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INNER HIGHER DERIVATIONS ON ALGEBRAS
E. TAFAZOLI' AND M. MIRZAVAZIRI?

ABSTRACT. Let A be an algebra. A sequence d = {d,,}22, of linear opera-
tors on A is called a higher derivation if dy is the identity mapping on A and
dn(zy) = > 1o di(z)dn_k(y), for each n = 0,1,2,... and z,y € A. We say that
a higher derivation d is inner if there is a sequence a = {a,}52; in A such that
(n+ Ddpyi1(x) = ZZ:O ak+1dn—k(x) — dp—g(x)aks1, for each n = 0,1,2,... and
x € A. Giving a characterization for inner higher derivations on a torsion free
algebra A, we show that each higher derivation on A is inner provided that each
derivation on A is inner.

1. INTRODUCTION

Let A be an algebra. A linear mapping 6 : A — A is called a derivation if it satisfies
the Leibniz rule §(xy) = o6(x)y + x0(y) for all z,y € A. If a is a fixed element of A
then the linear mapping 0 : A — A, defined by 0(z) = [a, 2] = ax — za for x € A, is a
derivation. Such a derivation is called inner and is denoted by d,. Thus a derivation
0 is inner if § = 9, for some a € A. In this case we say that § is an inner derivation
implemented by a. For a discussion about derivations, inner derivations, automatic
continuity of derivations and the related topics the reader can see [5] and [9].

There are known algebras on which each derivation is inner by an element of
the algebra. Furthermore, there are algebras A for which each derivation is inner
implemented by an element of an algebra B containing A. For example, each derivation
on a C*-algebra 2 is inner implemented by an element of its weak closure (see [11]

and [6]).
When 0 : A — A is a derivation, the sequence d = {d,, }5°,, defined by d,, = ‘%, sat-
isfies the generalized Leibniz rule d,(ry) = >ji_odi(x)d,—k(y), for each
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n=20,1,2,... and x,y € A. Since the sequence d deals with higher powers of ¢,
such a sequence is called a higher derivation. Though this is not the only example
of a higher derivation, such a sequence is a typical example and is called an ordinary
higher derivation. A theorem proved by the second named author [8] gives a one to one
correspondence between higher derivations and the family of sequences of derivations
in the sense that for each higher derivation d = {d,,}>°, on a torsion free algebra A,
there is a sequence § = {4, }°° of derivations on A such that

H - e o
( ) d" ; Z (H 7“]-—|—..._|_71i) 57"1 ri | o

2321 rj=n \J=1

where the inner summation is taken over all positive integers r;, with 23:1 r; = n.
Conversely, if for a sequence d = {0,}22; of derivations on A we define the sequence
d = {d,}5°, by (1.1), then d is a higher derivation. If we denote this higher derivation
by ds then we can say that each higher derivation on a torsion free algebra A is of the
form dg for some sequence d of derivations on A. For a study about higher derivations,
their generalizations, automatic continuity of higher derivations the reader is referred
to [1-4,7,10] and [12].

In the present paper, to a sequence a = {a, }°°,; of elements of A, we correspond
a sequence d, = {d,}>°, of linear mappings on A in such a way that d, is a higher
derivation. We say that d, is the inner higher derivation implemented by a. A
higher derivation is then inner if it is implemented by a sequence of elements of A.
Giving a characterization for a higher derivation to be inner, we show that each higher
derivation on a torsion free algebra A is inner if and only if each derivation on A is
inner.

In the following A is an algebra and I denotes the identity mapping on it. When we
talk about a higher derivation d = {d,,}>°, we will assume that dy is /. This implies
that d; is a derivation on A. When d; is not the identity mapping, we deals with the
o-derivation dy, where o is dj.

2. THE RESULTS

Inner higher derivations will be defined as a special case of higher derivations. In
the next definition we define an inner property for a sequence of linear operators on
an algebra. As we will see in Lemma 2.1, a sequence of linear mapping with the inner
property is automatically a higher derivation.

Definition 2.1. Let A be an algebra and d = {d,,}°, be a sequence of linear
operators on A with dy = I. We say that d has the inner property if there is a sequence
a = {a,}°, in A such that (n + 1)d,11(z) = Sf_¢ akr1dn—k(r) — dp—g()ags1, for
eachn=20,1,2,... and x € A.

Prior to anything, we show that a sequence possessing the inner property is indeed
a higher derivation.
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Lemma 2.1. Let A be an algebra and d = {d, }>, have the inner property. Then d
is a higher derivation.

Proof. We use induction on n to show that d,(zy) = Yp_,dr(x)d,—r(y), for each
n=20,1,2,... and x,y € A. This is clear for n = 0, since dy = I. Suppose that this
is true for n. For n 4+ 1 we have

(n+ 1)dnia(zy) =

M:

Oaysr (dn—k(2y))

il
o

ak+1 de n k— 5 ))

n n—k

Z app ( drr—e(y) + D do(2)00,,, (dn—r—e(y)).

k=0 ¢=0

I M: WM:

Changing variables implies

(n+ V() =3 [2 S (0 ]dn_r<y>+id5<x> [Z 6ak+l<dn_k_e<y>>]
=0 k=0

r=0 Lk=0

= 3= [ o))+ 3 a) = £+ D)n ()
- Z ()] e (9) + 3 @) [(n = £+ Vi1 (0)]

i (04 D)de(@)dn-roa(y) + (0 + Ddole)dsa (9)

+ (n+ 1)dn 41 () do(y)
n+1
=(n+1) Y di(x)dni1-o(y). O
=0
Definition 2.2. A higher derivation d = {d, }32, is called inner if it has the inner
property.

Lemma 2.1 does indeed show that any inner higher derivation is a fortiori a higher
derivation. A natural question is: When does a higher derivation inner? Prior
to provide an answer for the question, we give a characterization for inner higher
derivations.

Lemma 2.2. Let n,k and rq,...,r; be positive integers, ri +---+rr, =n+ 1 and
i 1 _ 1
047‘1 ..... Ty T H]:l T’j+"'+"'i . Then am ..... Ty T n+1aT2 ,,,,, ri*
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Proposition 2.1. Let A be an algebra, a = {a,}5°, be a sequence in A and d =
{dn}22 ) be defined by

(21) dn = i Z (ﬁ 1) 5ar1 o 6017‘1- )

S sl T
i=17i=

where the inner summation is taken over all positive integers r; with 375_;r; = n.
Then d is an inner higher derivation.

Proof. Let n+1 =17y + .-+ +r;, where r;’s are positive integers. If r; = k + 1, where
0<k<n,thenn—Fk=ry+---+r. Putting o, ,, = H;Zl ﬁ and using
Lemma 2.2 we have '

dn+1 = Z Z Oéle-,Ti 5“7"1 e 50‘”

i=1 22:1 ri=n
1 n n—k
| ;;205%“ ; i > Qry....ri Oar, = Oay,
= Z]:er—n k
1 n
= Oy
n—+1 Ig) b1 Onk

This shows that d has the inner property and hence is an inner higher derivation. [

The inner higher derivation d = {d,, }22, defined as in Proposition 2.1, is denoted by
d, and is called the inner higher derivation implemented by the sequence a = {a, }5° .
When a is the sequence defined by a; = a and a,, = 0, for n > 2, then d, is called the
ordinary inner higher derivation implemented by the element a € A.

Theorem 2.1. Let A be a torsion free algebra and d = {d,}>>, be a higher deriva-
tion. Then d is inner if and only if d = da for some sequence a = {a,}°2, in A.
Furthermore, d, is an ordinary inner higher derivation if and only if d,, = % for a
fixed element a € A.

Proof. Let d be an inner higher derivation. Then d,, satisfies the recursive relation
(n+1)dn = >3 0ay,, dn—k, with the initial value dy = I. We know that the answer
of this recursive relation with a fixed initial value is unique. Thus if we show that the
sequence defined as in (2.1) of Proposition 2.1 satisfies the same recursive relation,
then we can deduce that d = d,. To show this we have

n+1

(n + 1)dn+1 = Z Z (n + ]‘>Oé7‘17~--»7'i5a'r1 <0,

i + 6an+1
—9 .
’ 22:1 ri=n+1
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n+1 | n4+2—1
=2 X 0 X amenba, e, | 0,
=2 ri=l1 22:2 rj=n4l—ry

n—(r1—1)

= Z 57‘1 Z Z arz,...,riéam T 5ari + 6an+1

ri=1 1=2 23:2 T'j:n_(Tl_l)
n
== Z 6ar1 dn—(rl—l) + 5a"+1
ri=1
n
- Z Oaj i1 An—k-
k=0

Furthermore, if a; = a and a,, = 0, for n > 2 then (5% = 0 whenever r; > 2. Thus

the inner summation of (2.1) is non-zero only if ry = --- = r; = 1. In this case
we should have ¢ = n and thus o, ,, = % We therefore have d,, = %(53, since
Oap, =+ = Oa,, = 0a; = Oq- O

We can construct various examples of inner higher derivations using different se-
quences of elements of A. Let us see what can occur if we consider the constant
sequence a = {a}>° ;. We need a lemma and a notation.

Lemma 2.3. Let n,i be positive integers with i < n. If B,; = Zzi
j=

then [, satisfies the recursive relation (3, ,; = 5"*1”"*1+§?_1)5"*1”' with the initial value

11 = 1. Moreover, 3,1 = %, Brn = % and Y7 Bni = 1.

Proof. At first we note that

Now we have

1 n+1—1
Brni =— <ﬁn1,i1 + Z ﬂnlnl)
n k=2

1 n—i

== <Bn—1,i—l + Z 5n(£+1),i1>
n =1
1

n

(Bn-1,i-1+ (n = 1)Bp_1,).

Note that 8,0 = Bnn+1 = 0. An inductive argument thus shows

0+ (0= 1ura) = -

1
n

Bn,l =
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and

SRS

1
6n,n = E(ﬂn—l,n—l + (n — 1) X 0) = (TL — 1)! e

Moreover,

zn:lﬁm _ zn: Bn-1i—1+ (n—1)Bn-1,

i=1 n

n—1 n—1
:711 (Z Br-1;+ (n—1) Z 5n1z)
i=1 i=1
:i(1+(n—1)) _1 0

Values of 3,,; for 1 <7 <n <7 are evaluated in the Table 1.

TABLE 1. Values of 3, for 1 <i<n <7

n\z | 1 2 3 4 5 6 7

1 1 0 0 0 0 0 0

2 ! ! 0 0 0 0 0
2 2

3 1 ! ! 0 0 0 0
3 2 6

4 1 11 1 1 0 0 0
4| 24 4 24
1 5 7 1 1

> l5l 2 l2a| 12120 | Y

6 T 137 5 17 1 1 0
61360 |16 | 144 | 48 | 720

- 1 7 29 7 15} 1 1
71 20 |90 | 48 | 144 | 240 | 5040

Ezample 2.1. Let p,(x) = Bpix + Bu2x® + -+ + Bunz™ and a be a fixed element of
an algebra A. Then dy = I and d,, = p,(d,) for positive integers n defines an inner
higher derivation d = {d,};>, on A. To see this note that d = d,, where a is the
constant sequence {a}9 .

Our ultimate goal is to characterize those torsion free algebras on which all higher
derivations are inner.

Theorem 2.2. Let A be a torsion free algebra. Then each higher derivation on A is
inner if and only if each derivation on A is inner.
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Proof. Theorem 2.3 of [8] shows that each higher derivation d on a torsion free algebra
is of the form ds for some sequence d = {4, }°2, of derivations on A. Theorem 2.1
says that d is inner if and only if it is defined by (2.1) of Proposition 2.1. This is
equivalent to the fact that d,, is of the form ¢, for an a, € A.
For the converse note that if each higher derivation on A is inner and 9§ is an arbitrary
derivation on A then innerness of the ordinary higher derivation d = {d,}:>, =
%};’fzo implies that d; is of the form ¢,, for some a; € A. This shows that § = d; is
inner. U
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