
Kragujevac Journal of Mathematics
Volume 50(6) (2026), Pages 1017–1025.

SOME GENERALIZATIONS INVOLVING THE POLAR
DERIVATIVE FOR AN INEQUALITY OF PAUL TURÁN

M. Y. MIR1, S. L. WALI1, AND W. M. SHAH1

Abstract. For a polynomial P (z) :=
∑n

j=0 ajzj of degree n having all zeros in
|z| ≤ 1, It is known:

|P ′(z)| ≥ 1
2

(
n + |an| − |a0|

|an| + |a0|

)
|P (z)|.

In this paper, besides the generalization of the above inequality, we extend some
well-known results to the polar derivative of a polynomial.

1. Introduction

For each positive integer n, let Pn denote the linear space of all polynomials P (z) :=∑n
j=0 ajz

j of degree at most n over the field C of complex numbers. If P ∈ Pn and P ′

be its derivative, then concerning the estimate of |P ′(z)| in terms of |P (z)| on |z| = 1,
Bernstein [2] proved the following:

(1.1) max
|z|=1

|P ′(z)| ≤ nmax
|z|=1

|P (z)|.

Equality holds in (1.1) only if P has all its zeros at the origin. It stands natural to ask
what happens to inequality (1.1), if we impose restrictions on the location of zeros
of P. In this connection, the following inequalities are the earliest belonging to this
domain of ideas, which have a clear impact on the subsequent work carried forward
since then.
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If P ∈ Pn has all zeros in |z| ≥ 1, then

(1.2) max
|z|=1

|P ′(z)| ≤ n

2 max
|z|=1

|P (z)|

and if P ∈ Pn has all zeros in |z| ≤ 1, then

(1.3) max
|z|=1

|P ′(z)| ≥ n

2 max
|z|=1

|P (z)|.

Inequality (1.2) was observed by Erdös and later verified by Lax [6], whereas inequality
(1.3) was established by Turán [10].

By involving the coefficients of the polynomial P (z), Dubinin [3] refined inequality
(1.3). More precisely, he proved:

If all the zeros of a polynomial P ∈ Pn lie in |z| ≤ 1, then

|P ′(z)| ≥ 1
2

n+ |an| − |a0|
|an| + |a0|

|P (z)|.

Various Turán-type inequalities have appeared in the literature wherein the underlying
polynomial is replaced by some more general class of functions and, the derivative of
the function by some operators which, in particular generalize the ordinary derivative.
Polar derivative of a polynomial with respect to a point α is one such operator for a
polynomial P (z) of degree n, denoted by DαP (z) and is defined as (for references see
[7]) DαP (z) = nP (z) + (α− z)P ′(z). It is to be observed that

lim
α→+∞

DαP (z)
α

= P ′(z).

Inequalities have been proved occasionally, which extend the ordinary derivative of
a complex polynomial to the polar derivative. In this paper, we prove some results
concerning the modulus of the polar derivative of a polynomial having all zeros
in |z| ≤ k, k ≥ 1. Our results generalize as well as sharpen some already known
inequalities of Turán type.

2. Lemmas

Lemma 2.1. If P (z) = zs(a0 + a1z + · · · + an−sz
n−s), 0 ≤ s < n, is a polynomial of

degree n ≥ 1 having all its zeros in |z| ≤ 1, then for P (z) ̸= 0, with |z| = 1, we have

(2.1) |P ′(z)| ≥ 1
2

n+ s+

√
|an−s| −

√
|a0|√

|an−s|

|P (z)|.

The above lemma follows from a result due to Govil and Kumar [5].
Next lemma is due to Frappier et al. [4].

Lemma 2.2. If P (z) is a polynomial of degree n ≥ 1, then for R ≥ 1
(2.2) max

|z|=R
|P (z)| ≤ Rn max

|z|=1
|P (z)| − (Rn −Rn−2)|P (0)|, if n > 1
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and
(2.3) max

|z|=R
|P (z)| ≤ Rmax

|z|=1
|P (z)| − (R − 1)|P (0)|, if n = 1.

Lemma 2.3. If P (z) is a polynomial of degree n having all its zeros in |z| ≤ k, k ≥ 1,
then for 0 ≤ l < 1

max
|z|=k

|P (z)| ≥ 2kn

1 + kn
max
|z|=1

|P (z)| − l

kn − 1
kn + 1

min
|z|=k

|P (z)|(2.4)

+ 2kn−1

1 + kn
|an−1|

kn − 1
n

− kn−2 − 1
n− 2

, if n > 2,

and

max
|z|=k

|P (z)| ≥ 2k2

1 + k2 max
|z|=1

|P (z)| − l

k2 − 1
k2 + 1

min
|z|=k

|P (z)|(2.5)

+ k(k − 1)2

1 + k2 |a1|, if n = 2.

The above lemma is due to Rather et al. [8].
We also need the following lemma which is a special case of a result due to Bern-

stein [1].

Lemma 2.4. Let P ∈ Pn has all zeros in |z| ≤ 1 and Q(z) = znP
(

1
z

)
. Then, for

|z| = 1
|Q′(z)| ≤ |P ′(z)|.

3. Main Results.

In this paper, we first prove the following result which is a generalization of a result
due to Rather et al. [9].

Theorem 3.1. If P ∈ Pn be such that all the zeros of P (z) = zs(a0 + a1z + · · · +
an−sz

n−s), 0 ≤ s < n, lie in |z| ≤ k, k ≥ 1, with a zero of multiplicity s, 0 ≤ s < n,
at origin, then for any complex number α, with |α| ≥ k

max
|z|=1

|DαP (z)| ≥ |α| − k

1 + kn−s

n+ s+

√
kn−s|an−s| −

√
|a0|√

kn−s|an−s|

max
|z|=1

|P (z)|

+ |an−s−1|(|α| − k)
k(1 + kn−s)

n+ s+

√
kn−s|an−s| −

√
|a0|√

kn−s|an−s|

ϕ(k)

+ ψ(k)|na0 + αa1|,(3.1)

where ϕ(k) =
(

kn−s−1
n−s

− kn−s−2−1
n−s−2

)
or (k−1)2

2 and ψ(k) =
(
1 − 1

k2

)
or
(
1 − 1

k

)
according

as n > 2 or n = 2.
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Proof. Since all zeros of P (z) lie in |z| ≤ k, k ≥ 1, with an s-fold zero at the origin,
therefore g(z) = P (kz) is a polynomial of degree n ≥ 1, having all zeros in |z| ≤ 1
with an s-fold zero at the origin. Applying Lemma 2.1 to g(z), we get

(3.2) |g′(z)| ≥ 1
2

n+ s+

√
kn−s|an−s| −

√
|a0|√

kn−s|an−s|

|g(z)|.

Also,

|Dαg(z)| = |ng(z) + (α− z)g′(z)| ≥ |α| · |g′(z)| − |ng(z) − zg′(z)|.

Since g(z) has all its zeros in |z| ≤ 1, therefore by using Lemma 2.4, it can be easily
shown that for |z| = 1

|g′(z)| ≥ |ng(z) − zg′(z)|.
This gives |Dαg(z)| ≥ (|α| − 1)|g′(z)|. Using (3.2), we get

(3.3) |Dαg(z)| ≥ |α| − 1
2

n+ s+

√
kn−s|an−s| −

√
|a0|√

kn−s|an−s|

|g(z)|.

Note that by hypothesis |α|/k ≥ 1, therefore on replacing g(z) by P (kz), we have

Dα/kP (kz) = nP (kz) +
(α
k

− z
)
kP ′(kz).

Hence, from (3.3), we get

(3.4) max
|z|=1

|Dα/kP (kz)| ≥ |α| − k

2k

n+ s+

√
kn−s|an−s| −

√
|a0|√

kn−s|an−s|

max
|z|=1

|P (kz)|.

Equivalently,

(3.5) max
|z|=k

|DαP (z)| ≥ |α| − k

2k

n+ s+

√
kn−s|an−s| −

√
|a0|√

kn−s|an−s|

max
|z|=k

|P (z)|.

Since P (z) = zsϕ(z), where ϕ(z) is a polynomial of degree n − s and DαP (z) has
degree n− 1, therefore using (2.2) of Lemma 2.2 for n > 2, R = k ≥ 1, we have

(3.6) max
|z|=k

|DαP (z)| ≤ kn−1 max
|z|=1

|DαP (z)| − (kn−1 − kn−3)|na0 + αa1|.

Now using (3.6) in (3.5), we get

kn−1 max
|z|=1

|DαP (z)| − (kn−1 − kn−3)|na0 + αa1|

≥|α| − k

2k

n+ s+

√
kn−s|an−s| −

√
|a0|√

kn−s|an−s|

max
|z|=k

|P (z)|.(3.7)
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Now using (2.4) of Lemma 2.3 for ϕ(z) with l = 0, we have

max
|z|=k

|ϕ(z)| ≥

 2kn−s

1 + kn−s
max
|z|=1

|ϕ(z)| + 2kn−s−1

1 + kn−s
|an−s−1|

kn−s − 1
n− s

− kn−s−2 − 1
n− s− 2

.
Since

max
|z|=k

|Dαϕ(z)| = 1
ks

max
|z|=1

|DαP (z)| and max
|z|=1

|Dαϕ(z)| = max
|z|=1

|DαP (z)|.

We get for n > 2,
(3.8)

max
|z|=k

|P (z)| ≥

 2kn

1 + kn−s
max
|z|=1

|P (z)| + 2kn−1

1 + kn−s
|an−s−1|

kn−s − 1
n− s

− kn−s−2 − 1
n− s− 2

.
Combining (3.8) and (3.7), we conclude that

max
|z|=1

|DαP (z)| ≥ |α| − k

1 + kn−s

n+ s+

√
kn−s|an−s| −

√
|a0|√

kn−s|an−s|

max
|z|=1

|P (z)|

+ |an−s−1|(|α| − k)
k(1 + kn−s)

n+ s+

√
kn−s|an−s| −

√
|a0|√

kn−s|an−s|

ϕ(k)

+ ψ(k)|na0 + αa1|,

where ϕ(k) =
(

kn−s−1
n−s

− kn−s−2−1
n−s−2

)
and ψ(k) =

(
1 − 1

k2

)
. This proves the result for

the case n > 2. The result for the case n = 2 can be obtained by using inequalities
(2.3) of Lemma 2.2 and (2.5) of Lemma 2.3. This completely proves Theorem 3.1. □

If we divide both sides of (3.1) by |α| and letting α → +∞, we get the following.

Corollary 3.1. If P ∈ Pn be such that all the zeros of P (z) = zs(a0 + a1z + · · · +
an−sz

n−s), 0 ≤ s < n, lie in |z| ≤ k, k ≥ 1, except a zero of multiplicity s, 0 ≤ s < n,
at the origin, then

max
|z|=1

|P ′(z)| ≥ 1
1 + kn−s

n+ s+

√
kn−s|an−s| −

√
|a0|√

kn−s|an−s|

max
|z|=1

|P (z)|

+ |an−s−1|
k(1 + kn−s)

n+ s+

√
kn−s|an−s| −

√
|a0|√

kn−s|an−s|

ϕ(k)

+ ψ(k)|a1|,(3.9)
where ϕ(k), ψ(k) are defined in Theorem 3.1.

Remark 3.1. For s = 0 Theorem 3.1 reduces to a result due to Rather et al. [9].

Remark 3.2. For k = 1, Corollary 3.1 reduces to inequality (2.1).

We next prove the following.
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Theorem 3.2. If P ∈ Pn be such that all the zeros of P (z) = zs(a0 + a1z + · · · +
an−sz

n−s), 0 ≤ s < n, lie in |z| ≤ k, k ≥ 1, with a zero of multiplicity s, 0 ≤ s < n,
at the origin, then for any complex number α with |α| ≥ k and for 0 ≤ l < 1, we have

max
|z|=1

|DαP (z)| ≥ |α| − k

kn(1 + kn−s)

n+ s+

√
kn−s|an−s| − lm−

√
|a0|√

kn−s|an−s| − lm


× (kn max

|z|=1
|P (z)| − lm) + n+ s

1 + kn−s

(|α| − k) max
|z|=1

|P (z)|

+
(

|α|
ks

+ 1
kn−1

)
lm

+ |α| − k

k(1 + kn−s) |an−s−1|

×

n+ s+

√
kn−s|an−s| − lm−

√
|a0|√

kn−s|an−s| − lm

ϕ(k) + |na0 + αa1|ψ(k),(3.10)

where m = min|z|=k |P (z)| and ϕ(k), ψ(k) are defined in Theorem 3.1.

Proof. By given hypothesis all zeros of P (z) lie in |z| ≤ k, k ≥ 1 with an s-fold zero at
the origin. Also, if at least one zero of P (z) lie on |z| = k, then m = min|z|=k |P (z)| = 0
and the result follows from Theorem 3.1. So we assume all zeros of P (z) lie in
|z| < k with s-fold zeros at the origin. Hence, in this case m > 0. Therefore,
f(z) = P (kz) has all zeros in |z| < 1 with m = min|z|=k |P (z)| = min|z|=1 |f(z)|.
Hence |f(z)| > m for |z| = 1. Therefore, by Rouche’s theorem for some complex δ
with |δ| < 1, F (z) = f(z) − δmzn has all zeros in |z| < 1 with s-fold zeros at the
origin. Using value of F (z) in (3.3), we get

|DαF (z)| ≥ |α| − 1
2

n+ s+

√
|kn−san−s − δm| −

√
|a0|√

|kn−san−s − δm|

|F (z)|.

Using the fact that T (x) = x−|a|
x+|a| is non-decreasing function of x and

|kn−san−s + δm| ≥ kn−s|an−s| − |δ|m ≥ 0,

we get

|DαF (z)| ≥ |α| − 1
2

n+ s+

√
kn−s|an−s| − |δ|m−

√
|a0|√

kn−s|an−s| − |δ|m

|F (z)|.

Equivalently,∣∣∣∣∣Dα/kf(z) − nmαδ

k
zn−1

∣∣∣∣∣ ≥|α| − k

2k

n+ s+

√
kn−s|an−s| − |δ|m−

√
|a0|√

kn−s|an−s| − |δ|m


× |f(z) − δmzn|.(3.11)
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Now, by simple deduction of Laguerre theorem [6, p. 52] on the polar derivative of a
polynomial that for any α with |α| ≥ k,

Dα/k(f(z) − δmzn) = Dα/kf(z) − nmαδ

k
zn−1

has all its zeros in |z| < 1. This implies |Dα/k(f(z)| ≥ nm|α||δ|
k

|z|n−1. Hence, we can
choose argument of δ suitably, so, that from (3.11) for |z| = 1

|Dα/kf(z)| − nm|α||δ|
k

≥|α| − k

2k

n+ s+

√
kn−s|an−s| − δm−

√
|a0|√

kn−s|an−s| − |δ|m


× (|f(z)| − |δm|).

Equivalently,

|Dα/kf(z)| ≥|α| − k

2k

n+ s+

√
kn−s|an−s| − |δ|m−

√
|a0|√

kn−s|an−s| − |δ|m

|f(z)|

− |α| − k

2k

n+ s+

√
kn−s|an−s| − |δ|m−

√
|a0|√

kn−s|an−s| − |δ|m

|δ|m

+ nm|α|δ|
k

.

Now replacing f(z) by P (kz) and proceeding as in the proof of Theorem 3.1, we get

max
|z|=k

|DαP (z)| ≥|α| − k

2k

n+ s+

√
kn−s|an−s| − |δ|m−

√
|a0|√

kn−s|an−s| − |δ|m

max
|z|=k

|P (z)|

− |α| − k

2k

n+ s+

√
kn−s|an−s| − |δ|m−

√
|a0|√

kn−s|an−s| − δm

|δ|m+ nm|α||δ|
k

.(3.12)

As in the proof of Theorem 3.1, P (z) = zsϕ(z) has all zeros in |z| ≤ k, k ≥ 1.
Therefore, from (2.2) of Lemma 2.2 and (2.4) of Lemma 2.3, with

max
|z|=k

|Dαϕ(z)| = 1
ks

max
|z|=1

|DαP (z)|, min
|z|=k

|Dαϕ(z)| = 1
ks

min
|z|=k

|DαP (z)|

and
max
|z|=1

|Dαϕ(z)| = max
|z|=1

|DαP (z)|,

we get from (3.12) by taking δ = l with n > 2,
kn max

|z|=1
|DαP (z)| − (kn − kn−2)|na0 + αa1|

≥|α| − k

2

n+ s+

√
kn−s|an−s| − lm−

√
|a0|√

kn−s|an−s| − lm

 2kn

1 + kn−s
max
|z|=1

|P (z)|
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+ l

kn−s − 1
kn−s + 1

min
|z|=k

|P (z)| + 2kn−1|an−s−1|
kn−s + 1

kn−s − 1
n− s

− kn−s−2 − 1
n− s− 2


− |α| − k

2 ·

√
kn−s|an−s| − lm−

√
|a0|√

kn−s|an−s| − lm
lm+ nml

2k (|α| + k)

+ slm

2k (k − |α|).

Thus on simplification, we get for 0 ≤ l < 1 and n > 2

max
|z|=1

|DαP (z)| ≥ |α| − k

kn(1 + kn−s)


√
kn−s|an−s| − lm−

√
|a0|√

kn−s|an−s| − lm


× (kn max

|z|=1
|P (z)| − lm)

+ n+ s

1 + kn−s

(|α| − k) max
|z|=1

|P (z)| +
(

|α|
ks

+ 1
kn−1

)
lm


+ |α| − k

k(1 + kn−s) |an−s−1|

n+ s+

√
kn−s|an−s| − lm−

√
|a0|√

kn−s|an−s| − lm


× ϕ(k) + |na0 + αa1|ψ(k) + slm

2k (k − |α|),

where ϕ(z) and ψ(z) are defined in the statement of Theorem 3.1. This proves the
theorem for case when n > 2. The result for n = 2 can be obtained by using (2.3) of
Lemma 2.2 and (2.5) of Lemma 2.3. This completely proves Theorem 3.2. □

If we divide both sides of (3.10) by |α| and letting α → +∞, we get the following.

Corollary 3.2. If P ∈ Pn be such that all the zeros of P (z) = zs(a0 + a1z + · · · +
an−sz

n−s), 0 ≤ s < n, lie in |z| ≤ k, k ≥ 1, with a zero of multiplicity s, 0 ≤ s < n,
at the origin, then for 0 ≤ l < 1

max
|z|=1

|P ′(z)| ≥ 1
kn(1 + kn−s)


√
kn−s|an−s| − lm−

√
|a0|√

kn−s|an−s| − lm


× (kn max

|z|=1
|P (z)| − lm) + n+ s

1 + kn−s

max
|z|=1

|P (z)| + 1
ks
lm

+ ψ(k)|a1|

+ kn−1|an−s−1|

n+ s+

√
kn−s|an−s| − lm−

√
|a0|√

kn−s|an−s| − lm

ϕ(k) − slm

2k ,(3.13)

where m = min|z|=k |P (z)| and ϕ(k), ψ(k) are defined in Theorem 3.1.

Remark 3.3. For s = 0, (3.10) reduces to a result due to Rather et al. [9].
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