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A TOTALLY RELAXED SELF-ADAPTIVE SUBGRADIENT
EXTRAGRADIENT SCHEME FOR EQUILIBRIUM AND FIXED
POINT PROBLEMS IN A BANACH SPACE

OLAWALE KAZEEM OYEWOLE»? HAMMED ANUOLUWAPO ABASS!2,
AND OLUWATOSIN TEMITOPE MEWOMO'

ABSTRACT. The goal of this paper is to introduce a Totally Relaxed Self adaptive
Subgradient Extragradient Method (TRSSEM) together with an Halpern iterative
method for approximating a common solution of Fixed Point Problem (FPP) and
Equilibrium Problem (EP) in 2-uniformly convex and uniformly smooth Banach
space. We prove the strong convergence of the sequence generated by our proposed
method. The proposed method does not require the computation of a projection
onto a feasible set, it instead requires a projection onto a finite intersection of sub-
level sets of convex functions. Our result generalizes, unifies and extends some
related results in the literature.

1. INTRODUCTION

Let C be a nonempty, closed and convex subset of a real Banach space E with dual
space E*. Let E be endowed with the duality pairing (-,-) of element from F and E*,
and also the corresponding norm || - ||. Let f : C' x C'— R U {+0o0} be a bifunction
such that C' C int(dom(f,-)), then for every x € C, the Equilibrium Problem (EP)
(see [3,14]), is to find a point z* € C such that

(1.1) f(z*,y) >0, forallyeC.
We denote the EP and its solution set by EP(C, f) and Sol(C, f), respectively.

Key words and phrases. Equilibrium problem, strongly pseudomonotone, strong convergence,
Banach space, quasi-¢-nonexpansive mapping, fixed point.
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The EP is a generalization of many important optimization problems, such as Varia-
tional Inequality Problem (VIP), Fixed Point Problem (FPP) and so on (see [6, 14]
and the references therein). In particular, if f(x,y) = (Az,y —x), where A: C — E*,
is a nonlinear mapping, then EP(C, f) (1.1) reduces to the classical VIP introduced
by Stampacchia [47] (see also [36,38,41,52]), which is to find a point z* € C' such that

(1.2) (Az*,y —x*) >0, forallye C.

There are two important directions of research on EP: These are the existence
of solution of EP and other related problems (see [14,29] for more details) and the
development of iterative algorithms for approximating the solution of EP, its several
generalizations and related optimization problems (see [1,12,13,33,34,42-44] and the
references therein).

In 2018, Hieu [24] introduced some methods for solving strongly pseudomonotone
and Lipschitz type bifunction EPs. We note that a bifunction f satisfies the Lipschitz
type condition, if there exist positive constants ¢, co € R such that for all z,y, z € C,
the inequality

flay)+ fy.2) > f,2) —aille —yl* — eolly — 27

holds.

In general EP, the Lipschitz type condition does not hold and when it does, finding
the constants ¢; and ¢, is always not an easy task. This does have effect on the
efficiency of the method involved. In addition, in the method of Hieu [24], there is
the need to first solve at least one strongly convex programming problem. Also, if the
bifunction and the feasible sets have complex structures, the computations could be
expensive and time consuming.

Furthermore, the problem of finding a common point in the set of solutions of
different generalizations of EP and the fixed point set of a nonlinear mapping in
Hilbert, Banach and Hadamard spaces have been considered by several authors in
literature (see [25,39,40,46,51,57]) and the references therein for further reading.

In 2013, Anh [9] introduced an extragradient algorithm for finding a common
element of the fixed point set of a nonexpansive mapping and solution set of an EP
involving pseudomonotone and Lipschitz type continuous bifunction in real Hilbert
space. The author proved a strong convergence result of the sequence generated by
his method under some standard conditions, see [8-10] for related results.

However, in Banach spaces, just like the extragradient method employed by Hieu
[24], many existing methods for approximating a common solution FPP and EP
involving a pseudomonotone bifunctions requires that a strongly convex programming
is solved (see [26,27] and the references therein).

To avoid the assumptions of Lipschitz continuity on the bifunction and solving
strongly convex progamming, Vinh and Gibali [53] introduced two gradient-type
iterative algorithms involving a one-step projection method for solving EP(C, f) (1.1)
and proved strong convergence results for both algorithms with an adaptive step-size
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rule which does not require the Lipschitz condition of the associated method. The
method proposed in [53] involves a projection onto a feasible set, and is known to
be computationally expensive, time and memory consuming if the feasible set is not
simple.

In an attempt to overcome this setback, Censor et al. [17] introduced the subgradient
extragradient method which uses a projection onto a halfspace. Also, He et al. [23]
introduced a TRSSEM for solving the VIP (1.2) in a real Hilbert space. Let C* :=
{z € H: hj(x) <0}, where h; : H — R for i = 1,2,... m, are convex functions. In
the TRSSEM, the feasible set is given as

C:=nr,C

On the other hand, for approximating a fixed point of a nonexpansive mapping 7',
Mainge [31] introdued an inertial Krasnoselskij-Mann Algorithm as follows:

{wn =, + en(xn - xnfl);

1.3
(13) Tpr1 = (1 —ap)xy + 0, Tw,, n>1,

and proved a weak convergence theorem under some mild assumptions on the sequences
{0,.} and {«a,}. The term 6,,(x, — z,-1) as given (1.3) is referred to as the inertial
extrapolation term. It is known that the introduction of the inertial term helps to speed
up the convergence rate of the algorithm. Due to its importance, lots of researchers
have adopted the use of the inertial technique in their quest for approximating the
solutions of fixed point and optimization problem (see [4,5,31] and the references
therein).

In this paper, motivated by the works of He et al. [23], Vinh and Gibali [53] and other
related results in literature, we introduce a TRSSEM for approximating a common
solution of FPP and EP in 2-uniformly convex and uniformly smooth Banach space.
We prove a strong convergence result for the sequence generated by the proposed
method under some conditions. Finally, we give some applications of our main result.
The rest of the section is organized as follows. In Section 2, we recall some important
results and definitions that will be useful in establishing our main result. In Section
3, we state our proposed method and then discuss its convergence analysis. We give
some theoretical application of our main result in Section 4 and give a concluding
remark Section 5.

2. PRELIMINARIES

We denote the weak and the strong convergence of a sequence {z,} to a point z by
r, — x and x,, — x, respectively.

Let E be a real Banach space, given a function g : £ — R.

e The function g is called Gateaux differentiable at x € E, if there exists an element
E, denoted by ¢'(z) or Vg(z) such that

t—o0 t

y€EFk,
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where ¢’ or Vg(z) is called Gateaux differential or gradient of g at . We say g is
Gateaux on F if for each z € E, g is Gateaux differentiable at z.

e The function g is called weakly lower semicontinuous at x € F, if x,, — = implies
g(x) < lim_ ioglf g(x,). We say that a function ¢ is weakly lower semicontinuous on FE,
if for each x € F, g is weakly lower semicontinuous at x.

e If g is a convex function, then it is said to be differentiable at a point z € FE if
the following set

(2.1) Og(x) ={f € E:g(y) —g(x) > (f,y —x), y € E}
is nonempty. Each element 0g(z) is called a subgradient of g at x or the subdifferential
of g and the inequality (2.1) is said to be the subdifferential inequality of g at .
The function g is subdifferentiable at z, if g is subdifferntiable at every x € E. It is
well known that if g is Gateaux differentiable at z, then g is subdifferentiable at x and
Jg(x) = {¢'(z)}, that is, dg(z) is just a singleton set. For more details on Gateaux
differentiable functions on Banach space, see [15].
Let C' be a nonempty, closed and convex subset of a real Banach space with norm
||| and let J : E — 2E" be the normalized duality mapping defined by

J(x) = {a* € E*: (x,2") = ||z||* = ||=*||* for all z € E},

where E* denotes the dual space of E and (-,-) the duality pairing between the
elements of F and E*. Alber [7], introduced a generalized projection operator Il an
analogue of the metric projection Pr : H — C' in the Hilbert space H. He defines
[l : E— C by

e(x) = ;2£{¢(y,x) for all z € E}.
In Hilbert spaces Po(x) = [lo(x).
Consider the Lyapunov functional ¢ : E x E — R defined by
$(z,y) = [|l=||* = 2(z, Jy) + [lyl*, forallz,ye E.
In the real Hilbert space, we observe that ¢(z,y) = ||x — y||?. It is easy to see that
(el = ly)* < oz, y) < (]l + [lyl)*.

The functional ¢ also satisfies the following important properties:

and
(2.3) 6 (2,7 Wy + (1= \)J2)) < Az, y) + (1= Ne(x, 2),

for all z,y,z € E and X\ € (0,1).
Note. If F is a reflexive, strictly convex, and smooth Banach space, then for x,y € F,
¢(z,y) = 0 if and only if x = y, see [18,48].

We are also concerned with the functional V : F x E* — R defined by

(2.4) V(z,2%) = [|l2l|* — 2(z, 2") + [|2"|%,
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for all z € F and z* € E*. That is, V(z,2*) = ¢ (x, J'2*) for all x € E and z* € E*.
It is well known that if E is a reflexive, strictly convex and smooth Banach space,
then

V(z,2*) < V(z,2" +y*) —2 <J_1m* -, y*> ,

for all x € F and all 2*,y* € E*, see [50].

Let C be a closed and convex subset of F and T : C' — C' be a mapping, a point
x € C is called a fixed point of T if x = T'x. We denote the set of fixed points of
T by F(T). Let T : C — C be a mapping, a point p € C' is called an asymptotic
fixed point of T' (see [45]) if C' contains a sequence {z,} such that x, — p and
|2, — Tz,|| = 0 as n — oo. We denote by F(T) the set of asymptotic fixed points
of T. A mapping T : C' — C is said to be relatively nonexpansive if F'(T) = F(T)
and ¢(p,Tz) < ¢(p,x) for all x € C and p € F(T) (see [16,48]). T is said to be
¢-nonexpansive if ¢(Tx, Ty) < ¢(z,y) for all z,y € C and quasi-¢-nonexpansive if
F(T) # 0 and ¢(p, Tx) < ¢(p,x) for all x € C and p € F(T).

The class of quasi-¢-nonexpansive mappings is more general than the class of
relatively nonexpansive mapping which requires the strict condition F(7T') = a (T)
(see [16,45,48]).

Let E be a real Banach space. The modulus of convexity of F is the function
dg : (0,2] — [0, 1] defined by

) 1
dp(e) = inf {1 = Sllo+ gl ol = llgl = 1, llo = ol = ¢}

Recall that E is said to be uniformly convex if §g(€) > 0 for any € € (0,2]. E is said
to be strictly convex if w < 1for all z,y € F, with ||z]| = [Jy]| = 1 and = # v.
Also, E is p-uniformly convex if there exists a constant ¢, > 0 such that dg(€) > c,€”
for any € € (0, 2].

The modulus of smoothness of E is the function pg : RT — R™ defined by

1
pi(t) = sup {5 (o + tyll = llo = tyl) = L ] = |l = 1}.

FE is said to be uniformly smooth if lim;_,q pET(t) = 0. Let 1 < ¢ < 2, then E is
g-uniformly smooth if there exists ¢, > 0 such that pg(t) < ¢,t9 for t > 0. It is
known that E is p-uniformly convex if and only if E* is ¢g-uniformly smooth, where
p~t 4+ ¢!t = 1. It is also known that every g-uniformly smooth Banach space is
uniformly smooth.

It is widely known that if E is uniformly smooth, then the duality mapping J
is norm-to-norm continuous on each bounded subset of E. The following are some
important and useful properties of J, for further details, see [2,48].

Let C be a nonempty, closed and convex subset of a real Banach space E and

f:ExE—RU{+o00} be a bifunction. f is said to be
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(i) strongly monotone on C| if there exists v > 0 such that for any z,y € C
fla,y) + fy,2) < —llz —yl*

(ii) monotone on C, if
flz,y)+ f(y,z) <0, forall z,y € C;
(iii) pseudomonotone on C| if
flz,y) > 0= f(y,z) <0, forallz,ye C;
(iv) strongly ~-pseudomonotone on C if there exists v > 0 such that for any
x,y € C

From the above, it is clear (i) = (ii) = (iii) = (iv). The converse is generally not
true (see [53]).

We now give the following useful and important lemmas that are needed in estab-
lishing our main results.

Lemma 2.1 ([35]). Let E be a 2-uniformly convex and smooth Banach space. Then
for every x,y € B
oz y) > vllz -yl
where v > 0 is the 2-uniformly convexity constant of E.
Lemma 2.2 ([28]). Let E be a smooth and uniformly convex real Banach space and

let {x,} and {y,} be two sequences in E. If either {x,} or {y.} is bounded and
(T, Yn) — 0 as n — oo, then ||z, — yn|| — 0 as n — oco.

Lemma 2.3 ([7]). Let C be a nonempty, closed and convexr subset of a reflexive,
strictly convex and smooth Banach space X. If x € E and q € C, then

(2.5) g=1lex <= (y—q,Jx—Jq) <0, forallyeC,
and
(2.6) o(y, Heox) + o(Ilex, z) < éd(y,z), forallye C,x € X.

Lemma 2.4 ([55]). Fiz a number s > 0. A real Banach space X is uniformly convex
if and only if there exists a continuous strictly increasing function ¢ : [0, 00) — [0, 00)

with ¥(0) = 0 such that
[tz + (1 = t)yl* < tl]* + @ = Ollyll* = t(@ = v (llz - ),
for all z,y € X, A € [0, 1], with ||z|| < s and ||y|| < s.

Lemma 2.5 ([54]). Let {a,} be a sequence of nonnegative real numbers satisfying the
following relation

an—i—l S (1 - an)an + OOy + 'Ynu n Z 07

where
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(a) {Oén} C [07 1]7 nh—%lo oy, =0 and Zzozl Oy = O0;
(b) limsupo < 0;

n—oo

(€) ¥ =>0,n>1, and 320, v, < 00.

Then, lim a, = 0.
n—oo

Lemma 2.6 ([32]). Let {a,} be a sequence of real numbers such that there exists a
subsequence {n;} of {n} such that a,; < an,+1 for all j € N. Then, there exists a
nondecreasing subsequence {m,} C N such that m, — oo and the following properties
are satisfied by all (sufficiently large) numbers n € N: a,,, < @y, +1 and an < Ay, 41-
In fact, m, = max{i < k:a; < aj11}.

3. MAIN RESULT

In this section, we give a concise and precise statement of our algorithm, discuss
some of its elementary properties and its convergence analysis. The convergence
analysis is given in the next section.

Statement 3.1. Let C' be a nonempty, closed and convex subset of a 2-uniformly convex
and uniformly smooth real Banach space E with dual space E*. For i =1,2,...,m,
let h; : E — R be a family of convex, weakly lower semicontinous and Géateaux
differentiable functions. Let S : F — E be a quasi-¢-nonexpansive mapping and
f:CxC — RU{+oc0} be a strongly ~-pseudomonotone bifunction satisfying the
following assumptions.

Assumption 3.2. We require the following assumptions for our operator and the solu-
tion set:

Al. f(z,-) is convex and lower semi-continuous for every z € E;

A2. f is strongly y-pseudomonotone on C)|

A3. Sol(C, f) # 0;

Ad4. if {z,}2, C E is bounded, then the sequence {g(x,) € O(f(zn,))(xn)2 o} is
bounded.

Note. The assumption A4. is quite standard assumption and it holds for example
when f(z,-) is bounded on bounded subsets (see [11]).

Assumption 3.3. To prove a strong convergence result using Algorithm 3.4, the follow-
ing conditions are needed.
B1. The feasible set C' is defined by C' := N7, C? where C" := {z € F : hi(z) < 0};
B2. lim «, =0 and § Q, = 00;
n—oo n=0
B3. 0 <liminf~, <limsup~y, <1;

n—oo
B4. ioj O(Tp, Tp_1) < 00.
n=1
B5. lim % =

n—oo “n
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Algorithm 3.4. (TRSSEM) for EP(C, f)

Step 0. Choose the sequences {6, }, {a,,} and {7,} C (0,1) satisfying Assumption
3.3, let p € (0,1) and By > 0. For u € C, select initial points 2y and z; in C. Set
n=1.

Step 1. For : = 1,2...,m, and given the current iterate w,, construct the family
of half spaces

Chi={z¢€ E: hj(w,) + (h(wy,),z — w,) <0}
and set
C,=n",C".
Let w, := J Y (Jx, + 0,(Jxn1 — Jx,)). Take g(w,) € O(f(wy,))(wy,), n > 1, and
compute
(3.1) 2y = He, JH (Jw, — Bug(w,)),
where 3, is given by
: pllwn—2zn|l :
Prir = {mln{ﬂm ot} 1 9(wn) # g(z0),

(3.2) .
B, otherwise.

Step 2. If w,, = z, (w, € Sol(C, f)), then set w,, = y,, and go to Step 3. Otherwise,
compute the next iterate by

(3.3) Yn = Ha, J =" (Jwy — Bug(zn)),
where
Qn=A{w e E: (w— 2z, Jw, — Bng(w,) — Jz,) < 0}.
Step 3. Compute
(3.4) L1 = J (1 = an)Ju+ an(1 = 70) JYn + Vud Syn).
Step 4. Set n:=n+ 1 and go to Step 1.
Lemma 3.1. If w, = z,, then w, € Sol(C, f).

Proof. Suppose w,, = z,, then by (2.5) and (3.1), we have
(Jwp = Brg(wn) — Jwn,y — 2z,) <0, y€C,

or equivalently

(3.5) (g(wp),y —wy,) >0, forallyeC.

Therefore, from (3.5) and the definition of the subdifferential f in the second argument,
we obtain

fwn,y) = f(wn,y) — f(wn,wy) = (g(wn),y —w,) = 0.
Hence, w,, € Sol(C, f). O
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Lemma 3.2 ([56]). The sequence {5,} generated by (3.2) is a motonically decreasing
sequence and

n—oo

lim 3, =0 > min{g,ﬁo}.

Remark 3.1. Note that if w, = 2z, and w, = Sw, we are at a common solution of
the EP(C, f) and fixed point of the mapping S. In our convergence analysis, we will
assume implicitly that this does not occur after finitely many iterations so that our
Algorithm 3.4 generates an infinite sequence satisfying, in particular w, # z, and

w, # Sw, for all n € N.

We now prove some lemmas which are required components of the main result.
Lemma 3.3. The sequence {x,} generated by Algorithm 3.4 is bounded.
Proof. Let z* € Sol(C, f), then we have from (2.6), that

(", yn) =0(z", g, Jﬁl(‘]wn — Bng(wy)))
<¢(x", J_1<an — B19(20))) — ¢(Yn, J_I(an — Bng(wy)))
=[l2*|* = 202, Jwn = Bug(2)) = lynll® + 2(yn, Jwn — Brg(20))
=¢(a", wn) = O(Yn, Wn) + 26n(x™ = Yn, 9(zn))
=p(z*, wn) = (D(Yn, 2n) + (20, wn)
+ 2(yn — 2n, J2n — Jwy)) + 28,(x" — yn, 9(2n))

=p(x*, wn) — G(Yns 2n) — O(2n, Wn)

(3.6) + 2(Yn — 2n, Jwy, — J20) + 26, — yn, 9(2n)).

Now, we have from (3.6) that

260 (" = Yn, 9(2n)) =2Bn(T" — 20, 9(20)) + 28020 — Yn, 9(20))
(3.7) =26,(2" = 2, 9(2n)) + 2(Yn — 2n, —Bng(2n))-

Substituting (3.7) into (3.6) and using the strongly pseudomonotonicity of f, we
obtain

¢(ZU*, yn) :¢(33*, wN) - (ym Zn) ¢(Zn7 wN) + 2<yn = Zn, Jwy — JZH)
+ 2B,(2" = 2n, 9(20)) + 2(Yn — 20, —Bng(2n))
=¢(z", wn) — A(Yn, 2n) — ¢(2n, wn) + 2(Yn — 2n, Jwn — Bng(zn) — J2n)
+ 260 (2" — 20, 9(20))
<o, wn) — A(Yn, 2n) — G20, W)
+ 280 (Yn — 20, Jwn — Bug(zn) — J20) + 26, f (20, 27)
<o, wn) — A(Yn, 2n) — G20, W)
= 2B8:76(x7, 20) + 2(yn — 20, Jwn — Bug(zn) — Jzn)
(3.8) <P(@", wn) = O(Yn, 2n) — A2, W) + 2(Yn — 20, Jwy — Bng(2n) — Jzn).
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By the definition of @,, and Cauchy-Schwartz inequality, we have

(Yn — 2Zn, JWn — Bng(zn) — J2n) =2(Yn — 2n, JWn — Bng(zn) — J2n)
+ 280 (Yn — 20, 9(wn) — 9(2n))
(3.9) <2Bnllyn — 2nllllg(wn) — g(za) |-
Using (3.2) and Lemma 2.1 in (3.9), we get

15n
6n+

uﬂn Wb Yns Zn \/¢ Zn, W)
Bn+1

<P (b z) + Dz wn)).

- Vﬁn-‘rl

<3/n — Zp, Jwy, — Bng(zn) - JZH) <2

1Yn = 2nllwn = 2]

(3.10)

Therefore, from (3.8) and (3.10), we have

(3.11) ¢<x*,yn>s¢<x*,wn>—(1— g )<¢<yn,zn>+¢<zn,wn>>.

Vﬁn-‘rl

From (2.3) and (3.4), we have

(2", ny1) =¢(x*, J~ l(o‘n*]u + (1 = an)(1 = vn) Jun + 70 S Syn))
=p(z*, T anJu+ (1 — o) (1 — 7)) Jyn + (1 — )Y J Stn)
<ang(z’ (1= an) (1 =) (2", yn) + (1 = an) (2", Syn)

(
yu) +

Sang(z®,u) + (1 — an)o(z”, yn)
)+

<O{n¢<l’ (% (1 - an)¢(x*7 wn)
45n
= (1= 22 ) @) + 00
(3.12) San(b(x*u u) + (1 - Oén)(b(x*? wn)'

From Algorithm 3.4, we have
o(z*,wy,) =p(z*, T (Jwy + 0, (J2y1 — J2,)))
<(L=0n)¢(x7, 20) + Onp (2", 1),
hence
O(x7, 2np1) < an(2®,u) + (1= an)((1 = On) (2", ) + O (2", 1))
< and(a”, u) + (1 = an)(d(2", n) + G(27, 2n1))
< max{o(z", u), (p(z", xn) + (2", 2n-1))}

(3.13) < max{o(z",u), (p(x*,x1) + ¢(z*,20))}, n>1.
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This implies that {¢(z*, x,,)} is bounded. Therefore, {x,} is bounded. Consequently,
{g9(yn)} is bounded and by the nonexpansiveness of the projection operator and the
mapping S, we have that {z,}, {w,}, {y,} and {Sy,} are bounded. O

The boundedness of {x,} implies that there is at least one weak limit point. The
next result provides a condition under which each of such weak limit is in the solution
set of the equilibrium problem.

Lemma 3.4. Let {x,,} be a subsequence of {x,} converging weakly to a point p € C
and suppose that the conditions |w,, — zp,|| = 0 and ||w,, — x,,|| — 0 as i — oo hold
on this subsequence. Then p € Sol(C, f).

Proof. From Lemma 2.5 and the definition of subdifferential, we have
0<{(x—2zn,J 2z, — (Jw,, — Bn,g(wy,)))
=(x — zn,, J2n, — Jwy,) + (T — 2p;, Bn.g(Wy,))
= (x — zn,, J2n, — Jwy,) + (& — Wy, B, g(Wn,)) + (Wn, — 2., B, g(wn,))
(3.14) <Az — zn,, J2pn, — Jwy,) + (Wn, — 2Zn;, Bn; 9(Wy,)) + f(wn,, ).
Passing limit to the inequality in (3.14), we have
f(p,x) >0, forall zeC. O

In proving the strong convergence of our Algorithm 3.4, the underlying idea relies on
certain estimate and other classical properties of the iterates which are given in the
next lemmas below.

Lemma 3.5. The sequence {x,} generated by Algorithm 3.4 satisfies the following
estimates:

(1) An1 S (1 - an)an + anbn;‘
(ii) —1 < limsupb, < 400,

n—o0

where a, = ¢(z*, x,) and b, = 2—2¢(m*, Tp_1) + 2(Ju — Jo*, xp 1 — F).
Proof. Let p, = (1 — v,)JYn + Ynd Syn, then from (2.4), we have
B i) =0, T onTu+ (1= a0)Tpa)
<V(z*,anJu+ (1 — ayn)Jp, — an(Ju — Jx*))
— 2, (Ju — Jx*), J HanJu+ (1 — an)Jpy))
<V (2", anJz* + (1 — ay,)Jpy) + 200, (Ju — Jz*, 2 — %)
<a,V(z*, Jz*) + (1 — o)V (2", Ipp) + 20 (Ju — Jx*, 21 — x7)
<and(x*, %) + (1 — an)op(z”, pn) + 20 (Ju — J2*, Tpyy — %)
<(1— a)P(x™, pn) + 20, (Ju — Jz*, 241 — 2¥)
<1 = an)(1 = 7)o", yn) + Yn(1 — an) (2", Sya)
+ 20, (Ju — J*, xppq — ")
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(1 — an)o(x™, yn) + 20, (Ju — J2*, xp gy — %)
(1 — a)p(x™,wy) + 200, (Ju — Ja*, 21 — 27)
(1 —a,)((1 = 0,)o(x", zp) + Ond(x™, xp—1) + 20, (Ju — J2*, 2y — %)

IAIA

<(1— ap)p(x*, x,) + (azgzﬁ(x*,xn_l) +2(Ju — Jx*, xpqy — x*)) :

Op
This established (i). Next we proof (ii). Since {x,} is bounded, then we have

n>0 n

On
sup, < sup ( 220(a" 000 + 200 T2 o — 2] < .

This implies that limsup b, < oo. Next we show that limsupb, > —1. Assume the

n—oo n—oo
contrary, that is limsup b, < —1. Then there exists ng € N such that b, < —1 for all
n—oo

n > ng. Then for all nyg € N, we get from (i), that
anv1 <(1 — ap)ay, + apb,
<(1—ap)a, — ay,
=a, — ap(a, +1) <a, — a,.

Taking lim sup of both sides in the last inequality, we have

limsupa, < a,, — nh—>nolo Z a; = —00.

n—00 i=no

This contradicts the definition of {a,} as a nonnegative integer.
Therefore, limsup b, > —1. 0

n—oo

We now present our main theorem.

Theorem 3.5. Let C' be a nonempty, closed and convex subset of a 2-uniformly convex
and uniformly smooth real Banach space E and h; : E — R be a family of convex,
weakly lower semicontinuous and Gateauz differentiable functions, fori=1,2,... m.
Let f : E X E — RU{+oc} be a bifunction satisfying conditions Al-A4, let S :
C — C be a quasi-p-nonexpansive mapping such that T = {Sol(C, f) N F(S)} # 0.
Let {0,}, {Bn} and {a,} be sequences in (0,1) satisfying Assumption 3.3, then the
sequence {x,} generated by Algorithm 3.4 converges strongly to p = Hpu, where Tl is
the projection of C' onto T'.

Proof. Let p € T', we divide the proof into two cases.
Case I Suppose that there exists ng € N such that {¢(z*, x,,)} is monotone non-
increasing. Since {¢(z*, z,,)} is bounded, then it is convergent and

(3.15) o(z*, x,) — (™, xp1) = 0, asn — oo.
Since p, = J (1 — 7,)Jyn + V1 JSy), then from Lemma 2.4, we have
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= V(2" (1 =) JYn + 70 J SY)
= [l*I” = 2(2", (1 = v) Jyn + VS SY) + (1 = 1) Tyn + 10 Sy?
= [J2*[|* = 201 — ) (2", Tym) — 29 (2™, TSyn) + (1 = v lyall® + 1l Syall?
— Y1 = Y)Y (| Jyn — JSynll)
O(@*, yn) + A", SYn) — V(1 = 1)U (|[Jyn — JSyn)
(3.16) < <b( s Un) = (L =) (([JYyn — JSynl])-
Therefore, from ( 3.11) and (3.16), we have
P(T*, Tp1) = “HanJu+ (1= an)Jpa))
)+ (1 —an)o(z”, pn)
", u) + (1 — )", yn) — Y1 — ) ([[ Ty — JSynl)
)+ (1= an)o(@®, wn) — (1 = %)Y (| Jyn — JSynll)

+ 0,0 (2", 1)) — V(1 — 1) ([[yn — JSYall)
< apd(z*,u) + (1 — ap)o(x™, z,) + Opp(a™, xy-1)
(317) - /Vn(l - 7n)¢(||‘]yn - JSynH .

ol = 21 = ISl <o (2207 ) + 600 0)

+ (1 — )", xn) — P2, x_1).

By using «,, — 0, we obtain v, (1 — v,)¥(||Jyn — JSys||) — 0 as n — oo. Therefore,
by condition B3 and the property of 1, we get

lim [[Jy, — JSya[| = 0.
Since J~! is norm-to-norm continuous on bounded subsets of E, we obtain
(3.18) Tim lyn — Syall = 0.

Furthermore, from (3.12), we have

Therefore, it follows from (3.4) that
P(a", Tny1) Somd(x,u) + (1 — an)d(z”, pn)

<apd(z*,u) + (1 — a)p(z*, yn)
§angb(x*, u) + (1 - an)¢(‘r*7 wn)

-y (1 _ by ) (60 22) + 62y 01))

Vﬂn-‘rl

153

VBnt1

) ((Yns 20) + D20, w0)).
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Cand(z 1)+ (1 an) (1 = 0)0(a", 22) + 6u6 (", 2n))
——<1-—<mn>(1-— b )<¢myn,zn>+-¢<a%zun>>

Vﬁnﬂ

This implies that

(1—an) <1 e ) (@(Yn, 2n) + O(2n, wn)) <an | ¢(z7,u) + 6n¢($*’xn_l>

Vﬁn—i—l n
( ) (ZL’ xn) - ¢($*, xn-ﬁ-l)'
By condition B2 and (3.15), we have (¢(yn, zn) + ¢(2n, wy)) — 0, as n — oo, thus

lim ¢(yn, 2,) = Jim &(2n, wy) = 0.

n—oo

Since the sequences {y,}, {z,} and {w,} are bounded, we obtain by Lemma 2.2, that
(3.19)

Tl — 2l = Jim, 0 — ] = 0.
From Algorithm 3.4 and condition B4, we obtain

Jim O(Wy, x,) = Jim 0P (2, 1) =0,
and by Lemma 2.2, we get
(3.20) Jim ||w, — x| = 0.
It is easy to see from (3.19) and (3.20), that

(3.21)
Observe also that
(322) &y, n) = Wns J (1 = V) JYn + 1) JSyn) = 0, as n — oco.

Hence, by Lemma 2.2, we obtain

T (|, — 2| = 2, — gall = 0.

Jim [lyn — pall = 0.
This and (3.21), imply

Tim 12, — pull = 0.
Furthermore,

| Jzni1 — Ipnll = anl|Ju — Jpu|| = an||Ju — Jpp|| — 0, asn — oc.

Since J~! is norm-to-norm continuous on bounded subsets of £, we have ||z, 1—pn|| —
0, as n — oo. Hence,

(323)  onss — 2all < [Ens1 — pall + [P0 — 2all > 0, asn — o0,

Now, since the sequence {z, } is bounded there exists a subsequence {z,,} of {z,} such
that z, — ¢ € E. Then, by (3.19), (3.20) and Lemma 3.4, we obtain ¢ € Sol(C, f).
Also, since ||yn — Syn|| = 0 and ||z, — y,|| — 0 as n — oo, then we have ¢ € FI(S) =
F(S). Therefore, ¢ € T
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We now show that {x,} converges strongly to a point z* = Ilru. Let {z,,} be a
subsequence of {z,} such that x,, — ¢ and

limsup(Ju — Jz*, xp 1 — 2*) = lim (Ju — Jx*, 2y, 41 — 7).
n—oo 1—00

Since ||Zp+1 — Tn|| = 0 as n — oo, we have by (2.5), that
limsup(Ju — Ja*, 2y — 2%) = lim (Ju — Ja*, 2,41 — 2¥)
n— 00 1—00

(3.24) =(Ju— Jx*,q—2") <0.

It follows from Lemma 2.5, Lemma 3.5 (i) and (3.24), that ¢(p,x,) — as n — oo.
Therefore, by Lemma 2.2, we obtain
lim ||z, —2*|| =0.
n—oo
Case II Suppose there exists a subsequence {x,,} of {x,} such that
P(x*, 0y, 41) > @7, 2;), forallm € N.

From Lemma 2.6, there exists a non-decreasing sequence {m,,} C N such that m,, — oo
and the following inequalities hold for all n € N:

(325) (b(x*? xmn> S ¢($*, xanrl) and ¢(p7 xn) S (b(.flf*, xmn+1)'
We note from (3.11) and (3.12), that

(@™, T, ) SO, Trnyi1) < A, P(27, 1)
+ (1= am,) lﬁb(ﬂf*, Wi, ) — <1 - V/;ﬁmn> (DY s 2mn) + A2, > Win,,))
mn+1
<am, ¢(x" 1) + (1 = am,) (1 = Om, )o(z", Tm,, ) + O, d(2", T, —1)))

C—am) (1 - “@") (O 2m) + S(ms )

Vﬁmn—i-l

éamn <¢($’*, U) + emn ¢(l’*, xmn_1)>

Mmn

= =) (1= 27 ) Gl ) + )

VBmnt1
Hence,
(1= ) (1 4725 Ol ) + 60,
<, <¢($*,U) + O, (:U*,xmnﬁ) + (1= am,)o(@", 2m,) — O(2", Tm,,)-

Since oy, — 0 as n — 00, it follows that

(1 — B > (D(Ym, s Zmy,) + O(Zm,, W, )) = 0, as n — oo,
Vﬁmn—i-l
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hence

Since {x,, }, {Ym, } and {w,,,} are bounded, we have

nlggo Y — 2mn || = nlggo |2m,, — W, || = 0.
Following similar method as in Case I, we obtain

By Lemma 3.4 and (3.26), we obtain a weak limit ¢ € E of {x,,, } such that ¢ € T.
Again, since {x,,, } is bounded, we can choose a sequence {z,,,} of {x,,, }, subse-
quencing if necessary such that z,,, — ¢ as n — oo and

. * *\ s * *
hglj;}p(Ju —Jx Ty, 1 — ") = nll_}ITOlo<Ju — Jx* T, 1 — 2.

Hence, from (2.5), we have
liglﬁs;}p(tfu —Jx" X, 1 — ) ZJLHOlO<JU —Jx Ty 1 — TF)
(3.27) <(Ju—Jz*,q— ") <O.
From (3.25), we have
0 <o(a", T, +1) — G(27, T, )
<(1 = am, )o(z", Zm, )

O,
+ i, (a (2" X, 1) + 2(Ju — Jx* T, 11 — m*}) — (", ).

Mmn

That is

Om
(3.28) o(x* ) <—=(x", T, —1) + 2(Ju — Jx*, 20y, 41 — 7).

Mn

Hence, by condition (B5) and (3.27), we obtain ¢(z*, x,,,) — 0 as n — oo and Lemma
2.2 implies ||z,,, — 2*|| — 0 as n — oo. Consequently, ||z, — z*|| — 0 as n — oo.
Therefore, the sequence {z,} converges strongly to z* = Ilru. 0

4. APPLICATIONS

In this section, we present some theoretical applications of our main result.

4.1. Variational Inequalities Problem. Suppose we define the f in EP(C, f) (1.1),
by:
(Az,y —z), ifx,yeC,

400, otherwise,

(4.1) fz,y) = {
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where A : C' — E* is a strongly y-pseudomonotone mapping. Then EP(C, f) (1.1)
reduces to VIP(C, A), that is to find 2* € C such that

(4.2) (Az*,y —a*) >0, forallye C.

We denote the set of solution of (4.2) by Sol(C, A). Recall an operator A is said to
be strongly y-pseudomonotone, if there exists v > 0 such that for any z,y € C

(Az,y —x) > 0= (Ay,y — ) > 79(y, 7).

In this situation, Algorithm 3.4 when modified provides a new method for solving
variational inequality problems and fixed point problem for a quasi-¢-nonexpansive
mapping. We give the new method as follows.

Algorithm 4.1. (TRSSEM) for VIP(C, A)

Step 0. Choose the sequences {6, }, {a,,} and {v,} C (0, 1) satisfying Assumption
3.3, take 1, p € (0,1) and By > 0. For u € C, select initial points zy and x; in C. Set
n=1.

Step 1. For ¢ =1,2,...,m, and given the current iterate w,, construct the family
of half spaces

Chi={z€ E: hj(w,) + (h(wy,),z — w,) <0}

and set
C,=n",C".

Let w, := J Y(Jz, + 0,(Jx,_1 — Jx,)). Compute
(4.3) 2y = He, JH (Jw, — BuAw,),
where 3, is given by

: pllwn—znl| :
(4.4) By =40 {5”’ Tg(wn)—g(zn)]] } i g(wn) # g(zn),

B, otherwise.

Step 2. If w, = z, (w, € Sol(C, A)), then set w,, = y,, and go to Step 3. Otherwise,
compute the next iterate by

(4.5) yn = Ug, J ' (Jw, — BAz,),
where
Qn={w € E: (w — 25, Jw, — BpAw, — Jz,) < 0}
Step 3. Compute
(4.6) Tpi1 = J (1 = an)Ju+ an(1 — 7)) JYn + Vud Syn).

Step 4. Set n:=n + 1 and go to Step 1.
A convergence result for solving VIP(C,A) (4.2) is given below without proof.
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Theorem 4.2. Let C be a nonempty, closed and convex subset of a 2-uniformly
conver and uniformly smooth real Banach space E and h; : E — R be a family
of convex, weakly lower semicontinuous and Gateauz differentiable functions, for
1=1,2,...,m. Let A: C — E* be a strongly v-pseudomonotone operator that is
bounded on bounded sets, let S : E — E be a quasi-p-nonexpansive mapping such that
I'={Sol(C,A)NF(S)} # 0. Let {0,,}, {Bn} and {a,} be sequences in (0,1) satisfying
Assumption 3.3, then the sequence {x,} generated by Algorithm 4.1 converges strongly
to p = llpru, where Il is the projection of C' onto T'.

4.2. Fixed Point Problem (FPP). Given a closed set C' C E, a fixed point of a
mapping 7' : C' — (' is any point x* € C such that 2* = Tz*. Finding a fixed point
amounts to solving EP(C, f) with

flz,y) =(x —Tz,y—z), forallyeC.

In this case, we define the operator T'= I — A, where [ is the identity mapping on C
and A is the operator defined in Subsection 4.1. The method and result given in 4.1,
thus apply.

5. CONCLUSION

We considered an iterative approximation of a common solution of EP and FPP. We
introduced a totally relaxed self adaptive inertial subgradient extragradient method,
Mann and Halpern iterative technique for solving this problem in 2-uniformly convex
Banach space, which is also uniformly smooth. Our method uses a carefully selected
adaptive stepsize which does not depend on any Lipschitz-type condition neither does
it require the knowledge of the Lipschitz constant of the gradient of pseudomonotone
operator.
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