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MITTAG-LEFFLER-HYERS-ULAM STABILITY FOR A
FRACTIONAL DIFFERENTIAL EQUATION VIA LAPLACE

TRANSFORM AND GRONWALL INEQUALITY

MESFIN TESHOME BEYENE1, MITIKU DABA FIRDI2,
AND TAMIRAT TEMESGEN DUFERA2

Abstract. In this study, we examined the existence, uniqueness, and Mittag-
Leffler-Hyers-Ulam stability of solutions to a Caputo-Hadamard fractional differen-
tial equation subject to initial conditions of the powers of (t d

dt ) derivatives. Applying
a modified Laplace transform to this equation yields an analytical solution with
respect to Mittag-Leffler functions. Our main results were achieved by applying
Banach, Boyd-Wong, and Schaefer’s fixed-point theorems for the existence and
uniqueness results; the Gronwall inequality related to the Hadamard integral; and a
lemma for the Mittag-Leffler-Hyers-Ulam stability result. Numerical examples are
provided to illustrate the applicability of our main findings.

1. Introduction

Since various fractional modeling, such as memory diffusion of water in sand, ge-
omagnetic field, dynamics of particles, etc., can explain physical phenomena more
realistically, fractional derivatives have been used extensively in differential equations,
see [2, 11, 12, 24, 34, 40, 49] and the references therein. The majority of works
on fractional differential equations rely on the fractional derivatives of Caputo and
Riemann-Liouville. The fractional derivative owing to Hadamard, or Hadamard de-
rivative [20], is another type of fractional operator that can be found in the literature.
As compared to the Caputo and Riemann-Liouville derivatives, this derivative’s kernel
contains a logarithmic function (log t− log τ) of arbitrary order rather than (t−τ), and
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its definition of the operator t d
dt

has proven to be invariant on the half-axis with regard
to dilation [18]. The Caputo-Hadamard (CH) derivative [18], which was proposed
recently, is a derivative that was produced by modifying the Hadamard derivative in
the sense of the Caputo one. It is derived by reversing the order of differentiation
and integration of the Hadamard derivative. Because the CH fractional derivative’s
integration kernel is determined by the power of the logarithmic function rather than
the power function, it is better suited to describe the ultra-slow process. The regional
gradient controllability for ultra slow diffusion processes and the COVID-19 epidemic
brought on by the Omicron variant are modeled in studies [10] and [9] using the CH
derivative.

The study of fixed point theory constitutes a fundamental part of nonlinear func-
tional analysis and has profound implications in the theory of differential equations.
Fixed point results provide powerful and unifying tools for establishing the existence
and uniqueness (EU) of solutions to a wide variety of problems arising in ordinary,
functional, and integro-differential equations. Among the most influential results in
this area are the Banach contraction principle [15] and its nonlinear generalizations,
notably the Boyd-Wong (BW) fixed point theorem [8].

By transforming a differential equation into an equivalent integral equation, one
may define an operator on a suitable Banach space of continuous functions. Under
a Lipschitz condition on the nonlinear term, this operator becomes a contraction,
and the Banach theorem guarantees both the EU of solutions. However, the Banach
contraction principle requires a strong linear contraction condition, which is often too
restrictive for many nonlinear problems encountered in applications. To overcome this
limitation, Boyd and Wong introduced a significant generalization of the contraction
principle by replacing the linear contraction constant with a nonlinear control function.
In the BW theorem, the contraction condition is governed by an upper semicontinuous
function ϕ satisfying ϕ(t) < t for all t > 0. This relaxation allows for a broader class of
mappings while still ensuring the existence and uniqueness of fixed points in complete
metric spaces.

Although BW fixed point theory has been recognized as a significant generalization
of the classical Banach contraction principle, the number of studies that specifically
develop and apply Boyd-Wong type contractive conditions remains relatively limited.
Compared with the extensive research on Banach-type mappings, fewer works sys-
tematically explore BW conditions in diverse differential equation settings [5, 27]. In
particular, applications to nonlinear CH fractional-order problems are rarely investi-
gated in the literature. This observed gap motivates the present study, which aims to
expand the theoretical framework and demonstrate novel applications of Boyd-Wong
type fixed point results to existence and uniqueness problems beyond the reach of
existing techniques.

The concept of Hyers-Ulam (HU) stability originates from a problem posed by
S. M. Ulam [45] in 1940 concerning the stability of functional equations. In 1941,
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D. H. Hyers [23] gave the first affirmative answer for additive mappings. This phenom-
enon of stability was called HU stability. Since then, the concept has been extended to
ordinary differential equations, integral equations, and fractional differential equations.
This notion guarantees that approximate solutions remain close to true solutions un-
der small perturbations. The HU stability of different types of fractional differential
equations (FDEs) has become increasingly important and popular in the last few
decades because of its wide range of applications in numerous diverse and widespread
fields of science and engineering. Using a variety of mathematical techniques, re-
searchers examined the EU and HU stability analysis of solutions to numerous FDEs
[1, 3, 6, 7, 14, 19, 25, 28, 38, 42–44].

In the context of fractional differential equations, solutions often exhibit non-
exponential behavior that is naturally described by the Mittag-Leffler function [21]
To capture this behavior, the concept of HU stability has been refined to the Mittag-
Leffler-Hyers-Ulam stability (MLHU). This form of stability reflects the memory and
hereditary properties inherent in fractional-order systems.

The main difference between Ulam-Hyers stability and MLHU stability lies in
the bounding function. HU stability typically uses constant or exponential bounds,
whereas MLHU stability employs Mittag-Leffler functions, which generalize exponen-
tial functions and are better suited for fractional dynamics. Thus, MLHU stability
can be viewed as a natural extension of Ulam-Hyers stability for fractional differential
equations.

Several researchers have investigated MLHU stability for various classes of fractional
problems. In [32] proved the EU and MLHU stability for ψ-Hilfer fractional delay
differential equations using Picard operators and generalized Gronwall inequality
involved in a ψ-Riemann-Liouville fractional integral which is not in a CH setting,
where CH has a different kernel which is logarithmic (ln t− ln τ), were proved.

In [16] uniqueness and MLHU stability of a Φ-Caputo fractional derivative using
generalized Laplace transforms and a fractional Gronwall inequality, which is not
appropriate to CH operators were proved. The Ulam-Hyers-Mittag-Leffler stability
analysis of a class of Caputo nabla fractional-order delay difference equation is also
addressed in [25].

A coupled implicit (κ,θ)-fractional systems have been shown to admit existence and
κMittag-Leffler-Ulam-Hyers stability under suitable conditions [38]. In the context of
fractional partial differential equations, Ulam-Hyers-Rassias Mittag-Leffler stability
has also been established using generalized Gronwall approaches [36].

Recently, [30] demonstrated the MLHU stability as well as the Ulam-Hyers-Rassias-
Mittag-Leffler stability pertaining to ψ-Hilfer equations. By leveraging fixed-point
theory and generalized Gronwall’s inequality not related to CH settings, they devel-
oped a rigorous framework that guarantees the existence and stability of the solution.

The existence, uniqueness and MLHU stability of the solutions a nonlinear Caputo
fractional-order delay differential equation has been investigated by [43]. The Henry-
Gronwall inequality related to the Riemann-Liouville integral is utilized to establish
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the MLHU stability results, which is not appropriate to CH FDEs whose kernel is
a logarithmic function. Using the fixed-point technique, [39] examined the MLHU
stability of a class of nonlinear fractional reaction-diffusion equations on a confined
interval. We can also refer to the following MLHU stability results explored by
different researchers [1, 17, 22, 33, 46, 47].

Such results highlight the importance of Mittag-Leffler-type bounds in accurately
describing stability behavior in fractional-order models. However, to the best of our
knowledge, corresponding stability results for fractional differential equations governed
by CH derivatives via an appropriate Gronwall inequality in relation to the Hadamard
integral have not yet been explored.

Motivated by the above works, this present paper is devoted to developing sufficient
conditions for the EU and MLHU stability of a class of Cauchy hybrid CH fractional
differential equations subject to initial conditions involving the logarithmic operator,
(t d

dt
), which is given as follows

(1.1) CHDλ
L+

1
g(t)−βg(t) = f(t, g(t), Iδg(t)), t ∈ K = [L1, L2], L2 > L1 > 0, β ≥ 0,

subject to the initial conditions:

(1.2)


g(L1) = 0,
ξg(L1) = σ1 ∈ R,
ξ2g(L1) = σ2 ∈ R,

where ξ = (t t
dt

) and the operator CHDλ
L+

1
denotes the CH fractional derivatives

of order 2 < λ ≤ 3, whereas Iδ denotes the Hadamard integral of order δ > 0.
f : [L1,+∞] × R2 → R is also a given continuous function.

It is significant to notice that, under the following two conditions, our work logically
extends and continues the findings presented in the previously mentioned studies.

• The functions tan−1(x), Hx
H+1 and Mx

M+x
where H and M are defined in the

articles, were used by the authors of [5, 27, 41], to transform the corresponding
operators in the articles to the respective nonlinear contractions and developed
conditions for the uniqueness of solutions to the respective problems. Inspired
by the aforementioned works, we employed the function G(x) = 1 − e−x to get
a new EU result for the problem (1.1)–(1.2).

• A novel finding on MLHU stability is also obtained by using the Gronwall
inequality related with Hadamard integral (2.6) and Lemma 2.4, which are not
utilized by any researchers that explore such related topics.

From both theoretical and applied perspectives, the proposed approach offers several
advantages.

• It is mathematically consistent with the intrinsic structure of CH operators.
• It provides sharper stability results expressed via Mittag-Leffler functions.
• It yields explicit solution formulas that support numerical simulation and

qualitative analysis.
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• It extends the applicability of Hadamard fractional models to broader classes
of nonlinear problems.

The remaining portion of the paper is divided into the following sections: A few
important definitions, remarks, lemmas, and theorems that are essential to the study
are covered in Section 2. Sufficient conditions for the stability, uniqueness, and
existence of solutions are given in Sections 3 and 4. Examples illustrating how to
apply our main conclusions are given in Section 5. The final conclusion is given in
Section 6.

2. Preliminaries

Definitions, remarks, theorems and lemmas that are important for the sequel are
introduced in this section.

Definition 2.1 ([29]). The Hadamard fractional integral of order δ > 0 for a function
w ∈ Lp[a, b], a ≤ t ≤ b ≤ +∞, is defined as

HIδ
a+w(τ) = 1

Γ(δ)

∫ τ

a

(
ln τ
s

)δ−1 w(s)
s

ds, δ > 0,

Definition 2.2 ([29]). Let [c, d] ⊂ R. The Hadamard fractional derivative of order
η > 0 for a function q ∈ ACn

δ [c, d] is defined as

HDη
c+q(τ) = 1

Γ(n− η)δ
n
∫ τ

c

(
ln τ
s

)n−η−1 q(s)
s
ds, n− 1 < η ≤ n, n = [η] + 1,

where [η] denotes the integer part of the real number η, δ = t d
dt

and AC[c, d] be the
space of functions that are absolutely continuous on [c, d] and the space ACn

δ [c, d]
which consists of functions q by

ACm
δ [c, d] = {q : [c, d] → R | δm−1q(t) ∈ AC[c, d]}.

Lemma 2.1 ([26]). Let ℜ(β) ≥ 0 and n = [ℜ(β)] + 1. If v(x) ∈ ACn
δ [c, d], where

0 < c < d < +∞, then the Caputo-Hadamard fractional derivative of order
a) β /∈ N0 is defined as

CHDβ
c+v(x) = 1

Γ(n− β)

∫ x

c

(
ln x
s

)n−β−1
δnv(s)

s
ds,

b) β ∈ N is defined as
CHDβ

c+v(x) = δnv(x),
where δ = t d

dt
.

In particular, CHD0
c+v(x) = v(x).

Lemma 2.2 (Contraction Mapping Principle [15]). Let F be a Banach space, Q ⊂ F
be closed and M : Q → Q a strict contraction, i.e.,
(2.1) |My −Mz| ≤ r|y − z|,
for some r ∈ (0, 1) and for all y, z ∈ Q. Then, M has a unique fixed point.
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Definition 2.3. A mapping Q : X → X, where X is a Banach space, is said to be a
nonlinear contraction if a continuous non-decreasing function g : [0,+∞) → [0,+∞)
exists, such that g(0) = 0 and g(m) < m, for all m > 0 and that ∥Qu−Qv∥ ≤
g(∥w1 − w2∥) for all w1, w2 ∈ X.

Theorem 2.1 ([8]). Let G : Y → Y be a non-linear contraction where Y is a Banach
space. Then, G has a unique fixed point in Y .

Theorem 2.2 (Schaefer fixed-point theorem [13]). Let Ω be a normed linear space,
and let R be a convex subset of Ω such that 0 ∈ R. Let S : R → R be a completely
continuous operator, and let S be a bounded subset of V .

G = {v ∈ R : v = λSv, for some λ ∈ (0, 1)}.
Then, either G is unbounded or S has a fixed point.

The Gronwall inequality has recently been investigated in relation to ψ-fractional
operators by [4] and its result is given as follows.

Theorem 2.3. Let u, v : [a, b] → R be two integrable functions, g : [a, b] → R be a
continuous function and α a positive real number. Suppose that

(a) u and v are nonnegative;
(b) g is non-negative and nondecreasing.

The inequality indicated below is established:

(2.2) u(t) ≤ v(t) + g(t)
∫ t

a
ψ′(t)(ψ(t) − ψ(τ))α−1u(τ)dτ, for all t ∈ [a, b],

Then, for all t ∈ [a, b],

u(t) ≤ v(t) +
∫ t

a

+∞∑
k=1

(
n

k

)
((g(t)Γ(α))k

Γ(kα ψ′(t)(ψ(t) − ψ(τ))kα−1v(τ)dτ.

Moreover, if v is non-decreasing, then

u(t) ≤ v(t)Eα(g(t)Γ(α)(ψ(t) − ψ(a))α), for all t ∈ [a, b]

The generalized Gronwall inequality for Hadamard fractional integrals is obtained
by replacing the kernel function ψ(t) of the previous Theorem 2.3 with the function
ln t as follows.

Theorem 2.4. Suppose α > 0, u(t) and v(t) are integrable functions on t ∈ [b1, b2]
and h(t) is a continuous function defined on t ∈ [b1, b2]. Assume that

(a) v and u are non-negative;
(b) h is non-negative and non-decreasing.

If the following inequality

(2.3) u(t) ≤ v(t) + h(t)
∫ t

b1

(
ln t

s

)q−1 u(s)
s
ds, for all t ∈ [b1, b2],
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holds, then

u(t) ≤ v(t) +
+∞∑
n=1

((h(t)Γ(α))n

Γ(nα)

∫ t

b1

(
ln t

s

)nq−1 v(s)
s
ds, for all t ∈ [b1, b2].

Moreover, if a is nondecreasing, then

u(t) ≤ v(t)Eα

(
h(t)Γ(α)

(
ln t

b1

)α)
.

The standard Laplace transform cannot be used directly to a CH derivative because
the derivative starts at an initial time η1 > 0. For the case where the starting time is
at t = η1 > 0, a new definition is established as follows.
Definition 2.4 ([31]). Let a function h(t) be defined on [η1,+∞), η1 > 0. Then, the
modified Laplace transform of h(t), Lmh(t), is defined as

(2.4) Lm(h(t)) = h(s) =
∫ +∞

η1
e

−s log t
η1 h(t)dt

t
.

Definition 2.5 ([31]). As stated in Definition 2.4, the inverse modified Laplace
transform of h(s), L−1

m (h(s)), is provided by

h(t) = L−1
m (h(s)) = 1

2πi

∫ α−+∞

α−i∞
e

s log t
η1 h(s)ds, α > 0, i2 = −1.

Theorem 2.5 ([31]). If Lm(h(t)) = h(s), then

(2.5) Lm(δnh(t)) = snh(s) −
n−1∑
m=0

sn−m−1δmh(c), t > α > 0, n ∈ Z+.

Definition 2.6 ([31]). If m1(t) and m2(t) are given functions defined on [T1,+∞),
T1 > 0, the convolution of m1(t) and m2(t), i.e.,

m1(t) ∗m2(t) =
∫ t

T1
m1(T1

t

s
)m2(s)

ds

s

Theorem 2.6 (Convolution theorem [31]). If Lm(m1(τ)) = M1(s) and Lm(m2(τ)) =
M2(s), then
(2.6) Lm (m1(τ) ∗m2(τ)) = Lm(m1(τ))Lm(m1(τ)) = M1(s)M2(s),
or equivalently

L−1
m (M1(s)M2(s)) = m1(τ) ∗m2(τ).(2.7)

Lemma 2.3 ([31]). Let k − 1 < β < k ∈ Z. Then,

(2.8) Lm

(
CHDβ

α+g(t)
)

= sβLm (h(t)) −
k−1∑
m=0

sβ−m−1δmh(α).

Definition 2.7 ([21]). The one-parameter Mittag-Leffler function is defined as

(2.9) Eβ(x) =
+∞∑
m=0

xm

Γ(βm+ 1) , β > 0, x ∈ C.
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Definition 2.8 ([21]). The two-parameters Mittag-Leffler function is defined as

(2.10) Eβ,α(x) =
+∞∑
m=0

xm

Γ(βm+ α) , β > 0, α > 0.

The Mittag-Leffler function’s modified Laplace transform is now provided. Using
the formula that follows [35]∫ +∞

0
e−sttβk+α−1E(k)

β,α

(
±λ1t

β
)
dt = k!sβ−α

(sβ ∓ λ1)k+1 , ℜ(s) > |λ1|
1
β .

When the variable t = log r
c

is changed, it yields
(2.11)∫ +∞

c
e−s ln r

c

(
ln r
c

)βk+α−1
E(k)

β,α

(
±λ1

(
ln r
c

)β
)
dr

r
= k!sβ−α

(sβ ∓ λ1)k+1 , ℜ(s) > |λ1|
1
β ,

or, equivalently,

(2.12) L−1
(

k!sβ−α

(sβ ∓ λ1)k+1

)
=
(

ln r
c

)βk+α−1
E(k)

β,α

(
±λ1

(
ln r
c

)β
)
.

The subsequent lemma plays a crucial role in guaranteeing the MLHU of the main
problem.

Lemma 2.4 ([48]). If x, y > 0 and t > L1 > 0, then

(2.13)
∫ t

L1

(
ln t

s

)x−1 (
ln s

L1

)y−1 ds

s
= Γ(x)Γ(y)

Γ(x+ y)

(
ln t

L1

)x+y−1
.

Lemma 2.5. Suppose f ∈ C[L1,+∞). Then, the solution of the problem given by
(1.1)–(1.2) is

g(t) =
(

ln t

L1

)
Eλ,2

(
β
(

ln t

L1

)λ
)
σ1 +

(
ln t

L1

)2
Eλ,3

(
β
(

ln t

L1

)λ
)
σ2(2.14)

+
∫ t

L1

(
ln t

s

)λ−1
Eλ,λ

(
β
(

ln t

s

)λ
)
f

(
s, g(s), Iδg(s)ds

s

)
.

Proof. Let F (s) and G(s) denote the modified LT of f(t) and g(t), respectively.
Next, apply the modified Laplace transform and its related properties to the problem
provided by (1.1)–(1.2), we have

Lm

(
CHDλ

L+
1
g(t) − βg(t) = f(t, g(t), Iδg(t))

)
,

which results in
(2.15) sλG(s) − sλ−2σ1 − sλ−3σ2 − βG(S) = F (s,G(s), IδG(s)).
Solving for G(s), we get

(2.16) G(s) = sλ−2σ1 + sλ−3σ2 + F (s,G(s), IδG(s))
sλ − β

.
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Applying the inverse modified Laplace transform on the aforementioned relation (2.16)
and using (2.7) and (2.12), we obtain the desired result (2.14). □

To establish the conditions required for the EU and stability of solutions to the
problem (1.1)–(1.2), the following assumptions should be taken into account.

(Q1) f : [L1,+∞] × R2 → R is a given continuous function.
(Q2) For every t ∈ K and fi, gi ∈ R (i = 1, 2), there is a constant k1 > 0 such that

|f(t, g1, f1) − f(t, g2, f2)| ≤ k1(∥g1 − g2∥ + ∥f1 − f2∥).

(Q3) Suppose that
∥∥∥Eλ,i(β(ln t

s
)λ
∥∥∥ ≤ Mi > 0, for i = 2, 3 and

∥∥∥Eλ,λ(β(ln t
s
)βi

∥∥∥ ≤
Mλ > 0 for s ∈ [L1, t] and t ∈ K.

3. Main Results

We are now prepared to discuss our key findings.
We introduce the space Q = C(K,R) of all continuous functions g : [L1, L2] → R

with the norm ∥g∥ = sup{|g(t)| : t ∈ K}. Observe that Q is a Banach space with this
norm. By Lemma 2.5, we define an operator

J := Q → Q,

where

(Jg)(t) =
(

ln t

L1

)
Eλ,2

(
β
(

ln t

L1

)λ
)
σ1 +

(
ln t

L1

)2
Eλ,3

(
β
(

ln t

L1

)λ
)
σ2

+
∫ t

L1

(
ln t

s

)λ−1
Eλ,λ

(
β
(

ln t

s

)λ
)
f
(
s, g(s), Iδg(s)

) ds
s
.(3.1)

It is known that if operator J has a fixed point, then (3.1) has a solution.
For convenience, we set

∆ =
k1Mλ

(
ln L2

L1

)λ

λ

1 +

(
ln L2

L1

)δ

Γ(δ + 1)

 ,

∆1 =
k1Mλ

(
ln L2

L1

)λ

λ
,

∆2 =M2

(
ln L2

L1

)
|σ1| +M3

(
ln L2

L1

)2
|σ2| +

Mλα1
(
ln L2

L1

)λ

λ
.

We provide the following uniqueness result via the Banach contraction principle
(Theorem 2.2).

Theorem 3.1. Suppose (Q1)-(Q3) hold. Then, the IVP (1.1)–(1.2) has a unique
solution on [T1, T2] if

(3.2) ∆ < 1.



1234 A. MESFIN, B. MESFIN, AND A. MESFIN

Proof. Set Dρ∗ = {g ∈ Q : ∥g∥ ≤ ρ∗}. Define supt∈[L1,L2]{|f(t, 0, 0)|} = αi < +∞ such
that ρ∗ ≥ ∆2

1−∆1
.

Now, we show that JDρ∗ ⊂ Dρ∗ . For any g ∈ Dρ∗ , we have

∥(Jg)(t)∥ ≤M2

(
ln L2

L1

)
|σ1| +M3

(
ln L2

L1

)2
|σ2| +

k1Mλ

(
ln L2

L1

)λ

λ
∥g∥

+
α1Mλ

(
ln L2

L1

)λ

λ

≤M2

(
ln L2

L1

)
|σ1| +M3

(
ln L2

L1

)2
|σ2| +

k1Mλ

(
ln L2

L1

)λ

λ
ρ∗

+
α1Mλ

(
ln L2

L1

)λ

λ
≤ρ∗,

which shows that JDρ∗ ⊂ Dρ∗ .
Next, for any g1(t), g2(t) ∈ Dρ∗ and for all t ∈ [L1, L2], we obtain

∥J(g1)(t) − J(g2)(t)∥ ≤
∫ t

L1

(
ln t

s

)λ−1
∥∥∥∥∥Eλ,λ

(
β
(

ln t

s

)λ
)∥∥∥∥∥

×
∣∣∣f(s, g1(s), Iδg1(s)

)
− f

(
s, g2(s), Iδg2(s)

)∣∣∣ ds
s

≤
∫ t

L1

(
ln t

s

)λ−1
Mλk1

∥g1 − g2∥ +

(
ln L2

L1

)δ

Γ(δ + 1)∥g1 − g2∥

 ds

s

≤
k1Mλ

(
ln L2

L1

)λ

λ

1 +

(
ln L2

L1

)δ

Γ(δ + 1)

 ∥g1 − g2∥,(3.3)

which is a contraction from the assumption (3.2). As a result, by Banach contraction
principle (Theorem 2.2), J has a unique fixed point that is the unique solution to the
IVP (1.1)–(1.2) on [L1, L2]. □

Next, using nonlinear contractions, we provide a second existence result.

Theorem 3.2. Let f : [L1,+∞) × R2 → R be a given continuous functions fulfilling
the following assumptions.

(Q4) |f(t, v1, w1) − f(t, v2, w2)| ≤ L̄r1(t)
(
1 − e−∥v1−v2∥

)
+ L̄r2(t)

(
1 − e−∥w1−w2∥

)
,

for every vi, wi ∈ R, for i = 1, 2 and for all t ∈ [L1, L2], where r1, r2 : [L1, L2] → R+

are continuous functions and L̄ > 0 is defined by

L̄ = λ

Mλ

(
ln L2

L1

)λ
(∥r1∥ + ∥r2∥)

,(3.4)
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where ∥ri∥ = supt∈[L1,L2]{|ri(t)| : for i = 1, 2}.
Moreover,

0 <

(
ln L2

L1

)δ

Γ(1 + δ) ≤ 1.

Then, the IVP (1.1)–(1.2) has a unique solution on [L1, L2].

Proof. Consider the continuous and increasing function z : R+ → R+ defined by
z(x) = 1 − e−x, for all x ≥ 0.

Clearly, z(0) = 0 and z(x) < x for all x > 0.
For any v, w ∈ Q and t ∈ [L1, L2], it follows from (Q3), (Q4), (3.4)–(3.2) that
∥J(v)(t) − Jw(t)∥

≤
∫ t

L1

(
ln t

s

)λ−1
∥∥∥∥∥Eλ,λ

(
β
(

ln t

s

)λ
)∥∥∥∥∥ L̄r2(s)

(
1 − e−∥v−w∥

)
+ L̄r1(s)

(
1 − e−∥Iδv−Iδw∥

)
s

ds

≤MλL̄
∫ t

L1

(
ln t

s

)λ−1
r1(s)

(
1 − e−∥v−w∥

)
+ r2(s)

1 − e−
(ln L2

L1 )δ

Γ(δ+1) ∥v−w∥


s

ds

≤MλL̄
∫ t

L1

(
ln t

s

)λ−1 r1(s)
(
1 − e−∥v−w∥

)
+ r2(s)

(
1 − e−∥v−w∥

)
s

ds

≤MλL̄z(∥v − w∥
∫ t

L1

(
ln t

s

)λ−1 r1(s) + r2(s)
s

ds

≤L̄z(∥v − w∥)Mλ (∥r1∥ + ∥r2∥)

(
ln L2

L1

)λ

λ
=z(∥v − w∥),
which shows that the contraction J is nonlinear. Therefore, J has a fixed point by
Theorem 2.1, which is the unique solution of the IVP (1.1)–(1.2). □

We now provide an existence result using Schaefer’s fixed point theorem. For the
sake of simplicity, we use

∆J = M2

(
ln L2

L1

)
|σ1| +M3

(
ln L2

L1

)2
|σ2| +

ψ0Mλ

(
ln L2

L1

)λ

λ
(3.5)

and

(3.6) ∆B = ψ1Mλ

(
ln L2

L1

)δ

Γ(λ+ 1) .

Theorem 3.3. Assume that (Q1) and (Q3) hold true. Furthermore, constants ψ0 > 0
and ψ1 ≥ 0 exist such that
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(Q5) |f(t, g1, g2)| ≤ ψ0 + ψ1(∥g1∥ + ∥g2∥ , for all t ∈ [L1, l2], g1, g2 ∈ R.
Then, at least one solution for the IVP (1.1)–(1.1) exists on [L1, L2].

Proof. First we prove that the operator J : Q → Q is completely continous.
Step 1. Clearly, J is continuous as the function f is continuous.
Step 2. To prove that J is uniformly bounded, let Σ ⊂ Q be a bounded set. Thus,

there exists a constant e1 > 0 such that |f(t, g(t), Iδg(t))| ≤ e1 for all g ∈ Σ. Then,
for all g ∈ Σ, we have

(3.7) ∥(Jg)(t)∥ ≤ M2

(
ln L2

L1

)
|σ1| +M3

(
ln T2

T1

)2
|σ2| +

e1Mλ

(
ln T2

T1

)λ

λ
= k > 0.

It follows from (3.7) that J is uniformly bounded.
Step 3. To show that J is equiccontinuous, we define

(3.8) f ∗ = sup{|f(t, g1, g2)| : (t, g1, g2) ∈ ([L1, L2],Q,Q)}.

For any t1, t2 ∈ K with t1 < t2, we obtain

|(Jg)(t2) − (Jg)(t2)|

(3.9)

≤
∣∣∣∣∣
(

ln t2
T1

)
Eλ,2(β(ln t1

L1
)λ)σ1 −

(
ln t1
L1

)
Eλ,2

(
β
(

ln t1
L1

)λ
)
σ2

∣∣∣∣∣
+
∣∣∣∣∣
(

ln t2
T1

)
Eλ,3

(
β
(

ln t2
L1

)λ
)
σ2 −

(
ln t1
L1

)
Eλ,3

(
β
(

ln t1
L1

)λ
)
σ2

∣∣∣∣∣
+ f ∗

∫ t1

L1

∣∣∣∣ (ln t2
s

)λ−1
Eλ,λ

(
β
(

ln t2
s

)λ
)

−
((

ln t1
s

)λ−1
Eλ,λ

)
β
(

ln t1
s

)λ
)) ∣∣∣∣dss

+ f ∗
∫ t2

t1

∣∣∣∣∣
(

ln t2
s

)λ−1
Eλ,λ

(
β
(

ln t2
s

)λ
)∣∣∣∣∣ dss .

For (3.9), the R.H.S. is independent of g and approaches to zero as t1 tends to t2. As
a result, J is equicontinous. Consequently, the operator J is a completely continuous
operator, as follows from Steps 1. to 3. and the Arzelá-Ascoli theorem.

Step 4. Lastly, the boundlessness of the set Ω = {g ∈ Q : g = ζJg, 0 ≤ ζ ≤ 1} is
going to be verified. Let g ∈ Ω. Then, for all t ∈ [L1, L2], we have g(t) = ζJg(t).
Using the hypotheses (Q1), (Q3) and (Q5), we obtain

∥g∥ ≤ M2

(
ln L2

L1

)
|σ1| +M3

(
ln L2

L1

)2
|σ2| +

ψ0Mλ

(
ln L2

L1

)λ

λ

+ ψ1Mλ

(
ln L2

L1

)δ

Γ(δ + 1)

∫ t

L1

(
ln t

s

)λ−1
∥g∥ ds

s
.(3.10)
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From (3.5), (3.6) and the Gronwall inequality theorem 2.4, it may be inferred that

∥g∥ ≤ ∆J +
+∞∑
n=1

(
∆BΓ(λ)

)n

Γ(nλ)

∫ t

L1

(
ln t

s

)nλ−1
∆J

ds

s

≤ ∆J

1 +
+∞∑
n=1

(
∆BΓ(λ)

)n

Γ(nλ+ 1)

(
ln L2

L1

)nλ


≤ ∆JEq

(
∆BΓ(λ)

(
ln t

L1

)λ
)
,

which shows that Ω is bounded. Thanks to Steps 1–4. and Lemma 2.2, we can deduce
that the set Ω contains at least one fixed point, which is a solution of the system
(1.1)–(1.2). □

4. Mittag-Leffler-Hyler Ulam Stability Results for the Problem

Motivated by the references [37, 46], we provide the MLHU stability of solutions
for the problem (1.1)–(1.2). Consider the following equation and inequality

(4.1) CHDλ
L+

1
g(t) − βg(t) = f(t, g(t), Iδg(t)),

(4.2)
∥∥∥CHDλ

L+
1
g(t) − βg(t) − f(t, g(t), Iδg(t))

∥∥∥ ≤ ϵEλ

((
ln t

L1

)λ
)
,

where Eλ is the Mitteg-Leffler function.

Definition 4.1 ([32]). Equation (4.1) is said to be MLHU stable with respect to
Eλ((ln t

L1
)λ), if a positive real number kEλ

exists such that for every ϵ > 0 and for
every solution h ∈ C(K,Q) of (4.2), there exists a solution g of equation (4.1) with

|h(t) − g(t)| ≤ kEλ
ϵEλ

((
ln t

L1

)λ
)
.

Remark 4.1. A function g∗ ∈ C(K,R) is a solution of (3.8) if and only if there exists
a functiom m(t) ∈ C(K,R) (which depends on g∗) such that

i. |m(t)| ≤ ϵEλ((ln t
L1

)λ);
ii. CHDλ

L+
1
g∗(t) − βg∗(t) = f(t, v, Iδg∗(t)) +m(t).

Remark 4.2. Let g∗ ∈ C(K,R) be a solution of (3.8). Then, g∗ is a solution of the
integral inequality∣∣∣∣∣g∗ −

(
ln t

L1

)
Eλ,2

(
β
(

ln t

L1

)λ
)
σ1 −

(
ln t

L1

)2
Eλ,3

(
β
(

ln t

L1

)λ
)
σ2

−
∫ t

L1

(
ln t

s

)λ−1
Eλ,λ

(
β
(

ln t

s

)λ
)
f(s, g(s), Iδg(s))ds

s

∣∣∣∣∣
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≤Mλϵ
∫ t

L1

(
ln t

s

)λ−1
Eλ

((
ln s

L1

)λ
)
ds

s

≤Mλϵ
+∞∑
i=1

1
Γ(iλ+ 1)

∫ t

L1

(
ln t

s

)λ−1 (
ln s

L1

)λi ds

s

(by Lemma 2.4, taking x = λ, y = λi+ 1)

≤Mλϵ
+∞∑
i=1

1
Γ(iλ+ 1)

(
ln t

L1

)(i+1)λ Γ(λ)Γ(iλ+ 1)
Γ((i+ 1)λ+ 1)

≤Γ(λ)Mλϵ
+∞∑
k=1

(ln t
L1

)kλ

Γ(kλ+ 1) = Γ(λ)MλEλ

((
ln t

L1

)λ
)
ϵ.

Theorem 4.1. Suppose that (Q1)-(Q3) hold true. Then, (4.1) is MLHU stable with
respect to Eλ(ln t

L1
)λ.

Proof. Let g∗ ∈ C(K,R)be a solution of (3.8) and g be a unique solution of (1.1)-(1.2).
For t ∈ [L1, L12], it follows from Remark 4.2, (Q2) and Gronwall inequality 2.4 that

|g∗ − g| ≤Γ(λ)MλEλ

((
ln t

L1

)λ
)
ϵ

+
∣∣∣∣∣
∫ t

L1

(
ln t

s

)λ−1
Eλ,λ

(
λ1

(
ln t

s

)λ
)
f(s, g∗(s), Iδg∗(s))ds

s

−
∫ t

L1

(
ln t

s

)λ−1
Eλ,λ

(
λ1

(
ln t

s

)λ
)
f(s, g(s), Iδg(s))ds

s

∣∣∣∣∣
≤Γ(λ)MλEλ

((
ln t

L1

)λ
)
ϵ

+ k1

1 +

(
ln L2

L1

)δ

Γ(δ + 1)

Mλ

∫ t

L1

(
ln t

s

)λ−1
|g∗ − g| ds

s

≤Γ(λ)MλEλ

((
ln t

L1

)λ
)
ϵ

+
k1Mλ

(
ln L2

L1

)λ

λ

1 +

(
ln L2

L1

)δ

Γ(δ + 1)

 |g∗ − g|

≤kEλ
ϵEλ

((
ln t

L1

)λ
)
,



MITTAG-LEFFLER-HYERS-ULAM STABILITY ANALYSIS 1239

where

kEλ
= Γ(λ)Mλ

1 −
k1Mλ

(
ln L2

L1

)λ

λ

1 +

(
ln L2

L1

)δ

Γ(δ+1)


,

k1Mλ

(
ln L2

L1

)λ

λ

1 +

(
ln L2

L1

)δ

Γ(δ + 1)

 < 1.

Thus, (4.1) is ML-UH stable by (3.2) and Definition 4.1. □

5. Examples
Here, we provide the following example to verify our main findings.

Example 5.1. Let us investigate the following nonlinear Caputo-Hadamard FDE

(5.1)



CHD2.7g(τ) = f(τ, g(τ), Iδg(τ)), if τ ∈ K = [1, e],
g(1) = 0,
ξg(1) = 1,
ξ2g(1) = 1,

where λ = 2.7, σ1 = σ2 = 1, δ = 1
4 , β = 0, L1 = 1, L2 = e and

f(τ, g(τ), Iδg(τ)) = 1√
τ 2 + 2τ + 6

(
ln τ

2
√
τ 2 + 15

sin g(τ) + 1
eτ−1 + 2g(τ)

)
.

Obviously,∣∣∣f(τ, g1(τ), Iδg1(τ)) − f(τ, g2(τ), Iδg2(τ))
∣∣∣ ≤ 11

72
(
∥g1 − g2∥ +

∥∥∥Iδg1 − Iδg2

∥∥∥)
and hence k1 = 11

72 . Moreover, Mλ = E2.7,2.7(0) = 1
Γ(2.7) = 0.64733. Using the provided

data, we obtain ∆ = 0.07706 < 1. Consequently, each condition of Theorem 3.1 is
met. Therefore, there is only one solution to the fractional initial value problem (5.1)
on [1, e].

Example 5.2. Examine the problem (5.1) with λ = 2.1, δ = 2.3,

f(τ, g(τ), Iδg(τ)) = r1(τ)
(
1 − e−|g|

)
+ r2(τ)I2.3e−|g|,

where r1(τ) = sin τ
4(τ+7) and r2(τ) = τe−τ

√
τ3+3 with ∥r1∥ = 1

32 and ∥r2∥ = 1
2 . Note that

E2.1,2.1(0) = 1
Γ(2.1) = 1.04648. Simple computations give that(

ln L2
L1

)δ

Γ(δ + 1) = 0.3727 < 1 and L̄ = 3.5975.

Obviously,

|f(τ, g1, I
δg1) − f(τ, g2, I

δg2)| ≤ r1(t)
(
e−|g2| − e−|g1|

)
+ r2(t)

(
Iδe−|g1| − Iδe−|g2|

)
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≤ r1(τ)
(
1 − e|g2|−|g1|

)
+ r2(t)

(
ln L2

L1

)δ

Γ(δ + 1)
(
e−|g1| − e−|g2|

)
≤ r1(τ)

(
1 − e−|g1−g2|

)
+ r2(τ)

(
e−|g1| − e−|g2|

)
≤ r1(τ)

(
1 − e−|g1−g2|

)
+ r2(τ)

(
1 − e−|g1−g2|

)
≤ L̄r1(τ)

(
1 − e−|g1−g2|

)
+ L̄r2(τ)

(
1 − e−|g1−g2|

)
,(5.2)

which satisfies the assumption (Q4). Therefore, assumptions of Theorem 3.2 are all
met. Therefore, we can conclude that Problem (5.1) has a unique solution on [1, e],
by Theorem 3.2.

Example 5.3. Consider Problem (5.1), where

f(τ, g(τ), Iδg(τ)) = 1√
τ 2 + τ + 7

g(τ) sin τ + τ

eτ2+2 I
3
4 g(τ) + τe−τ+cos τ

τ 2 + e−τ + e−e
.

It is easy to compute that∣∣∣f(τ, g(τ), Iδg(τ))
∣∣∣ ≤ 1

3(g(τ) + Iδg(τ)) + e,

with ψ0 = e and ψ1 = 1
3 . Therefore, conditions of Theorem 3.3 are all met. Con-

sequently, we conclude from Theorem 3.3 that there is at least one solution for
Problem (5.1).

6. Conclusions

In this article, we provided several conditions that establish the EU of a solution to
the problem (1.1)–(1.2) by using the Banach contraction principle and BW and Schafer
fixed point theorems. We then established the sufficient conditions for the MLHU
stability results for the problem given by (1.1)–(1.2) using a Gronwall inequality
theorem 2.4 and Lemma 2.4. Appropriate examples are also used to illustrate the
existence and uniqueness of solutions.
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