D(”m A S’y(ym A S_p(ym A S,Q(Vm A S))))|p
-7 s€[0,t]

PPy —)'?
b Bl sup Kals) + VT G Kags).
L—x s€[0,4] 1 -7 s€[0,]

For p € (0, 1], implementing inequality (3.17), instead of (5.1) we have

sup Ky (s) Ely(vm A s)[”

s€[0,t]
< sup Ko(8)E|y(vm AS) — DV A S,y (Vi A S—p(Vi A 8,y (Vi A $))))|P
s€[0,t]
+7p<E||w||p sup Ks(s) + sup Ks(s)E|y(vm A s)|p) + FP sup Ky(s),
s€[0,t] s€[0,t] s€[0,t]
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which leads to
(5.3)
sup Ko(s)E|y(vm A s)|P

s€[0,¢]

< sup Ko(8)E|y(vm A s) — D(vm A S,y A s—p(Um A S, y(Vim A S))))P
s€[0,t]

FAEI sup Ka(s) + F7 sup Kas)).

s€[0,4] s€(0,1]

<=

The generalized It formula, (1.3) and (2.2) give us

dV(t,y(t) = D(t, y(t—p(t,y(1)))
=LV(t,y(t), y(t—p(t, y(t))))dt + dM (1)
(54)  <DE)(1+V(Ey(1) + V(E—p(t, y(t), y(t—p(t, y(t))) ) dt + dM(2),

where
M t)—/ot‘/y(s,y(S) — D(s,y(s—p(s,9(5))))) b(s, y(s), y(s—p(s,y(s)))) AW (s)

is a local martingale and M (0) = 0. For every m > my, integrating and taking the
expectation of both sides of (5.4), for every ¢ > 0 we have

(5:5)  EV(vm At y(vm At) = D At y(vm At — p(vm At y(vm AT)))) =V

o t
< sup D(s)/o (1+2 sup EV(vm A s,y(vi, /\s))) ds.

s€[0,t] s€JUI0,s]
Using C1, for p > 0, we get
SUp V(i A 5, y(vm A 5)) SSUDEV(C, 1(0))+ sup a(s)+ sup Ka(s) Ely(vm A )17,

s€JU[0,t] ¢ed s€[0,t] s€[0,t]
so, from (2.1), (5.2), (5.3) and (5.5), we derive
sup EV(Vp A S8,y A S))

s€JuU0,t]
<sup EV(C5(Q) + sup afs) + sup Kals) (i (p)EIGIP +r2(0) )
ced s€[0,t] s€[0,¢]
+73(p) sup Ky(s)Ely(vim As) = D(m A s,y(vm A s=pvm A 5,y(vm A 5)))) 7
s€[0,t]
<sup EV(G6(Q)) + sup q(s) + sup Ka(s) (n (P BN +1a(p) )
cedJ s€[0,t] s€[0,t]

+ r3(p) sup Ka(s) (\7—4— sup D(s )/Ot (1—1—2 sup EV(Vm/\s,y(l/m/\s))> ds),

sefo.4] K1 (s) e s€JU[0,s]
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where r1(p), r2(p) and r3(p) are defined in (2.4). Then, we have that

(5.6) 142 sup EV(Um A s, y(Vm AS))
s€JU[0,t]

Lc(t)+d(t) /Ot <1+2 sup EV(vm A s, y(Vm A s)))ds,

s€JUI0,s]
where ¢(t) and d(t) are given in (2.3). Since (5.6) has the form (1.4), by applying
Lemma 1.2, we conclude that
(5.7) sup EV(vp A s,y(vm A s)) <
seJU[0,t]

For t = 0, from (5.6) we conclude that

c(t)d(t)e™ ¢ > 0.

DN | —

c(0) =1 _ c(0)2d(0)‘

sup EV(C,1(Q)) < 525
¢ed

From (5.7) and (2.1), for any ¢ > 0, we obtain

1
—e(t)d(t)e?™ > sup  EV(vm A 5, y(Um A 5)) = EV(vpm At,y(vm At))
2 seJU[0,t]

2 EK (V) ly(vi) [P 11,,<ep 2 m” nf, Ky(s)Ely,, <ty
>mP inf Ki(s)P{v, <t}
s€[0,¢]
Then,
c(t)d(t)ed®)
P '
2m Sér[%)ft} Ki(s)

P{v, <t} <

As t > 0 is arbitrary, letting m — +oc in the previous inequality gives P{v,, =
+00} = 1, so there exists unique global solution of Eq. (1.1). d
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