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ASYMPTOTIC PROPERTIES OF THE SOLUTION TO NEUTRAL
STOCHASTIC DIFFERENTIAL EQUATIONS WITH

STATE-DEPENDENT DELAY

TEODORA LJUJIĆ1, MILJANA JOVANOVIĆ2, AND MARIJA MILOŠEVIĆ2

Abstract. The existence and uniqueness of the solution of the n-dimensional
neutral stochastic differential equation with state-dependent finite or infinite delay is
proved, so the focus of this paper is on the investigation of the asymptotic properties
of this solution. The whole consideration is influenced by characteristics of the
neutral term and the state-dependent delay. Theoretical results are complemented
by an example.

1. Introduction and preliminaries

Describing the physical systems with differential equations whose delay depends
both on time and on the current state of the system is of great importance, since it is
known that these systems depend on some features associated with the state of the sys-
tem itself. Adding a noise to these systems leads to more realistic models, so studying
stochastic differential equations with state-dependent delay (SDEwSDD) is significant.
In the paper [15] more general type of stochastic differential equation (SDE) - the
neutral stochastic differential equation with state-dependent delay (NSDEwSDD), is
considered, where the existence and uniqueness of the solution is proven and some
asymptotic properties of the solution are given. This type of equations caught our
attention for several reasons. First, the state-dependent delay was not the subject of
many papers involving stochastic differential equations [1,6,14]. Second, none of these
papers handles equations of neutral type. Our attention was addressed to NSDEwSDD
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as we wanted to consider a more general type of equations, since SDEwSDD are a
special case of NSDEwSDD. The Khasminskii approach plays a significant role when
SDEs with highly nonlinear coefficients are considered and such equations have been
applied for the description of many real-life phenomena. Although the Khasminskii
approach is used in the existing literature (see e.g. [9,10]) for neutral SDEs with time
dependent delay, this approach could not be applied in the present paper because of
the dependence of the delay function on the state of the system under consideration.
In that sense, it should be emphasized that the techniques used in the present paper,
as well as the conditions on the coefficients of the equations, are influenced by the
nature of the SDEs observed, mainly by the presence of the neutral term and the
state-dependent delay. Our objective in this paper is to continue the previous work
by weakening the conditions for the existence and uniqueness of the solution to Eq.
(1.1), which we established in [15], as well as introducing new asymptotic properties
including the asymptotic p-moment estimates.

From now on, R+ and R− will stand for intervals [0,+∞) and (−∞, 0], respectively,
DT will denote the transpose of a vector or matrix D and | · | will signify the Euclidean
norm in Rn. Also, the following notation will be used:
• C(A;B) for the family of continuous functions from set A to set B,
• C1(A;B) for the family of continuously differentiable functions from set A to set
B,

• Cβ(R−;Rn) for the family of functions α : R− → Rn, such that α
β

is uniformly con-
tinuous on R− and supθ∈R−

|α(θ)|
β(θ) < +∞, where β : R− → [1,+∞) is a continuous,

non-increasing function with β(θ) → +∞, as θ → −∞ and β(0) = 1, with the
norm ∥α∥ = supθ∈R−

|α(θ)|
β(θ) ,

• C(J ;Rn)={α1 |α1 :J→Rn}, where J=[−η, 0], with the norm ∥α1∥=supθ∈J |α1(θ)|,
• Cb

F0(J ;Rn) for the family of F0-measurable Rn-valued random variables from
Mp(J ;Rn), where Mp(J ;Rn) is the family of F0-measurable, Rn-valued processes
κ(t) = κ(t, ω), t ∈ J , with E

∫
J |κ(t)|pdt < +∞ and

• BC(R−;Rn) - bounded functions α2 :R− →Rn, with the norm ∥α2∥=supθ∈R− |α2(θ)|.
For a complete probability space (Ω,F, P ), with a filtration {Ft}t⩾0 that satisfies

the usual conditions, W (t) = (W1(t), . . . ,Wk(t))T , t ⩾ 0, is a k-dimensional Brownian
motion and we consider the n-dimensional neutral stochastic differential equation
with state-dependent delay

d[y(t) −D(t, y(t−ρ(t, y(t))))](1.1)
=a(t, y(t), y(t−ρ(t, y(t))))dt+ b(t, y(t), y(t−ρ(t, y(t))))dW (t), t ⩾ 0,

with the initial condition
(1.2) y0 = ψ = {ψ(θ) : θ ∈ J} ∈ Cb

F0(J ;Rn),
where J = R− if

sup
(t,y)∈R+×Rn

(ρ(t, y) − t) = +∞,
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or J = [−η, 0] if
sup

(t,y)∈R+×Rn

(ρ(t, y) − t) = η.

The functions D : R+×Rn → Rn, a : R+×Rn×Rn → Rn and b : R+×Rn×Rn → Rn×k

are Borel-measurable, as well as the state-dependent delay function ρ, defined on the
set R+ × Rn, which is nonnegative, bounded or unbounded. It is important to
accentuate the fact that we do not propose any additional condition on the delay
function. For example, in many papers involving time dependent delay the delay
function is differentiable, with a bounded first derivative (see [5, 11,12]). In [1] delay
function is state dependent and Lipschitz continuous in both variables.

For V ∈ C1,2(J ∪ R+ × Rn;R+), where C1,2(J ∪ R+ × Rn;R+) is the family of
functions V : J ∪ R+ × Rn → R+, which are continuously once differentiable in t and
twice in y, an operator LV : R+ × Rn × Rn → R is defined by

LV(t, y, z) =Vt(t, y −D(t, z)) + Vy(t, y −D(t, z))a(t, y, z)

+ 1
2trace

[
bT (t, y, z)Vyy(t, y −D(t, z))b(t, y, z)

]
.(1.3)

With regard to simplify the notation in the following assertions we take
Ṽ = V

(
0, ψ(0) −D(0, ψ(−ρ(0, ψ(0))))

)
.

In order to prove some of the following results, we give a Gronwall-type inequality
and a generalization of the Bellman-Gronwall inequality, which can be found in [4]
and [13], respectively.

Theorem 1.1 (Bellman 1943). If f, g ∈ C(R+,R+) and

f(t) ⩽ C +
∫ t

0
g(s)f(s)ds, t ⩾ 0,

where C > 0 is a constant, then

f(t) ⩽ Ce
∫ t

0 g(s)ds, t ⩾ 0.

Theorem 1.2 (Dhongade-Deo). Let f1, g1, n ∈ C((0,+∞), (0,+∞)), where n(t) is
monotonic non-decreasing function, and p ∈ C((0,+∞), [1,+∞)). If

(1.4) f1(t) ⩽ n(t) + p(t)
∫ t

0
g1(s)f1(s)ds, t > 0,

then
f1(t) ⩽ n(t)p(t) exp

(∫ t

0
g1(s)p(s)ds

)
, t > 0.

The paper is structured as follows. In Section 2, the theorem that ensures the
existence and uniqueness of the solution to Eq. (1.1) is introduced together with
the necessary assumptions. Under these assumptions, Section 3 presents the main
results on the asymptotic properties of the solution to Eq. (1.1). Section 4 contains
an example to illustrate the assertions from the previous section. In Section 5, we
conclude this paper by giving topics of our further research.
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2. The Existence and Uniqueness of the Solution

Before we get to the asymptotic properties of the solution to Eq. (1.1), we need
to make sure that there is such unique solution. Suppose that the coefficients of Eq.
(1.1) with the initial condition (1.2) satisfy the following conditions.

C1. There exist a function V ∈ C1,2(J ∪ R+ × Rn;R+), functions K1 ∈ C1(J ∪
R+;R+\{0}), K2 ∈ C(J ∪R+;R+\{0}), q ∈ C(J ∪R+;R+), with inft∈J∪R+ K1(t) > 0,
such that, for every (t, y) ∈ R+ × Rn and p > 0,

(2.1) K1(t)|y|p ⩽ V(t, y) ⩽ q(t) +K2(t)|y|p.

Remark 2.1. It is obvious that we can simplify (2.1) by taking K1(t) = K2(t), t ⩾ 0.
But since these functions can be different constants, we maintain generality.

C2. (Contractivity condition) There exists a constant γ ∈ (0, 1), such that, for all
y, z ∈ Rn and t ⩾ 0,

|D(t, y) −D(t, z)| ⩽ γ|y − z|.

The previous inequality induces that |D(t, y)| ⩽ γ|y| + F , for every (t, y) ∈ R+ × Rn,
where supt⩾0 |D(t, 0)| = F .

In order to prove some of the asymptotic properties for a wide class of NSDEwSDD,
let us discuss the existence of the unique global solution of Eq. (1.1). In paper
[15] the existence and uniqueness of the global solution are provided if equation
coefficients satisfy local Yamada-Watanabe condition or local Lipschitz condition in
addition to contractivity condition and assumption similar to C1, where K1(t) ≡ K1,
K1 > 0, in (2.1), if for the function V ∈ C1,2(J ∪R+ ×Rn;R+) there exists a function
D ∈ C(R+;R+), such that

(2.2) LV(t, y, z) ⩽ D(t)
(
1 + V(t, y) + V(t− ρ(t, y), z)

)
,

for every (t, y, z) ∈ R+ × Rn × Rn. Furthermore, there are many papers about
the existence and uniqueness of the global solution to neutral stochastic functional
differential equations (NSFDE), which can be applied to assure that there is unique
global solution to Eq. (1.1), as NSDEwSDD are special case of NSFDE. For example,
in [3] the existence and uniqueness of the global solution of NSFDE are obtained under
uniform Lipschitz condition and linear growth condition, in [2] under the uniform
Lipschitz condition and weakened linear growth condition, as well as under the linear
growth condition and local Lipschitz condition. In [7], Kim considers Hölder condition
together with weakened linear growth condition. Contractivity condition is imposed
in all of the papers mentioned above.

As assumption C1 is weaker than adequate assumption in [15], we present the
assertion of existence and uniqueness of the solution of Eq. (1.1), which is proved in
Appendix. In order to simplify the notation, we introduce following assumptions for
the coefficients of Eq. (1.1).
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YW. (Yamada-Watanabe condition) For any integer m ⩾ 1, there exists a function
Km : R+ → R+, such that, for all x1, x2 ∈ Rn, y1, y2 ∈ Cψ(R−;Rn) (or y1, y2 ∈
C(J ;Rn)), with |x1| ∨ |x2| ∨ ∥y1∥ ∨ ∥y2∥ ⩽ m and all t ⩾ 0,

|a(t, x1, y1) − a(t, x2, y2)|2 ∨ |b(t, x1, y1) − b(t, x2, y2)|2 ⩽ Km(|x1 − x2|2 + ∥y1 − y2∥2).

Functions Km are continuous, non-decreasing, concave, Km(0) = 0 and
∫+∞

0+
ds

Km(s)
= +∞. Also, for every t ⩾ 0, there exists a constant K > 0, such that

|a(t, 0, 0)|2 ∨ |b(t, 0, 0)|2 ⩽ K.

LL. (Local Lipschitz condition) For any integer m ⩾ 1, there exists a positive con-
stant Km, such that, for all x1, x2 ∈ Rn, y1, y2 ∈ BC(R−;Rn) (or y1, y2 ∈ C(J ;Rn)),
with |x1| ∨ |x2| ∨ ∥y1∥ ∨ ∥y2∥ ⩽ m and all t ⩾ 0,

|a(t, x1, y1) − a(t, x2, y2)|2 ∨ |b(t, x1, y1) − b(t, x2, y2)|2 ⩽ Km(|x1 − x2|2 + ∥y1 − y2∥2).

Theorem 2.1. If one of the assumptions YW or LL hold, together with C1 and
C2 and if there exists a function D ∈ C(R+;R+), such that (2.2) holds for every
(t, y, z) ∈ R+ × Rn × Rn, then for any initial condition (1.2), there exists a unique
global solution y(t), t ∈ J ∪ R+, of Eq. (1.1). Moreover, for every t ⩾ 0

sup
s∈J∪[0,t]

EV(s, y(s)) ⩽ 1
2c(t)d(t)e

d(t)t,

where

c(t) =1 + 2 sup
θ∈J

EV(θ, ψ(θ)) + 2 sup
s∈[0,t]

q(s)

+ 2 sup
s∈[0,t]

K2(s)
(
r1(p)E∥ψ∥p + F pr2(p)

)
+ 2r3(p)EṼ sup

s∈[0,t]

K2(s)
K1(s)

,

d(t) =r3(p) sup
s∈[0,t]

K2(s)
K1(s)

sup
s∈[0,t]

D(s) ∨ 1,

(2.3)

and

r1(p) =


γp

1 − γp
, p ∈ (0, 1],

γ

1 − γ
, p ∈ (1,+∞),

r2(p) =


1

1 − γp
, p ∈ (0, 1],

(√γ − γ)1−p

1 − γ
, p ∈ (1,+∞),

r3(p) =


1

1 − γp
, p ∈ (0, 1],

(1 − √
γ)1−p

1 − γ
, p ∈ (1,+∞).

(2.4)
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3. Asymptotic Properties of the Solution

On the basis of the existing literature one can observe that there is no method for
finding the explicit solution of Eq. (1.1). Because of that, studying its asymptotic
properties is of great importance. In the following theorems, we establish some
asymptotic bounds for the solution of NSDEwSDD in the p-th moment sense. In
order to obtain these bounds, a condition stronger than (2.2) needs to be satisfied.

Remark 3.1. To simplify notation, we take L1(t, p, φ) := L1(t), R1(t, p, φ) := R1(t),
R2(t, p, φ) := R2(t), for t ⩾ 0, φ ∈ (0, 1) and p > 0. Similarly, we also define the
corresponding functions in the following theorems.

Theorem 3.1. Let y(t), t ∈ J ∪ R+, be the solution of Eq. (1.1), with initial condi-
tion (1.2), and let the assumptions C1 and C2 hold. Suppose there exist functions
λ1, λ2, λ3 ∈ C(R+;R+), and φ ∈ (0, 1), which satisfy conditions

(3.1) LV(t, y, z) ⩽ −λ1(t) + λ2(t)V(t, y) − λ3(t)V(t− ρ(t, y), z),
for every (t, y, z) ∈ R+ × Rn × Rn, and

max{0, L1(t)} < min{R1(t), R2(t)}, t ⩾ 0,(3.2)

(if max{0, L1(t)} > 0, t ⩾ 0, then we have ⩽ instead of <), where

L1(t) = K2(t)λ2(t)
A1(p, φ) −K ′

1(t),

R1(t) =

λ1(t)−

 F p√
A2(p, φ)

+A1(p, φ)q(t)
K2(t)

K ′
1(t)

F p√
A2(p, φ)

+A1(p, φ)q(t)
K2(t)

+ EṼ

K1(0)

,

R2(t) = A2(p, φ)h(t)λ3(t)
γpA1(p, φ) −K ′

1(t),

(3.3)

and

(3.4) h(t) = inf
u∈J∪[0,t]

K1(u),

(3.5)

A1(p, φ) =
1, p ∈ (0, 1],

(1 − φ)p−1, p ∈ (1,+∞),
A2(p, φ) =

1, p ∈ (0, 1],
φ2(p−1), p ∈ (1,+∞).

Then,

(3.6) lim sup
t→+∞

E|y(t)|p ⩽ r1(p)E∥ψ∥p + F pr2(p) + r3(p)EṼ
K1(0) ,

for r1(p), r2(p), r3(p) given by (2.4).



ASYMPTOTIC PROPERTIES OF THE SOLUTION 587

Proof. For p > 1, by applying the elementary inequality

(3.7) |a1 + a2|p ⩽
|a1|p

ξp−1 + |a2|p

(1 − ξ)p−1 , a1 > 0, a2 > 0, ξ ∈ (0, 1),

twice, as well as the assumption C2, we have
|y(t)|p = |y(t)−D(t, y(t−ρ(t, y(t))))+D(t, y(t−ρ(t, y(t))))|p

⩽
|y(t)−D(t, y(t−ρ(t, y(t))))|p

(1−ξ)p−1 + |D(t, y(t−ρ(t, y(t))))|p
ξp−1(3.8)

⩽
|y(t)−D(t, y(t−ρ(t, y(t))))|p

(1−ξ)p−1(3.9)

+ 1
ξp−1

γp|y(t−ρ(t, y(t))))|p
ξp−1 + F p

(1−ξ)p−1

.
Since

sup
u∈J∪[0,t]

E|y(u)|p ⩽ E∥ψ∥p + sup
u∈[0,t]

E|y(u)|p,

we find that

sup
u∈[0,t]

E|y(u)|p ⩽ 1
(1 − ξ)p−1 sup

u∈[0,t]
E|y(u) −D(u, y(u−ρ(u, y(u))))|p

+ 1
ξp−1

γpE∥ψ∥p

ξp−1 + γp

ξp−1 sup
u∈[0,t]

E|y(u)|p + F p

(1 − ξ)p−1

.
Thus,1− γp

ξ2(p−1)

 sup
u∈[0,t]

E|y(u)|p ⩽ 1
(1−ξ)p−1 sup

u∈[0,t]
E|y(u)−D(u, y(u−ρ(u, y(u))))|p

+ 1
ξp−1

γpE∥ψ∥p

ξp−1 + F p

(1−ξ)p−1

.
If we choose ξ = √

γ, then 1 − γpξ−2(p−1) = 1 − γ > 0, so the last inequality reduces
to

sup
u∈[0,t]

E|y(u)|p ⩽ γ

1 − γ
E∥ψ∥p+

F p(√γ − γ)1−p

1 − γ

+
(1 − √

γ)1−p

1 − γ
sup
u∈[0,t]

E|y(u)−D(u, y(u−ρ(u, y(u))))|p.

Using C1 we get
sup
u∈[0,t]

E|y(u)|p ⩽r1(p)E∥ψ∥p+F pr2(p)(3.10)

+ r3(p) sup
u∈[0,t]

EV(u, y(u)−D(u, y(u−ρ(u, y(u)))))
K1(u) .
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As left side of inequality (3.2) is nonnegative, there exists an increasing function
λ ∈ C1(R+;R+) with λ(0) = 0, such that λ′(t) > −K′

1(t)
K1(t) and

K2(t)λ2(t)
A1(p, φ)K1(t)

⩽ λ′(t)+K ′
1(t)

K1(t)

⩽ min


A2(p, φ)h(t)λ3(t)
γpA1(p, φ)K1(t)

,

λ1(t)
K1(t)

+ EṼK ′
1(t)

K1(0)K1(t)
F p√

A2(p, φ)
+A1(p, φ)q(t)

K2(t)
+ EṼ

K1(0)


,(3.11)

for φ ∈ (0, 1). The Itô formula gives us

e−λ(t)V(t, y(t) −D(t, y(t−ρ(t, y(t)))))
K1(t)

− Ṽ

K1(0)

=
t∫

0

e−λ(s)

K1(s)

− λ′(s)K1(s)+K ′
1(s)

K1(s)
V(s, y(s)−D(s, y(s−ρ(s, y(s)))))

+ LV(s, y(s), y(s−ρ(s, y(s))))
ds+M1(t),

where

M1(t) =
t∫

0

e−λ(s)

K1(s)
Vy(s, y(s) −D(s, y(s−ρ(s, y(s)))))b(s, y(s), y(s−ρ(s, y(s))))dW (s)

is a local martingale and M1(0) = 0. Since λ′(t)K1(t) +K ′
1(t) ⩾ 0, for every t ⩾ 0, by

applying (3.1) and C1 respectively, the last inequality becomes

e−λ(t)EV(t, y(t)−D(t, y(t−ρ(t, y(t)))))
K1(t)

− EṼ

K1(0)

(3.12)

⩽E
∫ t

0

e−λ(s)

K1(s)

[
− λ′(s)K1(s)+K ′

1(s)
K1(s)

V(s, y(s)−D(s, y(s−ρ(s, y(s)))))−λ1(s)

+λ2(s)V(s, y(s))−λ3(s)V(s−ρ(s, y(s)), y(s−ρ(s, y(s))))
]
ds

⩽E
∫ t

0

e−λ(s)

K1(s)

[
−(λ′(s)K1(s)+K ′

1(s))|y(s)−D(s, y(s−ρ(s, y(s))))|p−λ1(s)+λ2(s)q(s)

+ λ2(s)K2(s)|y(s)|p−λ3(s)K1(s−ρ(s, y(s)))|y(s−ρ(s, y(s)))|p
]
ds.
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From (3.9), for φ ∈ (0, 1), we obtain

|y(t) −D(t, y(t−ρ(t, y(t))))|p(3.13)

⩾(1 − φ)p−1|y(t)|p − γp(1 − φ)p−1|y(t−ρ(t, y(t)))|p
φ2(p−1) − F p

φp−1 .

By applying inequality (3.13) in (3.12) we get

e−λ(t)EV(t, y(t)−D(t, y(t−ρ(t, y(t)))))
K1(t)

− EṼ

K1(0)

(3.14)

⩽
∫ t

0

e−λ(s)

K1(s)

F p(λ′(s)K1(s)+K ′
1(s))

φp−1 −λ1(s)+λ2(s)q(s)
 ds

+ E
∫ t

0

e−λ(s)

K1(s)
[
λ2(s)K2(s)−(1−φ)p−1(λ′(s)K1(s)+K ′

1(s))
]
|y(s)|p ds

+E
∫ t

0
e−λ(s)

γp(1−φ)p−1(λ′(s)K1(s)+K ′
1(s))

φ2(p−1)K1(s)
−λ3(s)h(s)

K1(s)

|y(s−ρ(s, y(s)))|pds,

where h(t) is given by (3.4). Coming out of (3.11), for every t ⩾ 0, we conclude that F p√
A2(p, φ)

+ A1(p, φ)q(t)
K2(t)

+ EṼ

K1(0)

λ′(t)

⩽
λ1(t)
K1(t)

−

 F p√
A2(p, φ)

+ A1(p, φ)q(t)
K2(t)

K ′
1(t)

K1(t)
,

which induces

F p(λ′(t)K1(t)+K ′
1(t))

φp−1K1(t)
− λ1(t)
K1(t)

+A1(p, φ)q(t)
K1(t)K2(t)

(λ′(t)K1(t)+K ′
1(t)) ⩽ − EṼ

K1(0)λ
′(t).

(3.15)

Also, from (3.11) we find that

K2(t)λ2(t)
A1(p, φ) ⩽λ′(t)K1(t) +K ′

1(t),

so (3.15) gives

1
K1(t)

F p(λ′(t)K1(t) +K ′
1(t))

φp−1 − λ1(t) + λ2(t)q(t)
 ⩽ − EṼ

K1(0)λ
′(t).
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Consequently, by applying previous two inequalities and (3.11) in (3.14) we get
e−λ(t)EV(t, y(t) −D(t, y(t−ρ(t, y(t)))))

K1(t)
− EṼ

K1(0) ⩽ − EṼ

K1(0)

∫ t

0
e−λ(s)λ′(s)ds

= − EṼ

K1(0)(1 − e−λ(t)),

such that

(3.16) EV(t, y(t) −D(t, y(t−ρ(t, y(t)))))
K1(t)

⩽
EṼ

K1(0)
and (3.10) admits

sup
u∈[0,t]

E|y(u)|p ⩽ r1(p)E∥ψ∥p + F pr2(p) + r3(p)EṼ
K1(0) ,

so (3.6) holds.
For p ∈ (0, 1], from (3.8) and the inequality

(3.17) |a1 + a2|p ⩽ |a1|p + |a2|p, a1 > 0, a2 > 0,
we have

sup
u∈[0,t]

E|y(u)|p⩽ sup
u∈[0,t]

E|y(u)−D(u, y(u−ρ(u, y(u))))|p

+γp
(
E∥ψ∥p+ sup

u∈[0,t]
E|y(u)|p

)
+F p,

such that

sup
u∈[0,t]

E|y(u)|p ⩽ 1
1−γp

(
γpE∥ψ∥p+F p+ sup

u∈[0,t]
E|y(u)−D(u, y(u−ρ(u, y(u))))|p

)
.

Consequently, taking into account (2.4), we derive (3.10). By applying (3.17) we
attain
(3.18) |y(t) −D(t, y(t−ρ(t, y(t))))|p ⩾ |y(t)|p − γp|y(t−ρ(t, y(t)))|p − F p.

Substituting (3.18) into (3.12), we obtain
e−λ(t)EV(t, y(t) −D(t, y(t−ρ(t, y(t)))))

K1(t)
− EṼ

K1(0)

⩽
∫ t

0

e−λ(s)

K1(s)
[
F p(λ′(s)K1(s) +K ′

1(s)) − λ1(s) + λ2(s)q(s)
]
ds

+ E
∫ t

0

e−λ(s)

K1(s)
[
λ2(s)K2(s) − (λ′(s)K1(s) +K ′

1(s))
]
|y(s)|p ds

+ E
∫ t

0
e−λ(s)

γp(λ′(s)K1(s) +K ′
1(s))

K1(s)
− λ3(s)h(s)

K1(s)

|y(s−ρ(s, y(s)))|pds.

Utilizing (3.2), similarly as for p > 1, we get (3.6). □



ASYMPTOTIC PROPERTIES OF THE SOLUTION 591

Especially, if p > 1, when F = 0 in assumption C1, we can prove a result similar
to (3.6) with the assumption slightly different from (3.2). In this case, for p ∈ (0, 1]
no new bound is achieved, other than one in (3.6), taking that F = 0.
Proposition 3.1. Let y(t), t ∈ J ∪ R+, be the solution of Eq. (1.1), with initial
condition (1.2). Suppose that p > 1 and that the assumptions C1 and C2 hold with
F = 0. Also, suppose that there exist functions λ1, λ2, λ3 ∈ C(R+;R+), and φ ∈ (0, 1),
such that (3.1) holds, for every (t, y, z) ∈ R+ × Rn × Rn, as well as
(3.19) max{0, L1(t)} < min{R1(t), R3(t)}, t ⩾ 0,
(if max{0, L1(t)} > 0, t ⩾ 0, then we have ⩽ instead of <), with L1(t), R1(t) given
by (3.3), while

R3(t) =

√
A2(p, φ)h(t)λ3(t)
γpA1(p, φ) −K ′

1(t),

where h(t) is given by (3.4) and A1(p, φ), A2(p, φ) are given by (3.5). Then,

(3.20) lim sup
t→+∞

E|y(t)|p ⩽ γ

1 − γ
E∥ψ∥p + EṼ

(1 − γ)pK1(0) .

Proof. For p > 1, instead of (3.9) we get

|y(t)|p ⩽ |y(t) −D(t, y(t−ρ(t, y(t))))|p
(1 − ξ)p−1 + γp|y(t−ρ(t, y(t))))|p

ξp−1 ,(3.21)

so for ξ = γ, in the same manner as for (3.10), we derive

sup
u∈[0,t]

E|y(u)|p ⩽ (1−γ)−p sup
u∈[0,t]

EV
(
u, y(u)−D(u, y(u−ρ(u, y(u))))

)
K1(u) + γ

1−γ
E∥ψ∥p.

(3.22)

From (3.21), for φ ∈ (0, 1), we have
|y(t) −D(t, y(t−ρ(t, y(t))))|p(3.23)

⩾(1 − φ)p−1|y(t)|p − γp(1 − φ)p−1|y(t−ρ(t, y(t)))|p
φp−1

and then (3.12) has the form
e−λ(t)EV(t, y(t)−D(t, y(t−ρ(t, y(t)))))

K1(t)
− EṼ

K1(0)

⩽
∫ t

0

e−λ(s)

K1(s)
[−λ1(s)+λ2(s)q(s)] ds

+E
∫ t

0

e−λ(s)

K1(s)
[
λ2(s)K2(s)−(1−φ)p−1(λ′(s)K1(s)+K ′

1(s))
]
|y(s)|p ds

+E
∫ t

0
e−λ(s)

γp(1−φ)p−1(λ′(s)K1(s)+K ′
1(s))

φp−1K1(s)
−λ3(s)h(s)

K1(s)

|y(s−ρ(s, y(s)))|pds,
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which, by using (3.19), leads to (3.16). Lastly, applying (3.16) in (3.22) gives (3.20).
□

Remark 3.2. If K1(t) ≡ K1, t ∈ J ∪R+, in the assumption C1, where K1 is a positive
constant, the conditions of Theorem 3.1 and Proposition 3.1 are simplified with the
fact that K ′

1(t) = 0, t ∈ J ∪ R+.
In the next theorem, condition (3.1) is weakened, while the condition for functions

λi, i = 1, 2, 3, is incomparable to (3.2). This expands the family of coefficients of
Eq. (1.1), for which p-moment asymptotic bound of the solution can be determined.
However, this bound is greater than one previously obtained in Theorem 3.1.
Theorem 3.2. Let y(t), t ∈ J ∪R+, be the solution of Eq. (1.1), with initial condition
(1.2), and let the assumptions C1 and C2 hold, where K1 is an increasing function,
such that h = infθ∈J K1(θ). Also, assume there exist functions λ1, λ2, λ3 ∈ C(R+;R+),
and φ ∈ (0, 1), which satisfy conditions
(3.24) LV(t, y, z) ⩽ λ1(t) + λ2(t)V(t, y) − λ3(t)V(t− ρ(t, y), z),
for every (t, y, z) ∈ R+ × Rn × Rn, and
(3.25) max{L1(t), L2(t)} ⩽ R1(t), t ⩾ 0,
where

R1(t) = K ′
1(t)−K2(t)λ2(t)

A1(p, φ) , L1(t) = K ′
1(t)−hA2(p, φ)λ3(t)

γpA1(p, φ) ,

L2(t) =

λ1(t)+
 F p√

A2(p, φ)
+A1(p, φ)q(t)

K2(t)

K ′
1(t)

F p√
A2(p, φ)

+A1(p, φ)q(t)
K2(t)

+v
,

(3.26)

for positive constant v, with A1(p, φ) and A2(p, φ) given by (3.5). Then,

(3.27) lim sup
t→+∞

E|y(t)|p ⩽ r1(p)E∥ψ∥p + F pr2(p) + r3(p)
(
EṼ

K1(0) + v
)
,

where r1(p), r2(p) and r3(p) are given by (2.4).
Proof. Let λ ∈ C1(R+;R+) be an increasing function with λ(0) = 0. Using the Itô
formula yields

eλ(t)V(t, y(t) −D(t, y(t−ρ(t, y(t)))))
K1(t)

− Ṽ

K1(0)(3.28)

=
t∫

0

eλ(s)

K1(s)

(
λ′(s)K1(s) −K ′

1(s)
K1(s)

V(s, y(s) −D(s, y(s−ρ(s, y(s)))))

+ LV(s, y(s), y(s−ρ(s, y(s))))
)
ds+M2(t),
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where

M2(t) =
t∫

0

eλ(s)Vy(s, y(s) −D(s, y(s−ρ(s, y(s)))))b(s, y(s), y(s−ρ(s, y(s))))dW (s)

is a local martingale and M2(0) = 0. As (3.25) holds, we choose λ′(t), such that, for
every t ⩾ 0,

max



K ′
1(t)

K1(t)
− hA2(p, φ)λ3(t)
γpA1(p, φ)K1(t)

,
λ1(t) +

 F p√
A2(p, φ)

+ A1(p, φ)q(t)
K2(t)

K ′
1(t) F p√

A2(p, φ)
+ A1(p, φ)q(t)

K2(t)
+ v

K1(t)



⩽λ′(t) ⩽
K ′

1(t)
K1(t)

− K2(t)λ2(t)
A1(p, φ)K1(t)

,
(3.29)

where A1(p, φ) and A2(p, φ) are given by (3.5). From (3.29) we see that, for every
t ⩾ 0, λ′(t)K1(t) −K ′

1(t) ⩽ 0, so by using (3.24) and C1 respectively, from (3.28) it
follows that

eλ(t)EV(t, y(t)−D(t, y(t−ρ(t, y(t)))))
K1(t)

− EṼ

K1(0)

(3.30)

⩽E
∫ t

0

eλ(s)

K1(s)

[(
λ′(s)K1(s)−K ′

1(s)
)
|y(s)−D(s, y(s−ρ(s, y(s))))|p+λ1(s)+λ2(s)q(s)

+ λ2(s)K2(s)|y(s)|p−K1(s−ρ(s, y(s)))λ3(s)|y(s−ρ(s, y(s)))|p
]
ds,

so, for p > 1, the inequality (3.13) and the fact that K1 is an increasing function
imply

eλ(t)EV(t, y(t) −D(t, y(t−ρ(t, y(t)))))
K1(t)

− EṼ

K1(0)

⩽
∫ t

0
eλ(s)

 F p√
A2(p, φ)

K ′
1(s)

K1(s)
−λ′(s)

+ λ1(s) + λ2(s)q(s)
K1(s)

ds
+
∫ t

0
eλ(s)

λ2(s)K2(s)
K1(s)

−A1(p, φ)
K ′

1(s)
K1(s)

−λ′(s)
E|y(s)|pds

+
∫ t

0
eλ(s)

γpA1(p, φ)
A2(p, φ)

K ′
1(s)

K1(s)
− λ′(s)

− hλ3(s)
K1(s)

E|y(s−ρ(s, y(s)))|pds.
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From (3.29) we get
eλ(t)EV(t, y(t) −D(t, y(t−ρ(t, y(t)))))

K1(t)
− EṼ

K1(0)(3.31)

⩽
∫ t

0
eλ(s)

 F p√
A2(p, φ)

K ′
1(s)

K1(s)
− λ′(s)

+ λ1(s) + λ2(s)q(s)
K1(s)

ds.
Then, from (3.29) we conclude that

λ2(t) ⩽
A1(p, φ)K1(t)

K2(t)

K ′
1(t)

K1(t)
− λ′(t)

,
so (3.31) generates

eλ(t)EV(t, y(t) −D(t, y(t−ρ(t, y(t)))))
K1(t)

− EṼ

K1(0)(3.32)

⩽
∫ t

0
eλ(s)

K ′
1(s)

K1(s)
− λ′(s)

 F p√
A2(p, φ)

+ A1(p, φ)q(s)
K2(s)

+ λ1(s)
K1(s)

ds.
From (3.29) we haveK ′

1(s)
K1(s)

− λ′(s)
 F p√

A2(p, φ)
+ A1(p, φ)q(s)

K2(s)

+ λ1(s)
K1(s)

⩽ vλ′(t)

and applying last inequality in (3.32) gives us

sup
u∈[0,t]

EV(u, y(u) −D(t, y(u−ρ(u, y(u)))))
K1(u) ⩽

EṼ

K1(0) + v.(3.33)

Since C1 and C2 hold, we can derive (3.10), and, by (3.33), (3.27) holds.
In the same manner, for p ∈ (0, 1], by applying the inequality (3.18) in (3.30) and

using the assumption (3.25), we get (3.32), so (3.27) holds. □

Remark 3.3. Apparently, L1(t) = −R2(t), as well as R1(t) = −L1(t). New functions
are introduced in order to simplify following of the conditions.

Proposition 3.2. Let y(t), t ∈ J ∪ R+, be the solution of Eq. (1.1), with initial
condition (1.2). Suppose that p > 1 and that the assumptions C1 and C2 hold
with F = 0, where K1 is an increasing function, such that h = infθ∈J K1(θ). Also,
assume that there exist functions λ1, λ2, λ3 ∈ C(R+;R+), and φ ∈ (0, 1), which satisfy
conditions (3.24), for every (t, y, z) ∈ R+ × Rn × Rn, and
(3.34) max{L1(t), L3(t)} ⩽ R1(t), t ⩾ 0,
where L1(t) and R1(t) are determined in (3.26) and

L3(t) = K ′
1(t)−

h
√
A2(p, φ)λ3(t)
γpA1(p, φ) ,
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for positive constant v, with A1(p, φ) and A2(p, φ) given by (3.5). Then,

(3.35) lim sup
t→+∞

E|y(t)|p ⩽ γ

1 − γ
E∥ψ∥p + (1 − γ)−p

 EṼ

K1(0) + v

.
Proof. Similarly as in proof of Theorem 3.2, using (3.23) and (3.34) in (3.30), give us
(3.33) and therefore (3.35) holds. □

Theorem 3.3. Let y(t), t ∈ J ∪R+, be the solution of Eq. (1.1), with initial condition
(1.2), and let the assumptions C1 and C2 hold. Also, assume that there exist functions
λ1, λ2, λ3 ∈ C(R+;R+), such that, for every (t, y, z) ∈ R+ ×Rn ×Rn, (3.24) holds. If
there exist φ ∈ (0, 1), a function ν ∈ C(R+;R+), with

∫+∞
0 ν(t)dt < +∞, and positive

constant v, for which one of the conditions hold.
(i) For every t ⩾ 0,

(3.36)
 1√

A2(p, φ)
− 1

q(t) + vK1(t) <
F pK2(t)
A2

1(p, φ) ,

such that,

(3.37) max
0, K

′
1(t)

K1(t)

 < min{R̃1(t), R̃2(t), R̃3(t)}

(if max
{
0, K

′
1(t)

K1(t)

}
> 0, t ⩾ 0, then we have ⩽ instead of <), where

R̃1(t) =

λ1(t) + q(t)K1(t)ν(t)
K2(t)

+ K ′
1(t)

K1(t)

 1√
A2(p, φ)

− 1
q(t) − F pK2(t)

A2
1(p, φ)


vK1(t) +

 1√
A2(p, φ)

− 1
q(t) − F pK2(t)

A2
1(p, φ)

,

R̃2(t) = K ′
1(t)

K1(t)
+
√
A2(p, φ)

K1(t)ν(t)
K2(t)

−λ2(t)
,(3.38)

R̃3(t) = K ′
1(t)

K1(t)
+
A1(p, φ)

√
A2(p, φ)h(t)λ3(t)
γpK2(t)

.

(ii) For every t ⩾ 0,

(3.39)
 1√

A2(p, φ)
− 1

q(t) + vK1(t) >
F pK2(t)
A2

1(p, φ) ,

such that

(3.40) max
0, K

′
1(t)

K1(t)
, R̃1(t)

 < min{R̃2(t), R̃3(t)}
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(if max
{

0, K
′
1(t)

K1(t) , R̃1(t)
}
> 0, t ⩾ 0, then we have ⩽ instead of <), where R̃1(t), R̃2(t)

and R̃3(t) are given by (3.38).
Here, A1(p, φ) and A2(p, φ) are given by (3.5) and h(t) given by (3.4). Then,

lim sup
t→+∞

E|y(t)|p ⩽
r1(p)E∥ψ∥p+F pr2(p)+r3(p)

 EṼ

K1(0) +v
er3(p)

∫ +∞
0 ν(t)dt,(3.41)

where r1(p), r2(p), r3(p) are given by (2.4).

Proof. (i) Let λ ∈ C1(R+;R+) be an increasing function with λ(0) = 0. From (3.36)
and (3.37), there exists λ′(t), such that, for every t ⩾ 0,

max
−K ′

1(t)
K1(t)

, 0
⩽λ′(t)−K ′

1(t)
K1(t)

⩽min


λ1(t)+ q(t)K1(t)ν(t)

K2(t)
−vK ′

1(t)

vK1(t)+
 1√

A2(p, φ)
−1

q(t)−F pK2(t)
A2

1(p, φ)

,

√
A2(p, φ)

K1(t)ν(t)
K2(t)

−λ2(t)
, A1(p, φ)

√
A2(p, φ)h(t)λ3(t)
γpK2(t)

,(3.42)

with A1(p, φ) and A2(p, φ) given by (3.5), which provides that K1(t)λ′(t) −K ′
1(t) ⩾ 0.

By using the Itô formula we can derive (3.28) and then, by using (3.24) and C1
respectively, it follows that

eλ(t)EV(t, y(t) −D(t, y(t−ρ(t, y(t)))))
K1(t)

− EṼ

K1(0)(3.43)

⩽E
∫ t

0

eλ(s)

K1(s)

λ′(s)K1(s) −K ′
1(s)

K1(s)
(
q(s)+K2(s)|y(s)−D(s, y(s−ρ(s, y(s))))|p

)
+ λ1(s)+λ2(s)

(
q(s)+K2(s)|y(s)|p

)
−K1(s−ρ(s, y(s)))λ3(s)|y(s−ρ(s, y(s)))|p

ds.
For φ ∈ (0, 1) and p > 1, inequality (3.7) and C2 give us

|y(t) −D(t, y(t−ρ(t, y(t))))|p ⩽ |y(t)|p
φp−1 + |D(t, y(t−ρ(t, y(t))))|p

(1 − φ)p−1

⩽
|y(t)|p
φp−1 + γp|y(t−ρ(t, y(t)))|p

φp−1(1 − φ)p−1 + F p

(1 − φ)2(p−1) .
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Applying the last inequality in (3.43) we get

eλ(t)EV(t, y(t)−D(t, y(t−ρ(t, y(t)))))
K1(t)

− EṼ

K1(0)

(3.44)

⩽
∫ t

0

eλ(s)

K1(s)

K1(s)λ′(s)−K ′
1(s)

K1(s)

q(s)+F pK2(s)
A2

1(p, φ)

+λ1(s)+λ2(s)q(s)
ds

+
∫ t

0

eλ(s)

K1(s)

(K1(s)λ′(s)−K ′
1(s))K2(s)√

A2(p, φ)K1(s)
+λ2(s)K2(s)

E|y(s)|pds

+
∫ t

0

eλ(s)

K1(s)

γp
(
K1(s)λ′(s)−K ′

1(s)
)
K2(s)

A1(p, φ)
√
A2(p, φ)K1(s)

−h(s)λ3(s)
E|y(s−ρ(s, y(s)))|pds,

where h(t) is given by (3.4). Inequalities in (3.42) provide that, for every t ⩾ 0,

γp
(
K1(t)λ′(t) −K ′

1(t)
)
K2(t)

A1(p, φ)
√
A2(p, φ)K1(t)

− h(t)λ3(t) ⩽ 0,

(K1(t)λ′(t) −K ′
1(t))K2(t)√

A2(p, φ)K1(t)
+ λ2(t)K2(t) ⩽ K1(t)ν(t),

such that (3.44) becomes

eλ(t)EV(t, y(t) −D(t, y(t−ρ(t, y(t)))))
K1(t)

− EṼ

K1(0)(3.45)

⩽
∫ t

0

eλ(s)

K1(s)

K1(s)λ′(s) −K ′
1(s)

K1(s)

1 − 1√
A2(p, φ)

q(s)+F pK2(s)
A2

1(p, φ)


+ λ1(s)+ q(s)K1(s)ν(s)

K2(s)

ds+
∫ t

0
eλ(s)ν(s)E|y(s)|pds.

Also, from (3.42) we conclude that

K1(t)λ′(t)−K ′
1(t)

K1(t)

1 − 1√
A2(p, φ)

q(t)+F pK2(t)
A2

1(p, φ)

+ λ1(t) + q(t)K1(t)ν(t)
K2(t)

⩽vK1(t)λ′(t),
and (3.45) has the form

eλ(t)EV(t, y(t) −D(t, y(t−ρ(t, y(t)))))
K1(t)

− EṼ

K1(0) ⩽v
∫ t

0
eλ(s)λ′(s)ds

+
∫ t

0
eλ(s)ν(s)E|y(s)|pds.
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As eλ(s)−λ(t) ⩽ 1, for 0 ⩽ s ⩽ t, considering the last inequality we have
EV(t, y(t) −D(t, y(t−ρ(t, y(t)))))

K1(t)
⩽
EṼe−λ(t)

K1(0) + v(1 − e−λ(t))(3.46)

+
∫ t

0
ν(s)E|y(s)|pds.

According to (3.46), (3.10) provides

sup
u∈[0,t]

E|y(u)|p ⩽ r1(p)E∥ψ∥p+F pr2(p)+r3(p)
 EṼ

K1(0) +v+
∫ t

0
ν(s) sup

r∈[0,s]
E|y(r)|pds

,
so applying Theorem 1.1 in the last inequality yields (3.41).

Furthermore, for p ∈ (0, 1] inequalities (3.17) and C2 generate
|y(t) −D(t, y(t−ρ(t, y(t))))|p ⩽ |y(t)|p + γp|y(t−ρ(t, y(t)))|p + F p.

The last inequality used in (3.43) gives (3.44), so (3.41) holds.
(ii) If (3.39) holds, there exists an increasing function λ ∈ C(R+;R+) with λ(0) = 0,
such that

max
−K ′

1(t)
K1(t)

, 0, R̃1(t)−
K ′

1(t)
K1(t)

⩽λ
′(t)−K ′

1(t)
K1(t)

⩽min
R̃2(t)−

K ′
1(t)

K1(t)
, R̃3(t)−

K ′
1(t)

K1(t)

,
where R̃1(t), R̃2(t) and R̃3(t) are given by (3.38). By repeating completely the
procedure as in the first part of the proof, we get (3.41). □

Proposition 3.3. Let y(t), t ∈ J ∪ R+, be the solution of Eq. (1.1), with initial
condition (1.2). Suppose that p > 1 and that the assumptions C1 and C2 hold
with F = 0. Also, assume that there exist functions λ1, λ2, λ3 ∈ C(R+;R+), such
that, for every (t, y, z) ∈ R+ × Rn × Rn, (3.24) holds. If there exist φ ∈ (0, 1),
ν ∈ C(R+;R+), with

∫+∞
0 ν(t)dt < +∞, and positive constant v satisfying one of the

following conditions.
(i) For every t ⩾ 0,

max
0, K

′
1(t)

K1(t)

 < min{R̃1(t), R̃2(t), R̃4(t)}

(if max
{

0, K
′
1(t)

K1(t)

}
> 0, t ⩾ 0, then we have ⩽ instead of <) and (3.36), where R̃1(t)

and R̃2(t) are determined in (3.38), while

R̃4(t) = A1(p, φ)h(t)λ3(t)
γpK2(t)

+ K ′
1(t)

K1(t)
.

(ii) For every t ⩾ 0,

max
0, K

′
1(t)

K1(t)
, R̃1(t)

 < min{R̃2(t), R̃4(t)}
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(if max
{

0, K
′
1(t)

K1(t) , R̃1(t)
}
> 0, t ⩾ 0, then we have ⩽ instead of <) and (3.39).

Here A1(p, φ) and A2(p, φ) are defined in (3.5) and h(t) is given by (3.4). Then,

lim sup
t→+∞

E|y(t)|p ⩽
 γ

1 − γ
E∥ψ∥p + r3(p)

 EṼ

K1(0) +v
er3(p)

∫ +∞
0 ν(t)dt,(3.47)

where r1(p), r2(p), r3(p) are given by (2.4).

Proof. For φ ∈ (0, 1), inequality (3.7) and C2 give us

|y(t) −D(t, y(t−ρ(t, y(t))))|p ⩽ |y(t)|p
φp−1 + γp|y(t−ρ(t, y(t)))|p

(1 − φ)p−1 ,

so, as in the proof of Theorem 3.3, applying the last inequality together with (3.37)
provides (3.46). Using (3.46) in (3.22) leads to (3.47).

In the case where (3.39) holds instead of (3.36), the proof is similar. □

4. Example

Example 4.1. We inspect neutral stochastic differential equation of the form (1.1),
with local Lipschitz drift and diffusion coefficients

a :R+×R×R → R, a(t, y, z)=−l′(t)
(
y − z

4

)9
8 + e

3l(t)
8

e− l(t)
4 + l(t)

(
y − z

4

)2
,

b :R+×R×R → R, b(t, y, z)= 1
4

√√√√ l′(t)
l(t) e

5l(t)
16

e− l(t)
4 + l(t)

(
y − z

4

)2
 3

2

,

for the increasing function

l :
[
− 4

5 ,+∞
)

→
[1
6 , 1

)
, l(t) = 1 + t

2 + t
.

The neutral term is of the form
D : R+ × R → R, D(t, z) = z

4 ,

where ψ(θ) = θ + 1, θ ∈
[
−4

5 , 0
]
, is the initial condition and state-dependent delay

function is given by

ρ : R+ × R → R+, ρ(t, y) = t+ 4(y2 + 1)
5y2 + 6 .

As
|D(t, z1) −D(t, z2)| = 1

4 |z1 − z2|, (t, z1), (t, z2) ∈ R+ × R,

assumption C2 is satisfied, with F = 0. Taking

V :
[
− 4

5 ,+∞
)

× R → R+, V(t, y) =
√
e− l(t)

4 + l(t)y2 + e−l(t) − e−1,
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we can estimate√
l(t)|y| ⩽ V(t, y) ⩽ e− l(t)

8 + e−l(t) − e−1 +
√
l(t)|y|, (t, y) ∈ R+ × R,(4.1)

Vt(t, y) =

(
y2 − 1

4e
− l(t)

4

)
l′(t)

2
√
e− l(t)

4 + l(t)y2
− l′(t)e−l(t), Vy(t, y) = l(t)y√

e− l(t)
4 + l(t)y2

,

Vyy(t, y) = l(t)e− l(t)
4√(

e− l(t)
4 + l(t)y2

)3
.

Comparing (4.1) with (2.1), we conclude that

p = 1, K1(t) = K2(t) =
√
l(t), q(t) = e− l(t)

8 + e−l(t) − e−1, t ⩾ 0,

EṼ = EV(0, ψ(0) −D(0, ψ(−ρ(0, ψ(0)))) =

√√√√e− 1
8 + 1

2 ·
(

3
44

)2

+ e− 1
2 − e−1.

By applying some elementary inequalities, for every t ⩾ 0 and y, z ∈ R, we estimate
the operator in (1.3) as follows

LV(t, y, z) = − l′(t)
2

1
4e

− l(t)
4 − (y − z

4)2√
e− l(t)

4 + l(t)(y − z
4)2

− l′(t)e−l(t)

−
l(t)l′(t)(y − z

4)2√
e− l(t)

4 + l(t)(y − z
4)2

9
8 + e

l(t)
8 + e

3l(t)
8 l(t)

(
y − z

4

)2


+ l′(t)e
3l(t)

8

32
√(

e− l(t)
4 + l(t)(y − z

4)2
)3

e− l(t)
4 + l(t)

(
y − z

4

)2
3

⩽ − l′(t)
8

√
e− l(t)

4 + l(t)
(
y − z

4

)2
+ l′(t)

2

(
l(t)
4 + 1

)(
y − z

4

)2

√
e− l(t)

4 + l(t)(y − z
4)2

− l′(t)e−l(t)

−
l(t)l′(t)

(
9
8 + e

l(t)
8

)(
y − z

4

)2

√
e− l(t)

4 + l(t)(y − z
4)2

−
l2(t)l′(t)e

3l(t)
8 (y − z

4)4√
e− l(t)

4 + l(t)(y − z
4)2

+ l′(t)e
3l(t)

8

16
√
e− l(t)

4 + l(t)(y − z
4

)2

e− l(t)
2 + l2(t)

(
y − z

4

)4
.
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As, for (t, y) ∈ R+ × Rn, −4
5 < t− ρ(t, y) ⩽ −2

3 , we have that 1
6 < l(t− ρ(t, y)) ⩽ 1

4 ,
so using reverse triangle inequality gives

−
√
e−

l(t)
4 +l(t)

(
y− z

4

)2

⩽− 1√
2

√e−l(t)
4 +

√
l(t)

(
−|y|+ |z|

4

)
⩽−

√
2e−

l(t)
8 +V(t, y)+e−1−e−l(t)

− 1
4

√√√√ l(t)
2l(t−ρ(t, y))

(
V(t−ρ(t, y), z)−e−

l(t−ρ(t,y))
8 −e−l(t−ρ(t,y))+e−1

)

⩽−
√

2e−
l(t)

8 +e−1−e−l(t)+

√
3l(t)
4 (e− 1

48 +e−1
6 −e−1)+V(t, y)−

√
2l(t)
4 V(t−ρ(t, y), z),

so

LV(t, y, z)

⩽
l′(t)

8

−√
2e− l(t)

8 +e−1−e−l(t)+

√
3l(t)
4

(
e− 1

48 +e− 1
6 −e−1

)+ l′(t)
8 V(t, y)

−
l′(t)

√
2l(t)

32 V(t− ρ(t, y), z) − l′(t)e−l(t)+ l′(t)
16 −

15l2(t)l′(t)e
3l(t)

8
(
y − z

4

)4

16
√
e− l(t)

4 + l(t)(y − z
4)2

+
l′(t)

(
y − z

4

)2

2
√
e− l(t)

4 + l(t)(y − z
4)2

[
1−2l(t)−2l(t)e

l(t)
8

]

⩽
l′(t)

8

−
√

2e− l(t)
8 +e−1−9e−l(t)+

√
3l(t)
4

(
e− 1

48 +e− 1
6 −e−1

)
+ 1

2

+ l′(t)
8 V(t, y)

−
l′(t)

√
2l(t)

32 V(t− ρ(t, y), z).

Since −
√

2e− l(t)
8 +e−1−9e−l(t)+

√
3l(t)
4

(
e− 1

48 +e− 1
6 −e−1

)
+ 1

2 < 0, for t ⩾ 0, it is clear
that (3.24) holds with

λ1(t) = 0, λ2(t) = l′(t)
8 , λ3(t) =

l′(t)
√

2l(t)
32 .
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Taking v = 0.5, (3.39) obviously holds. Also, for ν(t) = 1
4(2+t)2 , we have that

R̃1(t) = e− l(t)
8 +e−l(t)−e−1

4(2+t)2
√
l(t)

, R̃2(t) = 1
4(2+t)2 + l′(t)

2

( 1
l(t) − 1

4

)
,

R̃3(t) = l′(t)
2

( 1
4
√

3
+ 1
l(t)

)
and inequality (3.40) holds, which can be noticed in Figure 1.

2 4 6 8

0.05

0.10

0.15

0.20

0.25

5000 6000 7000 8000

1.´10
-8

2.´10
-8

3.´10
-8

R3

�

HtL

R2

�

HtL

R1

�

HtL

K1

’HtL�K1HtL

Figure 1. Functions in (3.40)

According to Theorem 3.3 and (3.41), it follows that

lim sup
t→+∞

E|y(t)| ⩽
1

3 + 4
3

√2
(
e− 1

8 + 1
2 ·
( 3

44

)2)
+

√
2(e− 1

2 − e−1) + 0.5
e 1

6 ≈ 3.81.

In this example, it should be pointed out that Theorem 3.1 and Theorem 3.2 do not
hold, because (3.2) and (3.25) are not satisfied. Also, having in mind that K1(t) ⩾ 1√

2 ,
we can take K1(t) ≡ 1√

2 , t ∈ R+, while h̄ = 1√
6 . However, in that case, the conditions

of Theorem 3.1, 3.2 or 3.3 are not satisfied.

5. Conclusion

The main contribution of the paper are the asymptotic properties of the solution
to Eq. (1.1). Techniques used in proofs of assertions are influenced by the properties
of delay function, which depend on the state of the system, and by the fact that
it appears in some integrals. Moreover, it is important to mention that we provide
more general Khasminskii-type conditions for the existence and uniqueness of the
solution to Eq. (1.1), compared to the conditions in [15], which expands the number
of equations for which the existence of unique solution is assured. It should be noted
that studying different types of stability of the trivial solution of Eq. (1.1) is not part
of this paper, but is the subject of our current research. Since the existence of a stable
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trivial solution would require stronger assumptions than those given in Section 3, it
is questionable whether the study of stability under conditions in this paper would be
useful in the sense that not many equations of type (1.1) would satisfy them. With
the intention of achieving the stability of different types under optimal conditions, we
continue our research by trying to implement different techniques in our proofs. Also,
future plans for our research include numerical methods for solving Eq. (1.1).

Appendix

As the existence and uniqueness of solution to Eq. (1.1) under the assumption C1
are not the main focus of this paper, but still they are important to provide to discuss
the asymptotic properties of Eq. (1.1), we give the proof of Theorem 2.1 here.

Proof of Theorem 2.1. As ψ ∈ Cb
F0(J ;Rn), there exists sufficiently large m0 > 0, such

that ∥ψ∥ ⩽ m0. For each integer m ⩾ m0, define the increasing sequence of the
stopping times {νm}m⩾m0 , with

νm = inf{t ∈ [0, νe) : |y(t)| ⩾ m},

where νe is the explosion time, taking inf ∅ = +∞, for an empty set ∅ and ν∞ =
limm→+∞ νm. Obviously, ν∞ ⩽ νe a.s. For arbitrary η > 0 and p > 1, by using
inequality

|a1 + a2|p ⩽
(
1 + η

1
p−1
)p−1

(
|a1|p + |a2|p

η

)
, a1, a2 ∈ R,

(see [8], Lemma 4.1) and C2, we get

|y(νm ∧ t)|p(5.1)

⩽
(
1+η

1
p−1
)p−1

|y(νm ∧ t)−D(νm ∧ s, y(νm ∧ s−ρ(νm ∧ s, y(νm ∧ s))))|p

+η−1
(
1+η

1
p−1
)p−1

|D(νm ∧ s, y(νm ∧ s−ρ(νm ∧ s, y(νm ∧ s))))|p

⩽
(
1+η

1
p−1
)p−1

|y(νm ∧ t)−D(νm ∧ s, y(νm ∧ s−ρ(νm ∧ s, y(νm ∧ s))))|p

+η−1
(
1+η

1
p−1
)2(p−1)

(
η−1γp|y(νm ∧ s−ρ(νm ∧ s, y(νm ∧ s)))|p+ sup

s∈[0,t]
|D(s, 0)|p

)
.

As

sup
s∈[0,t]

K2(s)E|y(νm ∧ s−ρ(νm ∧ s, y(νm ∧ s)))|p

⩽E∥ψ∥p sup
s∈J

K2(s) + sup
s∈[0,t]

K2(s)E|y(νm ∧ s)|p,
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from (5.1), we carry out

sup
s∈[0,t]

K2(s)E|y(νm ∧ s)|p

⩽
(
1+η

1
p−1
)p−1

sup
s∈[0,t]

K2(s)E|y(νm ∧ s)−D(νm ∧ s, y(νm ∧ s−ρ(νm ∧ s, y(νm ∧ s))))|p

+η−2γp
(
1+η

1
p−1
)2(p−1)(

E∥ψ∥p sup
s∈J

K2(s)+ sup
s∈[0,t]

K2(s)E|y(νm ∧ s)|p
)

+η−1
(
1+η

1
p−1
)2(p−1)

sup
s∈[0,t]

K2(s) sup
s∈[0,t]

|D(s, 0)|p,

so
(

1−η−2γp
(
1+η

1
p−1
)2(p−1)

)
sup
s∈[0,t]

K2(s)E|y(νm ∧ s)|p

⩽
(
1+η

1
p−1
)p−1

sup
s∈[0,t]

K2(s)E|y(νm ∧ s)−D(νm ∧ s, y(νm ∧ s−ρ(νm ∧ s, y(νm ∧ s))))|p

+η−1
(
1+η

1
p−1
)2(p−1)(

η−1γpE∥ψ∥p sup
s∈[0,t]

K2(s)+F p sup
s∈[0,t]

K2(s)
)
.

Choosing η =
( √

γ

1−√
γ

)p−1
, we have 1 − η−2γp

(
1 + η

1
p−1
)2(p−1)

= 1 − γ > 0, so the last
inequality becomes

sup
s∈[0,t]

K2(s)E|y(νm ∧ s)|p
(5.2)

⩽
(1−√

γ)1−p

1 − γ
sup
s∈[0,t]

K2(s)E|y(νm ∧ s) −D(νm ∧ s, y(νm ∧ s−ρ(νm ∧ s, y(νm ∧ s))))|p

+ γ

1 − γ
E∥ψ∥p sup

s∈[0,t]
K2(s) +

F p(√γ − γ)1−p

1 − γ
sup
s∈[0,t]

K2(s).

For p ∈ (0, 1], implementing inequality (3.17), instead of (5.1) we have

sup
s∈[0,t]

K2(s)E|y(νm ∧ s)|p

⩽ sup
s∈[0,t]

K2(s)E|y(νm ∧ s) −D(νm ∧ s, y(νm ∧ s−ρ(νm ∧ s, y(νm ∧ s))))|p

+ γp
(
E∥ψ∥p sup

s∈[0,t]
K2(s) + sup

s∈[0,t]
K2(s)E|y(νm ∧ s)|p

)
+ F p sup

s∈[0,t]
K2(s),
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which leads to

sup
s∈[0,t]

K2(s)E|y(νm ∧ s)|p
(5.3)

⩽
1

1 − γp

(
sup
s∈[0,t]

K2(s)E|y(νm ∧ s) −D(νm ∧ s, y(νm ∧ s−ρ(νm ∧ s, y(νm ∧ s))))|p

+ γpE∥ψ∥p sup
s∈[0,t]

K2(s) + F p sup
s∈[0,t]

K2(s)
)
.

The generalized Itô formula, (1.3) and (2.2) give us

dV
(
t, y(t) −D(t, y(t−ρ(t, y(t)))

)
=LV

(
t, y(t), y(t−ρ(t, y(t)))

)
dt+ dM(t)

⩽D(t)
(
1 + V(t, y(t)) + V(t−ρ(t, y(t)), y(t−ρ(t, y(t))))

)
dt+ dM(t),(5.4)

where

M(t)=
∫ t

0
Vy(s, y(s) −D(s, y(s−ρ(s, y(s))))) b(s, y(s), y(s−ρ(s, y(s)))) dW (s)

is a local martingale and M(0) = 0. For every m ⩾ m0, integrating and taking the
expectation of both sides of (5.4), for every t ⩾ 0 we have

EV
(
νm ∧ t, y(νm ∧ t) −D(νm ∧ t, y(νm ∧ t− ρ(νm ∧ t, y(νm ∧ t))))

)
− Ṽ(5.5)

⩽ sup
s∈[0,t]

D(s)
∫ t

0

(
1+2 sup

s∈J∪[0,s]
EV(νm ∧ s, y(νm ∧ s))

)
ds.

Using C1, for p > 0, we get

sup
s∈J∪[0,t]

EV(νm ∧ s, y(νm ∧ s))⩽sup
ζ∈J

EV(ζ, ψ(ζ))+ sup
s∈[0,t]

q(s)+ sup
s∈[0,t]

K2(s)E|y(νm ∧ s))|p,

so, from (2.1), (5.2), (5.3) and (5.5), we derive

sup
s∈J∪[0,t]

EV(νm ∧ s, y(νm ∧ s))

⩽ sup
ζ∈J

EV(ζ, ψ(ζ)) + sup
s∈[0,t]

q(s) + sup
s∈[0,t]

K2(s)
(
r1(p)E∥ψ∥p + r2(p)F p

)
+ r3(p) sup

s∈[0,t]
K2(s)E|y(νm ∧ s) −D(νm ∧ s, y(νm ∧ s−ρ(νm ∧ s, y(νm ∧ s))))|p

⩽ sup
ζ∈J

EV(ζ, ψ(ζ)) + sup
s∈[0,t]

q(s) + sup
s∈[0,t]

K2(s)
(
r1(p)E∥ψ∥p + r2(p)F p

)

+ r3(p) sup
s∈[0,t]

K2(s)
K1(s)

Ṽ + sup
s∈[0,t]

D(s)
∫ t

0

(
1 + 2 sup

s∈J∪[0,s]
EV(νm ∧ s, y(νm ∧ s))

)
ds

,
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where r1(p), r2(p) and r3(p) are defined in (2.4). Then, we have that

1 + 2 sup
s∈J∪[0,t]

EV(νm ∧ s, y(νm ∧ s))(5.6)

⩽c(t)+d(t)
∫ t

0

(
1+2 sup

s∈J∪[0,s]
EV(νm ∧ s, y(νm ∧ s))

)
ds,

where c(t) and d(t) are given in (2.3). Since (5.6) has the form (1.4), by applying
Lemma 1.2, we conclude that

(5.7) sup
s∈J∪[0,t]

EV(νm ∧ s, y(νm ∧ s)) ⩽ 1
2c(t)d(t)e

d(t)t, t > 0.

For t = 0, from (5.6) we conclude that

sup
ζ∈J

EV(ζ, ψ(ζ)) ⩽ c(0) − 1
2 ⩽

c(0)d(0)
2 .

From (5.7) and (2.1), for any t ⩾ 0, we obtain
1
2c(t)d(t)e

d(t)t ⩾ sup
s∈J∪[0,t]

EV(νm ∧ s, y(νm ∧ s)) ⩾ EV(νm ∧ t, y(νm ∧ t))

⩾ EK1(νm)|y(νm)|pI{νm⩽t} ⩾ mp inf
s∈[0,t]

K1(s)EI{νm⩽t}

⩾ mp inf
s∈[0,t]

K1(s)P{νm ⩽ t}.

Then,

P{νm ⩽ t} ⩽
c(t)d(t)ed(t)t

2mp inf
s∈[0,t]

K1(s)
.

As t ⩾ 0 is arbitrary, letting m → +∞ in the previous inequality gives P{ν∞ =
+∞} = 1, so there exists unique global solution of Eq. (1.1). □
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