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ABSTRACT. Warped product skew CR-submanifold of the form M = M; x¢ M,
of a Kenmotsu manifold M (throughout the paper), where M; = Mgy x My and
Mp, M, My represents invariant, anti-invariant and proper slant submanifold
of M, studied in [28] and another class of warped product skew CR-submanifold
of the form M = M, x; My of M, where My = M, x M, is studied in [19].
Also the warped product submanifold of the form M = Mjz x; My of M, where
M3 = My x M, and My, M, My represents invariant, anti-invariant and proper
point wise slant submanifold of M, were studied in [18]. As a generalization of the
above mentioned three classes, we consider a class of warped product submanifold
of the form M = My Xy Mg, of M, where M, = My, x My, in which My, and My,
are proper slant submanifolds of M and My, represents a proper pointwise slant
submanifold of M. A characterization is given on the existence of such warped
product submanifolds which generalizes the characterization of warped product
submanifolds of the form M = M; Xy M, studied in [28], the characterization
of warped product submanifolds of the form M = M, x; My, studied in [19],
the characterization of warped product submanifolds of the form M = M3 X My,
studied in [18] and also the characterization of warped product pointwise bi-slant
submanifolds of M, studied in [17]. Since warped product bi-slant submanifolds of
M does not exist (Theorem 4.2 of [17]), the Riemannian product My = My, x Mj,
cannot be a warped product. So, for studying the bi-warped product submanifolds of
M of the form My, x f, Mg, x 1, Mp,, we have taken My,, Mp,, My, as pointwise slant
submanifolds of M of distinct slant functions 6;, 62, 63 respectively. The existence
of such type of bi-warped product submanifolds of M is ensured by an example.
Finally, a Chen-type inequality on the squared norm of the second fundamental form
of such bi-warped product submanifolds of M is obtained which also generalizes the
inequalities obtained in [33], [18] and [17], respectively.
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1. INTRODUCTION

The warped product [5] between two Riemannian manifolds (NVy, g1) and (Na, g2)
is the Riemannian manifold Ny x ¢ Ny = (N7 X Ny, g), where

g =m(g1) + (f o m)*m5(g2),

where 7 and 7y are canonical projections of M; x My onto M; and Ms, respectively
and 7 (g;) is the pullback of g; via m; for i = 1,2 and f : Ny — R" is a smooth
function.

A warped product manifold Ny Xy Ny is said to be trivial if f is constant. For
M = N; x ¢ Ny, we have [5]

(1.1) VUX = VXU = (X lnf)U,

for any X € I'(T'Ny) and U € I'(T'Ny).

The study of warped product submanifold was initiated in [8-10]. Then many
authors have studied warped product submanifolds of different ambient manifolds,
see [15-17,20]. In [31], Tanno classified almost contact metric manifolds in three
different classes among which the third class was picked up by Kenmotsu in 1972
and he studied its differential geometric properties [21]. This class later named
after him by Kenmotsu manifold which is very important class to study. Warped
product submanifolds of Kenmotsu manifolds are also studied in ([1-3], [22], [23],
[26], [27], [32]-[38]). Multiply warped products (see [11,12,38]) are generalizations of
warped product and Riemannian product manifolds and bi-warped products are special
classes of multiply warped products. Bi-warped product submanifolds of different
ambient manifolds are studied in [33,35]. For the study of slant immersion and slant
submanifolds in contact metric manifolds we refer [6,7,24]. In [29] Park studied
pointwise slant and pointwise semi slant submanifolds of almost contact Riemannian
manifolds.

Recently, Roy et al. studied the characterization theorem on warped product sub-
manifold of Sasakian manifolds in [30]. Motivated by the above studies, in this present
paper we have studied warped product submanifolds of M of the form M = M, x ¢ My,
of M such that ¢ € T(T'My), where My = My, x My,, My,, My, are proper slant
submanifolds of M and here Mj, represents a proper pointwise slant submanifold
of M. Next we have studied bi-warped product submanifolds of M of the form
My, X, My, X s, My,, where My, , My,, M, are pointwise slant submanifolds of M of
distinct slant functions 6, 6, and 63, respectively.

The paper is organized as follows. Section 2 deals with some preliminary useful
results for construction of the paper, Section 3 is concerned with the study of a class
of submanifold M of M such that TM = D% @ D @ D% @ (¢), where D%, D%
are slant distributions and D% is pointwise slant distribution. In Section 4, we have
studied warped product submanifolds of the form M = My x; M, of M where
My = My, x My, such that ¢ is orthogonal to My, with an supporting example.
In Section 5, a characterization theorem of the mentioned class has been obtained,
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Section 6 deals with bi-warped product submanifolds M = My, X My, x5, My, of
M, where Mp,, , My,, My, are pointwise slant submanifolds of M and constructed an
example. In Section 7, we have obtained a generalized inequality for such class of
bi-warped product submanifolds of M. The last section is the conclusion part of the
paper where we have shown how the results of this paper generalizes several results
of different works.

2. PRELIMINARIES

An odd dimensional smooth manifold M?"*! is said to be an almost contact metric
manifold [4] if it admits a (1,1) tensor field ¢, a vector field &, an 1-form 1 and a
Riemannian metric g which satisfy

(2.1) 9 =0, n(¢X)=0, ¢*X =-X+n(X),
(2:2) 9(oX,Y) =—g(X,0Y), n(X)=g(X,8), n) =1,
(2.3) 9(dX,0Y) =g(X,Y) — n(X)n(Y),

for all vector fields X,Y on M2m+1, B
An almost contact metric manifold M?*™ (¢, £ 7, g) is said to be Kenmotsu mani-
fold if the following conditions hold [21]:

(2.4) Vx& =X —n(X)¢,
(2.5) (Vx9)(Y) =g(¢X,Y)E — n(Y)9X,

where V denotes the Riemannian connection of ¢.

Let M be an n-dimensional submanifold of a Kenmotsu manifold M. Throughout
the paper we assume that the submanifold M of M is tangent to the structure vector
field &.

Let V and V+ be the induced connections on the tangent bundle TM and the
normal bundle T+ M of M respectively. Then the Gauss and Weingarten formulae
are given by

(2.6) VxY =VxY +h(X,Y)
and
(2.7) VxV = —AvX + ViV,

for all X, Y € I'(TM) and V € I'(T+M), where h and Ay are second fundamental
form and the shape operator (corresponding to the normal vector field V') respectively
for the immersion of M into M. The second fundamental form h and the shape
operator Ay are related by g(h(X,Y),V) = g(Ay X,Y) for any X,Y € I'(TM) and
V € I'(T+M), where g is the Riemannian metric on M as well as on M.

The mean curvature H of M is given by H = %trace h. A submanifold of a
Kenmotsu manifold M is said to be totally umbilical if h(X,Y) = g(X,Y)H for any
X, Y e(TM). If h(X,Y) =0 for all X,Y € I'(T'M), then M is totally geodesic and
if H =0, then M is minimal in M.



968 S. K. HUI, M. H. SHAHID, T. PAL, AND J. ROY

Let {eq,...,e,} be an orthonormal basis of the tangent bundle TM and {e,1,...,
€am+1} an orthonormal basis of the normal bundle T LM. We put

hi; = g(h(ei,ej),e,) and ||B]]* = g(h(es, €;), h(ei, €5)),

forre{n+1,....2m+1},4,j=1,2,...,n.
For a differentiable function f on M, the gradient V f is defined by

9(Vf,X)=Xf,
for any X € I'(T'M). As a consequence, we get

n

(2.8) IV A7 =D (es( )"
i=1

For any X € ['(T'M) and V € I'(T+M), we can write

(a) o X = PX + QX;

(b) ¢V = bV + ¢V,
where PX, bV are the tangential components and QQ.X, ¢V are the normal components.

A submanifold M of an almost contact metric manifold M is said to be slant if for
each non-zero vector X € T),M, the angle 0 between ¢.X and 7),M is constant, i.e., it
does not depend on the choice of p € M.

A submanifold M of an almost contact metric manifold M is said to be pointwise
slant [13] if for any non-zero vector X € T,M at p € M, such that X is not proportional
to &, the angle 0(X) between ¢p.X and Ty M = T, M —{0} is independent of the choice
of non-zero X € T M.

For pointwise slant submanifold, ¢ is a function on M, which is known as slant
function of M. Invariant and anti-invariant submanifolds are particular cases of
pointwise slant submanifolds with slant function # = 0 and 7 respectively. Also a
pointwise slant submanifold M will be slant if 6 is constant on M. Thus a pointwise
slant submanifold is proper if neither ¢ = 0, T nor constant. It may be noted that
[25] M is a pointwise slant submanifold of M if and only if exists a constant A € [0, 1]
such that

(2.9) PP =X~-T+n®¢).

Furthermore, A = cos? § for slant function 6. If M be a pointwise slant submanifold
of M, then we have [34]:

(2.10) QX =sin® 0{—X + n(X)E}, QX = —QPX.

Let M, My, M3 be Riemannian manifolds and let M = M, x ¢ My Xy, M3 be the
product manifold of M;, My, My such that fi, fo : M; — R* are real valued smooth
functions. For each i, denote by m; : M — M; the canonical projection of M onto M;,
1 =1,2,3. Then the metric on M, called a bi-warped metric is given by

9(X,Y) = g(m, X, m2.Y) + (f1 0 m1)°g(ma. X, m2.Y) + (fo o m1)?g(m3, X, m3.Y),
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for any X,Y € I'(T'M) and * denotes the symbol for tangent maps. The manifold M
endowed with this product metric is called a bi-warped product manifold. Here fi, fo
are non-constant functions, called warping functions on M. Clearly, if both f;, fs are
constant on M, then M is simply a Riemannian product manifold and if anyone of
the functions is constant, then M is a single warped product manifold. If neither f;
nor fo is constant, then M is a proper bi-warped product manifold.

Let M = M, x, My %y, M3 be a warped product submanifold of M. Then we have
[35]

VxZ = Z:(X(ln Nz,

for any X € D!, the tangent space of M; and Z € T'(T'N), where N =, My X, My
and Z' is M; components of Z for each i = 2,3 and V is the Levi-Civita connection
on M.

3. SUBMANIFOLDS OF M

In this section we consider submanifold M of M such that
TM =D" @ D% @ D% @ (¢),
T+M =QD% ¢ QD” ¢ QD% & v,

where v is a ¢-invariant normal subbundle of T+M.
If M is such submanifold of M, then for any X € I'(T'M) we have

where T, T and Ty are the projections from T'M onto D%, D% and D%, respectively.
If we put P =Ty0P, P,=Ty0P and Py = T3 0 P then from (3.1), we get

(3.2) 60X = PX + PBX + PX + QX,

for X e I(T'M).
From (2.9) and (3.2), we get

(3.3) P?=cos’Oi(-I+n®¢), fori=1,2,3.
Now for the sake of further study we obtain the following useful results.

Lemma 3.1. Let M be a submanifold of M such that TM = D% @ D% & D% and
£ e T(D% @ D) then the following relations hold:

(3.4) (sin® §; — sin?03)g(Vx, Y1, X3) =g9(Agp,y; X3 — Aoy, P3 X3, X))

+ 9(Agp,x, Y1 — Agx, PiY1, X4),
(3.5) (sin® Oy — sin? 03)g(Vx, Y2, X3) =9(Agr,y, X3 — Agy, P3 X3, Xo)

+ 9(Agp,x,Ye — Agx, P2Y2, Xo),
(3.6) (sin? By — sin? 03)g(Vx, Xa, X3) =g(Agp,x, X3 — Agx, P3X3, X1)

+ 9(Agpyx, Xo — Agx, P Xo, X4),
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(37) (sin2 91 - Sin2 03)g(VX2X1, Xg) :g(AQP1X1X3 — AQX1P3X3, XQ)
+ 9(Agrx, X1 — Agx, 1 X1, Xa),
for any X,, i € T(D% @ (€)), Xz, Y3 € T(D% @ (€)) and Xy € (D).

Proof. For any X1,Y; € I(D% @ (£)) and X3 € I'(D%), we have from (2.3), (2.5) and
(3.2) that

9(Vx,Y1,X3) =g(Vx, PiY1, 0X3) + 9(Vx,QY1, 9 X3)
= — 9(6Vx, PY1, X3) + 9(Vx,QY1, P3X3) + g(Vx,QY1, QX3)
— 9(Vx, PIY1, X3) — g(Vx, QP1Y1, X3) + 9(Vx,0) P Y1, X3)
+9(Vx,QY1, PsX3) — g(Vx,QX3,0Y1) + 9(Vx,QX5, PiY1)
= 9(Vx, P{Y1, X3) = 9(Vx,QP1Y1, X3) + 9(Vx, QY1, Py X3)
+9(Vx,bQX35,Y1) + g(Vx,cQX5, Y1) + g(Vx,QX3, YY),
Using (2.7), (2.10) and (3.3), the above equation reduces to
9(Vx, Y1, X3) =cos® 019(Vx, Y1, X3) + 9(Agrn X3, X1) — g(Agy Ps X3, X1)
+sin” O39(Vx, Y1, X3) + 9(Agr,x, Y1, X1) — 9(Agx, Y1, X1),

from which the relation (3.4) follows.
The relations (3.5)—(3.7) follow similarly. O

Lemma 3.2. Let M be a submanifold of M where TM = D% @ D% @ D% such that
£ e T(D% @ D). Then the following relations hold:

(3.8) (sin? 05 — sin? 01)g(Vx, Y3, X1) =g9(Agpr,vs X1 — Agy, P1 X1, X3)

+ 9(Agrx,Ys — Agx, P3Y3, X3)

+ (cos? O3 — cos? 01)n(X1)g(X3, Ya),
(3.9) (sin? 05 — sin® 02)g(Vx, Y3, Xa) =g(Agpr,vs X2 — Agy, Pa X2, X3)

+ 9(Agr,x, Y3 — Agx, P3Y3, X3)

+ (cos? 3 — cos® 05)n(X2) (X3, Y3),
for any X, € T(D" @ (), Xy € T(D% @ (£)) and X3,Y3 € T(D%).

Proof. For any X; € T'(D% @ (¢)) and X3,Ys € I'(D%), we have from (2.3), (2.5) and
(3.2) that

9(Vx, Y3, X1) =g(Vx, PsYs,0X1) + g(Vx,QY3, 6X1) — n(X1)g(X3, Ys)
== 9(¢Vx, P3Y3, X1) + 9(Vx,QY3, P1X3)
+9(Vx,QY3,QX1) — 1(X1)g(Xs, Y3)
— 9(Vx, P3Y3, X1) — g(Vx,QPsY3, X1) + g((Vx,0) PsY3, X1)
+9(Vx,QYs, P X1) — g(Vx,QX1, 9Y3)
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+ 9(Vx,QX1, P3Ys) — (X1)g(Xs5,Y3)
= cos? 039(Vx, Y3, X1) — sin 205 X3(05)g(Ys, X1)
+ cos” O3n(X1)g(Xs, Ys) — g(Vx,QPsYs, X1)
+9(Vx,QYs, PLX1) + 9(Vx,bQX1, V) + g(Vix,cQX1, Ya)
— 9((Vx,0)QX1, Y3) + g(Vx,QX1, PyYs) — 1(X1)9(X3, Y).
Using (2.5), (2.7), (2.10), orthogonality of the distributions and symmetry of the
shape operator, the above equation reduces to
9(Vx,Ys, X1) =cos? 039(Vx,Ys, X1) + cos? Osn(X1)g( X3, Ys)
+ 9(Agpry; X1, X3) — 9(Agy, PLX1, X3)
+sin’019(Vx, s, X1) + g(Agr x, Vs, X3)
— 9(Agx, P3Y3, X3) — cos® 01m(X1)g(X3, Y3).

Following the same computational procedure for any X, € I'(D% @ (£)) and X3,Y3 €
['(D%) we can establish the relation (3.9). And hence, the lemma is proved. O

4. WARPED PRODUCT SUBMANIFOLDS OF KENMOTSU MANIFOLDS

In this section we study warped product submanifolds of the form M = My x s My,
of M where My = My, x My, such that ¢ is orthogonal to My,. Here My, , M,
represents proper slant submanifolds of M with slant angles 6, 05, respectively and
My, represents pointwise-slant submanifolds of M with slant function 6s.

Now we construct an example of a non-trivial warped product submanifold M of
M of the form M, x ; Mo,.

Ezample 4.1. Consider the Kenmotsu manifold M = R x; C” with the structure
(¢,€,7,9) is given by

7 0 0 0 7 0 0
Qb(Z(Xz’ax‘i‘Ya )+Zat> Z<Xzayz_ylaxz>’

i=1 i i=1

(=2 n=dtand g=n®n+ Y] (dr' ® dz' + dy’ ® dy’). Let M be a submanifold
of M defined by the immersion x as follows:
x(u,v,0,¢0,7,5,t)
=(ucosf,usinb, 2u + 3v,3u + 2v,v cos ¢, vsin ¢, 30 + 5¢, 50 + 3¢, v cos O, vsin b,
wcos ¢, usin ¢, 2r + 5s, br + 2s, t).
Then the local orthonormal frame of T'M is spanned by the following'

0 0 0 0 0
71 = cosl— 0— +2— +3— —
1 = COS oz, + sin an + 05 + 38y2 + cos gb + sin gba%
Ly = 381 + 28?/2 + cos gzﬁ 0 —|— sin gb—a + cos 08?% + sin 06?/5
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Zg——usine(;il—i—ucos@aayl+3£1+5£1—vsin9825+v0089;%,
Z4__Usm¢:U;3+UCOS¢33+5£1+3;;4_USIH¢(96+UCOS¢86’
Z5:2ai7+5aay7, Z6:56i7+288y7 and Z7:§t.
Then

YA (3080821 — sin&ail + Zﬁayz — 386;2 + cos qbag% — sin¢ai6,

Oy = 3883/2 — 288552 + cos ¢8ay3 — sin ¢£:3 + cos 9883/5 — sin@aif),
gngz—usinﬁayl—ucos@agcl+38(;—5(fm—vsir19(fy5—vcosﬁ(f%,
¢Z4:—vsin¢£;—vcos¢aig+5£l—3£l—usingb;%—ucosgba(zﬁ,

We take, D% = Span{Z;, Z,} , D = Span{Zs, Zs} and D% = Span{Zs, Z,}. Then
it is clear that D% and D% are proper slant distributions with slant angles cos™! %
and cos™! %, respectively. Also, D% is a proper pointwise slant distribution with slant
function cos ™ (—z—95;)-

Clearly, D%, D% and D% are integrable distributions. Let us say that My and Mo,
are integral submanifolds of D% @ D% @ (£) and D%, respectively. Then the metric

tensor gy; of M is given by
gy = 15(du’ + dv®) + 29(dr® + ds*) + (u* + v* + 34)(d6* + d¢?)
= gm, + (U + 07 + 34) gy, -

Thus M = M, xy My, is a warped product submanifold of M with the warping
function f = vu? + v? + 34.

Next we obtain the following useful lemmas.

Lemma 4.1. Let M = My Xy My, be a warped product submanifold of M such that
§ € My, where My = Mg, x My,, Mp,, My, are proper slant submanifolds and My, is
a proper pointwise slant submanifold of M, then

(4.1) Elnf =1,

(4.2) g(h(X1, Y1), QX3) = g(h(X1, X3), QY1),

(4.3) g(h( X2, Y2), QX3) = g(h(Xs, X3), QY2),

(4.4) g(h(X1, X3), QX3) = g(h(X1, Xz), QX3) = g(h(X3, X3), QX1),

for X1,Y, € My,, Xo,Ys € My, and X3,Ys € My,.
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Proof. The proof of (4.1) is similar as in [28].
Now, for X1,Y1 € My, and X3 € Mp,, we have from (2.5) and (3.3) that
(4.5) g(h(X1, X3), QY1) = — g(Vx1P3X3, Y1) — 9(Vx1QX3, Y1) — 9(Vx, X3, PYY).

Then using (1.1) in (4.5), we get (4.2).

Proceeding the same, for any X, Y5 € My, and X3 € My,, we get (4.2).

Again, for any X; € Mpy,, Xy € My, and X3 € My, we have from (2.5) and (3.3)
that
(4.6)

g(h(X1, X3), QX3) = — g(Vx, P1X1, Xo) — 9(Vx, QX1, Xo) — 9(Vx, X1, PX3).
Using (1.1) in (4.6), we find

(4.7) 9(h(X1, X3), QX2) = g(h( X2, X3), QX1).
Also,
(4.8)
g(h(X17 X2>7 QX?)) = g<vX1P2X27 X3) - g<vX1P2X27 X3) - g(vX1X27 P3X3>'
Using (1.1) in (4.8), we get
(4.9) g(h(X1, X2), QX3) = g(h(X1, X3), QX>).
Combining (4.7) and (4.9), we obtain (4.4). This completes the proof. O
Lemma 4.2. Let M = My x ¢ My, be a warped product submanifold of M such that

§ € My, where My = My, X My,, My,, My, are proper slant submanifolds and My, is
a proper pointwise slant submanifold of M, then

(4.10) 9(h(X3, X1),QY3) — g(h(X3,Y3), QX1)

={(X1In f) = n(X1)}g(PsX35,Y3) — (PX1 In f)g( X3, Ys3),
(4.11) 9(h(X3, X2), QY3) — g(h(X3,Y3), QXo)

={(XoIn f) — n(X2)}g(PsX3,Y3) — (P2 XoIn f)g( X3, Y3),
(4.12) 9(h(X3,Y3), QP Xq) — g(h(P5Y3, X3), QX1)

+ 9(h(X1, X3), QP5Y3) — g(h(P1.X1, X5), QY3)
=(cos® 01 — cos® 0)[n(X1) — (X1 1n f)lg(X3, Ya),
(4.13) 9(h(X3,Ys), QP X5) — g(h(PsYs, X3), QX5)
+ 9(h(Xs, X3), QP5Y3) — g(h(P2 X3, X3), QY3)
=(cos” y — cos” 3)[1(X2) — (X2 1In f)]g(X3, Y3),
for Xy € My,, Xo € My, and X3,Ys € My,.
Proof. From (2.5) and (3.3), we have for X; € My, and X3, Y5 € Mp, that
(4.14) 9(h(X3,Y3),QX1) = — g(Vx, X1, PsY3) — g(Vx,QY3, X1)
+1(X1)9(0X3,Y3) + 9(Vx, L.X1, V3).
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Using (2.7) and (1.1) in (4.14), we get (4.10). Following the same procedure, for any
Xy € My, and X3,Y; € M, we easily obtain (4.11).

Next, replacing X; by P;X; and Y3 by P3Y3 in (4.10), respectively and then adding
the obtained equations, we get (4.12). Similarly, replacing X, by P, X5 and Y3 by P3Y;3
in (4.11), respectively and then adding the obtained equations, we get (4.13). O

5. CHARACTERIZATION

We prove the following theorem.

Theorem 5.1. Let M be a submanifold of M such that TM = D% @& D% g D
with & orthogonal to D%, then M is locally a warped product submanifold of the form
M = My x ¢y My, where My = My, x My, if and only if

(5.1) Agpix, Y3 — Agx, P3Ys 4+ Agp,y, X1 — Agv, PLX0
=(cos? B3 — cos? 1) [ X1 — n(X1)]Ys,

(5.2) AQr,x, Y3 — Agx, B3Y3 + Agryv; Xo — Agys P2 X
=(cos? O3 — cos? 0y) [ Xop — 1n(X2)]Y3,

(5.3) Ep =1,

for every X, € T'(D%), Xy € T(D%), X3 € T(D%) and for some smooth function
on M satisfying where (Yap) = 0 for any Yz € T'(D%).

Proof. Let M = My x s My, be a proper warped product submanifold of M such that
My = My, x My,. Denote the tangent space of Mpy,, My, and My, by D% D and
DY respectively. Then from (4.2) we get

(5.4) 9(Agrx, Vs — Agx, P3Y3 + Agry; X1 — Agvy 1 X1, X1) = 0.
Similarly, from (4.4) we get

(5.5) 9(Agr,x,Ys — Agx, PsYs + Agr,y; X1 — Agy, 1 X1, Xo) = 0.
So, from (5.4) and (5.5) we conclude that

(5.6) Aopix, Vs — Agx, P3Ys + Agpyv, X1 — Agv, PLX, € D%.

Hence, from (4.12) and (5.6), relation (5.1) follows.

In similar way, in view of (4.3), (4.4) and (4.13) we get (5.2). The relation (5.3) is
directly obtained from (4.1).

Conversely, let M be a submanifold of M such that TM = D% & D ¢ D% with &
orthogonal to D% and the conditions (5.1)—(5.3) satisfied. Then from (3.4) and (3.7),
in view of (5.1), respectively we get

(5.7) 9(Vx,Y1,X3) =0 and ¢(Vx, X1, X5) =0,
and also from (3.5), (3.6) in view of (5.2), respectively we get
(5.8) 9(Vx,Y2,X3) =0 and ¢(Vx, X5, X5) = 0.
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Thus, from (5.7), (5.8) and the fact that Vx,£ = 0 we conclude that g(VgF, X3) =0
for every E, F € I'(D% & D% @ (¢)). Hence the leaves of D% @ D% @ (£) are totally
geodesic in M.

Now, by virtue of (3.8), (5.1) yields

(5.9) 9([ X3, Ya], X1) =0,
and by virtue of (3.9), (5.2) yields
(5.10) 9([ X3, ¥3], X2) = 0.

Hence, from (5.9), (5.10) and the fact that h(A,§) =0, for all A € T M, we conclude
that

9([Xs,Ys], E) =0, for all X3,Y3 € I'(D%),

and E € ['(D” @ D” @ (£)), consequently D% is integrable.
Let h% be the second fundamental form of My, in M. Then for any X3, Y3 € T'(D%)
and X; € T'(D%), from (3.8), we find

(5.11) g(h™ (X3, Y3), X1) = =(Xap0)9(X3, Y5).
Similarly, for X, € ['(D%), from (3.9) we get
(5.12) g(h*(X3,Y3), X2) = —(Xop)g(X3, Y3).
Again, for any X3, Y3 € I'(D%), in view of (5.3) we have
(5.13) g(h* (X3, Y3), &) = —(p)g(X3, Y3).
Hence, from (5.11)—(5.13) we conclude that

9(h (X3, Ya), B) = —g(V i, B)g(X3, Ya),

for every X3,Y; € I'(D%) and E € T'(D% @ D%, (¢)). Consequently, My, is totally
umbilical in M with mean curvature vector H% = —V .

Finally, we will show that H% is parallel with respect to the normal connection V+
of My, in M. We take E € I'(D% & D% @ (£)) and X3 € I'(D%), then we have

9(Vx, Vi, E) = 9V, V7, X1) + g(Vx, V21, Xo) + g(Vx, Vo, €),

where V%, V% and V¢ are the gradient components of ;1 on M along D%, D and
(&) respectively. Then by the property of Riemannian metric, the above equation
reduces to

9(Ve Vi, B) =X39(V? 11, X1) — g(V" 1, Vi, X1) + Xag(V%pu, X5)
— 9(V" 1, Vi, Xo) + Xag(Vop,€) — 9(Vop, Vx,€)
=Xs(Xap) — g(V* 1, [ X3, X1]) — g(V 11, Vx, X3)
+ X5(Xop) — g(V*pu, [ X3, Xa]) — g(V" 1, Vx, X3)
+ X3(Ep) — 9(Vou, [X5,€]) — g(Voh, Ve X3)
=X1(Xsp) + 9(Vx, V" 1, X3) + Xo(Xap)
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+9(Vx, V2, X3) + E(Xsp) — g(Ve Vo, Xs)

since (Xap) = 0 for every X5 € I'(D%) and Vx, V" +Vx, V%2 + VeVen=VeVu
is orthogonal to D% for any E € ['(D” & D & (£)) and V is the gradient along
M, and M, is totally geodesic in M. Hence, the mean curvature vector H% of My,
is parallel. Thus, Mp, is an extrinsic sphere in M. Hence, by Hiepko’s Theorem (see
[14]), M is locally a warped product submanifold. Thus, the proof is complete. [

6. BI-WARPED PRODUCT SUBMANIFOLDS

In this section we have studied bi-warped product submanifolds M = My, Xy,
My, x ¢, My, of M, where My, , My,, My, are pointwise slant submanifolds of M and
an supporting example has been constructed. We denote D%, D2 D% as the tangent
spaces of My, , My,, My, respectively.

Then we write

TM = D% ¢ D% g D% g (¢)
and
THM = QD" & QD" ¢ QD%.

Ezample 6.1. Consider the Kenmotsu manifold M = R X C19 with the structure
<¢7 57 7, 9) 1s giVen by

10 0 0 0 10 0 0
Qb(Z <Xzaxz +Yzayl> +Z(‘9t> =) <X18yl _Y;@a?,)’

i=1 =1

&= %, n=dtand g =n®n+ X% (dr' @ dz' + dy’ @ dy’). Let M be a submanifold
of M defined by the immersion y as follows:
X(u,v,0, 6,7, 5,1)
=(ucosf,usin b, v cos ¢,vsin @, 30 + 5o, 50 + 3¢, v cos O, v sin 8, u cos ¢, u sin ¢, u cos r,
vcos s, usinr, vsin s, 3r 4+ 2s, 2r + 3s,u cos s, v cosr, usin s, vsinr, t).

Then the local orthonormal frame of T'M is spanned by the following:

0 .. 0 0 . 0
Zl :COSQa—wl + Sln@a—yl + COS¢371'5 -+ sin ¢87y5

+ cosr—— +sinr— +coss—— +sin s
(9x6 8x7 81‘9 8x10’

0 0 0 0
Zoy = COos gba—wz + sin qba—yz + cos 9873:4 + sin 987344
0
4+ coss— +sins— +cosr— +sinr——,
9Ys yr Yo Y10
0 0 0 0 0 0
Z3=—usinf— 0— — — —vsinf— 0—
3 U sin B + w cos o + 38x3 + 583/3 v sin 2, + v cos o’
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0 0 0 0 0 0
Zy = —wvsin p— — +5—+3— —usinp— —
4 vsin ¢8:c2 ~+ v cos ¢8y2 + Bs + 305 u sin ¢8x5 ~+ u cos ¢8y5’
Ly = — usinri —1—ucos7“i + Bi + 2i - vsinri +vcosri
° Oxg Ozy dzxg Jys Yo Y10’
0 0 0 0
Zg =V — Xvsin s— — 4+ 2— +3— —usins—
6 vsmsay6 +UCOSS@y7 + D + B usmsaxg -+ u cos 863:10
and 5
Lr = —.
T
Then
0 ) 0 9] . 0
071 = cos Ga—yl — sin 9873:1 + cos qba—yS — sin qﬁa—%
4+ cosr— +sinr—— +coss— + sins——,
0y Oy Yo Yo
0 ) 0 0 . 0
O Zy = Cos gzﬁa—yQ — sin gzﬁa—xQ + cos 08?/4 — sin 087204
— COS S— — sinsi — cosri —sinr 0
Oxg Oxy O0xg Ox1g’
0 0 0 0 0
Z3=—usinf— — 0— +3— —5— —vsinf— — 0—
YA u sin i U COS Bz, + s B vsin i v COS 9z,
0 0 0 0 0 0
7, — — vsin d— — i 2 a3 Y sind— — i
DLy v sin ¢8y2 v COS ¢8x2 + 58@;3 38;153 u sin ¢8y5 U Ccos qbaxs,
0 0 0 0
Js = —usinr— — 4+ 33— —-2— inr— —
YA usmray6 + ucosray7 + B D + v Slnraxg v cosraxm,
07, —vsinsi — vcossi + 2i —3— —usins— + ucos s—
6 0xg 0x7 Oys Oxg Y9 Mo

We take DY = Span{Z,, Z,}, D = Span{Zs, Z,} and D% = Span{Zs, Zs}. Then it
is clear that D%, D and D% are proper pointwise slant distributions with slant func-
tions cos {5 cos(r — )}, cos™ (rrig5;) and cos ™! (o3 ), respectively. Clearly,
DO DY and D% are integrable distributions. Let us say that My,, My, and My, are
integral submanifolds of D%, D% and D%, respectively. Then the metric tensor gas

of M is given by
gur = 4(du® + dv?) + (u® 4 v* + 34)(d6* + d¢*) + (u? + 0% + 13)(dr? + ds?)
= gm,, T (u +v* + 34)gn,, + (u? +v* + 13) g, -
Thus, M = My, X s, My, X s, My, is a bi-warped product submanifold of M with the

warping functions f; = Vu? +v? + 34 and fo = Vu? + v? + 13.

Proposition 6.1 ([33]). Let M = My, Xz, My, Xy, Mg, be a bi-warped product sub-
manifold of M. Then M is a single warped product if & is orthogonal to Do,
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Proposition 6.2 ([33]). Let M = My, X, Mg, Xy, My, be a bi-warped product sub-
manifold of M such that & such that M is tangent to My,. Then

(6.1) Enf) =1, foralli=1,2.

Lemma 6.1. Let M = My, Xy, My, Xy, My, be a bi-warped product submanifold of
M such that & is tangent to My, . Then

(62) g(h(Xh}/l)vQX?)) :g<h<X17X3)7Q3/1>7
(6.3) g(M( X2, Ys), QX3) = g(h(Xy, X3), QY2),
(6.4) g(h(X1, X2), QX3) = g(h(X1, X3), QX2),

for every X1,Y, € T(D%), Xy, Y, € T(D%) and X3 € T(D%).
Proof. Proof is similar to the proof of Lemma 4.1. 0

Lemma 6.2. Let M = My, Xy, My, X, My, be a bi-warped product submanifold of
M such that € is tangent to My, . Then

(6.5) g(h(X2,Y2),QX1) — g(h(X1, Xz), QY2)

=(PX11In f1)g(Xs, Y2) 4+ [Xi(In f1) — n(X1)]g(Xz, P2Y3),
(6.6) 9(h(X3,Y3), QX1) — g(h(X1, X3), QY3)

=(P1X11n f2)g(X3,Ys) + [X1(In f2) — n(X1)]g(Xs, PsY3),
(6.7) 9(h(X3,Y3), QX2) — g(h(X2, X3), QYs)

=(PX21n fp)g9(X3,Y3) + Xo(In fo)g( X5, P3Ys),
for every Xy € T(D"), X5, Y, € T(D%) and X3,Ys € T(D%).
Proof. Proof is similar to the proof of Lemma 4.2. 0J

Lemma 6.3. Let M = My, Xy, My, Xy, My, be a bi-warped product submanifold of
M such that & is tangent to My, . Then

(6.8) 9(h(X1,Y2), QP Xz) — g(h( X1, P2 X>), QY2)
=2cos” Oo{ (X1 In f1) — n(X1)}g(X5, Y2),

(6.9) g(h(X1, X3), QP3Y3) — g(h(X1, P3X3), QY3)
=2cos” O3{ (X1 In fo) — n(X1)}g(Xs, Ys),

(6.10) g(h(X2, X3), QPsY3) — g(h(Xa, P3X3), QY3)

=2 cos® 03( X In f2)g(X3, Y3),
for every X, € T(D%"), Xy, Y, € T(D%) and X3,Y3 € T(D%).
Proof. By polarization of (6.5), we get
(6.11)  g(h(X2,Y2), QX1) — g(h(X1,Y2),QZ) =(P1X11n f1)g(X2,Y2)
+ [Xa(In f1) — n(X1)]g(Xz, Ya).
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Subtracting (6.11) from (6.4), we find

(6.12)  g(h(X1,Y2), QX2) — g(h(X1, X2), QY2) = 2[Xi(In f1) — n(X1)]g(Xz, P2Y2).
Replacing X by P X5 in (6.12), we get (6.8). Similarly, (6.9) follows from (6.6) and
(6.10) follows from (6.7). O

Theorem 6.1. Let M = My, X, My, X 5, M, be a bi-warped product submanifold of
M such that & is tangent to My,. Then M can be D% — D% and D% — D% mized
totally geodesic but cannot be D% — D% mized totally geodesic.

Proof. The theorem follows from Lemma 6.3. U

7. INEQUALITY

In this section, we establish a Chen-type inequality on a bi-warped product sub-
manifold M = My, x; My, X, My, of M of dimension n such that ¢ is tan-
gent to Mpy,. We take dim My, = 2p + 1, dim My, = 2¢, dim My, = 2s and
their corresponding tangent spaces are D%, D% and D%, respectively. Assume

that {e1,ea,...,€p, €541 = sectiPrer, ... eq = secOiPrey ea1 = &}, {egpro =
* % % _ * % *

€1, Eoprgil = €y, €aprgra = €41 = SEC O Psel, ..., eaprogt1 = €3, = Sec 92P26q} and

{62p+2q+2 = €1,...,€2p42g+s+1 = €5, €2p42g+s4+2 — €541 — SE€C O3 P3éy, . . ., €op4-2¢+2s+1 =

€95 = sec 03 P3¢} are local orthonormal frames of D%, D% and D% respectively. Then
the local orthonormal frames for QD% , QD% QD% and v are {&; = cscb,Qey, .. .,
é, = csctiQey, €pp1 = csclysecHQPey, ..., e cschysecthQPre,}, {1 = € =
cscbrQel, ..., Eoprq = €, = csc Hng;, éQ{,HH = €y, = CSC 0, sec (92@]326’1‘, ey Eoptag
= €, = CsC 92~sec 02QPae;}, {€apyagi1 = €1 = csc 0308y, o Eopragts = €5 = cscl3Q)és,
é2p+2q+s+1 = és+1 = CSC 93 sec enggél, e ,éQpJ,-Qq—l-QS = égs = CSC 93 sec 83@P3é5} and
{€api2gt2s41s- -5 Eamy1} of dimensions 2p, 2¢, 2s and (2m + 1 —n — 2p — 2q — 2s),
respectively.

Theorem 7.1. Let M = My, x 5, My, X 5, My, be both D — D% and D — D% mized
totally geodesic bi-warped product submanifold of M such that £ is tangent to Moy, .
Then the squared norm of the second fundamental form satisfies

(7.1) |h]|* >2q csc? 0;(cos? 01 + cos? 6) (|| V In f1]|* — 1)

+ 2s csc? 01 (cos? 0 + cos® 03) (|| V In fo]|* — 1),
where 2qg= dim My,, 2s = dim Mpy,, VIn f; and VIn f5 are the gradients of warping
function In f1 and In fy along My, and My,, respectively.

If the equality sign of (7.1) holds, then My, is totally geodesic and My,, My, are
totally umbilical submanifolds of M.

Proof. From the definition of h, we have
2p+1

(7.2) IRl1* = >~ g(h(ei, e;), hlei ;).

ij=1
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Now by decomposing (7.2) in our constructed frame fields, we get

2m—+1 2p+1 2m+1 2p+1 2q
A2 = > D2 g(hleie;), &) +2 > >0 > g(h(eie;), &)’
r=n+11,j=1 r=n+1 i=1 j=1
2m-+1 2p+1 2s 2m+1  2q
(7.3) +2 30 > D glhleng;).e)*+ > > g(hlef €)). &)
r=n+1 i=1 j=1 r=n+11i,j5=1
2m+1 2q 2s 2m+1  2s
+2 3 S S g(hler 6.6+ Y D glh(énég) 6
r=n+1i=1j=1 r=n+11,j=1

Neglecting the v component terms of (7.3), we obtain

2p 2p+1 2q 2p+1
(7.4) AP >3 g(hlei,e;). 6)2+° > g(hlei e)), 6)?
r=14,j=1 r=114,j5=1
2s 2p+1 2p  2q
S3 3 gl 42 D Y gli(en ).
r=11,j=1 i,r=1j=1
2 2p 2s 2p 2q
+2 33 glhle,e)), &) +2> >3 glh(es, €)),é)°
r,g=11=1 r=111=1j=1
2p  2s 29 2p 2s
+2 > 2 gl é),6)° +23. 3> g(h(eié;), &)
ir*lj*l r=111=1j=1
+QZZQ (e3,85), &) +ZZQ ¢;,¢;). é)?
r,j=11=1 r=14,j=1
2q 25 2q
+ Z g(h( z’ j 67‘ +Zzg 27 ] )2
i,j,r=1 r=14,j=1
2p 2q 2s 29 2s
+22.>. > g(h(e],;),8)" +2 37 > g(he], &), &)’
r=1i=1 j=1 i,r=17=1
2s  2q 2p  2s
+2 > glhle; &),6.)" + > > g(h(é:, ), &)
J,r=11i=1 r=114,j=1
29 2s 2s
+Z Z g el7€j 67“ + Z g ewéj)aér)2‘
r=14,5=1 2,J,r=1

In view of Lemma (6.1), the second, third and thirteenth terms are equal to zero. Us-
ing the D% — D% and D% — D% mixed totally geodesic condition, seventh to thirteenth
terms are also equal to zero. Also we can not find any relation for g(h(D?%, D%), QD%),
g(h(DP2, D) QD). g(h(DP, D), QD). g(h(DP2, D) QD). g(h(DPs, D).
QD%) and g(h(D%,D%), QD%), so we neglect first, eleventh, twelfth, fourteenth,
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fifteenth, seventeenth and eighteenth terms of (7.4) and obtain

p p
|A]|? > csc? 6, Z Z g(h(e;,e€; ), Qe,)* 4 csc? 0 sec 012 Z g(h ,Ple;f),QPler)2

r=14,j=1 r=14¢,j=1
P 2s

+ csc? 6, Z Z g(h(é:,85), Qe,)?+esc? Oy sec GIZ Z g(h(é;, Pié;), QPre,)?.
r,=11,7=1 r=114,j=1

By virtue of Lemma 6.2, the above relation yields

p
||h||2 >CSC 012 Z P1€T1nf1> ( z? ])2

r=14,j=1
P 2q
+ csc?d, Z Z [(eIn f1) — n(er)]Qg(GZ‘: PQG;)Q
r=14,j=1
p
+ csc? 6 cos® 912 Z €r1Hf1 g(e;, ])2
r=14,j=1
P 2q
+esc?0 Y Y (PreyIn f1)?g(e;, PZG;)Q
r=1ij=1
p 2s
+ csc? 6, Z Z (PreyIn f2)?g(8;,€5)
r=1d,j=1
P 2q
+ esc?d, Z Z [(erIn fo) — n(er)]Qg(éi, P3éj)2
r=14,j=1
P 2s
+csc®Orcos® 01 D> D (e, In fo)?g(8;, 65)°
r=14,j=1
p 2s
+ csc? 6, Z Z (Pre, In f2)29<éz" PSéj)2
r=14,j=1

(P1€r In ]‘11)2

M*@

=2q csc? 0 (1 + sec? 0, cos® 6,)

T

[(erIn f1) = n(e,)]?

M= 1

+ 2qcsc0, (cos? 0 + cos? 0y)
1

ﬁ
Il

p
+ 2q csc? 01 (1 + sec? 0, cos? 0s) Z (Pye,In fy)?

r=1

p
+ 2gcsc®0y(cos® 01 + cos® 03) > [(e, In fo) — nle,)].

r=1
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Thus, we find
2p+1

(7.5) |h]|* >2q csc® 0;(cos® 0 + cos? ;) (Z (Pre,In f1)* — (€1n fl)z)
r=1

2p+1
+ 2s csc? 0 (cos? 0 + cos® 03) ( > (Pie;In f5)* — (£1n f2)2) :

r=1

Using (2.8) and Proposition 6.2, in (7.5), we get the inequality (7.1). If equality of
(7.1) holds, for omitting v components terms of (6.3), we get

(D%, D) Ly, h(D%, D)1y, h(D% D%)Lv, h(D%, D%)Lwv.
Also, for neglecting terms of (7.4), we obtain h(D%, D) LQD%, h(D%, D%) 1L QD%,
h(D%, D) 1L QDY%, k(D% D%)1LQD%, h(D%, D%)LQD%, h(D%, D%)1LQD%,
h(D%, D%) 1L QDY%, h(D%, D%)1LQD%. Next, since M is both D% — D and D — D%
mixed totally geodesic, we get
(7.6) h(D%,D%) =0, h(D",D%)=0.
Also, from Lemma 6.1 with (6.6), we get

h(D, DY LQD%, h(D%, D")LQD%, KD DM LQD.

Thus, we can say that

(7.7) h(D%, D) =0,

(7.8) h(D%, D%y c QD"
(7.9) h(D% D%) c QD",
(7.10) h(D%, D%) c QD"

From (7.6) and (7.7), My, is totally geodesic in M and hence in M [5,7]. Again,
since My, and My, are totally umbilical in M [5,7], with the fact (7.8)-(7.10), we

conclude that Mpy, and My, are totally umbilical in M. Hence, the theorem is proved
completely. 0

8. SOME APPLICATIONS

As consequences of Theorem 5.1 we have the following.

1. If we take dim My, = 0 and replace 65 by 6,, then M changes to a warped
product pointwise bi-slant submanifold of the form My, x; My,, studied in [17]. In
this case Theorem 5.1 of this paper takes the following form (Theorem 5.1 of [17]).

Let M be a proper pointwise bi-slant submanifold of M such that ¢ € T'(D%), then
M is locally a warped product submanifold of the form Mjy, x; My, if and only if

AQP1X1Y2 - AQX1 PY,; + AQP2Y2X1 o AQY2P1X1
=(cos® Oy — cos” 01)[(X1p) — n(X1)]Ya,
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for any X; € I'(D"), X, € T'(D%), for some smooth function p on M satisfying
(Yu) =0, for any W € I'(D%). Thus, Theorem 5.1 of this paper is a generalisation
of Theorem 5.1 of [17].

2. If we take 0; = 0, 0y = constant = 0, 03 = 7, then M changes to a warped
product skew CR-submanifold of the form M; x ¢ M, where My = My x My, studied
in [28]. In this case Theorem 5.1 of this paper takes the following form (Theorem 5.3
of [28]).

Let M be a proper skew CR-submanifold of M, then M is locally a D? — D+
mixed totally geodesic warped product submanifold of the form M; x; M, where
My = My x My if and only if

(i) AgzX € T(D1) for any X € (DT @ DY) @ {¢} and Z € T(D4);

(ii) for any X; € T(DT), Xy € T(DY) and Z € I'(D1), ApzXys = —(6Xip),
ApZ Xy =0, Agxyz = (P2 Xop)Z, (§p) = 1,
for some smooth function g on M satisfying (V) = 0, for any V € I'(D1). Thus,
Theorem 5.1 of this paper is a generalization of Theorem 5.3 of [28].

3. If we take 0, = 7, 0y = constant = 0, 03 = 0, then M changes to a warped
product skew CR-submanifold of the form My x s My, where My = M| x My, studied
in [19]. In this case Theorem 5.1 of this paper takes the following form (Theorem 5.1
of [19]).

Let M be a proper skew CR-submanifold of M, then M is locally a warped product
submanifold of the form M, x ; My, where My = M| x My if and only if

() ApZX =A{n(Z) — (Zp)}oX;

(ii) Agux = {n(U) — (Up)}¢X + (PUp)X;

(iif) (§p) =1,
for any X € I'(DT), U € T'(D?), Z € T(D+), for some smooth function p on M
satisfying (Yu) = 0, for any Y € T'(DT). Thus, Theorem 5.1 of this paper is a
generalisation of Theorem 5.1 of [19].

4. If we take 6 = 0, 6, = § and 03 = 6 then M changes to a warped product
submanifold of the form M; x y My, where M3 = My x M, studied in [18]. In this
case Theorem 5.1 of this paper takes the following form (Theorem 5.1 of [18]).

Let M be a submanifold of a Kenmotsu manifold M such that TM = DT @D+ @ D?
with £ is orthogonal to My. Then M is locally a warped product submanifold of the
form M = Mj x; My, where M3 = My x M, if and only if the following relations
hold:

(1) AqueX — Agpy X = sin® 0[(Xp) — n(X)]V;

(ii) Az PV — AgpvZ = —cos? 0[(Zu) — n(Z)]V;

(i) (ép) = 1,
for every X € I'(DT), Z € (D) and V € T(D?) and (V) = 0 for some function
on M satisfying (Wpu) = 0, for any W € T'(D?). Thus, Theorem 5.1 of this paper is a
generalisation of Theorem 5.1 of [18].

As consequences of Theorem 7.1, we have the following.
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1. If we consider ¢ = constant, 0y = 0, 03 = 7, then the submanifold M changes
to bi-warped product submanifold of the form My %, My x5, M, studied in [33]. In
this case Theorem 7.1 of this paper takes the following form.

Let M = My Xy, My x g, M, be a bi-warped product submanifold of M such that
¢ is tangent to My, then the squared norm of the second fundamental form satisfies

|h]|? >2qcsc® 0(1 + cos® 0)(|[V In f1||* — 1) + 2scot? (|| V In fo|* — 1),

where 2¢ = dim Mr, 2s = dim M, V1n f; and V In f; are the gradients of warping
function In f; and In f; along M7 and M, respectively.

If the equality sign holds, then My is totally geodesic and My, , M, are totally
umbilical submanifold of M. Taking dim My = 2¢ = my and dim M, = 2s = mo,
we see that this statement coincides with the statement of Theorem 6 of [33]. Thus,
Theorem 7.1 of this paper is a generalisation of Theorem 6 of [33].

2. If we consider dim My, = 0, then the submanifold M changes into warped
product pointwise bi-slant submanifold of the form My, x; My, studied in [17]. In
this case Theorem 7.1 of this paper takes the following form.

Let M = My, x; My, be a warped product pointwise bi-slant submanifold of M
such that £ is tangent to My,, then the squared norm of the second fundamental form
satisfies

|R]|? > 2q csc? 01 (cos? 0 + cos? 62) (|| V In fI|* — 1),
where 2¢ = dim My,, VIn f is the gradient of warping function In f along M,,. If
the equality sign holds, then Mp, is totally geodesic and Mp, is totally umbilical
submanifold of M. Thus, we see that this statement coincides with the statement of

Theorem 6.1 of [19]. Hence Theorem 7.1 of this paper is a generalization of Theorem
6.1 of [17].

Acknowledgements. The authors would like to express their sincere thanks to the
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