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INVERSE COEFFICIENT PROBLEM FOR A FULL FRACTIONAL
DIFFUSION-WAVE EQUATION WITH THE CAPUTO
TIME-SPACE DERIVATIVE
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ABSTRACT. The inverse coefficient problem is studied for a space-time fractional
diffusion equation involving the Caputo operator in both spatial and temporal
variables. The corresponding direct problem is formulated as an initial-boundary
value problem with Cauchy-type initial conditions and Dirichlet boundary conditions.
First, the initial-boundary value problem is considered. A solution is constructed
using a bi-orthogonal system of functions consisting of Mittag-Leffler type functions
derived from the spectral problem of fractional order and its adjoint. By employing
the properties of the Mittag-Leffler function and the generalized singular Gronwall
inequality, an a priori estimate for the solution is obtained in terms of an unknown
coefficient. This estimate is then used to investigate the associated inverse problem.
As an overdetermination condition, a nonlocal integral condition is imposed on
the solution of the direct problem. The inverse problem is subsequently reduced
to an equivalent Volterra-type integral equation. The Banach fixed-point theorem
(contraction mapping principle) is applied to solve this equation. Local existence
and uniqueness of the solution are established.

1. INTRODUCTION

Fractional calculus is an emerging field of mathematics that explores and applies
derivatives and integrals of non-integer orders. This area of study has found diverse
applications across a wide range of disciplines, including electromagnetics, quantum
mechanics, plasma physics, fluid mechanics, chemical physics, mathematical biology,
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biomedicine, financial systems, chaos theory, elasticity, control theory, optics, and
signal processing [1-8].

In the works [9-11], the initial boundary value problem for the fractional differential
equation involving both time and space variables is considered. The study first focuses
on the boundary value problem of determining the eigenvalue and eigenvector for the
fractional differential equation with respect to the spatial variable. Then, the Cauchy
problem for the time-fractional differential equation is addressed. The results include
existence, uniqueness, and stability theorems for the inverse problem of recovering
a spatially dependent source term, while existence and uniqueness results are also
established for a temporally dependent source term.

Inverse problems for fractional differential wave and diffusion equations have not
been extensively explored. The existing literature primarily addresses time-fractional
derivative problems [12-14], source determination in linear problems [15-21], and
coefficient-related nonlinear inverse problems [22-28] within the context of initial-
boundary value problems for fractional diffusion-wave equations with various overde-
termination conditions (see also the references in the aforementioned works). In [29]
and [30], the authors investigated inverse problems aimed at determining space- and
time-dependent source terms in time-fractional diffusion equations. They employed
eigenfunction expansion techniques of non-self-adjoint spectral problems, utilizing
the generalized Fourier method. Their results included theorems on existence and
uniqueness, as well as stability estimates for the solutions to time-fractional diffusion
and wave equations.

Inverse source problems for space-time fractional diffusion equations are considered
in [31-35]. In [32], for a space-time fractional diffusion equation inverse problem of
determining a temporal component in the source term from the total energy of the
system is considered and the recovery of a space dependent source term from final
data is discussed in [33]. Inverse problems of identifying the space and time dependent
source terms for a space-time fractional diffusion equation are considered in [34]. Jia
et al. [35] proved a uniqueness result for the determination of time dependent source
term for a space-time fractional diffusion equation.

Inverse problems for classical integro-differential wave propagation equations have
been extensively studied in the literature. Nonlinear inverse coefficient problems,
often accompanied by various types of overdetermination conditions, are commonly
addressed (e.g., [36-39], and references therein). In [40], the inverse problem of deter-
mining an unknown coefficient in the Cauchy problem for the fractional diffusion-wave
equation was investigated. The study establishes the local existence and uniqueness
of solutions, and provides estimates for conditional stability.

Consider the time-space fractional diffusion-wave equation in the domain Qp :=
{(z,t):0<z<1,0<t<T}

(1.1) (07 u) (z,t) — (()qu) (z,t) + q()u(z,t) = f(z,t), (x,t) € Qp,
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where 0% and 97 denote the Caputo fractional derivatives of order 1 < «, 8 < 2 with
respect to time ¢t and space = (refer to Definitions 1 and 2 in the Preliminaries). The
equation is subject to the following initial and boundary conditions:

(1.2) u(z,t) =0 = p(z), w(z,t) =0 =(x), =z €]0,1],
(1.3) w(0,8) =u(1,t) =0, 0<t<T,

where p(z), ¥(z), and f(z,t) are given smooth functions.

We pose the inverse problem as follows: determine the function ¢(¢), ¢ > 0, in
(1.1) given that the solution of the initial-boundary problem (1.1)-(1.3) satisfies the
condition

(1.4) /u(:zc,t) dr = g(t), 0<t<T,

where ¢(t) is a given function.

Assume that throughout this article the functions ¢(z), ¥(x), f(z,t), and g(t)
satisfy the following assumptions:

Al) {90”/}} S 02[07 1]7 {§0(3)7¢(3)} S L2(071)’ 90(0) = @(1) =0, ¢(O) = ¢(1) =0,
¢"(0) = ¢"(1) = 0, ¥"(0) = 4" (1) = 0;

A2) f(x,-) € C[0,T) and for t € [0,T), f(-,t) € C?[0,1], fO(-,t) € Ly(0,1),
FO.0) = F(11) =0, Fra(0.8) = fua(1,8) = O

A3) 0%g(t) € C[0,T] and |g(t)] > go > 0, go is a given number, [; ¢(x)dz = g(0),
)z = g (0).

The article is structured as follows. Section 2 presents the fundamental definitions
and preliminary results required for the subsequent analysis. In Section 3, we establish
the existence and uniqueness of the solution to the direct problem (1.1)—(1.3), along
with a stability estimate for this solution. Section 4 is dedicated to solving the inverse
problem (1.1)—(1.4). Finally, concluding remarks are provided at the end of the paper.

2. PRELIMINARIES

In this section, we present some useful definitions and results that will be used in
subsequent discussions.

Definition 2.1. (see [1, pp. 69-76]) The Riemann-Liouville fractional integral of
order 0 < a < 1 for an integrable function h(t) € AC[0,T] is defined by
¢
d—« 1

= %h(t) = /(t — 1) h(r)dr, t>0.

[Oa-‘rﬂfh(t) F(Oz)

Definition 2.2. (see [1, pp. 69-76]) The Caputo fractional derivative of order n—1 <
a < n of the functions h(t) € AC™[0,T] is defined by

t

(@) (1) = /(’””” dr. £50,

(n—a) ) t— )t
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Let {7}, be a set of real numbers satisfying the condition 0 <; < 1,0 < j < n.
We denote

k k
or=> -1 p=0,+1=> v, 0<k<n,
=0 j=0
and assume that

1 n
—:Z%—lzan:un—l>0.
P =0

Following M. M. Dzhrbashyan [41], we consider the integro-differential operators
d—(1—0)

D)y (x) Emy(@,
. d—(1-n) do
Dy(w) = iy ¥ (@),
d-(="2)  gm o
D\2)y(z) = y().

dz—0-%) dgn  dzw

Along with the operators Dlg’“y(:v), k = 0,1,2, we introduce similar fractional
integro-differentiation operators with finite endpoints at the point x = [ [41]. Using
the notations

k k
Or=3 Yj—1 =0r+1=) 1
j=0 Jj=0
and

~ d—(1=72)
Dl Oy(x) Ed(l _ l‘)*(lf'ﬂ) f('x)7

- d— (=) A2

g1 — .
Di'y(z) = d(l —x)~0=)  d(l — x)» y(@),

~ d—(1—0) dn A2
Di?y(x) = —

S R R e e e

Two parameter Mittag-Leffler (M-L) function. The two parameter M-L
function E, (z) is defined by the following series:

+o00 Zk:

Bas(2) ,;0 T (ak + B)’
where «a, 3,z € C with R(a) > 0, () denotes the real part of the complex number
a, I'(+) is Euler’s Gamma function. The Mittag-Leffler function has been extensively
studied by numerous researchers, leading to various generalizations and applications.
A particularly noteworthy contribution that consolidates many significant results on
this function is the work by Kilbas et al. (see [1, pp. 42-44]).
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The case § = 1 reduces to the Mittag-Leffler function of single parameter, i.e.,

+o0 Zk
Ear(2) =Y .
1= 2 Rk

For the Mittag-Leffler functions the following formula is valid [42, p. 64]:

l
/ P, 5 (\®) (1 — 2)" LB, V(I — 2)%) dx
0

Eos(1°X) = Eau (1°N) 150,
(2.1) = ﬂ<;_A;( Jprt 00,

where A and \*, A # \*, are any complex parameters.

Proposition 2.1. Let 0 < a < 2 and f € R be arbitrary. We suppose that k is such
that ma/2 < k < min{m, wa}. Then, there exists a constant C = C(a, 5, k) > 0 such
that

C

1+ 2|
For the proof, we refer to ([1, pp. 40-45], [6, p. 35]).

Bas(2)| < k< [arg(2)] < .

Lemma 2.1. (see [2, p. 278, Lemma 15.2]). Let the Caputo fractional derivative
OP i, (x) exists for alln € N and for every e > 0 the series 3,725 pn (), S0 0% 1, ()
are uniformly convergent on the subinterval [e,b]. Then,

o (io ,un(x)> = Jio@fun(x), f>00<x<l
n=1 n=1
Definition 2.3. We define the weighted spaces of continuous functions ([1, pp. 4-5,
162—163)).
C*P(Qr) = {u(m,t) . OPu(-,t) € C(0,1); t €0,T] and
Hu(z,-) € C(0,T); z€[0,1], 1 <a,f <2}.
Lemma 2.2. (see [1, p. 76, Lemma 2.7]). Let o > 0, p>1, ¢ > 1 and % + %Sl +a

(p# 1 and g # 1 in the case when%—k%:l—l—a.)
(a) If (z) € Ly(a,b) and (x) € Ly(a,b), then

/SO(x) (]3+¢) (w)dx = /¢(x) (I?_QD) (x)dx
(b) If f(x) € I (Ly(a, b)) and g(x) € 12, (Ly(a,b)), then

] 1) (D) @)z = [ gle) (53 £) ()i

a a
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Lemma 2.3. ([43, p. 189]) Suppose b >0, a >0, v >0, a+~v > 1 and a(t) non-
negative function locally integrable on 0 <t < T and suppose t"~ u(t) is nonnegative
and locally integrable on 0 <t < T with

u(t) < a(t) + b/ot(t — 5)* 157 u(s)ds, a.e. in (0,T).
Then,
u(t) < a(t) Zo, (07 ()77 1) |

where

= r —1
7., ’y(t) _ Z Cmtm(a-l—'y—l)’ o =1, Cm+1 _ (m(a + ) + ’Y) 7
’ — Cm Fm(a+v—-1)+a+7)

form >0. Ast — 4o0,

1 aty—1

- 1 aty—
Zon(t) =0 <t2 a=7 exp <Wt i 1)) :
a

2.1. Bi-orthogonal system. The spectral problem corresponding to equations (1.1)-
(1.3) is

(2.2) X (x) =X (z), X(0)=X(1)=0.
The eigenfunctions of the spectral problem (2.2) are
(2.3) {Xa(@) 1325 = {o"7 Bp s (\2”) 1125

corresponding to the eigenvalues A, which are the zeros of the function Eg z(\) with
Im(\,) > 0.

The set of eigenfunctions { X,,(x)},t is not orthogonal. Furthermore, we denote the
inner product in Ly(0, 1) by (-, -). In order to derive the adjoint problem corresponding
to the spectral problem (2.2), we proceed as follows:

_ d d _
(02(0) X)) = (v X @) X))

Integration by parts and taking X (0) = X (1) = 0, we have
d 2— d v 2 d d ~
(1852 X0 X)) = (B X0 X)),
By applying Lemma 2.2 and subsequently using integration by parts, we obtain:

(00X (), X (z)) = <X(x), i[i‘ii?{’(:@)> .

Thus, the adjoint problem corresponding to the spectral problem (2.2) is given by
(2.4 0F X (x) = NX(x), X(0)=X(1)=0,
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where \* is the complex conjugate of A\. The spectral adjoint problem (2.4) has
eigenfunctions X, (x) and shares the same eigenvalues as the spectral problem (2.2):

(2.5) {Xa(@) 125 = {(1 = 2)" " B s (W1 (1 — 2)") 1S

n=1"

To advance our study, let us consider the following boundary value problem for a
fractional differential equation, as investigated by Djrbashian in [41]:

D7y(x) — (A + q(z))y(z) = 0,
(2.6) D0y (2) |p—o cos by + Dy (x) |,— sin by = 0,
D0y (x) =1 cos by + DVy(x) |,—; sinfy = 0,

where A, 01,60, Im@; = Imf, = 0, are arbitrary parameters, the function ¢(z) is
Lipschitz continuous.

In addition to the problem (2.6), the following conjugate boundary value problem
is also considered in [41]:

D2y(x) — (A* + q(z))y(z) = 0,
(2.7) Dy |p—0 cos by + DYy |o—o sin 6y =0,
D7y |z=1 cos by + DLy |,.—1 sinfy = 0.

In [41], Djrbashian constructed a biorthogonal system consisting of eigenfunctions
and conjugate functions for the problems (2.6) and (2.7). He also proved that the
eigenfunctions associated with these problems form a biorthogonal system.

For the systems of eigenfunctions {X, ()} and {X, ()}, the following state-
ment holds.

Lemma 2.4. The systems of functions {X,(2)}}> and {X,(x)}, defined by (2.3)
and (2.5) are biorthonormal systems.

Proof. To demonstrate that the system of eigenfunctions { X, (z)}+> and {X, ()}
is biorthogonal, we utilize the fact that the eigenfunctions corresponding to problems
(2.2) and (2.4) form a biorthogonal system. If we choose the parameters as vy = 1,
71 =pB—1,9 =1, then 03 = v+ +7 =, B € (1,2) and the operator D“?)y(x) :

dP—1 g dP—2 ot

Dy(x) S My(x) P dxyoﬂy(x)
d-2F)  gotl 1y
_ . _ _ A8
= qrmh g V(@) = T2 5) / @it = P2y(@).
0

By selecting the parameters for problems (2.6) and (2.7) asvy=1,11 =F—1, %2 =1,
and 0; = 0y = 0, with ¢(z) = 0, we obtain problem (2.2) and problem (2.4) from (2.6)
and (2.7), respectively. Using the biorthogonality of the problems (2.6) and (2.7), we
show the biorthogonality of the problems (2.2) and (2.4). According to relation (2.1)
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and the eigenfunctions (2.3), (2.5), we get:

1 *
/:E'B_IEB,,B (/\n:ﬁ) (1—2)"'Esp (/\Z(l - x)ﬂ) de = Eﬁ,B(A;Z : f;ﬁ@\ﬁ.

0
Since A and \* are the eigenvalues of problems (2.1), (2.4) respectively, A, # \%:

/Xn(x))?n(a:)dx = /xﬂ_lE@B (/\nxﬁ) (1—2)""'Esp (/\;‘L(l — x)ﬁ) dxr = 0.

Thus, the system of eigenfunctions of problems (2.1), (2.4) and the system of eigen-
functions of the problem conjugate to it form a biorthogonal system

Now, consider the scalar product of the functions {X, ()} and {X,(2)}/> in
LQ(O, 1)

1 1

/Xn(x)fn(x)dx :/xﬁ 'Es 5 (/\nxﬂ) (1—2) By (,\;(1 _ x)ﬁ) d

0 0
_+ +o00 )\j ()\* )m 1 B+5—1 B B A1
_ngz L(jB+p)r (m5+5>/”3j (1—=x) dx
_+oo+ (/\*) +00 +00 >\] ()\*)k j
_JZ::Z ((m+7)8) +2p) ;}; T(kA + 25)

o )k ; Foo ()\Z—H _ ()\:;)kJrl)

I 1
_Z T'(kB + 28) Z( >_>\ — X &= T(kB+20)

j=0

For A\, = \}

1 1

anfnxdx:/xﬁ_lE M) (1= 2)'E )\fll—acﬁdxzi.

D/<><> 0 o (M) (L= 2 By (N1 = ) b = s
If we take the system as

(2.8) Y, (2) = T'(28) X, (),

then we obtain

/xmwummzﬁﬁzig
0 ’ )
U

Let us now verify that the systems given by equations (2.3) and (2.8) constitute a
complete system in Lo(0,1).

Lemma 2.5. The systems of functions X,(z) and Y, (x) are closed in Ly(0,1).
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Proof. Let us first prove that the system (2.3) is complete in Ly(0,1): from this, the
closedness of the system (2.3) in L9(0, 1) follows immediately. Then, we obtain that
the same system (2.8) is a closed system in Ly(0,1). Then, there exists a nontrivial
function p(z) € Ly(0, 1) that is orthogonal to all functions of system (2.3). Since pu(x)
is orthogonal to X, (z), then we will write u(x) as a convergent series in L (0, 1)

(2.9) p(z) = io dipYri(x).

Moreover, p(z) is assumed to be orthogonal to all functions of the form X, (),
therefore, by multiplying the series (2.9) by X, (z) and integrating along (0,1), we
obtain

0= / () Xou () de = / ;OO A Yi(2) X (2)dz = d.

From this it follows that d, = 0, n = 1,2,.... Therefore, from (2.9), we obtain
w(z) = 0 on the interval [0, 1]. Thus, the system (2.3) is complete in Ly(0, 1).

We prove the completeness of the system (2.8). Let there exists a nontrivial function
v(x) in Ly(0, 1), that is orthogonal to all functions of system (2.8). Since the function
v(x) is orthogonal to the system Y,,(x), it can be represented in Ls(0, 1) as a series,
i.e

(2.10) v(z) = iodek(m)

v(z) is assumed to be orthogonal to all functions of the form Y, (z), therefore, by
multiplying the series (2.10) by Y,,(z) and integrating along (0, 1), we obtain

0= ju(m)Xn(x)dx = jliijdek(x)Xn(x)dx =d,.

It follows from this that d,, = 0, n = 1,2, . ... Therefore, from (2.10) we obtain that
v(x) = 0 is on the interval [0, 1]. Thus, system (2.8) is complete in Ls(0,1). O

Lemma 2.6. The systems of functions (2.3) and (2.5) are minimal in Lo(0,1).

The proof of Lemma 2.6 immediately follows from the existence of a biorthonormal
system established in Lemma 2.4.

Lemma 2.7 ([9]). The eigenvalues X, that are the zeros of the function Eg g(\) with
Im(X,) > 0, satisfy the following relations.

1) P‘k‘ < ’)\kJrl‘; fOT‘ k>1.

2) For n large enough and arg()\,) > Z&, we have [e*] < 1 and |\,| = O(n”), 1 <
g < 2.

In the following section, we will address the solution of the initial-boundary value
problem (1.1)—(1.3).
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3. INVESTIGATION OF DIRECT PROBLEM

By utilizing the Fourier method, the solution u(z;t) to the problem defined by
equations (1.1)—(1.3) can be represented as a uniformly convergent series in terms of
its eigenfunctions

(3.1) u(z,t) = Zjun(t)Xn(:c),

where (u(x,t),Y,(x)) = u,(t). The coefficients w,(t) for n > 1 are determined by
using the orthogonality of the eigenfunctions X, (x). Let the expansion coefficients of
o(x), Y(x), and f(z,t) in the eigenfunctions of equation (2.3) for n > 1 be defined as
follows:

(f(2, 1), Yo(2)) = fu(t), (p(2),Ya(2)) = @n, (@), Y0(2)) =¢n, n=12,...
From equations (1.1) and (1.2), we obtain the Cauchy problem for w,(t)

(32) 9 un(t) + Apun(t) + q()un(t) = ful(l),

(3.3) Un(0) = @p,  up(0) = Yy

We suppose that f,,(t) € C[0,T]. Then, by property 3.1(a) (see [1, p. 232]), Cauchy
problem (3.2), (3.3) is equivalent in the space C*[0,7] to the following Volterra
integral equation:

un(t> :SOnEa,l(_/\nta) + 77ZJntE0c,2<_>‘nta)
(3.4) [ (=) Baa(=Aalt = 7)) (Jal7) = a(7)un(7)) d.

First we prove the following assertions.

Lemma 3.1. Foranyn € N, f,(t) € C[0,T] and q(t) € C[0,T], we have the estimates
n (1)) <Co (Ul + Wl + 157) Zes (el ()* 7).
2107 ua(O] <l full + Co (10l + llallcon)

< (ul + [0nlT + 17 T) Zas ((lallcwrT(@) " T)

where the constant Cy depends on «, B and C'.

Proof. Using the estimates of the Mittag-Leffler function, we estimate the integral
equation (3.4)

| ()] §|‘Pn| : |Ea,1(_)‘nta)|

+ ‘wn‘ ’ |tEa,2(_)‘nta>| +

/ (t = 1) By a(—Aalt — 7)) fu(7)dr
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+

[ =) Baal=dalt = 1))a(r)un(r)dr

t
<Gy (|son| Hlt + 1l + Naller [ (6 =) |un<f>|df) .
0
Next, according to Lemma 2.3, we have

35) a0 < Co (lgnl + 90T + 1417 Zaa ((lallon (@) 7).

We get the second part of the Lemma 3.1, from equation (3.3) and the first estimate
of Lemma 2.3

12 (D)] <l full + Co (1Aal + lallco)

< (ul + [0nlT + 11017 Zas ((lallopm ()" T)

From the last two inequalities we immediately obtain the estimates of Lemma 3.1 for
any t € [0,7]. Lemma 3.1 is proven. O

Formally differentiate series (3.1) and construct the following series
3.6 Oula,t) = Y Ofun(t) X, (a),
n=1
(3.7) OPu(x,t) = io Antly (8) X ().
n=1
_ Let us prove the uniform convergence of series (3.1), (3.6) and (3.7) in the domain

Qr = {(z,t) : 0 <z <[, 0<t<T} These series, for any (x,t) € Qr, are
respectively majorized by the following numerical series
T),

+oo
S (Ifall + Co (1Ml + llallcro) (al + [nlT + £l )
n=1

—+00

(3.8) Co X (9l + [0nlT + 1 £aIT) Zaa  (lallcomT (@)

n=1

Q=

3:9) <Zos ((lalewn@)* 7))

+00 1
B10)  Cod Dl (ol + 1l + 14lT) Zos ((lallopnT(@) " T)
n=1

It is not difficult to notice that the sums of the series (3.8)-(3.10) do not exceed the
following expression:

—+00

(3.11) > al (lnl + [alT + | fullT*) -

n=1
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We state the following auxiliary lemma.

Lemma 3.2. If the conditions A1)-A3) are satisfied, then we have the following
estimates

|on| < I ‘gllso Neaonys [l < o, ‘glldf a0,
(3.12) [fn()] < 2||fxxw( ) z20.0)-
[An]
Proof. 1t is easy to see that
d
(3.13) %E@l ()\ZE’B> = )\{L"ﬁ_lE/j,ﬁ ()\335) .

Consider

on = (p(x), Ya(2)) = /90(56)(1 —2)" " Eps(Aa(1 — 2)")da.

Based on the equality (3.13)

1
1 d
= — _— — /B
©n An0/90(:E)dchﬁ,1(M(1 r)”)dw.

The following inequality is the result of integration by parts

1
1 /
on =3 / (1) By (A1 — 2)7)da

By Proposition 2.1, we get
1

|)\0|2 /(p’(:c)(l —2) Pda|.

| <

Integrating by parts twice and using the condition of Lemma 3.2, we obtain

PO 0]
n] < m( 1*@—1)(2—@)

/cp z)? Pdxl.

According to Holder’s inequality, we get the following inequality

PO 0] PCI
fon] < |A|< 1+(B—1)(2—6)+(6—1)(2—6)\/75—%)'

TP B-
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From the above inequality according to condition A1), we obtain the following in-
equality:

Co
n| <
‘90 ’ ’)\n’2

The next inequalities in Lemma 3.2 are easily obtained using the same process. [

1122 0.0)-

According to inequalities (3.12), the series in (3.11) converge. From this, it follows
that the series (3.8), (3.9) and (3.10) are convergent.

Theorem 3.1. Let q(t) € C[0,T] and the conditions A1), A2) are satisfied, then there
exists a unique solution of the direct problem (1.1)—(1.3), u(z,t) € C*#(Q).

From the conditions Al), A2) and the inequality (3.12), the series (3.1), (3.6),
and (3.7) are absolutely and uniformly convergent. From this it follows the proof of
Theorem 3.1.

Let us derive an estimate for the norm of the difference between the solution of
the original integral equation (3.4) and the solution of this equation with perturbed
functions §, Gn, ¥, and f,. Let U, (t) be solution of the integral equation (3.4)

corresponding to the functions q, @, ¥, f., i.e.,
an@) :@nEa,l(_Anta) + @ZntanQ(_)\nta)

(3.14) [ (=) Bual=Aalt = 7)) (Fulr) = @()(7)) dr.

Composing the difference u, (t) — @, (t) with the help of the equations (3.4), (3.14)
and introducing the notations @, (t) = un(t) — Un(t), ¢ = q(t) — (1), Pult) = @n(t) —
Bult)s Dn() = () — Du(t), Fult) = Fult) — Fu(t) we obtain the integral equation

Un(t) =PnBagt (—Ant®) + Unt B (—Ant®)

~

+ / (t =) Baa(=Aa(t = 7)) (fu(7) = @(7)un(r)) dr

(3.15) = [t =7 Baal=Aalt = 7))@(7)in(r)dr,

from which, is derived the following linear integral inequality for |, (¢)|

()] <Co (|8al + [BalT + IFlIT* + Idllcor) (ol + [l + 1 £allT))

t

1
X Za,1 ((HQHC[o,T]F(Oé))a f) T*B(e, 1) + Hf?HC[o,T}/(t —7)" 7 (1) |dr.
0
Using the Lemma 2.3 from last inequality, we arrive at the estimate:

88 <Co |2l + [GalT + 1 Fll T + @lctoy (al + 10l T + 1 £2]17)
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316 x Zaa( (lallownT(@)" )T Ba, D] Zus (1@l comr(@) " t)

The estimate will be used in the next section.

4. INVESTIGATION OF THE INVERSE PROBLEM

Let us now we investigate to inverse problem (1.1)—(1.4). By integrating equation
(1.1) with respect to z from 0 to 1, and applying the condition given in equation (1.4),
we obtain

/aa (2,8) — (00u) (x,0) + q(t)u(,t) } d :/fxtd
we form
(0F9) (1) +a(0)g(t) — [ (90u) (w.t)dx = [ f(a )da

which yields

(4.1) qt) = g(lt) ( / flx,t)ydz — (96.9) (t) + / (9u) (x,t)da:) .

Let’s consider the integral [ (8fu> (x,t)dx on the right side of the above integral
equation. We write this integral according to (2.4) as follows

(024) (. t)d :/f (1) (92X.,) (x)dx.

O\H

Considering that the series under this integral is uniformly convergent, we obtain

/ (afu) (x,t)dr = iun(t) / (ann) (x)dz.

Using (85)(”) (x)dz = Eq1(N\,) — 1 in this equality, we get

(4.2) /aﬂ a:tdx—Zun Ear(M) —1).

Using equality (4.2) in the integral equation (4.1) and taking into account the
dependence of the functions w,,(t) on q(t), i.e., u,(t; ¢), we obtain the following integral
equation with respect to q(t):

1 =

(4.3) q(t) = Z Un(t; @) (Eaa(An) — 1),
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where

1
1 [0}
70 (()/f(x,t)dx — (96.9) (t)) .
We introduce an operator F defining it by the right hand side of (4.3):
1 +o00
(4.4) Fla)(t) = qo(t) + 90 Y un(t;q) (Baa(Mn) — 1)
n=1

Then, the equation (4.4) is written in more convenient form as

(4.5) Fgl(t) = q(¥).

Let
o = s ol /fxt (95.9) () ~ (171 + gl
t€[0;T] ~ 9 ’
C[o0,1]
where

I70:= mac 1)l gl = s lo(o)

Fix a number » > 0 and consider the ball

B(qo, ) == {q(t) : ¢(t) € C[0,T], [lg = goll <7}

Theorem 4.1. Let A1)-A3) be satisfied. Then, there exists a number T* € (0,T")
and a radius v, such that there exists a unique solution q(t) € C[0,T*| of the inverse

problem (1.1)~(1.4), q(t) € B(qo, 7).

Proof. Let us first prove that for sufficiently small T > 0, the operator ¥ maps the ball
B(qo,7) into itself, i.e., F¢|(t) € B(qo, 7). Specifically, for any continuous function
q(t), the function Fq](t), calculated using formula (4.5), will also be continuous.
Furthermore, by estimating the norm of the difference, we can establish the desired
result

IO~ )] < 50 3 5 (loul + Wl + 17 Zoa ((lalleor (@) * 7).

Here, we have utilized the estimate (3.5). According to Lemma 2.3, the series in
this inequality is convergent. It is important to note that the function on the right-
hand side of this inequality is monotone increasing with respect to 7', and since the
function ¢(t) belongs to the ball B(qo,r), we have the inequality ||g|| < ||qo|| +r. Thus,
the inequality is strengthened if we replace ||g|| with ||qo|| + 7. After making this
substitution, we obtain the improved estimate.
Cox 1
1F1a] (@) — qo(t)]l < > o Uenl + 0l T+ [ £l T7)

n=1

n=1

(4.6) % Zaa (((loll + ) (@)= T) =2 ma(T).
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Let us consider two functions ¢(t), ¢(t) € B(qo, ) and estimate the distance between
their images F[¢|(t) and F[g](t) in the space C[0, T]. The function @,(t), corresponding
to q(t), satisfies the integral equation (20) with ¢, = @,, ¥ = Un, and f, = f,. By
expressing the difference Flg|(t) — F[q](¢) using equations (3.4), (3.15) and inequalities
(3.5), (3.16) and then estimating its norm, we derive

~ CO too g _ ~
1F1a](t) = Fla @O <— >_ 1 (alt, @) = aa(t, @) |
9o n=1 "1
T°C) &2 1 o «
<SS - el T+ 1T Zos ( (el ) 7)
(4.7) X Zan <<||CY||C[0,T]F(04))<i T> 1@llcro,m-

The functions ¢(¢) and ¢(¢) belong to the ball B(go,r), meaning that for each of
these functions, the inequality [lg|| < [/go|| + 7 holds. Note that the function on the
right-hand side of inequality (4.7), at the factor ||G||cfo,r7, is monotone increasing with
respect to ||g||, ||g|| and T". Therefore, replacing ||¢|| and ||g|| in inequality (4.7) with
lgo|| + 7 will only strengthen the inequality. Hence, we obtain

I71dl) - STalo)] < f - nl 4 Wl + 15T Zos (((lanl + 7) D))+ T)
(4.8) x T Zan (gl + ) T(0))= T) |l oz = ma(D)|@lcromy-

Note that the expressions on the right-hand sides of these inequalities are monoton-
ically increasing functions of T, ||¢||, and ||g||. Given that ¢,q € B(qqo,r), it follows
from the definition of the ball that the inequality

1(q, DI < llgoll +

holds.
Considering these facts, for (x,t) € Qr, we obtain the following inequalities:

1F1al(®) = g < ma(T), |F1g (@) = Fl@@D < m2(T)|7llcro.11,

where m;(T') denotes the right-hand side of inequality (4.6), and my(T") represents
the multiplier ||g]|cjo,71, on the right-hand side of inequality (4.8). The only difference
is that in both cases, ¢ and ¢ are replaced by ||qo|| + -

[t is important to note that m;(7T") for i = 1,2 are positive, monotonically increasing
functions of 7', with initial conditions m;(0) = g%||g0||L2[071] and ms(0) = 0. From this,
we conclude that the equations m,(7") = r, where g%||90||L2[0,1] < r,and my(T) =1
have unique positive roots, denoted by T} and T3, respectively. Therefore, if we choose
T* < min{Ty, Ty}, the operator F becomes a contraction on the ball B(go, 7). By the
Banach fixed-point theorem (see [44, pp. 87-97]), the operator F has a unique fixed
point in the ball B(qg,7), which corresponds to a unique solution of equation (4.5).
Thus, Theorem 4.1 is proven. O
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5. CONCLUSION

In this paper, we investigate the inverse coefficient problem for a space-time frac-
tional differential equation. The associated direct problem is formulated as an initial-
boundary value problem, incorporating Cauchy-type initial conditions and Dirichlet
boundary conditions. We first analyze the direct problem, employing estimates of the
Mittag-Leffler function and a generalized form of the Gronwall inequality to derive an
a priori estimate for the solution in terms of the unknown coefficient. This estimate
forms the basis for studying the inverse problem. To facilitate the identification of
the unknown coefficient, a nonlocal integral condition involving the solution of the
direct problem is imposed as an overdetermination condition. An inverse problem was
addressed using a set of biorthogonal functions constructed from Mittag-Leffler-type
functions, derived from a fractional-order spectral analysis and an associated auxiliary
problem. The inverse problem was reduced to an equivalent Volterra-type integral
equation. The contraction mapping principle was employed to solve this equation.
Results on local existence and uniqueness of the solution were established.

In our view, the problem under consideration can be generalized to a more compre-
hensive form of equation (1.1) by replacing the Caputo fractional operator with respect
to the spatial variable with a fractional Laplacian operator, subject to appropriately
modified conditions analogous to those in (1.2)—(1.4).

This paper establishes local existence and uniqueness of solutions. Global existence
is not considered. While global existence may be attainable via a suitable continuation
principle, its rigorous justification requires additional analysis and therefore remains
an open problem.
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