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ORTHOGONAL POLYNOMIALS AND COMPLETED ZETA
FUNCTION ON FUNCTION FIELDS

JAWHER KHMIRI!

ABSTRACT. In this paper, we show that the Riemann hypothesis for function fields
provides an analytic characterization in terms of the existence of a certain family
of orthogonal polynomials {P,(z)} such that lim,_, . %:Egg = &‘55(1(/12/;’)2), where
€k (s) denotes the completed zeta function. Furthermore, using the fact that the
Riemann hypothesis holds for function fields, we derive several explicit formulas

that follow from known representations of the completed zeta function .

1. INTRODUCTION

1.1. Background. The Riemann zeta function ((s) is a well-known function of the
complex variable s = ¢ + it, and is defined by ((s) = 3% #, which converges for
Re(s) = o > 1. This function can be extended meromorphically to the entire complex
plane C. The zeta function ((s) is holomorphic everywhere except for a simple pole

at s = 1. The Riemann &-function is defined as follows

(1.1) £(s) = 55(s — D71 (2) o),

where I'(s) is the gamma function. The Riemann Hypothesis (RH) asserts that all
nontrivial zeros of ((s) lie on the critical line Re(s) = 1/2. One of the remarkable
features of the study of the Riemann hypothesis is the wide variety of its equivalent
formulations in the classical setting, many of which extend naturally to the zeta
function associated with a function field K of arbitrary genus over a finite field of
constants [2,5]. In the case of function fields, the analogue of the Riemann hypothesis
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was proved by Weil [8]. Hence, in this setting, our results should not be interpreted as
establishing new equivalences to the Riemann hypothesis, but rather as providing an
analytic characterization and a representation consistent with its established validity.
This framework allows one to derive results concerning special values of Lx and £
at certain points, the class number hg, and other arithmetic invariants of function
fields.

Another characterization of the Riemann Hypothesis (RH) was obtained by Cardon
and Roberts [3]. They constructed a measure such that if {p,(z)} is the sequence
of orthogonal polynomials relative to that measure, then the Riemann Hypothesis
with simple zeros is true if and only if lim,,_, z z:gg; = 5%(/12/’;;’3) where the Riemann
&-function is defined in (1.1).

The purpose of this paper is to study Cardon and Roberts results on function fields.
As a consequence, and taking into account that (RH) holds in our case, we derive
some interesting formulas that follow from known expressions of the completed zeta
function £k

Let us recall the definition and some properties of the zeta function of a function
field as in [6, Chapter 5, Section 5.1 and Section 5.2, 185-218]. Let K denote an
algebraic function field of genus g whose constant field is the finite field F,. Consider
the following power series denoted Zx (T') as

+o00 _
2Ty =Y = [ (1-T0)
n=0

D prime

where C,, = #{D € Div(K) | D >0, deg(D) =n}. Zg(T) is actually a rational
function

_ Lk
2= gy
where Lk (T) factors in C[7T] in the form
Lg(T) = ﬁ(l —oyT) € Z[T).

The special value Lg(1) = [[2,(1 — a;) is the class number of K, denoted by h.

The complex numbers a1, ..., ay, are algebraic integers and can be arranged so that
a0y = q holds for j = 1,...,¢g. Since the Riemann hypothesis for function fields
proved by A. Weil [8] states that the oy, i = 1,...,2g, have absolute value ¢'/2, we
may order the indices j € {1,...,¢} so that a,,; = @;. This allows us to write

a; = q/? exp(if;), with 6; € [0, 7).
Now, we define the (classical) zeta function (x of K as follows. For s € C, we
replace T' by ¢~* in Zg(T),

+oo
Cr(s) = Zr(q®) =D Cug™™,
n=0
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which converges for Re(s) > 1. We define the following completed zeta function

(1.2) Ek(s) = q"(1—q ") (1= ¢"7)q¥"*Cx(s) = ¢” L (q"),

which is an entire function of order one, whose zeros coincide with the zeros of (k.
Moreover, {x satisfies the functional equation

§x(s) = Ex(1—s).

Let us recall that, all zeros of the zeta function (f lie in the critical strip 0 < Re(s) < 1,
and they are symmetric with respect to the real axis and the line Re(s) = 1/2. Note
that (RH) is equivalent to the statement that the zeros of (i lie on the line Re(s) = 1/2.
Let Z(K) be the set of the zeros p of (x, we have

Z(K):{li' 0; . 2km

2 Zlogq +llogq

|j€{1,--.,g},k€Z}.

For T' > 0 such that 7" and —71" are not the ordinates of zeros, we denote by Ny (7T') :=
#{p e Z(K) | =T <Im(p) <T}. In the case when T" or —7 is the ordinate of a zero,
we define Ng(T') = Ng(T +0). Then, one has (see [5, page 542])

(1.3) Ni(T) = 2928 oy,

s
where —2g < Cx(T) < 2g. The function x admits the Hadamard product

Exc(s) = *<1—8>:— l (1—‘9>.
< pelz_<[f<> p) pEZ(K);ll_I[m(p)IST P
Moreover, assume that £x(1/2) # 0, then
(1.4)
. s(l—s)) : < 5(1—5)>
- A2 A
o) I ( p1—p)) T 11 mer\ p1—=p)

pEZ(K), Im(p)>0 pEZ(K), 0<Im

1.2. Main results. In this subsection, we give the main results of the paper.

Let us define the function Ex(z) = &£k (1/2+iz), whose zeros lie in the strip
—1/2 < Im(z) < 1/2. This function is real for real z, Fx(z) = Ex(—z), and any
non-real zeros of E(z) occur in complex conjugate pairs. For z = x + iy in the region
x>0,—-1/2 <y <1/2 let f(z) be analytic satisfying

(1.5) f(z) e Rforreal z, Ref(z) >0, |f(x+iy)| <e ,
where ¢ is a positive constant. For T' > 0, let
1 £
F(T) = )y as,

B Tm T EK(Z)

where 77 is the positively oriented boundary of the region 0 < z < 7T, —1/2 <y < 1/2.
We recall that the zeros of Ex(z) in the region x > 0, 0 < y < 1/2 as ay, + i, with
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ar < agy1. If T is not equal to any «y, then the function F(T') can be written as a
finite sum

FT)= Y flaw)+ > [flew+ibe) + flar —1iB)].

ap<T, Br=0 ap<T, Br>0

For T' < 0, we define F(T) = —F(T).

Remark 1.1. The test function f(z) is chosen so that Ref(z) > 0 and |f(z + iy)| <
e~ ensuring the required analytic and spectral properties of F(T). The decay
condition guarantees convergence of the contour integral, while the positivity of
Ref(z), together with the symmetry of the zeros of Ex(z), implies that each term
in the residue expansion of F(T') is non-negative. It follows that F(T") is a non-
decreasing distribution function. This positivity framework is consistent with the
moment problem associated with the spectral interpretation of zeros in the function
field setting.

If f(2) =1, then F(T) = Ng(T'). For polynomials p(z), ¢(x) with real coefficients,
we define an inner product via the Riemann-Stieltjes integral

(16) (o). a@) = [ pla)a(e) dF ().

Applying the Gram-Schmidt orthogonalization process to the polynomials 1, z, 22, ...
with respect to this inner product produces a family of orthogonal polynomials
{P,(z)}, where deg(P,) = n. In this construction, it follows that Ps,(z) is an
even function and Py, 1(z) is an odd function.

Since the RH holds with simple zeros on function fields, we obtain the following
results.

Theorem 1.1. We assume that {x(1/2) # 0 and let 6; € [0, 7] with j € {1,...,g}.
We have
Py (z) ( 03 ) Ex(1/2+1iz2)
02— 22log’q) Ex(1/2)

for every z € C\{(6,/log q)2 j=1,...,9}, where {k(s) is completed zeta function
defined in (1.2).

j=1

We note that lim,,_, | iﬁ"% = limy, 400 Z};ﬁ?“((zo)). Cardon and Roberts [3] studied
n 2n+1

this approach for the classical Riemann zeta function.
The proof of Theorem 1.1 is given in Section 3.

In section 4, we give an alternative expression for lim,, 2n ()

Py (0)°

Theorem 1.2. Assume that {x(1/2) # 0. Let z € C and 0; € [0,7] with j €
{1,...,9}. Then, we have

o Pn(2) T (g _(Floga)®
"EEIOO Py, (0) H H <1 (£, + 2k7r)2> .

k=1 j=1
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P2TL (Z)
P2, (0)
(see Theorem 4.1). As an application of Theorem 4.1, we derive explicit formulas for

this limit at certain points involving g, hx and the polynomial Lk (see Corollary 4.1).
Finally, we state an interesting results (see Corollary 4.2).

Furthermore, we express the limit lim,, in terms of the polynomial Ly

2. PRELIMINARY RESULTS

In this section, we present results needed to prove Theorem 1.1, with references to
Szego [7] and Chihara [4] for the foundational theory of orthogonal polynomials.

A function 1 is called a distribution function if it is bounded, non-decreasing, and
its moments

(2.1) fin = /_+OO " dip(x)

(e 9]

exist for n € N. Two distribution functions v; and v are called substantially equal
if and only if there exists a constant K such that ¢ (z) = ¥(z) + K at all common
points of continuity. The spectrum of v is the set

(2.2) &) ={z | Y(x+0) —¢(x —9) >0 for all 6 > 0}.
If &(¢) is infinite, then

+o0
(23) (ple),a(@)) = [ pla)ale) dv(a)
defines an inner product on the space of polynomials with real coefficients. By (2.3),
we orthogonalized the set of non-negative powers of x with the Gram-Schmidt process
to get orthogonal polynomials { P, (z)} with real coefficients:
n—1 <l‘n, Pk>
k=0 <Pk> Pk>
Lemma 2.1. ([4, Theorems 1.5.2 and 1.5.3] or [7, Theorems 3.3.1 and 3.3.3])

i) For each n > 1, all zeros of P,(x) are real and simple.
ii) The zeros of P,(z) and P,y1(x) interlace. Futhermore, between any two zeros
of P,(x), there is at least one zero of P, (x) for m > n.

Py(z)=1, P,(z)=2"-— P.(x), n>1

Let denote the zeros of P, (%) as yn1 < Yn2 < -+ < Ynn. Using the moments given
in (2.1), we define a moment functional on the space of polynomials by

o)) = [ pa)dva) = Y e where p(a) = o + e+ 4 e’
> k=0

Using [4, Theorem 1.6.1] (or [7, Theorem 3.4.1]), there exist numbers A, 1, 4,2, ...,
A, such that for any polynomial 7(z) of degree at most 2n — 1

(2.4) Llr(x)] = zﬂj AT (Ynke)-

k=1



1266 J. KHMIRI

All the numbers A, x are positive and A, 1 + Ap2 + -+ + A,n = po. Equation (2.4)
is known as the Gauss quadrature formula, and the numbers A, ; are called the
Christoffel numbers. Moreover, the zeros of the polynomials {P,(z)} are strongly
related to the spectrum &(¢). Let us define

0, if x < Un,1,
Un(x) =S An1+ 4+ Anpy Yy <& <Yppr1, 1<p<n,
Mo, it x Z Ynn-

Lemma 2.2. ([4, Theorem 11.3.1)) There is a subsequence of {1} that converges on
(—00, +00) to a distribution function n which has an infinite spectrum and such that

+oo +oo
/Ln:/ x”dw(:c):/ z"dn(z), n=0,1,2...

—00 o0
In general, 7 is not substantially equal to ). Distribution functions such as 7, which
are subsequential limits of {¢,}, are called natural representatives of the moment
functional £.

Lemma 2.3. ([4, Theorems I1.4.1 and 11.4.3 | or [7, Theorem 3.4.2])

i) The open interval [yn i, Yn i+1)[ contains at least one spectral point of the func-
tion 1.

ii) Let n be a natural representative of £, and let s € &(n). Then, every neigh-
borhood of s contains a zero of P,(x) for infinitely many values of n.

Given a sequence of moments {u,}, the Hamburger moment problem consists of
classifying the distribution functions ¢ that satisfy p, = [T 2" d¢(x), n € N. We
say the moment problem is determined if all solutions ¢ of the Hamburger moment
problem are substantially equal. Carleman provided a sufficient condition for a
moment problem to be determined.

Lemma 2.4. ([1, p. 85]) The moment problem p, = [*2° a™ dip(x) is determined if
+00
3l — o
n=1

3. PROOF OF THEOREM 1.1

In this section, we prove Theorem 1.1 using the same argument as Cardon and
Roberts [3]. Therefore, we will only include and provide details for the different points.

The proof follows almost exactly the same steps as in [3, Theorem 1, Section 3].
Compared to the classical case (the Riemann zeta function), we know explicitly the
non trival zeros of (x where are periodic modulo 27i/ log ¢ and this simplify the proof
of our main Theorem 1.1 and yields many interesting consequences.

Lemma 3.1. The nth moments
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exist, and (1.6) defines an inner product on the space of polynomials with real coeffi-
cients.

Proof. The proof closely follows the same approach as done in [3, Lemma 3.1].
From (1.5), we have

[e%S) Too ™=
/O+ MdF = Y alfla)+ S ol [flan+iBe) + flak —iB)

k=1, Bx=0 k=1, Br#0
—+00
<3 Z age “k.
k=1

By Equation (1.3), we get the following estimate
2glogq
T

Therefore, the critical strip with Im(z) > 0 are labelled as py + ity with tg.q > t.
Then,

N (T) T.

y wk
" 2glogq’
where k € N. Hence, there exist positive constants A and B such that for £ > 1
Ak < oy, < Bk.

Since F(T) = —F(—T), we also know that p, = 0 for odd n. When n is even, we
have

+o00 +o0 oo
(3.1) oy, = / " dF = 2/ 2" dF < 6B™ Y k™ exp (—cAk).
0 k=1

—00

This shows that the moments s, = [7° 2" dF exist for all n > 0. Thus, the inner
product in (1.6) exists for any real polynomials p(z) and ¢(x). The bilinearity is
clear and the measure dF' has an infinite support. Therefore, Lemma 3.1 is easily
proved. 0]

Lemma 3.2. The Hamburger moment problem for the moments of the distribution
function F,

+oo
Ly, = / x" dF
1s determined.

Proof. The proof closely follows the argument used in [3, Lemma 3.2].
We first estimate the summation in (3.1). Let us define

S(n) = Z k™ exp (—cAk) = Z k"™ exp (—cAk) + Z k™ exp (—cAk) .
k=1 1<k<M-+1 k>M+1

S1 (n) Sa (n)
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The function £™ exp (—cAk) has a maximum of (GCLA)n when k = 7% yields the following
bound on S1(n):

(3.2) S\ (n )<M(€CA>”.

Assume that M is sufficiently large so that the following conditions are satisfied:

n 2n+1)\?
. — > —_— .
(3.3) k>CA,k:>1, fork_MandM>< ) )

Condition (3.3) ensures that the function k™ exp(—cAk) decreases for k > M. Then,
we have

Sy(n) = Y. k"exp(—cAk) </ k"t exp (—cAk) dk

k>M+1

+o0
= / exp(—cAw) dw,

for any positive a and w such that w < exp(aw)/a. Putting a@ = mi we obtain

n+1)’

2(n+1)

n+1
20n +1)\" [ree cA 2 o
Sa(n) < <cA ) /M exp (—211)) dw = cA eXp( (CA )M) )

Now, by (3.3), we have 2("“) < exp ( ‘(Zﬁﬁ)) , which implies
2

(3.4) Sy(n) < .

From (3.2) and (3.4), we obtain

S(n) = Si(n) + Sa(n) < M (BCA)" + 54.

Let M = k™, where k > 1. For sufficiently large n, (3.3) is satisfied. Therefore, for
large even n,

n kn\"  2\\Y" 2Bk
i < o8ns)” < (68" () + ) < ceam

Therefore,
pan! " = +00,
n=0
According to Carleman’s criterion (see Lemma 2.4), it follows that the Hamburger
moment problem yu, = [ 2" dF is determined. O

Let {P,(x)} be the family of orthogonal polynomials obtained from Lemma 3.1
by orthogonalizing the set of non-negative powers of x according the Gram-Schmidt
procedure. Since porr1 = 0 and g > 0 for all k, it follows that each polynomial
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Py, (z) is an even function, while each Py, 1(z) is an odd function. From (2.2) the
spectrum of F' is defined as follows

O(F)={z| F(x +0) — F(z — ) > 0 for all § > 0},
which consists of all ay such that ay + iy is a zero of x(1/2 4 iz). Recall that the
positive values in &(F') are given by a; < ay < ag < --- . For example, a; ~ 14.134 in
the case of the Riemann zeta function. The n positive zeros of Ps,(x) are denoted by
Ton1 < Topo <+ < Topp, and the n positive zeros of P2n+1 (ZE) as Topt+1,1 < Topt+12 <
- < Topt1,- Thus, we can write

Py(z) L 1 22 Ponyi(2z s 2’
Py, (0 =115 P o H ‘
2 (0) k—1 Lon k Z 2n+l( x2n+1k

Lemma 3.3. With the above notation, we have ay = lim,_ 4o Ty, .
Proof. The proof follows that of [3, Lemma 3.4]. O

Now, we are ready to prove our main result, Theorem 1.1. To begin, recall that the
spectrum of F' consists of all ay, such that ay + 5 is a zero of {x (1/2 + iz), and the
ay, represent the positive values of &(F).

Let us recall that the zeros p of the function (i are denoted by

1 + :Eej + 2k

p:§+iaij, Whereakyjzw, j=1...,gand k € Z.

Then, we have

0;+2km .
;jzﬂli;q >0, fork>0andj=1,...,9
(3.5) and
a,;j:_gf;zk”>0, fork>1andj=1,..., 9.

Let € > 0, K be any compact set of C and R such that |z| < R, for all z € K. Define
Mp = ]‘[?:1 | (1 + %) Since £k (1/2 + iz) is an entire function of order 1, we

know that 3°9_; 37,2 1(ak]) < 400, 80 Mp < 4+00. Then, for z € K

P2n z S 2
1-— < Mpg.
‘PQHO 1:[];[< z?nkg) -
Choose N sufficiently large such that a; . > R when &k > N and j = 1,...,g9. For

n > N, we obtain

and
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. . 0o 2 . 00 2
Since limy_, ;o0 H?:1 HLNH (1 - mf’ﬁ) = limy 400 H?:1 HLNH (1 + @LST)z) =1,
2J 3]

we choose N so that

ﬁﬁ( 52)—13

=1k=N+1 xQn,k,j

€

€
Mg’

11 11 (1‘@;.)2)—1 <

j=1k=N+1 Mp

and N; > N such that, if n > N; and z € K

g 2 g N 2
1— <e
gg( x2nk_7> ]l;Ilkl;[l< ak]) >
Let n > Ny, we easily get
Pgn(z) +oo< 22 )
— 1-— < 3e.
PQn(O) ]1—[1 k=1 (af])Z
Then,
Pon(2) +o0 ( 52 >
lim = 1-—
n—+oo Py, (0) ]1;[1 kl;ll (afd)2
The same argument yields to lim, % Hé’ 1 H < %) . On the
.

other hand, by (1.4) we obtain

o0 wlgre)ee(y) M (igEs)

—1/2+zakAj€Z

Using (3.5) and (3.6), and assuming that k(1) # 0, we have

(- 2 [T (1 o) - 022

Then,

M (o)) 66

k=1j=1 j=1

Therefore, assuming that {x(1/2) # 0 and letting z € C\{(#;/logq)* | j = 1,..., g},

we obtain
g +oo 22 g 6’]2- Ex(1/2 +iz)
(- ) = T (=) et

j z?log” q

if and only if {x(1/2 4 iz) has simple real zeros. Thus, we deduce the results of
Theorem 1.1.
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4. FURTHER RESULTS ON THE LIMIT OF {P,(2)/P2,(0)}

P27L Z)

In this section, we derive several interesting formulas related to the limit of Po(0)

as n — +oo.

From Equation (3.6), we obtain

w el =o)L iy

Remark 4.1. We have £x(1/2) = 0 if and only if §; = 0 for some j = 1,...,¢. In

that case, we may replace {x with the function (iﬁ;‘;))m where m is the multiplicity

of the zero of x at s = 1/2. The functions £x(s)/(s — 1/2)™ and £k have the same
nontrivial zeros (i.e., those with Im(p) > 0). Therefore, throughout this section, we

assume £k (1/2) # 0.

We now prove Theorem 1.2.
Proof of Theorem 1.2. From Theorem 1.1, we have

Po(z) 0; ) Ei(1/2 +i2)
m Py, (0) g (9]2 —22log?q)  €x(1/2)

Substituting the expression of {x(1/2 + iz) given by (4.1), we get

Pgn 2’2
lim TR
n=rkoo Pon( k=1 =1 (ielﬁzkw)
This completes the proof of Theorem 1.2. O

The next result expresses the limit in terms of the polynomial L.

Theorem 4.1. Assume that Ly (q~1/%) # 0, and let §; € [0, 7] for j=1,...,g. Then,
for all z € C\{(6;/logq)* | j =1,...,g}, we have

PQn(Z) B H ( 0]2 ) qgizLK(q—(1/2+iz))

02— 2?log’q)  Li(q'/?)

lim =
n—+00 P2n(0> e

Proof. From (1.2), we note that

(4_2) Ex (% + z'z) _ qg(1/2+iz)LK (q7(1/2+iz)) .
Theorem 4.1 follows from (4.2) and Theorem 1.1. O
As an application of Theorem 4.1, we derive an explicit one for lim,, ?"E ; at

some points in terms of g, hx and the polynomial L.

Corollary 4.1. Assume that Li(q~*/?) # 0, and let 0; € [0, 7] forj =1,...,g. Then,
the following hold.
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i) For z =1/2,
Py (i/2) £ —9/2
lim 2n / _ H q hK .
n——+o00 P2n log q LK(qfl/Q)

ii) For z = —i/2,
lim Lol Z/ 2 _ ﬁ 0\ ¢”Lrla)
log q LK(qfl/Q) :

0 q Lk (q"?)
92+1og q) Li(q/?) "

iii) For z =1,

-1
Proof. Each identity follows by substituting z = i/2, —i/2, and 7 into Theorem 4.1. [J

Remark 4.2. Case g = 1 (elliptic curve). For an elliptic curve over F,, the L-polynomial
is L (T) = 1—aT +qT? where a = g+ 1—#E(F,). By the Hasse bound, |a| < 2,/7,
so we can parametrize a = 2,/qcos 6, with 6 € [0, w]. This is a standard representation.
Then, one has
h
hik = Lg(l) =q+1—2/qcosb, Li(qg7V%) =2(1 —cosf), Lg(qt) = K
q

and Lg(¢"/?) =1 — 2qcos® + ¢*. Substituting into Corollary 4.1 yields the following.
(i) For z =i/2 and 60 €)0, 7}
lim Pan(if2) _ (20%)(/7+ ¢ /* — 2cos0)
n—+oo Py, (0) (462 + log? q)(1 — cos 0)
(ii) For z = —i/2 and 6 €]0, 7|:
lim Py, (—i/2) _ (26*)(\/q+ ¢ /* — 2cos0)
n=foo Py, (0) (462 4 1og® q)(1 — cos 6)
(ili) For z =4 and 6 €]0, 7]
i Pl (@) ta —2c0s0)
n—+oo 5, (0)  2(62 + log® ¢)(1 — cos )

Therefore, we have lim,_, o0 = 123;751(6? = limy,— 400 %(’/)2)

Now, we provide some numerical verifications of the limits above for the fixed value
q = 25 (see Figure 1 and Figure 2).

Corollary 4.2. Assume that Li(q /%) # 0 and 0; #0 for j=1,...,9. We have
i)

g 2 log q g 10g2 q q_9/2hK
(4.3) [H ( )] [T 11 ( A(£0; +2lm)2) T Lglg Ry

J k=1j=1
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FIGURE 1. FIGURE 2.
ii)
9 (02 +log q log® q _ 4 “Lk(q"?)
-y [H ( >] 11 H ( (£6; + 2k7r)2> o Le(g)

k=1 j=1

Proof. From Theorem 1.2 evaluated at z = i/2, we obtain

Py /2 too g log® ¢
(4.5) lim =1I 1] ( 1050, + 2k;7r)2> :

n——+0oo P2n k=1 j—1

Combining (4.5) with Corollary 4.1 (i), we observe that all expressions involved are
convergent. Hence, by the uniqueness of the limit, we get

g 0?2 G 9 +oo g logzq
J
H (92 log? q) LK —1/2 H H ( (:l:@j +2k:7r)2> 7

k=1j=1
which leads to

g 92 log 10g2 q q—g/QhK
A (5 AL i) -

J k=1j=1

This proves Equation (4.3).
Similarly, by Theorem 1.2 for z = 7, we have

. Py, (7) 10g2 q
(4.6) lim 111 ( WW) |

n—-+oo P2n kel =1

Combining (4.6) with Corollary 4.1 (iii), we observe that all expressions involved
are convergent. Hence, by the uniqueness of the limit, the two expressions can be
identified and we obtain

ﬁ( 07 )WLK( q'”) HH( 10%2(1)
S\ +1log’q) Li(q7V?) oo (£6; + 2km)?

Therefore, we have (4.4). O
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Let us treat the case g = 1 which corresponds to the function field of an elliptic
curve. Then, we get

o Pap(z) 15 ([, (2logg)? _ (zlogg)? where -
4D I 5, 0 ‘kHl(l <9+2/m>2> g <2fm—e>2>’ here 0. € 0.7l

Corollary 4.3. (i) If § =0, then we have

4 sin?
Pono(2) <
n—+00 Py, ¢(0) (zlog q)2

(ii) If 0 = w/2, then we have

zlogq
2

P 1
juy Pusp() _ cos(zloga)

n+00 Py rpp(0) 1 — Aeloga”

(iii) If 0 = 7, then we have

. Pya(2) 2 , [ zlogq
lim ’ = 5 COS .
n—too Py, -(0) 72 — (zlogq) 2
Proof. The proof of Corollary 4.3 follows from (4.7) for # = 0, /2 and =. O

Remark 4.3. From Corollary 4.3, we derive explicit formulas for the limit of iznzggi

as n — +o00, for specific values of # in each case at some points.
i) If # = 0 and z = 7/ log ¢, then we obtain

lim M — i
n——+o0o P2n,0(0) T2

ii) If @ = 7 and z = 27/ log ¢, then we have

lim PQTL,T('<27T/ IOg Q) — ;1
n——+oo P2n,7r<0> 3

5. CONCLUDING REMARKS

Some perspectives arising from this work are as follows.
i) Since the (RH) holds on function fields and the zeros of the completed zeta func-
tion are explicitly known, it is possible to construct a family of orthogonal polynomials

{Pn(2)}-

ii) An interesting problem is to determine the behavior of the error term in the

approximation

Py, (2) 12[ ( 07 ) Ex(1/2 +iz)

Py, (0) 02 — 22log’q)  Ex(1/2)
Let us note that this quantity tends to zero since the (RH) holds for function fields.
However, the precise rate of convergence remains unknown. This question is closely
related to delicate problems in the asymptotic theory of orthogonal polynomials.

J=1
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Classical results such as Rakhmanov’s theorem, the theory of Mhaskar-Saff weights,
and the work of Van Assche on varying recurrence coefficients provide important tools
for studying convergence rates and zero distributions under regularity assumptions
on the underlying measure. In the present setting, however, the spectral measure is
discrete and periodic, which places it outside the standard continuous frameworks
usually considered in these theories. The lattice-type structure of the zeros may
produce additional oscillatory effects, making a precise estimate of the convergence rate
a non-trivial problem. It would therefore be of particular interest to investigate how
rapidly the zeros of the orthogonal polynomials approach their limiting distribution
in this arithmetic setting.
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