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ORTHOGONAL POLYNOMIALS AND COMPLETED ZETA
FUNCTION ON FUNCTION FIELDS

JAWHER KHMIRI1

Abstract. In this paper, we show that the Riemann hypothesis for function fields
provides an analytic characterization in terms of the existence of a certain family
of orthogonal polynomials {Pn(z)} such that limn→+∞

P2n(z)
P2n(0) = ξK(1/2+iz)

ξK(1/2) , where
ξK(s) denotes the completed zeta function. Furthermore, using the fact that the
Riemann hypothesis holds for function fields, we derive several explicit formulas
that follow from known representations of the completed zeta function ξK .

1. Introduction

1.1. Background. The Riemann zeta function ζ(s) is a well-known function of the
complex variable s = σ + it, and is defined by ζ(s) = ∑+∞

n=1
1

ns , which converges for
Re(s) = σ > 1. This function can be extended meromorphically to the entire complex
plane C. The zeta function ζ(s) is holomorphic everywhere except for a simple pole
at s = 1. The Riemann ξ-function is defined as follows

(1.1) ξ(s) = 1
2s(s− 1)πs/2Γ

(
s

2

)
ζ(s),

where Γ(s) is the gamma function. The Riemann Hypothesis (RH) asserts that all
nontrivial zeros of ζ(s) lie on the critical line Re(s) = 1/2. One of the remarkable
features of the study of the Riemann hypothesis is the wide variety of its equivalent
formulations in the classical setting, many of which extend naturally to the zeta
function associated with a function field K of arbitrary genus over a finite field of
constants [2,5]. In the case of function fields, the analogue of the Riemann hypothesis
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was proved by Weil [8]. Hence, in this setting, our results should not be interpreted as
establishing new equivalences to the Riemann hypothesis, but rather as providing an
analytic characterization and a representation consistent with its established validity.
This framework allows one to derive results concerning special values of LK and ξK

at certain points, the class number hK , and other arithmetic invariants of function
fields.

Another characterization of the Riemann Hypothesis (RH) was obtained by Cardon
and Roberts [3]. They constructed a measure such that if {pn(z)} is the sequence
of orthogonal polynomials relative to that measure, then the Riemann Hypothesis
with simple zeros is true if and only if limn→+∞

p2n(z)
p2n(0) = ξ(1/2+iz)

ξ(1/2) where the Riemann
ξ-function is defined in (1.1).

The purpose of this paper is to study Cardon and Roberts results on function fields.
As a consequence, and taking into account that (RH) holds in our case, we derive
some interesting formulas that follow from known expressions of the completed zeta
function ξK .

Let us recall the definition and some properties of the zeta function of a function
field as in [6, Chapter 5, Section 5.1 and Section 5.2, 185–218]. Let K denote an
algebraic function field of genus g whose constant field is the finite field Fq. Consider
the following power series denoted ZK(T ) as

ZK(T ) =
+∞∑
n=0

CnT
n =

∏
D prime

(
1 − T deg(D)

)−1
,

where Cn = # {D ∈ Div(K) | D ≥ 0, deg(D) = n}. ZK(T ) is actually a rational
function

ZK(T ) = LK(T )
(1 − T )(1 − qT ) ,

where LK(T ) factors in C[T ] in the form

LK(T ) =
2g∏

j=1
(1 − αjT ) ∈ Z[T ].

The special value LK(1) = ∏2g
i=1(1 − αi) is the class number of K, denoted by hK .

The complex numbers α1, . . . , α2g are algebraic integers and can be arranged so that
αjαg+j = q holds for j = 1, . . . , g. Since the Riemann hypothesis for function fields
proved by A. Weil [8] states that the αi, i = 1, . . . , 2g, have absolute value q1/2, we
may order the indices j ∈ {1, . . . , g} so that αg+j = αj. This allows us to write
αj = q1/2 exp(iθj), with θj ∈ [0, π].

Now, we define the (classical) zeta function ζK of K as follows. For s ∈ C, we
replace T by q−s in ZK(T ),

ζK(s) := ZK(q−s) =
+∞∑
n=0

Cnq
−ns,
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which converges for Re(s) > 1. We define the following completed zeta function

(1.2) ξK(s) := qs(1 − q−s)(1 − q1−s)q(g−1)sζK(s) = qgsLK(q−s),

which is an entire function of order one, whose zeros coincide with the zeros of ζK .
Moreover, ξK satisfies the functional equation

ξK(s) = ξK(1 − s).

Let us recall that, all zeros of the zeta function ζK lie in the critical strip 0 ≤ Re(s) ≤ 1,
and they are symmetric with respect to the real axis and the line Re(s) = 1/2. Note
that (RH) is equivalent to the statement that the zeros of ζK lie on the line Re(s) = 1/2.
Let Z(K) be the set of the zeros ρ of ζK , we have

Z(K) =
{

1
2 ± i

θj

log q + i
2kπ
log q | j ∈ {1, . . . , g}, k ∈ Z

}
.

For T > 0 such that T and −T are not the ordinates of zeros, we denote by NK(T ) :=
#{ρ ∈ Z(K) | −T ≤ Im(ρ) ≤ T}. In the case when T or −T is the ordinate of a zero,
we define NK(T ) = NK(T + 0). Then, one has (see [5, page 542])

(1.3) NK(T ) = 2g log q
π

T + CK(T ),

where −2g < CK(T ) ≤ 2g. The function ξK admits the Hadamard product

ξK(s) =
∏

ρ∈Z(K)

∗
(

1 − s

ρ

)
:= lim

T →+∞

∏
ρ∈Z(K);|Im(ρ)|≤T

(
1 − s

ρ

)
.

Moreover, assume that ξK(1/2) ̸= 0, then
(1.4)

ξK(s) =
∏

ρ∈Z(K), Im(ρ)>0

∗
(

1 − s(1 − s)
ρ(1 − ρ)

)
:= lim

T →+∞

∏
ρ∈Z(K), 0<Im(ρ)≤T

(
1 − s(1 − s)

ρ(1 − ρ)

)
.

1.2. Main results. In this subsection, we give the main results of the paper.
Let us define the function EK(z) = ξK (1/2 + iz), whose zeros lie in the strip

−1/2 < Im(z) < 1/2. This function is real for real z, EK(z) = EK(−z), and any
non-real zeros of EK(z) occur in complex conjugate pairs. For z = x+ iy in the region
x ≥ 0, −1/2 ≤ y ≤ 1/2, let f(z) be analytic satisfying

(1.5) f(z) ∈ R for real z, Ref(z) > 0, |f(x+ iy)| < e−cx,

where c is a positive constant. For T ≥ 0, let

F (T ) = 1
2πi

∫
γT

E ′
K(z)

EK(z)f(z) dz,

where γT is the positively oriented boundary of the region 0 ≤ x ≤ T , −1/2 ≤ y ≤ 1/2.
We recall that the zeros of EK(z) in the region x > 0, 0 ≤ y < 1/2 as αk + iβk, with
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αk ≤ αk+1. If T is not equal to any αk, then the function F (T ) can be written as a
finite sum

F (T ) =
∑

αk<T, βk=0
f(αk) +

∑
αk<T, βk>0

[f(αk + iβk) + f(αk − iβk)] .

For T < 0, we define F (T ) = −F (T ).

Remark 1.1. The test function f(z) is chosen so that Ref(z) > 0 and |f(x + iy)| <
e−cx, ensuring the required analytic and spectral properties of F (T ). The decay
condition guarantees convergence of the contour integral, while the positivity of
Ref(z), together with the symmetry of the zeros of EK(z), implies that each term
in the residue expansion of F (T ) is non-negative. It follows that F (T ) is a non-
decreasing distribution function. This positivity framework is consistent with the
moment problem associated with the spectral interpretation of zeros in the function
field setting.

If f(z) ≡ 1, then F (T ) = NK(T ). For polynomials p(x), q(x) with real coefficients,
we define an inner product via the Riemann-Stieltjes integral

(1.6) ⟨p(x), q(x)⟩ =
∫ +∞

−∞
p(x)q(x) dF (x).

Applying the Gram-Schmidt orthogonalization process to the polynomials 1, x, x2, . . .
with respect to this inner product produces a family of orthogonal polynomials
{Pn(x)}, where deg(Pn) = n. In this construction, it follows that P2n(x) is an
even function and P2n+1(x) is an odd function.

Since the RH holds with simple zeros on function fields, we obtain the following
results.

Theorem 1.1. We assume that ξK(1/2) ̸= 0 and let θj ∈ [0, π] with j ∈ {1, . . . , g}.
We have

lim
n→+∞

P2n(z)
P2n(0) =

g∏
j=1

(
θ2

j

θ2
j − z2 log2 q

)
ξK(1/2 + iz)
ξK(1/2) ,

for every z ∈ C\{(θj/ log q)2 | j = 1, . . . , g}, where ξK(s) is completed zeta function
defined in (1.2).

We note that limn→+∞
P2n(z)
P2n(0) = limn→+∞

P2n+1(z)
zP ′

2n+1(0) . Cardon and Roberts [3] studied
this approach for the classical Riemann zeta function.

The proof of Theorem 1.1 is given in Section 3.
In section 4, we give an alternative expression for limn→+∞

P2n(z)
P2n(0) .

Theorem 1.2. Assume that ξK(1/2) ̸= 0. Let z ∈ C and θj ∈ [0, π] with j ∈
{1, . . . , g}. Then, we have

lim
n→+∞

P2n(z)
P2n(0) =

+∞∏
k=1

g∏
j=1

(
1 − (z log q)2

(±θj + 2kπ)2

)
.
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Furthermore, we express the limit limn→+∞
P2n(z)
P2n(0) in terms of the polynomial LK

(see Theorem 4.1). As an application of Theorem 4.1, we derive explicit formulas for
this limit at certain points involving g, hK and the polynomial LK (see Corollary 4.1).
Finally, we state an interesting results (see Corollary 4.2).

2. Preliminary Results

In this section, we present results needed to prove Theorem 1.1, with references to
Szegö [7] and Chihara [4] for the foundational theory of orthogonal polynomials.

A function ψ is called a distribution function if it is bounded, non-decreasing, and
its moments

(2.1) µn =
∫ +∞

−∞
xn dψ(x)

exist for n ∈ N. Two distribution functions ψ1 and ψ2 are called substantially equal
if and only if there exists a constant K such that ψ1(x) = ψ2(x) +K at all common
points of continuity. The spectrum of ψ is the set
(2.2) G(ψ) = {x | ψ(x+ δ) − ψ(x− δ) > 0 for all δ > 0}.

If G(ψ) is infinite, then

(2.3) ⟨p(x), q(x)⟩ =
∫ +∞

−∞
p(x)q(x) dψ(x),

defines an inner product on the space of polynomials with real coefficients. By (2.3),
we orthogonalized the set of non-negative powers of x with the Gram-Schmidt process
to get orthogonal polynomials {Pn(x)} with real coefficients:

P0(x) = 1, Pn(x) = xn −
n−1∑
k=0

⟨xn, Pk⟩
⟨Pk, Pk⟩

Pk(x), n ≥ 1.

Lemma 2.1. ([4, Theorems I.5.2 and I.5.3] or [7, Theorems 3.3.1 and 3.3.3])
i) For each n ≥ 1, all zeros of Pn(x) are real and simple.
ii) The zeros of Pn(x) and Pn+1(x) interlace. Futhermore, between any two zeros

of Pn(x), there is at least one zero of Pm(x) for m > n.

Let denote the zeros of Pn(x) as yn,1 < yn,2 < · · · < yn,n. Using the moments given
in (2.1), we define a moment functional on the space of polynomials by

L[p(x)] =
∫ +∞

−∞
p(x) dψ(x) =

n∑
k=0

ckµk, where p(x) = c0 + c1x+ · · · + cnx
n.

Using [4, Theorem I.6.1] (or [7, Theorem 3.4.1]), there exist numbers An,1, An,2, . . . ,
An,n such that for any polynomial π(x) of degree at most 2n− 1

(2.4) L[π(x)] =
n∑

k=1
An,kπ(yn,k).
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All the numbers An,k are positive and An,1 + An,2 + · · · + An,n = µ0. Equation (2.4)
is known as the Gauss quadrature formula, and the numbers An,k are called the
Christoffel numbers. Moreover, the zeros of the polynomials {Pn(x)} are strongly
related to the spectrum G(ψ). Let us define

ψn(x) =


0, if x < yn,1,

An,1 + · · · + An,p, if yn,p ≤ x < yn,p+1, 1 ≤ p < n,

µ0, if x ≥ yn,n.

Lemma 2.2. ([4, Theorem II.3.1]) There is a subsequence of {ψn} that converges on
(−∞,+∞) to a distribution function η which has an infinite spectrum and such that

µn =
∫ +∞

−∞
xn dψ(x) =

∫ +∞

−∞
xn dη(x), n = 0, 1, 2, . . .

In general, η is not substantially equal to ψ. Distribution functions such as η, which
are subsequential limits of {ψn}, are called natural representatives of the moment
functional L.

Lemma 2.3. ([4, Theorems II.4.1 and II.4.3 ] or [7, Theorem 3.4.2])
i) The open interval ]yn,i, yn,(i+1)[ contains at least one spectral point of the func-

tion ψ.
ii) Let η be a natural representative of L, and let s ∈ G(η). Then, every neigh-

borhood of s contains a zero of Pn(x) for infinitely many values of n.

Given a sequence of moments {µn}, the Hamburger moment problem consists of
classifying the distribution functions ϕ that satisfy µn =

∫+∞
−∞ xn dϕ(x), n ∈ N. We

say the moment problem is determined if all solutions ϕ of the Hamburger moment
problem are substantially equal. Carleman provided a sufficient condition for a
moment problem to be determined.

Lemma 2.4. ([1, p. 85]) The moment problem µn =
∫+∞

−∞ xn dψ(x) is determined if
+∞∑
n=1

µ
−1/(2n)
2n = +∞.

3. Proof of Theorem 1.1

In this section, we prove Theorem 1.1 using the same argument as Cardon and
Roberts [3]. Therefore, we will only include and provide details for the different points.

The proof follows almost exactly the same steps as in [3, Theorem 1, Section 3].
Compared to the classical case (the Riemann zeta function), we know explicitly the
non trival zeros of ζK where are periodic modulo 2πi/ log q and this simplify the proof
of our main Theorem 1.1 and yields many interesting consequences.

Lemma 3.1. The nth moments

µn =
∫ +∞

−∞
xn dF
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exist, and (1.6) defines an inner product on the space of polynomials with real coeffi-
cients.

Proof. The proof closely follows the same approach as done in [3, Lemma 3.1].
From (1.5), we have∫ +∞

0
xn dF =

+∞∑
k=1, βk=0

αn
kf(αk) +

+∞∑
k=1, βk ̸=0

αn
k [f(αk + iβk) + f(αk − iβk)]

≤3
+∞∑
k=1

αn
ke

−cαk .

By Equation (1.3), we get the following estimate

NK(T ) ∼ 2g log q
π

T.

Therefore, the critical strip with Im(z) > 0 are labelled as ρk + itk with tk+1 ≥ tk.
Then,

tk ∼ πk

2g log q ,

where k ∈ N. Hence, there exist positive constants A and B such that for k ≥ 1

Ak < αk < Bk.

Since F (T ) = −F (−T ), we also know that µn = 0 for odd n. When n is even, we
have

(3.1) µn =
∫ +∞

−∞
xn dF = 2

∫ +∞

0
xn dF ≤ 6Bn

+∞∑
k=1

kn exp (−cAk) .

This shows that the moments µn =
∫+∞

−∞ xn dF exist for all n ≥ 0. Thus, the inner
product in (1.6) exists for any real polynomials p(x) and q(x). The bilinearity is
clear and the measure dF has an infinite support. Therefore, Lemma 3.1 is easily
proved. □

Lemma 3.2. The Hamburger moment problem for the moments of the distribution
function F ,

µn =
∫ +∞

−∞
xn dF

is determined.

Proof. The proof closely follows the argument used in [3, Lemma 3.2].
We first estimate the summation in (3.1). Let us define

S(n) =
+∞∑
k=1

kn exp (−cAk) =
+∞∑

1≤k≤M+1
kn exp (−cAk)

︸ ︷︷ ︸
S1(n)

+
+∞∑

k>M+1
kn exp (−cAk)︸ ︷︷ ︸

S2(n)

.
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The function kn exp (−cAk) has a maximum of
(

n
ecA

)n
when k = n

cA
yields the following

bound on S1(n):

(3.2) S1(n) ≤ M
(
n

ecA

)n

.

Assume that M is sufficiently large so that the following conditions are satisfied:

(3.3) k >
n

cA
, k > 1, for k ≥ M and M >

(
2(n+ 1)
cA

)2

.

Condition (3.3) ensures that the function kn exp(−cAk) decreases for k ≥ M . Then,
we have

S2(n) =
∑

k>M+1
kn exp (−cAk) <

∫ +∞

M
kn+1 exp (−cAk) dk

=
∫ +∞

M
wn+1 exp(−cAw) dw,

for any positive α and w such that w < exp(αw)/α. Putting α = cA
2(n+1) , we obtain

S2(n) <
(

2(n+ 1)
cA

)n+1 ∫ +∞

M
exp

(
−cA

2 w
)
dw = 2

cA

 2(n+1)
cA

exp
(

cA
2(n+1)M

)
n+1

.

Now, by (3.3), we have 2(n+1)
cA

< exp
(

cAM
2(n+1)

)
, which implies

(3.4) S2(n) < 2
cA
.

From (3.2) and (3.4), we obtain

S(n) = S1(n) + S2(n) < M
(
n

ecA

)n

+ 2
cA
.

Let M = κn, where κ > 1. For sufficiently large n, (3.3) is satisfied. Therefore, for
large even n,

µ1/n
n ≤ (6BnS(n))1/n <

(
6Bn

((
κn

ecA

)n

+ 2
cA

))1/n

<
2Bκ
ecA

n.

Therefore,
+∞∑
n=0

µ
−1/2n
2n = +∞,

According to Carleman’s criterion (see Lemma 2.4), it follows that the Hamburger
moment problem µn =

∫+∞
−∞ xn dF is determined. □

Let {Pn(x)} be the family of orthogonal polynomials obtained from Lemma 3.1
by orthogonalizing the set of non-negative powers of x according the Gram-Schmidt
procedure. Since µ2k+1 = 0 and µ2k > 0 for all k, it follows that each polynomial
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P2n(x) is an even function, while each P2n+1(x) is an odd function. From (2.2) the
spectrum of F is defined as follows

G(F ) = {x | F (x+ δ) − F (x− δ) > 0 for all δ > 0},
which consists of all αk such that αk + iβk is a zero of ξK(1/2 + iz). Recall that the
positive values in G(F ) are given by a1 < a2 < a3 < · · · . For example, a1 ≈ 14.134 in
the case of the Riemann zeta function. The n positive zeros of P2n(x) are denoted by
x2n,1 < x2n,2 < · · · < x2n,n, and the n positive zeros of P2n+1(x) as x2n+1,1 < x2n+1,2 <
· · · < x2n+1,n. Thus, we can write

P2n(z)
P2n(0) =

n∏
k=1

(
1 − z2

x2
2n,k

)
,

P2n+1(z)
zP ′

2n+1(0) =
n∏

k=1

(
1 − z2

x2
2n+1,k

)
.

Lemma 3.3. With the above notation, we have ak = limn→+∞ xn,k.

Proof. The proof follows that of [3, Lemma 3.4]. □

Now, we are ready to prove our main result, Theorem 1.1. To begin, recall that the
spectrum of F consists of all αk such that αk + iβk is a zero of ξK (1/2 + iz), and the
ak represent the positive values of G(F ).

Let us recall that the zeros ρ of the function ζK are denoted by

ρ = 1
2 + ia±

k,j, where a±
k,j = ±θj + 2kπ

log q , j = 1, . . . , g and k ∈ Z.

Then, we have 
a+

k,j = θj+2kπ

log q
> 0, for k ≥ 0 and j = 1, . . . , g

and
a−

k,j = −θj+2kπ

log q
> 0, for k ≥ 1 and j = 1, . . . , g.

(3.5)

Let ϵ > 0, K be any compact set of C and R such that |z| < R, for all z ∈ K. Define
MR = ∏g

j=1
∏+∞

k=1

(
1 + R2

(a±
k,j

)2

)
. Since ξK(1/2 + iz) is an entire function of order 1, we

know that ∑g
j=1

∑+∞
k=1(a±

k,j)−2 < +∞, so MR < +∞. Then, for z ∈ K∣∣∣∣∣P2n(z)
P2n(0)

∣∣∣∣∣ =

∣∣∣∣∣∣
g∏

j=1

n∏
k=1

(
1 − z2

x2
2n,k,j

)∣∣∣∣∣∣ ≤ MR.

Choose N sufficiently large such that a±
k,j > R when k > N and j = 1, . . . , g. For

n > N , we obtain
g∏

j=1

+∞∏
k=N+1

(
1 − R2

(a±
k,j)2

)
<

∣∣∣∣∣∣
g∏

j=1

n∏
k=N+1

(
1 − z2

x2
2n,k,j

)∣∣∣∣∣∣ <
g∏

j=1

+∞∏
k=N+1

(
1 + R2

(a±
k,j)2

)

and
g∏

j=1

+∞∏
k=N+1

(
1 − R2

(a±
k,j)2

)
<

∣∣∣∣∣∣
g∏

j=1

n∏
k=N+1

(
1 − z2

(a±
k,j)2

)∣∣∣∣∣∣ <
g∏

j=1

+∞∏
k=N+1

(
1 + R2

(a±
k,j)2

)
.
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Since limN→+∞
∏g

j=1
∏+∞

k=N+1

(
1 − R2

(a±
k,j

)2

)
= limN→+∞

∏g
j=1

∏+∞
k=N+1

(
1 + R2

(a±
k,j

)2

)
= 1,

we choose N so that∣∣∣∣∣∣
g∏

j=1

n∏
k=N+1

(
1 − z2

x2
2n,k,j

)
− 1

∣∣∣∣∣∣ ≤ ϵ

MR

,

∣∣∣∣∣∣
g∏

j=1

n∏
k=N+1

(
1 − z2

(a±
k,j)2

)
− 1

∣∣∣∣∣∣ ≤ ϵ

MR

and N1 > N such that, if n > N1 and z ∈ K∣∣∣∣∣∣
g∏

j=1

N∏
k=1

(
1 − z2

x2
2n,k,j

)
−

g∏
j=1

N∏
k=1

(
1 − z2

(a±
k,j)2

)∣∣∣∣∣∣ ≤ ϵ.

Let n > N1, we easily get∣∣∣∣∣∣P2n(z)
P2n(0) −

g∏
j=1

+∞∏
k=1

(
1 − z2

(a±
k,j)2

)∣∣∣∣∣∣ ≤ 3ϵ.

Then,

lim
n→+∞

P2n(z)
P2n(0) =

g∏
j=1

+∞∏
k=1

(
1 − z2

(a±
k,j)2

)
.

The same argument yields to limn→+∞
P2n+1(z)
zP ′

2n+1(0) = ∏g
j=1

∏+∞
k=1

(
1 − z2

(a±
k,j

)2

)
. On the

other hand, by (1.4) we obtain

(3.6) ξK

(1
2 + iz

)
= ξK

(1
2

) ∏
ρ=1/2+ia±

k,j
∈Z(K); a±

k,j
>0

(
1 − z2

(a±
k,j)2

)
.

Using (3.5) and (3.6), and assuming that ξK(1
2) ̸= 0, we have g∏

j=1

(
1 − z2

(a+
0,j)2

) +∞∏
k=1

g∏
j=1

(
1 − z2

(a±
k,j)2

)
= ξK(1/2 + iz)

ξK(1/2) .

Then,
+∞∏
k=1

g∏
j=1

(
1 − z2

(a±
k,j)2

)
=

g∏
j=1

(
1 − z2

(a+
0,j)2

)−1
ξK(1/2 + iz)
ξK(1/2) .

Therefore, assuming that ξK(1/2) ̸= 0 and letting z ∈ C\{(θj/ log q)2 | j = 1, . . . , g},
we obtain

g∏
j=1

+∞∏
k=1

(
1 − z2

(a±
k,j)2

)
=

g∏
j=1

(
θ2

j

θ2
j − z2 log2 q

)
ξK(1/2 + iz)
ξK(1/2) ,

if and only if ξK(1/2 + iz) has simple real zeros. Thus, we deduce the results of
Theorem 1.1.
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4. Further Results on the Limit of {P2n(z)/P2n(0)}

In this section, we derive several interesting formulas related to the limit of P2n(z)
P2n(0)

as n → +∞.
From Equation (3.6), we obtain

(4.1) ξK

(
1
2 + iz

)
= ξK

(
1
2

)  g∏
j=1

(
1 − z2 log2 q

θ2
j

) +∞∏
k=1

g∏
j=1

1 − z2(
±θj+2kπ

log q

)2

 .
Remark 4.1. We have ξK(1/2) = 0 if and only if θj = 0 for some j = 1, . . . , g. In
that case, we may replace ξK with the function ξK(s)

(s−1/2)m where m is the multiplicity
of the zero of ξK at s = 1/2. The functions ξK(s)/(s− 1/2)m and ξK have the same
nontrivial zeros (i.e., those with Im(ρ) > 0). Therefore, throughout this section, we
assume ξK(1/2) ̸= 0.

We now prove Theorem 1.2.

Proof of Theorem 1.2. From Theorem 1.1, we have

lim
n→+∞

P2n(z)
P2n(0) =

g∏
j=1

(
θ2

j

θ2
j − z2 log2 q

)
ξK(1/2 + iz)
ξK(1/2) .

Substituting the expression of ξK(1/2 + iz) given by (4.1), we get

lim
n→+∞

P2n(z)
P2n(0) =

+∞∏
k=1

g∏
j=1

1 − z2(
±θj+2kπ

log q

)2

 .
This completes the proof of Theorem 1.2. □

The next result expresses the limit in terms of the polynomial LK .

Theorem 4.1. Assume that LK(q−1/2) ̸= 0, and let θj ∈ [0, π] for j = 1, . . . , g. Then,
for all z ∈ C\{(θj/ log q)2 | j = 1, . . . , g}, we have

lim
n→+∞

P2n(z)
P2n(0) =

g∏
j=1

(
θ2

j

θ2
j − z2 log2 q

)
qgizLK(q−(1/2+iz))

LK(q−1/2) .

Proof. From (1.2), we note that

(4.2) ξK

(
1
2 + iz

)
= qg(1/2+iz)LK

(
q−(1/2+iz)

)
.

Theorem 4.1 follows from (4.2) and Theorem 1.1. □

As an application of Theorem 4.1, we derive an explicit one for limn→+∞
P2n(z)
P2n(0) at

some points in terms of g, hK and the polynomial LK .

Corollary 4.1. Assume that LK(q−1/2) ̸= 0, and let θj ∈ [0, π] for j = 1, . . . , g. Then,
the following hold.
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i) For z = i/2,

lim
n→+∞

P2n(i/2)
P2n(0) =

g∏
j=1

 θ2
j

θ2
j + log2 q

4

 q−g/2hK

LK(q−1/2) .

ii) For z = −i/2,

lim
n→+∞

P2n(−i/2)
P2n(0) =

g∏
j=1

 θ2
j

θ2
j + log2 q

4

 qg/2LK(q−1)
LK(q−1/2) .

iii) For z = i,

lim
n→+∞

P2n(i)
P2n(0) =

g∏
j=1

(
θ2

j

θ2
j + log2 q

)
q−gLK(q1/2)
LK(q−1/2) .

Proof. Each identity follows by substituting z = i/2, −i/2, and i into Theorem 4.1. □

Remark 4.2. Case g = 1 (elliptic curve). For an elliptic curve over Fq, the L-polynomial
is LK(T ) = 1 −aT + qT 2, where a = q+ 1 − #E(Fq). By the Hasse bound, |a| ≤ 2√

q,
so we can parametrize a = 2√

q cos θ, with θ ∈ [0, π]. This is a standard representation.
Then, one has

hK = LK(1) = q + 1 − 2√
q cos θ, LK(q−1/2) = 2(1 − cos θ), LK(q−1) = hK

q

and LK(q1/2) = 1 − 2q cos θ + q2. Substituting into Corollary 4.1 yields the following.
(i) For z = i/2 and θ ∈]0, π]:

lim
n→+∞

P2n(i/2)
P2n(0) =

(2θ2)(√q + q−1/2 − 2 cos θ)
(4θ2 + log2 q)(1 − cos θ)

.

(ii) For z = −i/2 and θ ∈]0, π]:

lim
n→+∞

P2n(−i/2)
P2n(0) =

(2θ2)(√q + q−1/2 − 2 cos θ)
(4θ2 + log2 q)(1 − cos θ)

.

(iii) For z = i and θ ∈]0, π]:

lim
n→+∞

P2n(i)
P2n(0) = (θ2)(q + q−1 − 2 cos θ)

2(θ2 + log2 q)(1 − cos θ)
.

Therefore, we have limn→+∞
P2n(i/2)
P2n(0) = limn→+∞

P2n(−i/2)
P2n(0) .

Now, we provide some numerical verifications of the limits above for the fixed value
q = 25 (see Figure 1 and Figure 2).

Corollary 4.2. Assume that LK(q−1/2) ̸= 0 and θj ̸= 0 for j = 1, . . . , g. We have
i)

(4.3)
 g∏

j=1

θ2
j + log2 q

4
θ2

j

 +∞∏
k=1

g∏
j=1

(
1 + log2 q

4(±θj + 2kπ)2

)
= q−g/2hK

LK(q−1/2) ,



ORTHOGONAL POLYNOMIALS AND COMPLETED ZETA FUNCTION 1273

Figure 1. Figure 2.

ii)

(4.4)
 g∏

j=1

(
θ2

j + log2 q

θ2
j

) +∞∏
k=1

g∏
j=1

(
1 + log2 q

(±θj + 2kπ)2

)
= q−gLK(q1/2)

LK(q−1/2) .

Proof. From Theorem 1.2 evaluated at z = i/2, we obtain

(4.5) lim
n→+∞

P2n(i/2)
P2n(0) =

+∞∏
k=1

g∏
j=1

(
1 + log2 q

4(±θj + 2kπ)2

)
.

Combining (4.5) with Corollary 4.1 (i), we observe that all expressions involved are
convergent. Hence, by the uniqueness of the limit, we get

g∏
j=1

 θ2
j

θ2
j + log2 q

4

 q−g/2hK

LK(q−1/2) =
+∞∏
k=1

g∏
j=1

(
1 + log2 q

4(±θj + 2kπ)2

)
,

which leads to g∏
j=1

θ2
j + log2 q

4
θ2

j

 +∞∏
k=1

g∏
j=1

(
1 + log2 q

4(±θj + 2kπ)2

)
= q−g/2hK

LK(q−1/2) .

This proves Equation (4.3).
Similarly, by Theorem 1.2 for z = i, we have

(4.6) lim
n→+∞

P2n(i)
P2n(0) =

+∞∏
k=1

g∏
j=1

(
1 + log2 q

(±θj + 2kπ)2

)
.

Combining (4.6) with Corollary 4.1 (iii), we observe that all expressions involved
are convergent. Hence, by the uniqueness of the limit, the two expressions can be
identified and we obtain

g∏
j=1

(
θ2

j

θ2
j + log2 q

)
q−gLK(q1/2)
LK(q−1/2) =

+∞∏
k=1

g∏
j=1

(
1 + log2 q

(±θj + 2kπ)2

)
.

Therefore, we have (4.4). □
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Let us treat the case g = 1 which corresponds to the function field of an elliptic
curve. Then, we get

(4.7) lim
n→+∞

P2n,θ(z)
P2n,θ(0) =

+∞∏
k=1

(
1 − (z log q)2

(θ + 2kπ)2

)(
1 − (z log q)2

(2kπ − θ)2

)
, where θ ∈ [0, π].

Corollary 4.3. (i) If θ = 0, then we have

lim
n→+∞

P2n,0(z)
P2n,0(0) =

4 sin2
(
z log q

2

)
(z log q)2 .

(ii) If θ = π/2, then we have

lim
n→+∞

P2n,π/2(z)
P2n,π/2(0) = cos(z log q)

1 − 4(z log q)2

π2

.

(iii) If θ = π, then we have

lim
n→+∞

P2n,π(z)
P2n,π(0) = π2

π2 − (z log q)2 cos2
(
z log q

2

)
.

Proof. The proof of Corollary 4.3 follows from (4.7) for θ = 0, π/2 and π. □

Remark 4.3. From Corollary 4.3, we derive explicit formulas for the limit of P2n,θ(z)
P2n,θ(0)

as n → +∞, for specific values of θ in each case at some points.
i) If θ = 0 and z = π/ log q, then we obtain

lim
n→+∞

P2n,0(π/ log q)
P2n,0(0) = 4

π2 .

ii) If θ = π and z = 2π/ log q, then we have

lim
n→+∞

P2n,π(2π/ log q)
P2n,π(0) = −1

3 .

5. Concluding Remarks

Some perspectives arising from this work are as follows.
i) Since the (RH) holds on function fields and the zeros of the completed zeta func-

tion are explicitly known, it is possible to construct a family of orthogonal polynomials
{Pn(z)}.

ii) An interesting problem is to determine the behavior of the error term in the
approximation

P2n(z)
P2n(0) −

g∏
j=1

(
θ2

j

θ2
j − z2 log2 q

)
ξK(1/2 + iz)
ξK(1/2) .

Let us note that this quantity tends to zero since the (RH) holds for function fields.
However, the precise rate of convergence remains unknown. This question is closely
related to delicate problems in the asymptotic theory of orthogonal polynomials.
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Classical results such as Rakhmanov’s theorem, the theory of Mhaskar-Saff weights,
and the work of Van Assche on varying recurrence coefficients provide important tools
for studying convergence rates and zero distributions under regularity assumptions
on the underlying measure. In the present setting, however, the spectral measure is
discrete and periodic, which places it outside the standard continuous frameworks
usually considered in these theories. The lattice-type structure of the zeros may
produce additional oscillatory effects, making a precise estimate of the convergence rate
a non-trivial problem. It would therefore be of particular interest to investigate how
rapidly the zeros of the orthogonal polynomials approach their limiting distribution
in this arithmetic setting.

Acknowledgements. The author would like to express his sincere gratitude to
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presentation.

References
[1] N. I. Akhiezer, The Classical Moment Problem and Some Related Questions in Analysis, Hafner

Publishing Co., New York, 1965.
[2] K. H. Bllaca and K. Mazhouda, Centralized variant of the Li criterion on functions fields, Finite

Fields Appl. 72(3) (2021), Article ID 101800. https://doi.org/10.1016/j.ffa.2020.101800
[3] D. A. Cardon and S. A. Roberts, An equivalence for the Riemann hypothesis in terms of orthogonal

polynomials, J. Approx. Theory 138 (2006), 54–64.
[4] T. S. Chihara, An Introduction to Orthogonal Polynomials, Gordon and Breach Science Publishers,

NewYork-London-Paris, 1978.
[5] K. Mazhouda and L. Smajlović, Evaluation of the Li coefficients on function fields and applica-

tions, Eur. J. Math. 5(2) (2019), 540–550. https://doi.org/10.1007/s40879-018-0212-6
[6] H. Stichtenoth, Algebraic Function Fields and Codes, 2nd Ed., GTM 254 Springer-Verlag, Berlin,

2009.
[7] G. Szegö, Orthogonal Polynomials, Fourth Ed., American Mathematical Society Vol. 23, Collo-

quium Publishers, Providence, RI, 1975.
[8] A. Weil, Sur les courbes algèbriques et les variétés qui s’en déduisent, Publ. Inst. Math. Univ.

Strasbourg 7 (1945).

1Department of Mathematics, Faculty of Science of Monastir,
University of Monastir,
5000 Monastir, Tunisia
Email address: Jawherkhmiri11@gmail.com
ORCID iD: https://orcid.org/0009-0004-9791-1923

https://doi.org/10.1016/j.ffa.2020.101800
https://doi.org/10.1007/s40879-018-0212-6
https://orcid.org/0009-0004-9791-1923

	1. Introduction
	1.1. Background
	1.2. Main results

	2. Preliminary Results
	3. Proof of Theorem 1.1
	4. Further Results on the Limit of {P2n(z)/P2n(0)}
	5. Concluding Remarks
	Acknowledgements.

	References

