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SOME NEW INEQUALITIES ON GENERALIZATION OF
HERMITE-HADAMARD AND BULLEN TYPE INEQUALITIES,
APPLICATIONS TO TRAPEZOIDAL AND MIDPOINT FORMULA

IMDAT ISCAN!, TEKIN TOPLU?, AND FATIH YETGIN3

ABSTRACT. In this paper, we give a new general identity for differentiable functions.
A consequence of the identity is that we obtain some new general inequalities con-
taining all of the Hermite-Hadamard and Bullen type for functions whose derivatives
in absolute value at certain power are convex. Some applications to special means
of real numbers are also given. Finally, some error estimates for the trapezoidal and
midpoint formula are addressed.

1. INTRODUCTION

Let f: I CR — R be a convex mapping defined on the interval I of real numbers
and a,b € I with a < b. The following double inequality:

(1.1) f<a"2”’> < b_la/abf(m)dx < f(‘”;f(b)

is known in the literature as the Hadamard inequality for convex mapping. Inequality
(1.1) holds in the reversed direction if f is concave. More information on these
inequalities can be found in several papers and monographs (see [2,3]).

Definition 1.1. A function f: [ C R = (—o00, +00) — R is said to be convex if

fOz+ (1= Ny) < Af(@) + (1= N f(y)
holds for all z,y € I and A € [0, 1].

Key words and phrases. Convex functions, Hermite-Hadamard type inequality, Bullen type in-
equality, general integral ineqaulities, trapezoidal and Midpoint formula.
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Theorem 1.1. Suppose that f : [a,b] — R is a convez function on |a,b]. Then we
have the inequalities:

)2 )

Sbia/abf(x)dx
(1.2) S;[f<a;rb>+f(a)-2#f(b)>] Sf(a);‘f(b).

The third inequality in (1.2) is known in the literature as Bullen’s inequality.

Lemma 1.1 ([1]). Let f:1° C R — R be a differentiable function on I°, where
a,b € I°, with a <b. If f' € L[a,b], then
1

(1.3) f(“);f(b) - bia/f(x)dx: b_a/(l—2t)f’(ta+(1—t)b)dt.

2

In [1] Dragomir and Agarwal established inequalities for differentiable convex func-
tions which are related to Hadamard’s inequlity as follows.

Theorem 1.2. ([1, Theorem 2.2]). Let f: I° C R — R be a differentiable mapping
on I1°, a,b € I°, with a < b. If |f'| is convex on [a,b], then the following inequality
holds

b
fla)+f(b) 1 /

5 b—a f(z)dz
Theorem 1.3. ([1, Theorem 2.3]). Let f: I° C R — R be a differentiable mapping
on I°, a,b € I°, with a < b and let p > 1. If the new mapping |f/|p/p*1 s convexr on
la, b], then the following inequality holds
(1.5)
flo)+ f(b) 1 if@ﬂx< b—a mewml+uwmwpww”w
2 b—ay 2(p+ 1) 2

In [5], the above inequalities were generalized.

Theorem 1.4. ([5, Theorem 1 and 2]). Let f : I C R — R be a differentiable function
on I°, a,b € I, witha <band q> 1. If |f'|? is convex on [a,b], then the following
inequalities hold

b
10 1 g,

a-+b 1 ’
‘f(Q )—b_a!f@Mx

(1.4)

<bzalf (Cgl +1f O

(1.6)

<

b;a(ﬁ%MQQUWMji

and

<b—a<ﬁ%M%waw>?
- 4 2
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In [4], the above inequalities were further generalized.

Theorem 1.5. ([4, Theorem 2.3 and 2.4]). Let f : I° C R — R be a differentiable

function on I°, a,b € I°, with a < b and p > 1. If |f’|P%1 is convex on [a,bl], then the
following inequalities hold

Iy a+b b—a/ 4 \7»
‘b_aa/f(x)dx_f< 2 >‘§ 16 <p+1>
X {{|f’(a)|1ﬂ/p1 _._3|fl(b)‘l)/p*1} (p—1)/p

+ [3|f’(a)|P/p—1 + ’f/(b)|p/p_1}(p—1)/p}

La/f@m—f(a;b)\éb;“(pH) (1 @] + 17 ®).

Lemma 1.2 ([7]). Let f : I C R — R be a differentiable function on I°, where
a,b e I, witha <b. If f' € L[a,b], then

;[f(a);f(b) +f<a+b>]

17) = 4“Z<—t)[ <ta+(1—t) ;b>+f’(ta;b+(1—t)b>1dt.

Corollary 1.1. ([7, Corollary 3.4]). Let f : I C R — R be a differentiable function
on I°, where a,b € I, with a < b, and f' € Lja, b]. If |f'] is convex on [a,b], then

(1.8) ‘;[WJ#(@M)]

and

1_6 (1 (@) + 11 (®)]).

Corollary 1.2. ([6, Corollary 3.3]). Let f: I C R — R be a differentiable function
on I°, a,b € I, witha <b and " € Lla,b]. If | f'|? is convex on [a,b] for ¢ > 1, then

[ ]t o

(19) Sb 1_6a (112> E {(9 |f'(a)" +3 ’f,(b)|q)% + (3 If(a)|*+9 ’f’(b)|q);] '

2. MAIN RESULTS

In order to establish our main results, we first establish the following lemma.
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Lemma 2.1. Let f:1° C R — R be a differentiable function on I°, where a,b € I°,
with a < b. If f" € Lla,b], then the following equality holds

L.(f,a,b) = i l<7”t—i>M7>+f<(n—i—1)a+(z‘+1)b>]
e s
—7:2)12;2& /11—275 (_Zn)a“b

(2.1) -tz 2_1) (Z+1)b)dt].

Proof. If we take n € N arbitrarily, then for i € {1,2,...,n — 1} by integration by
parts, we have

/1—215 < >“+’b+(1_t)(n—i—1)§+(i+1)b>dt
= _b(1—2t)f<HW)Hl_t)(n—i—l)er(Hl)b)
( i)a + ib (1_t)(n—i—1)§—|—(z'+1)b>dt‘

0

By making use of the substitutions = tw + (1 — ¢) ettt b

n

L= n [f<(n—i71a+ib> +f<(n—i—1)a+(i—|—1)b>1

a—>b n

(n—i—1)a+(i+1)b

[ f(z)dx.

(n—i)a+ib
n

Multiplying the both sides by I;’T‘;, we have

b—a, 1 lf<(n—z'2ba+ib>+f<(n—i—1)a+(i+1)b>]

2n2 " 2n n
(n—i—1)a+(i+1)b

~ 3 i - / f(z)dz.

(n—1i)a+ib

n
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Finally, we have

n-1 b2_2aIi Inf; [f <(n—z)a+zb> Ly ((n—i— 1)a+(z’+1)b>]

n

(n—i—1)a+(i+1)b

f(x)dx

1 n

(n—i)a+ib
n

:f;n [f <(n—l)a+zb> +f<(n—i—1)a+(i+1)b>1

n

L G
- b_aa/f(a:)da:. O

Remark 2.1. If we choose n=1 in Lemma 2.1, then (2.1) reduces to (1.3).

3

Remark 2.2. If we choose n=2 in Lemma 2.1, then (2.1) reduces to (1.7).

Theorem 2.1. Let f: I CR — R be a differentiable function on I°, where a,b € I°,
with a < b. If|f'|? is convex on [a, b] for some fized ¢ > 1, then the following inequality
is satisfied

22 e < S s (2 o F

1=0

Proof. From Lemma 2.1 and by using the well known Power-mean inequality, we have

[1.(f, a,b)|
1 1-1
n—lb_a q
gz; s (/|1—2t|dt>
= 0

+(1-1)

{ 9

By using the convexity of |f’|?, we have

[1n(f, a,b)|

z;) [/|1—2t|dt]

F ((n—i—l)a+(i+l)b>

n

( )a—i—zb (n—z’—l)a—l—(i—i—l)b)

n

/1|1—2t|<

0

(( )a+zb>

1

"

+(1-1).
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_a</1|1_2t|dt) (/|1—2t|t <( )a+zb>
+/1|1—2t|(1—t) /((n—i—l)a+(i+1)b> th)é

n
"lh—aq -4 (7 (2 zwwﬂ_+f(@jjﬁﬂ&%ﬂqé
- i 2n? <2) ( 4 )

F ((n—?ba—f—ib)

’ q

dt

n—1 b—a q %
- Z 2(9)2+3
Finally, by using the convexity of | f’

ran =S (P2 e+ (225 i) ] 0

iz n2(2)*"a n

{%f<M—i—Da+@+Dg

n

, we have

Remark 2.3. If we choose n =1 in Theorem 2.1, then (2.2) reduces to (1.6).
Remark 2.4. If we choose n = 1 and ¢ = 1 in Theorem 2.1, then (2.2) reduces to (1.4).
Remark 2.5. If we choose n = 2 in Theorem 2.1, then (2.2) reduces to (1.9).
Remark 2.6. If we choose n = 2 and ¢ = 1 in Theorem 2.1, then (2.2) reduces to (1.8).

Corollary 2.1. If we choose n = 3 in Theorem 2.1, then we obtain

s 1@+ s var (250 o (4] - bf@g/f(x)dw
b—a

=51
6+

(517 @I+ 17O+ BIF@I+31GF) + (17 @]+ 5170

Theorem 2.2. Let f: I C R — R be a differentiable function on I°, where a,b € I°,
with a < b. If|f'|? is convex on [a, b] for some fized ¢ > 1, then the following inequality
is satisfied

(2.3) 1

o= () [ e (2]

1,1 _
wherea—i-zg—l.

Proof. From Lemma 2.1 and by using the Holder inequality, we have
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n—1 b—a 1 %
L(fab) <Y = /|1—2t|pdt
i=0 <M

(/ (e g e e )

n
0

3]

q
dt

By using the convexity of |f'|9, we have

|1, a, )]
§§b2;2a_(/1|1—2t\pdt)

y (j(t f’<(n_2a+ib>q+(1—t) f,((n—i—l)s—i-(i—i—l)b) q)dt);]
:212?;?22 (pily

n

) <f, ((n—iT)la—i—ib)

q> H ]
By using the convexity of |f’|?, we have

= U\ [(2n—2i—1\, , . (241 :
el =X 2t () (P @ (2 o] o

Remark 2.7. If we choose n =1 in Theorem 2.2, then (2.3) reduces to (1.5).

q+ f,<(n—i—1)a+(i—|—1)b>

Corollary 2.2. If we choose n = 2 in Theorem 2.2, then we have

510 (23]

—Z;; <1> ; {(?ﬂf’(a)\" PO+ (1F (a)|” + 3£/ (B)]9)

p+1

Q=

Corollary 2.3. If we choose n = 3 in Theorem 2.2, then we have

J.

g 0 02 (50 war ()| -2 s

sbfal( 1 ) [(5|f’<a>|u!f’(b)l")é+(3|f’<a>|q+3!f’<b>lq)é

D=
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1

+ (1 @[ +5(®)")

3. APPLICATIONS TO SPECIAL MEANS

We consider some special means, for which will get new inequalities. Let a,b € R.

b
(i) The arithmetic mean: A = A(a,b) := i ,a,b>0.
(ii) The harmonic mean:
2
H = H(a,b) := Lb, a,b> 0.
a+b
(iii) The logarithmic mean:
a, if a=0»,
L= La,b) = _ b > 0.
(a,b) bia’ if a #b, a
Inb—1Ina
(iv) The p-logarithmic mean
a, if a = b,
L, = Ly(a,b) = Bl _ gptl 1 ' p € R\{-1,0},a,b > 0.
— , ifa#b,
P+ 1) —a)

Proposition 3.1. Leta,b e R, 0 <a<bandt €N, t> 2. Then, for all ¢ > 1, the
following inequality holds

"2:1 1A<< —i)a+ib>t7 ((n—i_ Da + (i + 1>b>t> — Li(a, b)‘

z(]n n

- b—@ 2n=2= 1) (v, (20+1), 0]
e [CEE RN P

=0 M

Proof. The proof is immediate from (2.2) in Theorem 2.1, with f(x) = 2!, x € [a, ],
teN, t>2. 0

Remark 3.1. (a) If we choose n = 1, in the Proposition 3.1, we have [5, Proposition 1]
for positive real numbers.

(b) If we choose n = 1 and ¢ = 1, in the Proposition 3.1, we have [1, Proposition 3.1]
for positive real numbers.

Proposition 3.2. Leta,be R, 0<a<bandt € N, t > 2. Then, for all ¢ > 1, the
following inequality holds

nzl 1A<<—z’)a+z’b)t’ ((n—z’— Da+ (i + 1>b>t> —Li(a,b)‘

i=0
1 . . 1
[((Zn —2i — 1>>a(t_1)q N (22 + 1>b(t_1)q1 "
n n

i
w@
o ||
i
T@
7N
]
+ |~
—_
~
=
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Proof. The proof is immediate from (2.3) in Theorem 2.2, with f(z) = z*, x € [a, 1],
teN, t>2. 0

Remark 3.2. If we choose n = 1, in the Proposition 3.2, we have [1, Proposition 3.2]
for positive real numbers.

Proposition 3.3. Suppose a,b € R, 0 < a < b. Then, for all ¢ > 1, the following
inequality holds

nzllﬂ (( —iza+ib>’((”_i_1)§+(i+l)b>>—L_l(a,b)|

zOn

-1 . . L
< b—2a l<(2n—21—1)>a_2q+<zz+1>b_2q] '
i= 0712 +7 n n

Proof. The proof is immediate from (2.2) in Theorem 2.1, with f(z) = 1,z € [a,0]. O

Remark 3.3. (a) If we choose n = 1, in the Proposition 3.3, we have [5, Proposition 2]
for positive real numbers.

(b) If we choose n = 1 and ¢ = 1, in the Proposition 3.3, we have [1, Proposition 3.3]
for positive real numbers.

Proposition 3.4. Let a,b € R, 0 < a < b. Then, for all ¢ > 1, the following
inequality holds

L[l Y (oD ) )

zOn n

£ i) (=) (]

Proof. The proof is immediate from (2.3) in Theorem 2.2, with f(z) = 1,z € [a,0]. O

B =

Remark 3.4. If we choose n = 1, in the Proposition 3.4, we have [1, Proposition 3.4]
for positive real numbers.

4. APPLICATIONS TO TRAPEZOIDED AND MIDPOINT FORMULAS

Throughout this section, let f : [a,b] — R be integrable and let I; : a = zy < 21 <
- < 2y = b be a partition of [a,b] and [, = xx11 — xx, K =0,1,...,t — 1. Tseng et
al. described the following notations in [8]:
- the trapezoidal formula

g1y = § £+ S

k=0

lk;
- the midpoint formula

M(f, 1) = Sf("””’“*j’““)zk;

k=0
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- the approximation error of [” f(z)dx by T(f, I)

b
B(f.1) = [ fla)de = T(f, 1);
- the approximation error of [” f(z)dz by M(f, I)

P10 = [ fa)de = M7 1)

In [5] Pearce and Pecaric established the following proposition which is approximation
errors for the trapezoidal and midpoint formulas.

Proposition 4.1. Under the conditions of Theorem 1.4, we have the following in-
equalities

@1) |B(f,L)| < 1% (lf’ ze)|7 + | f ()| )qlié max{|f"(a)], |/'(b Zlk

2 4
and
\F(f, I,)| < 1 - <|f/(95k)|q +2|f/(xk+1)|q>ql,% < max{|f’(4)| .| f(D) ilz

We have the following proposition which reduce (4.1) in Propositions 4.1 asn=1
on [a,b].

Proposition 4.2. Under the conditions of Theorem 2.1, we have the following in-
equalities

finzl;n [Jc((n—i)xzﬂx,gH) +f<(n—i—1)xk+(i+1)a:k+1>1 (trer — 1)

k=0 i=0 n
| s < I ol [ [ R e e L
(4.2)

< max{| (@), |1/ |}Zxk+1—xk

Proof. Apply Theorem 2.1 on [z, xxi1], k=0,1,...,t — 1, we get

2121” [f ((n—z‘)xz+z‘:vk+1> L <(n—z'— 1)xk+(i+1)xk+1>] (as1 — 22)

n

Thk+1

- / f(z)dz

Tk

< und 5 KQ”;)U (el + (2% 1)” '(I’“*”’q] q'

=0

Taking into account that |f’|? is convex, we deduce, by the triangle inequality, that

K%;>|f<xk>| <2i2:1>|f'<xkﬂ>|q < max{|f'(a)]", f'(5)|"}
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Finally, summing over & from 0 to ¢ — 1, we have (4.2). O

Remark 4.1. If we choose n =1 on [a, b], then the (4.2) reduce to (4.1).

Corollary 4.1. If we choose n = 2 in Proposition 4.2, we get

[E(f, 1) + F(f, )]

t—1

(I’““_I’“)zlg ()| 1 "(Tgs1 % ! (x| 3 /xqu}]]
<y (F17 @I+ 7 17 @)+ (17 @0l + 5 1 @)l

8

<gmaxct /(@) 17O} X — 22)”
k=0

[1]
2]

3]

REFERENCES

S. S. Dragomir and R. P. Agarwal, Two inequalities for differentiable mappings and applications
to special means of real numbers and to trapezoidal formula, Appl. Math. Lett. 11 (1998), 91-95.
S. S. Dragomir and C. E. M. Pearce, Selected Topics on Hermite-Hadamard Inequalities and
Applications, RGMIA Monographs, Victoria University, Melbourne, 2000.

J. Pecari¢, F. Proschan and Y. L. Tong, Convex Functions, Partial Ordering and Statistical
Applications, Academic Press, San Diego, 1992.

U. S. Kirmaci, Inequalities for differentiable mappings and applications to special means of real
numbers to midpoint formula, Appl. Math. Comput. 147 (2004), 137-146.

C. E. M. Pearce and J. Pecari¢, Inequalities for differentiable mappings with application to special
means and quadrature formulae, Appl. Math. Lett. 13 (2000), 51-55.

B.-Y. Xi and F. Qi, Some integral inequalities of Hermite-Hadamard type for convex functions
with applications to means, Journal of Function Spaces and Applications (2012), Article ID
980438.

B.-Y. Xi and F. Qi, Some Hermite-Hadamard type inequalities for differentiable conver functions
and applications, Hacet. J. Math. Stat. 42 (2013), 243-257.

K-L. Tseng, S-R. Hwang, G.-S. Yang and J.-C. Lo, Two inequalities for differentiable mappings
and applications to weighted trapezoidal formula, weighted midpoint formula and random variable,
Math. Comput. Modelling 53 (2011), 179-188.

!DEPARTMENT OF MATHEMATICS FACULTY OF ARTS AND SCIENCES,
GIRESUN UNIVERSITY,

28200, GIRESUN, TURKEY

Email address: imdat.iscan@giresun.edu.tr

2DEPARTMENT OF MATHEMATICS INSTITUTE OF SCIENCE,
GIRESUN UNIVERSITY,

28200, GIRESUN, TURKEY

Email address: tekintoplu@gmail.com

3SDEPARTMENT OF MATHEMATICS FACULTY OF BASIC SECIENCES,
GEBZE TECHNICAL UNIVERSITY,

41400 GEBZE-KOCAELI, TURKEY

Email address: fyetgin@gtu.edu.tr



	1. Introduction
	2. Main Results
	3. Applications to Special Means
	4. Applications to Trapezoided and Midpoint Formulas
	References

