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SEVERAL THEOREMS OF APPROXIMATION THEORY FOR THE
q-BESSEL TRANSFORM

OTHMAN TYR1 AND ABDELAALI DADES2

Abstract. In this paper, we prove several theorems in approximation theory con-
cerning the q-Bessel transform. A new estimate for the q-Bessel function is obtained.
By applying the generalized modulus of continuity, we establish new Jackson-type
inverse estimates for the generalized q-Bessel transform in the space L2

q,α(R+
q ), where

q ∈ (0, 1) and α > −1/2.

1. Introduction

Let f : R → C a Lebesgue square-integrable function on R, i.e., f ∈ L2(R). We
define the finite differences of order k ∈ N by

∆k
h(f ; x) = (Fh − I)kf(x) =

k∑
i=0

(−1)k−i

(
k

i

)
F i

hf(x), x ∈ R,

where Fh is the Steklov operator defined by

(1.1) Fhf(x) = 2−1h−1
∫ x+h

x−h
f(t)dt, h > 0,

and I is the unit operator in L2(R).
For a given positive real number δ, the kth-order generalized modulus of continuity

of a function f is defined by

Ωk(f, δ) = sup
0<h≤δ

∥∆k
h(f ; x)∥L2(R).

Key words and phrases. q-Bessel transform, generalized q-Bessel translation, modulus of continuity.
2020 Mathematics Subject Classification. Primary: 26B10. Secondary: 33D15.
DOI
Received: February 14, 2025.
Accepted: August 03, 2025.

237



238 O. TYR AND A. DADES

Let W r,k
2,Φ(D), where r = 0, 1, . . . and k = 1, 2, . . ., denote the class of functions

f ∈ L2(R) for which the generalized partial derivatives exist in the sense of Levi:
∂f

∂x
,
∂2f

∂x2 , . . . ,
∂rf

∂xr
,

which all belong to L2(R) (see [21, p. 172]). These functions satisfy the estimate

Ωk(Drf, δ) = O
(
Φ(δk)

)
, as δ → 0,

where D = ∂
∂x

, and the iterated derivatives Dif are defined recursively by

D0f = f, Dif = D(Di−1f), i = 1, 2, . . . , r.

Here, Φ is a continuous, strictly increasing function on [0, +∞) with Φ(0) = 0.
The following theorem is an analogue of Jackson’s direct theorem from the classical

theory of function approximation [21, Ch. 5] (see also [1, Theorem 1]).

Theorem 1.1. It holds that

sup
f∈W r,k

2,Φ(D)

√∫
|λ|≥N

|f̂(λ)|2dλ = O

(
N−rΦ

[( 2
N

)k
])

,

as N → +∞, where r = 0, 1, . . ., k = 1, 2, . . . , and f̂ stands for the Fourier transform
of f .

In the case where Φ(t) = tν with ν > 0, Abilov et al. characterized the functions
f ∈ L2(R) by the following equivalence (see [1, Theorem 2]).

Theorem 1.2. Let Φ(t) = tν with ν > 0. Then, the assertions f ∈ W r,k
2,tν (D) and√∫

|λ|≥N
|f̂(λ)|2dλ = O(N−r−kν), as N → +∞,

are equivalent, where r = 0, 1, . . ., k = 1, 2, . . . , and 0 < ν < 2.

Recently, considerable attention has been paid to the development of various q-
analogues of Fourier analysis using tools from quantum calculus (see [4,5,8,9,12] and
references therein). In the context of q-Bessel analysis, many works have focussed on
the construction of q-Fourier analysis associated with the q-Hankel transform. This
theory was first introduced by Koornwinder and Swarttouw [19], and later extended
by Fitouhi et al. [9,10,13]. It is therefore natural to investigate q-analogues of classical
theorems in this framework.

In this paper, building on the work of Abilov, we establish new Jackson-type inverse
estimates for the q-Bessel transform for certain classes of functions characterised by
a modulus of continuity and associated with the q-Bessel operator. Similar results
were obtained in [2,6,7,25–30]. To achieve these results, we use a generalised q-Bessel
translation operator rather than the Steklov operator defined in (1.1).
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2. Harmonic Analysis Associated with the q-Bessel Operator

This section provides the essential background to q-harmonic analysis related to the
q-Bessel transform. We give a brief overview of the standard notions and notations
of q-theory, while further details and results on q-Bessel analysis can be found in
[5, 9–11,13,17,18].

Throughout this paper, we assume q ∈]0, 1[ and α > −1/2. We introduce the
following set

R+
q = {qn, n ∈ Z}.

Let a ∈ C, the q-shifted factorials are defined by:

(2.1) (a; q)0 = 1, (a; q)n =
n−1∏
l=0

(1 − aql), n = 1, 2, . . . , (a; q)∞ =
+∞∏
l=0

(1 − aql).

The q-derivative of a function f is given by

Dqf(x) = f(x) − f(qx)
(1 − q)x , if x ̸= 0,

where Dqf(0) = f
′(0) provided f

′(0) exists. Note that when f is differentiable at x,
then Dqf(x) tends to f

′(x) as q tends to 1−.
The general q-hypergeometric series is defined by

rϕs

[
a1, a2, . . . , ar

b1, b2, . . . , bs
; q, z

]
=rϕs (a1, a2, . . . , ar; b1, b2, . . . , bs; q, z)

=
+∞∑
n=0

(a1, a2, . . . , ar; q)n

(b1, b2, . . . , bs; q)n(q; q)n

[
(−1)nqn(n−1)/2

]1+s−r
zn,(2.2)

where the q-shifted factorial is defined by (2.1) and
(a1, a2, . . . , ar; q)n = (a1; q)n(a2; q)n · · · (ar; q)n.

The q-Jackson integrals from 0 to a and from 0 to +∞ are defined by [14,17]∫ a

0
f(x)dqx =(1 − q)a

+∞∑
n=0

qnf(aqn),

∫ +∞

0
f(x)dqx =(1 − q)

+∞∑
n=−∞

qnf(qn),

provided the sums converge absolutely. The q-Jackson integral in a generic interval
[a, b] is given by ∫ b

a
f(x)dqx :=

∫ b

0
f(x)dqx −

∫ a

0
f(x)dqx.

We denote by Lp
q,α(R+

q ), p ≥ 1, the set of all real functions f defined on R+
q for which

∥f∥q,p,α =
[∫ +∞

0
|f(x)|px2α+1dqx

]1/p

< +∞.
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We denote by Cq,0(R+
q ), for the space of functions defined on R+

q tending to 0 as
x → +∞ and continuous at 0. The space Cq,0(R+

q ), when equipped with the topology
of uniform convergence, is a complete normed linear space with norm

∥f∥q,∞ = sup
x∈R+

q

|f(x)|.

In [16], Ismail introduced the third q-Bessel function, defined as follows

Jα(x; q2) = (q2α+2; q2)∞

(q2; q2)∞
xα

1ϕ1
(
0; q2α+2; q2, q2x2

)
= (q2α+2; q2)∞

(q2; q2)∞

+∞∑
n=0

(−1)n qn(n+1)

(q2α+2; q2)n(q2; q2)n

x2n+α.(2.3)

It satisfies (see [5]) the following.
• For all n ∈ Z, α ≥ −1/2, we have

(2.4) |Jα(qn; q2)| ≤ (−q2; q2)∞(−q2α+2; q2)∞

(q2; q2)∞

{
qnα, if n ≥ 0,
qn(n−α−1), if n < 0.

• For all σ ∈ R, x ∈ R+
q , we have

Jα(x; q2) = o(x−σ), as x → +∞.

In particular
Jα(x; q2) → 0, as x → +∞.

The function Jα(·; q2) is given in normalized form by

(2.5) jα(x; q2) =
+∞∑
n=0

(−1)n qn(n+1)

(q2α+2; q2)n(q2; q2)n

x2n.

The following lemma was proved in [12, Lemma 3.1].

Lemma 2.1. We have the following inequalities for the q-Bessel function:

jα(x; q2) =O(1), if x ≥ 0 and x ∈ R+
q ,(2.6)

1 − jα(x; q2) =O(1), if x ≥ 1 and x ∈ R+
q ,(2.7)

1 − jα(x; q2) =O(x2), if x ≤ 1 and x ∈ R+
q .(2.8)

The q-integration theorem by a change of variable can be stated as follows∫ b

a
H

(
λ

s

)
λ2α+1dqλ = s2α+2

∫ b
s

a
s

H(x)x2α+1dqx, for all s ∈ R+
q .

For λ ∈ C, the function x 7→ jα(λx, q2) is a solution of the q-differential equationΛq,αf(x) = −λ2f(x),

f(0) = 1,
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where Λq,α denotes the q-Bessel operator, defined by

Λq,αf(x) = f(q−1x) − (1 + q2α)f(x) + q2αf(qx)
x2 , x ∈ R+

q .

We now give the definition of the q-Bessel transform associated with the q-Bessel
operator.

Definition 2.1. The q-Bessel transform Fq,α, is defined for every function f ∈
L1

q,α(R+
q ) by

Fq,α(f)(λ) = cq,α

∫ +∞

0
f(x) jα(λx; q2) x2α+1 dqx, for all λ ∈ R+

q ,

where
cq,α = 1

1 − q
· (q2α+2; q2)∞

(q2; q2)∞
.

It is well-known that the q-Bessel transform satisfies the following properties (see
[10,13,15]).

• If f ∈ L1
q,α(R+

q ), then Fq,α(f) ∈ Cq,0(R+
q ) and ∥Fq,α(f)∥q,∞ ≤ Bq,α ∥f∥q,1,α,

where
Bq,α = 1

1 − q
· (−q2; q2)∞ (−q2α+2; q2)∞

(q2; q2)∞
.

• For every f ∈ L2
q,α(R+

q ), one has
(2.9) Fq,α(Λq,αf)(λ) = −λ2Fq,α(f)(λ), for all λ ∈ R+

q .

Theorem 2.1 gives the Plancherel formula and inversion formula for the q-Bessel
transform.

Theorem 2.1. i) The q-Bessel transform Fq,α is an isomorphism from L2
q,α(R+

q ) onto
itself and satisfies the q-Plancherel formula
(2.10) ∥Fq,α(f)∥q,2,α = ∥f∥q,2,α, for all f ∈ L2

q,α(R+
q ).

ii) If f ∈ L1
q,α(R+

q ) such that Fq,α(f) ∈ L1
q,α(R+

q ), then the q-inversion formula
holds and we have

(2.11) f(x) = cq,α

∫ +∞

0
Fq,α(f)(λ)jα(λx; q2)λ2α+1dqλ,

a.e. on R+
q .

The q-generalized translation operator associated with the q-Bessel transform, de-
noted by Tα

q,h for h ∈ R+
q , was introduced in [13] and later corrected in [10]. It is

defined using Jackson’s q-integral and the q-shifted factorial as

Tα
q,hf(x) =

∫ +∞

0
f(t)Kq,α(h, x, t) t2α+1 dqt,

where
Kq,α(h, x, y) = c2

q,α

∫ +∞

0
jα(ht; q2)jα(xt; q2)jα(yt; q2)t2α+1dqt.
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In particular, the product formula
Tα

q,hjα(x; q2) = jα(h; q2)jα(x; q2)
holds.

The q-generalized translation operator has the following properties (see [10, 11]).

Theorem 2.2. i) For f ∈ Lp
q,α(R+

q ), p ≥ 1, we have Tα
q,hf ∈ Lp

q,α(R+
q ) and

∥Tα
q,hf∥q,p,α ≤ ∥f∥q,p,α.

ii) For f ∈ L1
q,α(R+

q ), we have

(2.12) Fq,α(Tα
q,hf)(λ) = jα(λh; q2)Fq,α(f)(λ).

For every f ∈ L2
q,α(R+

q ), we define the differences ∆m
h f of order m, m = 1, 2, . . .,

with step h > 0, h ∈ R+
q by:

∆1
hf(x) = ∆hf(x) := Tα

q,hf(x) − f(x),
∆m

h f(x) = ∆h(∆m−1
h f(x)), for m ≥ 2.

The mth-order generalized modulus of continuity of f ∈ L2
q,α(R+

q ) is defined by
ωm(f, δ)q,2,α = sup

0<h≤δ
∥∆m

h f∥q,2,α, δ > 0.

Let W r
q,2(Λq,α), r = 0, 1, . . ., denote the class of functions f ∈ L2

q,α(R+
q ) that have

generalized derivatives in the sense of distributions satisfying
Λr

q,αf ∈ L2
q,α(R+

q ), r = 1, 2, . . . ,

i.e.,
W r

q,2(Λq,α) :=
{
f ∈ L2

q,α(R+
q ) : Λr

q,αf ∈ L2
q,α(R+

q ), r = 1, 2, . . .
}

,

where
Λ0

q,αf = f, Λr
q,αf = Λq,α

(
Λr−1

q,α f
)

, r = 1, 2, . . .

From (2.9), for all f ∈ W r
q,2(Λq,α), we have

(2.13) Fq,α

(
Λr

q,αf
)

(λ) = (−1)rλ2rFq,α(f)(λ), r = 1, 2, . . .

3. Main Results

We now present the main results of this paper. Their proofs rely on several prelim-
inary lemmas.

Lemma 3.1. For α ≥ −1/2 and x ∈ R+
q , we have

(3.1)
√

xJα(x; q2) = O(1), for x ≥ 0.

Moreover, we have

(3.2) jα(x; q2) = O(x−α− 1
2 ), for x ≥ 0.
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Proof. First, note that

x ∈ R+
q , x ≥ 1 if and only if x = qn, n ≤ 0,

and
x ∈ R+

q , 0 ≤ x ≤ 1 if and only if x = qn, n ≥ 0.

From this and (2.4), we distinguish two cases.
For x = qn ∈ R+

q with n ≥ 0, we obtain

|q
n
2 Jα(qn; q2)| ≤ (−q2; q2)∞(−q2α+2; q2)∞

(q2; q2)∞
qn(α+ 1

2 ).

Since n(α + 1
2) ≥ 0, it follows that q n(α+ 1

2 ) ≤ 1, and therefore we obtain

|q
n
2 Jα(qn; q2)| ≤ (−q2; q2)∞(−q2α+2; q2)∞

(q2; q2)∞
.

Therefore, equivalently,

(3.3)
√

xJα(x; q2) = O(1), for x ∈ R+
q , 0 ≤ x ≤ 1.

For the case x = qn ∈ R+
q with n ≤ 0, we get

|q
n
2 Jα(qn; q2)| ≤ (−q2; q2)∞(−q2α+2; q2)∞

(q2; q2)∞
qn(n−α− 1

2 ).

Since n(n − α − 1
2) ≥ 0, it follows that

q n(n−α− 1
2) ≤ 1,

and thus we again obtain

|q
n
2 Jα(qn; q2)| ≤ (−q2; q2)∞(−q2α+2; q2)∞

(q2; q2)∞
.

Consequently,

(3.4)
√

xJα(x; q2) = O(1), for x ∈ R+
q , x ≥ 1.

Now, combining (3.3) and (3.4), we obtain
√

xJα(x; q2) = O(1), for x ≥ 0, x ∈ R+
q ,

which proves (3.1). To prove (3.2), we use formulas (2.3) and (2.5), which yield

jα(x; q2) = (q2; q2)∞

(q2α+2; q2)∞
x−αJα(x; q2).

Thus, taking into account the formula above and (3.1), we obtain the result. □

We now present an important lemma that will lead us to the main result.
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Lemma 3.2. Let h > 0 with h ∈ R+
q . If f ∈ W r

q,2(Λq,α), then

∥∆m
h (Λr

q,αf)∥2
q,2,α =

∫ +∞

0
λ4r|1 − jα(λh, q2)|2m|Fq,α(f)(λ)|2λ2α+1dqλ,

where r = 0, 1, 2, . . .

Proof. According to the formula (2.12), we obtain

Fq,α(∆hf)(λ) = Fq,α(Tα
q,hf)(λ) − Fq,α(f)(λ) = (jα(λh, q2) − 1)Fq,α(f)(λ).

Using the recurrence proof with respect to m, we obtain

Fq,α(∆m
h f)(λ) = (jα(λh, q2) − 1)mFq,α(f)(λ).

In view of formula (2.13), we get

Fq,α(∆m
h (Λr

q,αf))(λ) = (−1)rλ2r(jα(λh, q2) − 1)mFq,α(f)(λ).

Now, by appealing the q-Plancherel formula (2.10), we have the desired result. □

The following theorem is an analogue of Abilov’s theorem [1, Theorem 1]. It
represents a Jackson-type direct theorem from the classical theory of function approx-
imation [21, Chapter 5].

Theorem 3.1. For a function f ∈ L2
q,α(R+

q ) in the class W r
q,2(Λq,α) there exists a

fixed constant c > 0 such that for all N > 0, we have

JN(f) = O

(
N−2rωm

(
Λr

q,αf,
c

N

)
q,2,α

)
,

where r = 0, 1, 2, . . ., m = 1, 2, . . .

Proof. Firstly, for all h ∈ R+
q , we can see that

J2
N(f) =

∫ +∞

N
|Fq,α(f)(λ)|2λ2α+1dqλ

≤
∫ +∞

N
|jα(λh, q2)| · |Fq,α(f)(λ)|2λ2α+1dqλ

+
∫ +∞

N
|1 − jα(λh, q2)| · |Fq,α(f)(λ)|2λ2α+1dqλ.(3.5)

According to the formula (3.2), there exists a constant c1 > 0 such that

|jα(λh, q2)| ≤ c1(λh)−α− 1
2 .

Hence,∫ +∞

N
|jα(λh, q2)| · |Fq,α(f)(λ)|2λ2α+1dqλ ≤ c1h

−α− 1
2

∫ +∞

N
λ−α− 1

2 |Fq,α(f)(λ)|2λ2α+1dqλ

≤ c1(hN)−α− 1
2J2

N(f).



SEVERAL THEOREMS OF APPROXIMATION THEORY FOR THE q-BESSEL TRANSFORM245

Choosing c > 0 such that the constant c2 = 1 − c1c
−α− 1

2 is positive and setting
h = c/N in inequality (3.5). Then, we have

(3.6) c2J
2
N(f) ≤

∫ +∞

N
|1 − jα(λh, q2)| · |Fq,α(f)(λ)|2λ2α+1dqλ.

Furthermore, by Hölder’s inequality, the second term in (3.6) satisfies∫ +∞

N
|1 − jα(λh, q2)| · |Fq,α(f)(λ)|2λ2α+1dqλ

=
∫ +∞

N
|1 − jα(λh, q2)|

(
|Fq,α(f)(λ)|λα+ 1

2
)2− 1

m
(
|Fq,α(f)(λ)|λα+ 1

2
) 1

m dqλ

≤
(∫ +∞

N
|1 − jα(λh, q2)|2m|Fq,α(f)(λ)|2λ2α+1dqλ

) 1
2m

(JN(f))
2m−1

m

=
(∫ +∞

N

1
λ4r

λ4r|1 − jα(λh, q2)|2m|Fq,α(f)(λ)|2λ2α+1dqλ
) 1

2m

(JN(f))
2m−1

m

≤N
−2r
m (JN(f)) 2m−1

m

(∫ +∞

N
λ4r|1 − jα(λh, q2)|2m|Fq,α(f)(λ)|2λ2α+1dqλ

) 1
2m

.

From Lemma 3.2, we conclude that∫ +∞

N
λ4r|1 − jα(λh, q2)|2m|Fq,α(f)(λ)|2λ2α+1dqλ ≤ ∥∆m

h (Λr
q,αf)∥2

q,2,α.

Therefore,∫ +∞

N
|1 − jα(λh, q2)| · |Fq,α(f)(λ)|2λ2α+1dqλ ≤ N

−2r
m (JN(f)) 2m−1

m ∥∆m
h (Λr

q,αf)∥
1
m
q,2,α.

For h = c/N , we obtain

c2J
2
N(f) ≤ N

−2r
m (JN(f)) 2m−1

m ω1/m
m

(
Λr

q,αf,
c

N

)
q,2,α

.

Consequently, by raising both sides to the power m and simplifying by (JN(f))2m, we
finally obtain

JN(f) ≤ c−m
2 N−2rωm

(
Λr

q,αf,
c

N

)
q,2,α

.

Therefore,

JN(f) = O

(
N−2rωm

(
Λr

q,αf,
c

N

)
q,2,α

)
.

This completes the proof of Theorem 3.1. □

Theorems 3.2 and 3.3 are analogues of the classical inverse theorems of approxima-
tion theory due to Stechkin and Timan (see [22, 23]).

Theorem 3.2. Let f ∈ L2
q,α(R+

q ). Then, for all N > 0,

ωm

(
f,

1
N

)
q,2,α

= O

N−2m

(
N−1∑
l=0

(l + 1)4m−1J2
l (f)

) 1
2

 .
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Proof. From Lemma 3.2, we have

∥∆m
h f∥2

q,2,α =
∫ +∞

0
|1 − jα(λh, q2)|2m|Fq,α(f)(λ)|2λ2α+1dqλ.

This integral is divided into two:∫ +∞

0
=
∫ N

0
+
∫ +∞

N
= I1 + I2,

where N = [ 1
h
]. We estimate them separately. From (2.6), we have the estimate

(3.7) I2 ≤ c3

∫ +∞

N
|Fq,α(f)(λ)|2λ2α+1dqλ = c3J

2
N(f).

Now, we estimate I1. From relation (2.8), we have

I1 ≤ c4h
4m
∫ N

0
λ4m|Fq,α(f)(λ)|2λ2α+1dqλ

= c4h
4m

N−1∑
l=0

∫ l+1

l
λ4m|Fq,α(f)(λ)|2λ2α+1dqλ

≤ c4h
4m

N−1∑
l=0

al(J2
l (f) − J2

l+1(f)),

where al = (l + 1)4m and

J2
l (f) =

∫ +∞

l
|Fq,α(f)(λ)|2λ2α+1dqλ.

For all integers M ≥ 1, the Abel transformation shows
M∑
l=0

al(J2
l (f) − J2

l+1(f)) = a0J
2
0(f) − aMJ2

M+1(f) +
M∑
l=1

(al − al−1)J2
l (f)

≤ J2
0(f) +

M∑
l=1

(al − al−1)J2
l (f),

because aMJ2
M+1(f) ≥ 0. Hence,

I1 ≤ c4h
4m

(
J2

0(f) +
N−1∑
l=1

(al − al−1)J2
l (f)

)
.

Moreover by the finite increments theorem, we have
al − al−1 ≤ 4m(l + 1)4m−1.

Then,

I1 ≤ c4N
−4m

(
J2

0(f) + 4m
N−1∑
l=1

(l + 1)4m−1J2
l (f)

)
,

since N ≤ 1
h
. Combining the estimates for I1 and I2 gives

∥∆m
h f∥2

q,2,α = O

(
N−4m

N−1∑
l=0

(l + 1)4m−1J2
l (f)

)
,
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which implies

ωm

(
f,

1
N

)
q,2,α

= O

N−2m

(
N−1∑
l=0

(l + 1)4m−1J2
l (f)

) 1
2

 ,

and this completes the proof. □

Theorem 3.3. Let f ∈ L2
q,α(R+

q ). If the series
+∞∑
l=1

l2r−1Jl(f), r = 1, 2, . . .

converges, then f ∈ W r
q,2(Λq,α) and, for all N > 0,

ωm

(
Λr

q,αf,
1
N

)
q,2,α

=O

(
N−4m

N−1∑
l=0

(l + 1)4r+4m−1J2
l (f)

) 1
2

+ O

 +∞∑
1=[ N

2 ]

l2r−1Jl(f)

 .

Proof. Let f ∈ L2
q,α(R+

q ). By (2.13) and Plancherel formula (2.10), we have

∥Λr
q,αf∥2

q,2,α =
∫ +∞

0
λ4r|Fq,α(f)(λ)|2λ2α+1dqλ

=
+∞∑
l=0

∫ l+1

l
λ4r|Fq,α(f)(λ)|2λ2α+1dqλ

=
+∞∑
l=0

(l + 1)4r(J2
l (f) − J2

l+1(f)).

Using an Abel transformation, we obtain

∥Λr
q,αf∥2

q,2,α ≤ J2
0(f) + 4r

+∞∑
l=1

(l + 1)4r−1J2
l (f).

From the inequality l + 1 ≤ 2l, we conclude

∥Λr
q,αf∥2

q,2,α ≤ c5

(
J2

0(f) +
+∞∑
l=1

l4r−1J2
l (f)

)
.

Hence,

∥Λr
q,αf∥q,2,α = O

(+∞∑
l=1

l2r−1Jl(f)
)

.

Since the series
+∞∑
l=1

l2r−1Jl(f), r = 1, 2, . . .

converges, we see that f ∈ W r
q,2(Λq,α).

On the other hand, it follows from Lemma 3.2 that

∥∆m
h (Λr

q,αf)∥2
q,2,α =

∫ +∞

0
λ4r|1 − jα(λh, q2)|2m|Fq,α(f)(λ)|2λ2α+1dqλ.
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This integral is divided into two:∫ +∞

0
=
∫ N

0
+
∫ +∞

N
= K1 + K2,

where N = [ 1
h
]. We estimate them separately.

By rearranging terms analogous to summation by parts and proceeding as with I1,
we obtain

K1 ≤ c6h
4m
∫ N

0
λ4(r+m)|Fq,α(f)(λ)|2λ2α+1dqλ

= c6h
4m

N−1∑
l=0

∫ l+1

l
λ4(r+m)|Fq,α(f)(λ)|2λ2α+1dqλ

≤ c6h
4m

N−1∑
l=0

(l + 1)4(r+m)(J2
l (f) − J2

l+1(f))

≤ c6N
−4m

N−1∑
l=0

(l + 1)4r+4m−1J2
l (f).

Now we estimate K2, by relation (2.6), we obtain

K2 =
∫ +∞

N
λ4r|1 − jα(λh, q2)|2m|Fq,α(f)(λ)|2λ2α+1dqλ

= O

(∫ +∞

N
λ4r|Fq,α(f)(λ)|2λ2α+1dqλ

)

= O

(+∞∑
m=1

∫ 2mN

2m−1N
λ4r|Fq,α(f)(λ)|2λ2α+1dqλ

)

= O

(+∞∑
m=1

(2mN)4r
∫ 2mN

2m−1N
|Fq,α(f)(λ)|2λ2α+1dqλ

)

= O

(+∞∑
m=1

(2mN)4rJ2
2m−1N(f)

)
,

i.e.,

(K2)
1
2 = O

(+∞∑
m=1

(2mN)2rJ2m−1N(f)
)

.

Taking account of the fact that

24r
2m−1N∑

l=2m−2N+1
l2r−1Jl(f) ≥ 24r(2m−2N)2r−1J2m−1N(f)2m−2N

= (2mN)2rJ2m−1N(f),
we obtain the estimate

(K2)
1
2 = O

+∞∑
m=1

2m−1N∑
l=2m−2N+1

l2r−1Jl(f)
 = O

 +∞∑
1=[ N

2 ]

l2r−1Jl(f)

 .
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Combining the estimates for K1 and K2 gives

∥∆m
h (Λr

q,αf)∥q,2,α =O

(
N−4m

N−1∑
l=0

(l + 1)4r+4m−1J2
l (f)

) 1
2

+O

 +∞∑
1=[ N

2 ]

l2r−1Jl(f)

 ,

which implies that

ωm

(
Λr

q,αf,
1
N

)
q,2,α

=O

(
N−4m

N−1∑
l=0

(l + 1)4r+4m−1J2
l (f)

) 1
2

+ O

 +∞∑
1=[ N

2 ]

l2r−1Jl(f)

 .

□
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