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GENERALIZED VECTORIAL ALMOST PERIODICITY
M. KOSTIC

ABSTRACT. In this paper, we introduce and analyze several new classes of general-
ized vectorially almost periodic functions. We also analyze Y-almost periodic type
functions and the invariance of generalized vectorial almost periodicity under the
actions of convolution products.

1. INTRODUCTION AND PRELIMINARIES

The notion of almost periodicity was introduced by the Danish mathematician
H. Bohr around 1924-1926 and later generalized by many others (see the research
monographs [6,9,11, 12,14, 15,20, 23] and the excellent survey article [2] for further
information regarding almost periodic functions and their applications). Let (X, || -||)
be a complex Banach space and let F' : R" — X be a continuous function, where
n € N. Then, F(+) is said to be almost periodic if for each € > 0 there exists W > 0
such that for each wy € R" there exists 7 € B(wo, W) = {t e R" : [t —wo| < W}
such that

|Fit+7) = F(t)| <e, teR

here, | - — - | denotes the Euclidean distance in R™.

If the function F' : R" — X is Lebesgue measurable and for every non-empty
compact set K C R”, one has [ ||F(t)||” dt < 400, where p > 0, then F(-) is said
to be Stepanov-p-almost periodic if for every € > 0 there exists W > 0 such that for
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each wy € R" there exists 7 € B(wg, W) with

HF(s+7'+W) —F(s+w)

Lr([0,1]7:X) <6 sERY

ie.,

(1.1) /[0,1]”

Equivalently, the Bochner transform F' : R — LP([0,1]" : X), defined by [F(t)](u) :=
F(t+u),t € R" uel0,1]" is almost periodic; F(-) is said to be Stepanov almost
periodic if F(-) is Stepanov-1-almost periodic. Any Bohr almost periodic function
F(-) has to be Stepanov-p-almost periodic for any p > 0.

The class of almost automorphic functions was discovered by S. Bochner in 1955 ([7]).
In a joint work with S. Abbas [1], we have recently investigated vectorially Weyl almost
automorphic functions. This research article aims to examine several new classes of
vectorially Stepanov-p-almost periodic type functions and vectorially (equi)-Weyl-p-
almost periodic type functions, where p > 0. The novelty of our approach is that we use
the vector-valued integration in the analysis of these classes of functions; unfortunately,
we cannot consider the general value of exponent p # 1 in the pure vector-valued
setting. These classes of functions extend the usually considered classes of Stepanov-
p-almost periodic type functions and (equi)-Weyl-p-almost periodic type functions
in the scalar-valued setting as well as the usually considered classes of Stepanov-1-
almost periodic type functions and (equi)-Weyl-1-almost periodic type functions in
the vector-valued setting. We also analyze Y-almost periodic type functions and
the invariance of generalized vectorial almost periodicity under some convolution
transforms, which is incredibly important for applications to the abstract Volterra
integro-differential equations. If A is the integral generator of an an exponentially
stable strongly continuous semigroup (7'(t));>o and the function f : R — X is
Stepanov-p-almost periodic (1 < p < 4+00), for instance, then the function u : R — X,
given by

F(s+71+w) —F(s+W)dew <e, seR™

u@%iﬁmT@—@ﬂQd& tER,

is an almost periodic solution of the abstract Cauchy problem u'(t) = Au(t) + f(¢),
t € R; moreover, if the function h : R — X is Stepanov-p-almost periodic (1 < p <
+00), the function ¢ : [0,400) — X vanishes at plus infinity and f(¢) = h(t) + q(?),
t > 0, then the unique asymptotically almost periodic solution of the abstract Cauchy
problem u/(t) = Au(t) + f(t), t > 0; u(0) = x is given by

MQ:T@x+£Tu—Qﬂ@$,t2Q

if f(-) enjoys very mild regularity assumptions. Many similar applications of this
type have been given to the abstract Volterra integro-differential equations and the
abstract fractional integro-differential equations (cf. [13,14] for more details).
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The structure of this research article can be shortly depicted as follows. After fixing
the notation, we analyze the notion of vectorial Stepanov almost periodicity in Section
2. The class of ¥-almost periodic functions is analyzed in Subsection 2.1, and the
class of vectorially Stepanov almost periodic functions in general metric is analyzed
in Subsection 2.2. Vectorially Weyl almost periodic type functions are analyzed in
Section 3, while the invariance of vectorial Stepanov almost periodicity and vectorial
Weyl almost periodicity under the actions of convolution products is analyzed in
Section 4. The last section of paper is reserved for the final conclusions; for simplicity,
we will not investigate here the extensions of vectorially generalized almost periodic
functions and the corresponding composition principles as well as the vectorially Weyl
almost periodic type sequences.

Notation and preliminaries. We assume that (X, ||-]|) and (Y, [|-]|y) are complex
Banach spaces, B is a non-empty collection of non-empty subsets of X and R is a
non-empty collection of sequences in R"”. The standard assumption will be that, for
every y € X, there is a set B € B such that y € B. L(X,Y) denotes the Banach
space of all bounded linear operators from X into Y; L(X, X) = L(X) and I denotes
the identity operator on Y. Define Ny := {0,1,...,m,...}. If C and D are non-empty
sets, then we set D€ := {f | f: C — D}; set 0¢ := 0 for ¢ > 0.

Let 0 A1 CR™ v: 1 — (0,400), and let 1/v(-) be locally bounded. In this paper,
we deal with the vector space Cj, (I : X) consisting of those continuous functions
u: I — X such that ||u]| := supye; ||v(t)u(t)| < +oo. Then, (Cp (I : X),| ) is a
Banach space, as easily approved. Assuming that v = 1, we also write Cy(I : X) in
place of Cy (I : X).

2. VECTORIAL STEPANOV ALMOST PERIODICITY

The class of Stepanov-p-almost periodic functions, where p > 1, was introduced by
W. Stepanoff in 1926 ([22]). For example, the function

2
s) = sin , s€ER,
/s) <2+coss—|—cos(\/§s)>
is bounded, continuous and Stepanov-p-almost periodic for any finite exponent p > 1
but it is not almost periodic. If there exists ¢ > 0 such that the sequence (A)gez of
real numbers satisfies A\g 1 — A\x > ¢ for all k € Z and (ay)rez is a real sequence such
that >°;2°  |ax]? < +oo, then

k=—o00

+oo
f(S) = Z akei)\ksa S R7

k=—o00

is a Stepanov-2-almost periodic function; cf. [20, Theorem 5.3.2, pp. 214-216]. For
further information, we refer the reader to [14-16] and references quoted therein.
Now we would like to introduce the following notion.
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Definition 2.1. (i) A locally Lebesgue integrable function F': R™ — X is vectorially
Stepanov almost periodic if for every e > 0 there exists W > 0 such that for each
wy € R” there exists 7 € B(wy, W) with

/[ ]{F(S—FT—FW)—F(S—FW)]dW <e seR™
0,1

(2.1) ‘

(ii) A p-locally Lebesgue integrable function F': R" — C is vectorially Stepanov-
p-almost periodic if for every € > 0 there exists W > 0 such that for each wy, € R"
there exists 7 € B(wo, W) with

(2.2) <é, seR™

/[071]71 [F(s +7+w)— F(s+ W)}pdw

It is clear that the notion of vectorial Stepanov-p-almost periodicity cannot be
easily introduced if p # 1 and X # C.

Immeditely from the equations (1.1), (2.1) and (2.2), it follows that any Stepanov
almost periodic function is vectorially Stepanov almost periodic as well as that any
scalar-valued Stepanov-p-almost periodic function is vectorially Stepanov-p-almost
periodic. The relations between Stepanov-p-almost periodic functions in norm (cf.
[18, Definition 11]) and vectorial Stepanov-p-almost periodic functions are quite non-
trivial (p = 1, general X; p > 0 and p # 1, X = C). Furthermore, the class of
scalar-valued vectorially Stepanov-p-almost periodic functions behaves very badly if
p # 1 and we will not examined this class in more detail henceforth. The use of
vector-valued integration in Definition 2.1(i) may cause some unpleasant difficulties
sometimes, as well; for example, it is not simple to consider the products of vectorially
Stepanov almost periodic functions and the existence of Bohr-Fourier coefficients of
vectorially Stepanov almost periodic functions (see, e.g., [14, Theorem 2.1.1]).

FExample 2.1. On some function spaces, the Gaussian semigroup
—(n/2) =2 n
(G(s)F)(y) := (47?5) / Fly—z)e 1 dz, s>0, feY, yeR",

is a strongly continuous semigroup generated by the Laplacian Ay acting with its
maximal distributional domain in Y. Let F(-) be bounded and vectorially Stepanov
almost periodic, and let sO > 0 be fixed. Then, the function R" > = +— u(z, sy) =
(G(sg)F)(z) € C is bounded and vectorially Stepanov almost periodic, which is am
essential consequence of the next calculus (z € R™; 7 € R" satisfies the necessary
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requirements):

/[o,m [<G(SO)F)(U + 74 2) = (G(s0)F) (v + Z)] dz

lw|? ||

:/[} [/ Flo+1+u—w)e %o dw—/ F(v+u—w)e %o dw] du
01 |Jrn n

— /[071}71 [/n{F(v—i-T—i-u—w)—F(U—i-u—w)}eZJSOQ dw} du

_w|?

:/ne T3 l/{o’”n[F(v—i—T—ku—w)—F(v+u—w)}du] dw’

_ |l
< e 450
- n

We can also consider here vectorially Stepanov c-almost periodic functions; see Defi-
nition 2.4 below with p = cl and ¢ € C\ {0}.

_lw?
dyge/ e %o dw.

/[0,1]n[F(U+T+“_w)—F(v+u—w)]du

The proof of following result is relatively plain.

Proposition 2.1. A locally integrable function F' : R™ — X is vectorially Stepanov
almost periodic if and only if the function G = L(F) : R" — X, given by G(t) :=
Jopn F'(t +u)du, t € R", is almost periodic.

In the one-dimensional setting, we have that G(t) = FlU(t + 1) — Fl(¢), t € R,
where FU(t) := [¥ F(s)ds, t € R is the first integral of function F(-). In particular, if
FU(.) is almost periodic, then F(-) is vectorially Stepanov almost periodic (see also
Kadets’s theorem [4, Theorem 4.6.11] and the research articles [3] by J. Andres, D.
Pennequin, [8] by C. Budde, J. Kreulich, [10] by H.-S. Ding et al., and [21] by A. M.
Samoilenko, S. I. Trofimchuk for further information concerning the integration of
almost periodic functions). The following example justifies the introduction of notion
in Definition 2.1.

Example 2.2. Let us recall that there exists a function f : R — R which is bounded
continuous and has the feature that the function fI(-) is almost periodic and the
function f(-) is not Stepanov almost periodic; cf. [5, Example 3.2]. Since fl(.) is
almost periodic, we have that f() is vectorially Stepanov almost periodic; see also
[15, p. 62] for more details about this function.

Proposition 2.1 implies that vectorially Stepanov almost periodic functions form
a vector space as well as that any vectorially Stepanov almost periodic function
F :R" — X is vectorially Stepanov bounded in the sense that

/ F(w)dw
t+[0,1]™

The notion of vectorial Stepanov boundedness and the usually considered Stepanov
boundedness are different.

sup < +00.

teR”
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Example 2.3. Let X := C and F(t) := tsin(¢?), t € R. Then we have

x+1 9
/ N SIH(S )
T

for some ¢ > 0. Hence,

(1+12l) 7 /:H\ﬂs)\ds} — 4o, o€ (0,1).

1 plz+1)?
ds:§/2 |sinv|dv > c|lz|, z€R,

sup
z€R

A similar argumentation shows that

/machl i) du’ _ ;

which yields the required conclusion. Further on,
z+1
[ s+ = ()] ds
1 2 2 2 2
=5 Kcos((:v +7) ) - cos((x +7+1) )) — (cos(m ) — cos((a: +1) ))] , =, T €R,

which shows that f(-) cannot be vectorially Stepanov almost periodic.

The vector-valued integration can be useful in the studies of vectorial weighted
ergodic components and vectorial weighted ergodic components in general metric, as
well (see [15, Section 6.4] and [16, Section 5.2]).

<1

Cos<x2) — Cos((a: + 1)2)

, T €R,

2.1. Y-almost periodicity. In the rest of this section, let us assume that ) # I C R",
PCY! 0€ Pand P = (P,d) is a pseudometric space; if f € P, set || f||p := d(f,0).

We recall that the notion of a (strongly) (R, B, P, L)-multi-almost periodic function
is introduced in [17, Definition 2.1]. Keeping in mind Proposition 2.1, we would like
to introduce the following general notion.

Definition 2.2. Let 0 # I C R, ¥ : Y*X — YI*X and let R be an arbitrary
non-empty collection of sequences in R”, F': [ x X — Y foreach B€ B and b € R
the set L(B;b) is a collection of subsets of B, and we have the following:

(2.3) If sel, acRandl €N, then we have s+ a(l) € I.

Then F(-;-) is said to be (X,R,B,P, L)-multi-almost periodic, resp. strongly
(3, R, B, P, L)-multi-almost periodic in the case that I = R", if ¥(F) is (R, B, P, L)-
multi-almost periodic, resp. strongly (R, B, P, L)-multi-almost periodic.

If for each B’ € B and b’ € R, we have L(B’;b’) = {B’}, then we omit the term
“L” from the notation.

We can similarly define the notion of a (strong) (X, Rx, B, P)-multi-almost periodic
function (of type 1), where Rx is an arbitrary collection of sequences in R" x X;
cf. [17, Definition 2.2]. Once it is done, we can extend [17, Proposition 2.6] in the
following way.
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Proposition 2.2. Let P be a vector structure with the usual operations, let P be
complete and let the metric d be translation invariant. Let us assume that, for every
Jj € N, the function F; : I x X — Y is (X,Rx, B, P, L)-multi-almost periodic of
type 1 as well as that, for every sequence which belongs to Rx, any its subsequence
also belongs to Rx. If F : I x X — Y and for each B' € B, (b;x) = ((bx;zx)) =
(b}, b2,...,00);2x) € Ry, B’ € L(B; (b;x)) and we have

Fi(-+briy+an,) = F(-+ by + o)

lim sup
(@)= (400,+00) ye B’

=0
P

then F(-;-) is (X, Rx, B, P, L)-multi-almost periodic of type 1, if:

(ii) there exists d > 0 such that ||Sf||p < d||f|lp, f € P.

For example, this condition holds if I = R", P = C,(R™ : Y') and () is given as
in the formulation of Proposition 2.1. Suppose now P is a vector space, the metric
d has the property of translation invariance and, for every d € C, one has df € P,
[ € P and the existence of a real number ¢(d) > 0 such that ||df||p < &(d)|| f]|p for
all f € P. If we assume that for each sequence in R [Ryx| any its subsequence also
belongs to R [Rx] as well as that the mapping X is linear, then the space consisting of
all (strongly) (X, R, B, P, L)-multi-almost periodic [(strongly) (£, Rx, B, P, L)-multi-
almost periodic] functions is a vector space; see also [17, Remark(ii), pp. 234-235].

The reader may consult [17, Definition 3.1] for the notions of a Bohr (B, I’, p, P)-
almost periodic function and a (B, I, p, P)-uniformly recurrent function. The following
notion could be also introduced (we can similarly examine some other classes of
(metrically)¥-almost periodic type functions considered in [16, Chapter 4-Chapter 7]
in the case that X is the identity mapping).

Definition 2.3. Let 0 A ' CR*", 0 A I CR*", B : YIXX 5 yDX [ Ix X Y, p
is a binary relation on Y, R(3X(F)) € D(p) and I 4+ I' C I. Then, it is said that:

(i) F(+;-)is Bohr (X, B, I’, p, P)-almost periodic if ¥:(F') is Bohr (B, I, p, P)-almost
periodic;

(ii) F(+;-) is (%, B, I', p, P)-uniformly recurrent if 3(F) is (B, I’, p, P)-uniformly
recurrent.

The structural results established for Bohr (B, I’, p, P)-almost periodic functions
and (B, I', p, P)-uniformly recurrent functions can be straightforwardly generalized for
Bohr (X, B, I’, p, P)-almost periodic functions and (X, B, I, p, P)-uniformly recurrent
functions, provided that the mapping 3(-) has suitable properties; we can slightly
extend the assertions of [17, Proposition 3.7, Corollary 3.8, Proposition 3.10] in this
manner, for example. We will not examine such results here.

2.2. Vectorially Stepanov almost periodic type functions. We denote here the
region I by A and the region I’ by A’. We assume the following:
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(SM1-1v): @ # A CR™, 0 # AN C R", ) # Q C R" is Lebesgue measurable,
m(2) >0, +ACAand A+Q CA.
Now we introduce the following notion.

Definition 2.4. Suppose that (SM1-1v) holds, p is a binary relation on Y, F :
A x X =Y, for each x € X the mapping F'(-; x) is locally integrable,

(2.4) S(F)|(s:2) == /Q F(s+w;z)dw, seA, x€X,

and R(X(F)) € D(p). Then, F(-;-) is said to be vectorially Stepanov (B, A’, p, P)-
almost periodic, resp. vectorially Stepanov (B, A’, p, P)-uniformly recurrent, if F'(-;-)
is Bohr (2, B, A’, p, P)-almost periodic, resp. (3, B, A’, p, P)-uniformly recurrent, with
Y(+) being defined through (2.4).

If (2.3) holds, then it is said that F'(-;-) is vectorially Stepanov (R, B, P, L)-multi-
almost periodic, resp. strongly vectorially Stepanov (R, B, P, L)-multi-almost periodic
in the case that A = R", if ¥(F) is (R, B, P, L)-multi-almost periodic, resp. strongly
(R, B, P, L)-multi-almost periodic, with ¥(-) being defined through (2.4).

HFF:AxX —>Y,G:AxX — Y and for each z € X the mappings F(-;z)
and G(-;x) are locally integrable, then we have X(aF + 5G) = aX(F) + fX(G) for
all scalars a, 8 € C, so that the collection of all vectorially Stepanov (B, A’, p, P)-
almost periodic functions is a linear vector space if the corresponding space of all
(B, A, p, P)-almost periodic functions is a linear vector space (we cannot expect the
linearity of space of all vectorially Stepanov (B, A’, p, P)-uniformly recurrent functions
in any sense; cf. [15]). Furthermore, if A = A’ =R", p =1, R contains all sequences
in R® and B contains all compact sets in X, then the metrical Bochner criterion
established in [19, Theorem 1| immediately clarifies the coincidence of the class of all
vectorially Stepanov (B, A, p, P)-almost periodic functions and the class consisting of
all vectorially Stepanov (R, B, P)-multi-almost periodic functions, provided that the
pseudometric space P has the properties stated in this result.

Proposition 2.3. Assume (SM1-1v) holds, p = T € L(Y), F, : A x X = Y
and the function Fy(-;-) is vectorially Stepanov (B, AT, P)-almost periodic, resp.
vectorially Stepanov (B, N, T, P)-uniformly recurrent (k € N), where P = C,(A : Y).
If F: Ax X =Y, for eachy € X the mapping F(-;y) is locally integrable, and for
each B € B,

lim  sup
l=+00gecp yeB

/ [Fl(s +w;z)— F(s +w;x)} de =0,

Q

then F(-;-) is vectorially Stepanov (B, N', T, P)-almost periodic, resp. vectorially Stepanov
(B, N, T, P)-uniformly recurrent.

Proof. We examine the class of vectorially Stepanov (B, A’, T, P)-almost periodic
functions, only. Let us fix B € B and € > 0. Then there exist ky € N and W > 0 such
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that for each wy € A’ there exists 7 € B(wg, W) N A’ such that

sup
seAN,yeB

/S+Q {Fko(w +7y) — TFkO(W;y)} de < ¢/3.

Then, for each s € A and y € B, we have the following:

/S+Q {F(“ +79) - TF(w y)} du

< /S+Q [F(u +75y) = Fo(u+ T;y)} du ’ + /S+Q {Fko(u +7y) — TFko(u5y)} du ’
+ /S+Q |TFyy (i) = TF(usy)] duH
< /S+Q [F(u+7iy) = Fiy(u+73y)| du ] + /S+Q | Fho(u + 73) = TFy, (w3 )] du]

| [ Bty - Flasy)] duf.
s+Q
The vectorial Stepanov (B, A’, T, P)-almost periodicity of F(+;-) follows thereof. [

Suppose now that ) # A C R", () # Q C R™ is Lebesgue measurable, m(£2) > 0 and
A+ Q C A. Denote by S}HA x X :Y) the collection of all functions F': A x X =Y
such that for each x € X the function F(-;z) is locally integrable and

2.5 F ‘= sup ——— / F(s;x)ds
( ) H HS’&,B,Q teA,a,PeB m(Q) t+Q ( )
For functions F' : A — Y, we exclude the term “B”; moreover, we exclude the term

“Qif Q = [0, 1]
Let us observe the following facts.

< +o00, Be€B.

(i) The assumption ||F||s: = 0 does not imply F'(t) = 0 for a.e. t € A; for example,
examine the function F(t) = cos(2wt), t € R.
(i) If A€ C, Be B and ||[F[|s; < 400, then [[A- Fllg1 = [Al-[|[Fl|s1 .
v,B,Q2 v,B,Q2 v,B,Q
(iii) If B € B, ||[Flls1, , < 400, G: A x X — Y has the property that for each
y € X the function G(+;y) is locally integrable and ||G||s1 < +o0, then

HF+G

a SN
SU,B,Q

0 TIC

1
Sv,B,Q

For each B € B, by S!z(A x B : Y) we denote the collection of all functions
F: A x B — Y such that for each z € B the function F (+;z) is locally integrable
and (2.5) holds. Then S} z(A x B :Y) is a vector space and (i)-(iii) simply yield that
I lst,, is aseminorm on S, (A x B :Y).

The next result can be compared to [20, Theorem 5.2.1, pp. 199-200].

Proposition 2.4. Suppose that B € B, (Fy(-;-))ren is a sequence of functions in
Sy (A x B:Y), and the following holds.
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(i) For every e > 0, there exists sy € N such that, for every si,ss € N with
min(s1, sa) > so, we have ||[Fy, — Fi,|lq1 <€
(ii) There exists F: A x B =Y such that for each z € B the function F(-z) is
locally integrable and limy_,, « || Fi(t;2) — F(t;2)|| =0 for a.e. t € A.
(iii) For each compact set K C A and for each x € B, there exists g, € L'(K : Y)
such that ||Fy(t; )| < g.(t) a.e. on K for all k € N.
Then, limk_>+ooHFk - F =0.

1
SU,B,Q

Proof. If e > 0, z € B and t € A, then [4, Theorem 1.1.8] and (ii)-(iii) together imply
that

(2.6) lim Fo(s;x)ds :/ F(s;z)ds.

m—-+00 Jt4Q t+Q

On the other hand, (i) implies that there exists sy € N such that, for every s;,s2 € N
with min(sy, $2) > sp, one has:

(27) H/ Q[FS1(S;y)_F32<S;y)} ds <, I‘EA, yeB
r+
The required conclusion follows by letting m — 400 in (2.7) and using (2.6) after

3. VECTORIALLY WEYL ALMOST PERIODIC TYPE FUNCTIONS

If FF:R" — X is Lebesgue measurable and for each bounded and closed set
K CR™, we have [ ||F(t)||P dt < 400, where p > 0, then F(-) is:

(i) equi-Weyl-p-almost periodic if, for every ¢ > 0, there exist two finite real
numbers I’ > 0 and L’ > 0 such that for each wy € R" there exists 7 €
B(wy, L') N R" with

sup l(l’)" /
teRn t+1'[0,1]™

(ii) Weyl-p-almost periodic if, for every € > 0, there exists a finite real number
L' > 0 such that for each wy € R™ there exists 7 € B(wg, L') N R™ with

< €.

F(r+u) - F(u)[|" du

< €.

F(r+u) = Fu)|" du

lim sup sup [(l')_”/
I'—+oo teR™ t4+1[0,1]™
Now we would like to propose the following notion (we will not consider here the
metrical generalizations of this definition; see [16, Section 4.3]).
Definition 3.1. Suppose that p > 0.

(i) A locally Lebesgue integrable function F' : R™ — X is said to be vectorially
equi-Weyl-almost periodic if, for every € > 0, there exist two finite real numbers
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I'>0and L' > 0 such that for each wy € R" there exists 7 € B(wy, L") with

sup /t+l/[0,1]" [F(T +u) — F(u)} du

teR”

< el

(ii) A locally Lebesgue integrable function F': R™ — X is said to be vectorially
Weyl-almost periodic if, for every € > 0, there exists a finite real number L' > 0
such that for each wy € R” there exists 7 € B(wy, L') with

/ [F(r+u) — Fu)] duf| <e.
t-+1/[0,1]"

lim sup sup [(Z’)_”
U'—+o0 teR™
Any (equi-)Weyl-1-almost periodic function is clearly vectorially (equi-) Weyl-almost
periodicand any vectorially Stepanov almost periodic function F': R® — X is clearly
vectorially equi-Weyl-almost periodic.

Ezxample 3.1. (see also [4, Example 4.6.5]) Suppose that X := ¢g. Define f(t) :=
((1/k) cos(t/k))k, t € R. Then f : R — X is almost periodic but its first integral
F(t) := (sin(t/k)), t € R is bounded, uniformly continuous but not Stepanov-
p-almost automorphic for any exponent p > 0; furthermore, we know that F'(-) is
vectorially Weyl almost automorphic as well as that F'(-) is not vectorially Weyl almost
automorphic of type 1 nor jointly vectorially Weyl almost automorphic (see [1]).

Let us prove that F'(-) is vectorially Weyl-almost periodic, i.e., the vectorially

Weyl-1-almost periodic. To show this, notice that (r,s € R, 7 € R):
2r +2s+2
F(T+S+T> — F(r+s) :2(sin;€~cosw>k,

sothat (t e R, 7 € R; 1 > 0)
1 gt+l
f/ [F(v—l—r)—F(v)}dv
L Jt

2( T [ 2+204+1 . 2t+TD
= ksm — + |SIl ————— — S1n
k

l 2k 2k 2k
4 2t +1 [
(3.1) =7 (ksin;;f -cos+2k+7_ - sin 2k>k

This immediately implies the required statement since |ksin(7/2k)| < |7|/2, k € N,

and

a4 +20+27 0 1
s ———— - sin —

4k 2k

Let us prove now that F'(-) is not Weyl-p-almost periodic for any p > 0. Suppose that
0 < e < 327" (cos(7m/16) - v/2/2)P. Then, there exists L > 0 such that, for every
to € R, we can find 7 € [tog — L,to + L] such that there exists lo(7) > 0 with

! 04+717 0T
(3.2) /0 (cos ok ~sm2k)k

co <1, keN.

p
de <e-l, 1>1ly(r).
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Suppose that kg € N is sufficiently large and 2kom/4 < 7 < (2kg + 2)7/4. Then /4 <
7/2ko < 37/8 and therefore sin(7/2ky) > 1/2/2. Suppose, further, that zo/ko = 7/16;
then cos((2z + 7)/2ky) > cos(7w/16), x € [2mmky, 2mnko + xo) (m € Ny) and taking
into account (3.2) with with | = 2mmky + x¢, where m is sufficiently large, we get

e(2m7r/<;0 + :z:o)

> 2m7rk0+x0 2x_’_7— . T
2 o5 gg),

2mmko+xo 21 + 7 T
> / -sin —
0 2k0 Qko

Dividing by m and letting m — +o00, we get

2 7\"
27re(kg/x0> = 32¢ > <\g— - COS 12) ,

which is a contradiction.

Now we will prove that F(+) is not vectorially equi-Weyl-almost periodic. Suppose
that 0 < € < v/2/2. Then there exist [ > 0 and L > 0 such that, for every t, € R,
there exists 7 € [to — L, to + L] such that

P

dx

7T
0S —
16

P 2 P
Ccos dr > (m+ 1)z <\g— -C ) , > o(7).

4 2t +1 l
(3.3) Hl <ksin;€~cosw~sin%>k <e teR;
see (3.1). Furthermore, there exists ko(e,l) € N such that
l
(3.4) 4k sin% >, k> ko(el).

After that, take any to > L + mko(e,1)/2. Then there exists kg > ko(e,l) such that

2kom /4 < T < (2ko 4+ 2)7/4. Then, as above, /4 < 7/2ky < 37 /8 and sin(7/2kq) >

V/2/2. Since (3.3) holds for all t € R, we can take ¢t = —(I + 7)/2 in order to see that

cos((2t + 1+ 7)/2kg) = 1 so that (3.4) and the above estimates enable one to see that

the right hand side of (3.3) is greater than or equal to v/2/2, which is a contradiction.
Let us finally observe that, for every [ > 0, we have

(3.5) sup ! /:H F(s)ds

=1
TERl

)

so that the vectorial Weyl seminorm of F(), defined through

1 r+l
/ F(s)ds

| E\ww = llim sup -

—+00 reR 7

exists and equals 1. In order to see that (3.5) holds, notice that a simple computation

shows that
r+1 2k
/ F(s)ds| = sup l :

1
{ ken | 1
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Therefore, for every [ > 0,

11 pt+
/ F(s)ds
¢

l

l2k
> sup sup|— -
te(xz=1)/2 keN | [

[Qk
>sup | — -
keN |

[
Sin] =1,
2

since limy_, o (2k/1) - | sin(l/2k)| = 1.

If F(-) is locally integrable, then the existence of vectorial Weyl seminorm of F'(-)
in [0, +00| cannot be proved with the help of the argumentation given on [15, pp.
375-376]. Moreover, this seminorm does not necessarily exists.

Ezample 3.2. Define the function F : R — R by F(¢) := —2k if t € [2k,2k + 1) for
some k € Z and F(t) :=2k+2if t € [2k + 1,2k + 2) for some k € Z. Then,

1| sttt 1| e+
/ F(s)ds / F(s)ds
¢ ¢

lim sup sup - =400 and liminfsup - =1,
and therefore, ||F||w, does not exist in [0, +o00]. In order to see this, it suffices to

ls+o0 teR [ =400 R |

show that
t+2k t+2k+1
(3.6) sup / F(s)ds| =2k and sup / F(s)ds| =400, k€N,
ter |Jt ter |Jt
By our construction, we have [y " F(s)ds = 0 for all m, k € Z. Hence,
t+2k+1 t+2k+1
sup / F(s)ds| > sup / F(s)ds|.
ter |Jt te2Z+1 |/t

If t =2m + 1 for some m € Z, then we have

t4+2k+1 2m—+2k+2
/ F(s)ds = F(s)ds =2m + 2k + 2,
t 2m+2k-+1

which simply implies the second equality in (3.6). On the other hand, we have

t+2k
/ F(s)ds
¢

If t € [2m,2m + 1) for m € Z, then one has

t+2k 2m+1 2m-+2k-+1
/ F(s)ds:/ F(s)ds—/ F(s)ds
t t t

=(=2)2m+1— t)mf—k(Qm +1—t)(2m + 2k) =2(2m + 1 — t)k,

(3.7) sup

teR

2%k
2/ F(s)ds =2k, keN.
0

so that

(3.8)

t+2k
/ F(s)ds| < 2k.
t
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Similarly, if ¢ € [2m + 1,2m + 2) for an integer m € Z, then one has

t+2k 2m+1 t+2k
/ F(s)ds:/ F(s)ds+ F(s)ds
¢ ¢

2m-+2k+1
=2m+1-t)2m+2)—2m+1—-t)2m+2k+2) =22m + 1 — )k,

so that (3.8) again holds. By (3.7)-(3.8), we deduce the first equality in (3.6).

The uniform convergence of a sequence of locally integrable functions implies the
convergence of this sequence in the vectorial Weyl seminorm; furthermore, the stan-
dard evidence shows that, if the sequence of vectorially (equi)-Weyl-almost periodic
functions converges in the vectorial Weyl seminorm, then the limit function is likewise
vectorially (equi) Weyl-almost periodic.

It is not so simple to deduce a proper analogue of Proposition 2.1 for vectorially
Weyl almost periodic type functions. After clarifying this fact, we will generalize the
notion introduced in Definition 3.1 as follows (cf. also [16, Definition 3.1.1-Definition
3.1.6]).

Definition 3.2. Suppose that F': A x X — Y, p is a binary relation on Y and the
following condition holds.

(WMI-1v): @ # A CR™ 0 # AN CR" () # Q C R" is Lebesgue measurable,
m(Q) >0, V+ACAand A+1Q C A forl > 0.

(i) It is said that F'(-;-) is vectorially equi-Weyl-(B, A’, p, )-almost periodic if, for
every € > (0 and B € B, there exist two finite real numbers I’ > 0 and L’ > 0 such that
for each wy € A’ there exists 7 € B(wy, L') N A’ such that for each t € A and z € B
there exists an integrable mapping yi., : t + Q2 — Y such that y;,(u) € p(F(u;))
for a.e. u e t+1'Q and
(3.9) sup

teA;xeB

/t+m {F<T +uz) - yt;x(u)} duH < ()™

(i) It is said that F'(-;-) is vectorially Weyl-(B, A’, p, Q)-almost periodic if, for every
e > 0 and B € B, there exists a finite real number L’ > 0 such that for each ty € A’
there exists 7 € B(wg, L) N A’ such that for each t € A and z € B there exists
an integrable mapping v, : t + 'QQ — Y such that yi.(u) € p(F(u;z)) for a.e.
uct+0'Qand

(ll)—n

limsup sup / ZQ[F(T +uyz) — yt;x(u)} dum < e.
t+1/

l!'—>400 teEAzEB
We have the following result.
Proposition 3.1. (c¢f. also [16, pp. 23-24]) Suppose that m € N, F': A x X =Y,
p=T¢c L(Y) and (WM1-1v) holds. If F(-;-) is vectorially (equi-) Weyl-(B, N', T, 2)-
almost periodic, then F(-;-) is vectorially (equi-) Weyl-(B, mA’, T™, Q)-almost periodic,
as well.

Proof. We examine the class of vectorially equi-Weyl-(B, A’, T, Q2)-almost periodic
functions, only. Let ¢ > 0 and B € B be fixed. Then there exist two finite real
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numbers !’ > 0 and L' > 0 such that for each wy € A’ there exists 7 € B(wq, L') N A/
such that for each t € A and = € B we have that (3.9) holds with y;., = TF(u;z) for
a.e. u € t+0'Q. Let t € A and x € B be fixed, and let wo € A" and 7 € B(wq, L')N A
be as above. Then, it is clear that sA’ + A C A, s € N and

Flu+mr;z)—T"F(u;x) ZTJ[ u+ (m—j)rx)—TF(u+ (m—j—17;z)|,

for any u € t + ['Q2. This implies

+m [F(u +mr;x) — T F(u; m)] duH

X Z I
Jj=

[F(u+ (m— j)rsa) = T"F(u+ (m — j — D7) duH

10
m—1 . m—1 ,
= T - / Flu+7;2) —T"F(u;z)| dul| < T\ e.
> il H(m_j_wg[ (b i) = T Ff)] ] < 35 7]
The required conclusion follows from this estimate. O

We close this section by observing that Proposition 3.1 can be also formulated for
the corresponding classes of vectorially Stepanov almost periodic functions.

4. INVARIANCE OF VECTORIAL STEPANOV ALMOST PERIODICITY AND
VECTORIAL WEYL ALMOST PERIODICITY UNDER THE ACTIONS OF
CONVOLUTION PRODUCTS

We open this section by clarifying the following result.

Proposition 4.1. Assume v : R — (0,400), 1/v(+) is locally bounded and there exists
a Lebesgue measurable function 1 : R — (0, +00) such that v(z +y) < ¢Y(x)v(y) for
all x,y € R. Suppose further that f : R — X is a bounded, vectorially (N, T,P)-
almost periodic function, resp. a bounded, vectorially (A',T,P)-uniformly recurrent
function, where p = T € L(X) and P = Cp,(R : X). If (R(t))t=0 s any strongly
continuous operator family in L(X) such that R(t)T = TR(t) for all t > 0 and
JF IR - (1 +2(r)) dr < +o0, then the function F : R — X, given by

t
(4.1) F(t) = / R(t—s)f(s)ds, teR,
is bounded, continuous and vectorially (A, T, P)-almost periodic, resp. bounded, con-
tinuous and vectorially (N, T, P)-uniformly recurrent.

Proof. Suppose that ¢ > 0. Then there exists I’ > 0 such that, for every wy € A’ there
exists 7 € [wg — ', wo + I']| N A’ such that

(4.2) ‘Uolf(tJrTJrs)ds—T/Olf(tJrs)ds] -V<t)H <e teR
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Clearly, F'(-) is well-defined, bounded and continuous and F(t) = [;F> R(r)f(t —r)dr
for all t € R. Furthermore, we can use (4.2), the Fubini theorem and the prescribed
assumptions to show that:

/Ft+7+s)ds—T/ F(t+s) ds}- H
[ [T R+ s—nyaras =1 [* [ RS0+ - ryaras] v

- / /JFOOR t+T+s—r)drds—Tf(t—&—s—r)]drd{-u(t)H

=1/, R( ) {/0 [f(t—l—T+s—r)d7“ds—Tf(t+s—r)}ds} dr-u(t)”‘

§/+ | R(r) H/ (t+7+s—r)drds—Tf(t+s—r)|ds| dr-v(t)
0+oo € +00
<[ IRO - gy vt < [T IR i
This simply implies the desired conclusion. 0

The statement of [14, Proposition 2.6.11] cannot be reconsidered for the vectorial
Stepanov almost periodicity. Concerning the vectorial Weyl almost periodicity, we
will clarify the following result; cf. also the proof of [14, Proposition 2.11.1 (i)].

Proposition 4.2. Suppose that (R(t))i~0 C L(X) is a strongly continuous operator
family satisfying that [;7®||R(s)||ds < +oo, T € L(X) and R(t)T = TR(t) for all
t>0.If f: R — X is bounded and vectorially (equi-) Weyl-(A', T, P)-almost periodic,
where P = Cy(R : X)), then the function F(-), given by (4.1), is bounded, continuous
and vectorially (equi-) Weyl-(A', T, P)-almost periodic.

The statement of [14, Theorem 2.11.4] cannot be reconsidered for the vectorial Weyl
almost periodicity, unfortunately. Let us finally note that we can employ different
pivot spaces X and Y in the formulations of Proposition 4.1 and Proposition 4.2,
provided that T' = cI, where ¢ € C\ {0}.

5. CONCLUSIONS AND FINAL REMARKS

In this research article, we have introduced and analyzed several new classes of
vectorial Stepanov-p-almost periodic type functions and vectorial (equi)-Weyl-p-almost
periodic type functions, where p > 0. In contrast with the usual research studies of
generalized almost periodic functions, we have used the vector-valued integration in our
approach. We have also analyzed Y-almost periodic type functions and the invariance
of vectorial Stepanov almost periodicity and vectorial Weyl almost periodicity under
the actions of convolution products.

The notion introduced in Definition 2.4 (ii) can be extended in the following way (the
metrical generalizations of this definition can be also introduced; see [16, Section 4.2]
for more details).
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Definition 5.1. Suppose that (SM1-1v) holds, p > 0, p is a binary relation on
Y, F:Ax X — Y and R(F) C D(p). The function F(-;-) is said to be vectorially
Stepanov (B, A’, p, p)-almost periodic if for each x € X the mapping F'(+; x) is p-locally
integrable as well as, for every € > 0 and B € B, there exists I’ > 0 such that for each
wo € A there exists a point 7 € B(wy, ') N A’ such that for each t € A and = € B there
exists a p-locally integrable function y¢..(-) on Q such that y..(u) € p(F(t + u;x))
for a.e. u € Q and

/{F(t—l—TﬂLu;x) —yt;x(u)]pdu‘ <€, teA zeB.
Q

The notion of a vectorially Stepanov (B, A’, p, p)-uniformly recurrent function can
be similarly introduced in the scalar-valued setting. Let us finally note that we
can also consider the class of scalar-valued vectorially (equi-)Weyl-p-almost periodic
functions and the class of scalar-valued vectorially (equi-)Weyl-(B, A, p, p)-almost
periodic functions following our approaches from Definition 3.1 and Definition 3.2 as
well as many other classes of generalized vectorially almost periodic functions. More
details will appear somewhere else.
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