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CONSTRUCTING SYMMETRIC EQUALITY ALGEBRAS

RAJAB ALI BORZOOEI', MONA AALY KOLOGANI?, MOHAMMAD ALI HASHEMI?,
AND ELAHE MOHAMMADZADEH?

ABSTRACT. In this paper, we introduce the notion of strong fuzzy filter on hyper
equality algebras and investigate some equivalence definitions of it. Then by using
this notion we constructed a symmetric equality algebra and define a special form of
classes. By using these, we define the concept of a fuzzy hyper congruence relation
on hyper equality algebra and we prove that the quotient is made by it is an equality
algebra. Also, by using a fuzzy equivalence relation on hyper equality, we introduce
a fuzzy hyper congruence relation and prove that this fuzzy hyper congruence is
regular and finally we prove that the quotient structure that is made by it is a
symmetric hyper equality algebra.

1. INTRODUCTION

The motivation for introducing equality algebras came from EQ-algebras which are
defined by Novak in [18]. In EQ-algebras, compared to equality algebras, there is
an additional operation ®, called product, which is very loosely related to the other
operations. Therefore, there might not exist deep algebraic characterizations of EQ-
algebras, and intention was to define a structure similar to EQ-algebras but without
the product. This new logical algebra, the equality algebra, has two connectives, a
meet operation and an equivalence, and a constant. Equality algebra is introduced by
Jeni [9], and since then many mathematicians have studied this algebraic structure
and it in various fields. For instance, Novak et al. in [18] introduced a closure operator
in the equality algebra class, and investigated that under what condition an equality
algebra is a BCK-algebra. Zebardast et al. in [23] investigated the relation among
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equality algebras and other logical algebra for instance, hoop, residuated lattice
and etc. Also, Zebardast et al. in [23] studied commutative equality algebras and
considered characterizations of commutative equality algebras. For more study we
suggest [5,7,8,16,22,23].

The hyper structure theory (called also multialgebra) was introduced in 1934 by F.
Marty [14] at the 8th congress of Scandinavian Mathematicians. Nowadays, hyper-
structures have a lot of applications in several domains of mathematics and computer
science. In [15] Mittas et al. applied the hyperstructures to lattices and introduced
the concepts of hyperlattice and superlattice. Many authors studied different aspects
of semihypergroups, Borzooei et al. exerted hyper structuers to logical algebras and
introduced some hyper logical algebras (see [1-4]). Hyper equality algebras are intro-
duced and studied in [6,12,19] and authors provided many basic properties of this
class of hyper algebras. Fuzzy type theory was developed by Novdk in [17] as a fuzzy
counterpart of the classical higher-order logic. Filters have momentous role in the
perusing logical deductive systems and logical algebraic systems. The notion of filters
on equality algebras is introduced by Jeni in [10]. Then some different kinds of filters
on equality algebras are defined and studied, see [5,22], for more details. Also, Zadeh
[21], the idea of the fuzzy sets have been used to other algebraic structures by many
mathematicians that we refer to [11,13]. Fuzzy filters on equality algebras are defined
recently in [20], where they have defined fuzzy congruences on equality algebras and
have showed that there is one-to-one correspondence between fuzzy filters and fuzzy
congruences.

In Section 2, we give some notions and statements of hyper equality algebras from [6]
and we recall some facts about fuzzy set theories. In Section 3, we defined the notion
of strong fuzzy filters on hyper equality algebras and investigate some properties of
strong fuzzy filters on these algebras. Section 4, we introduce the concept of fuzzy
hyper congruence on hyper equality algebras and we give a relation between strong
fuzzy filters and fuzzy hyper congruence on hyper equality algebras.

2. PRELIMINARIES

In this section, we present some of the main definitions and results of equality
algebras used in this paper.

Let O # £. Then a fuzzy subset of £ is ¢ : £ — [0, 1], where for t € [0, 1], the
set ¢ = {r € £ | <(r) = t} is said to be a level subset of ¢. We say ¢ satisfies the
sup-property if for every () # 8 C £ there exists i € 8, where ¢(i) = sup,es <(¢). The
set of all fuzzy subsets of £, is shown by F8(L). A function ¢ : £ x £ — [0, 1] is said
to be a fuzzy relation on £. Also, p on £ is said to be a fuzzy equivalence relation
if for every r,n € £L:

(i) (2, ¥) = Vipyeowco(n, 3) (fuzzy reflexive);
(i) olx.v) = o(y.1) (fuzzy symmetric);
(it}) o(r,1) = Vyes(or.3) 7 o(3.)) (fuzzy transitive).
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An equality algebra & = (€, A, 1) is an algebra of type (2,2,0) such that, for all
L, 0,3 € &, the following axioms are fulfilled:

(E1) (€,A,1) is a A-semilattice with top element 1;

@%rwn—owg

(E3) rvr=1;

@@xml—&
(E5) r Xy R jimpliesp g prjandr g po;

(€®r~an<(xAﬁ (hA3);

ETN X j3) - (hei)

From now, (€, A, 1) or € is an equality algebra.

Now, define two operations ~ (implication) and < (equivalence operation) on &
byt =t (£An) and g S 0= (r o)Ay~ ) (see [9)).

Let £ be a non-empty set. A function o : £L x L — P(L)* = P(£)\ {0} is a hyper
operation on L.

A hyper equality algebra £ = (L;, A, 1) is a non-empty set £ endowed with a
binary operation A, a hyper operation «~ and a top element 1 where for each ¢, 1,3 € £:

(HETL) (L, A, 1) is a meet-semilattice with top element 1;

(HE2) r vy Ky

(He3) Ler

@@®x€1wp

(HED) <jimpliesrwj<Kypwrjzandr-j3 <L
CHE@I*AU<K(FA3) (hA3);

(HENr <K (tv3)(he3), wherer X piff t Ay =rand 8§ << R is defined

by, for all ¢ € 8, there is y € R such that ¢ <X 9.
Notation. Throughout of this paper, we suppose £ = (L;«, A, 1) or £ is a hyper
equality algebra, unless otherwise stated (see [6]).

Define two operations, the implication and the equivalence on (£, A, 1) [6], such
that for any 1,y € £, we have

rp=r-(tAy) and rSH=>C~Y9A(Hr).
Proposition 2.1 ([6]). For all t,v,3 € £, the next results are equivalent:
(HEB) r Xy X3 impliesy ~j <Ky rjandy ~ 3 <KL,
(HEBa) r (xAYAG) K (EAD);
(HEB) r ~ (WA K.
Proposition 2.2 ([6]). For all t,n,3 € £ and §, R, T C L, we have:
(P1) r = n and v X ¢ imply x =y;
(P2)lernyr lernl, prwl, te€lnrandl er Sy
P rop<Krnypandr -y <Ky
(P4) ¢ —< t) zmplzes lerny;
(P5) ¢ X3 implies g ~r <Kz onandj ~r <Ky~ p;
(P6) zc<<<t)m; and 8§ KK R~ §;
(PT) x =<y impliesy nr<Kimnyandy i <K my;
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) 8 K R impliesT A8 KT ARandRNT KENT;
yr< Uzmplzesx<<<ljmx,

) )< (T y) vy

Jr g <K () (F )

Jr (WAs) K (XAg) .

Consider ) # G C £ such that, for all z,p € £, ifr € Gand ¢ < vy, then y € G.
Thus, for all z,n € G, G is called a

(WF) weak filter of Lifr € Gand v~y C G imply y € G;

(F) filter of L ifr € Gand § <« ¢ vy imply y € G;

(SF) strong filter of L ifxr € Gand (r -~ 9) NG # 0 imply y € G.
Clearly, if G is one of the above stated cases, then 1 € G. Also, any strong filter of £
is a (weak) filter but the converse is not true (see [6, Remark 1, Examples 10, 11]). £
is a symmetric if ¢ «~ ) = 1y v~ r, where = denotes the equality between subsets of L.
L is separated if for every r,n € £, 1 € t «~ y, then r = 1. £ is good if for each ¢ € £,
£= 1o (see [6). )

Assume 0 is an equivalence relation on £. For any 8, R C £, 8§R means, for any
i € 8, there exists h € R such that ifh and for any h € R there exists i € § such
that i6h, and SOR means, for any i € § and any b € R, i0h. Moreover, 6 is called a
congruence relation on £ if, for all ¢, 9, u,0 € £, rfy and ufo imply (r ~u) 0 (y «~ v)
and (rAu) 0 (nAv). Also, 0 is called a strong congruence relation if for all ¢, p,u,0 € £,

0y and ubv imply (r ~u) 6 (n ~v) and (r Au) 6 (h Av) (see [6, Definition 11]).

3. STRONG Fuzzy FILTERS OF HYPER EQUALITY ALGEBRAS

In this section, we define the notion of strong fuzzy filter on hyper equality algebras
and we characterize it. By using this notion we define a congruence relation on
hyper equality algebra and prove that the quotient that is made by this is an equality
algebra.

Definition 3.1. Let ¥ € ?S(L) Then ¥ is a strong fuzzy filter of £ if for all x,n € £
(FF1) 9(x) A (supieey¥(1)) Z 9(1);
(FF2) if r < p, then J(r) < J(p).

Note. For any §,R C L, the above relations are equivalent with the following

statements:

(FFL') (supies V(i) A (Supyes.x?(0)) < supyer V(h);
(FF2') If § << R, then supcg U(i) X supyeq 9(h).

Ezxample 3.1. (i) Assume £ = [0, 1]. For each ¢,y € £, we define the operations -~ and
Aon L by rAyp=min{r,n} and r -9y ={0,1—|r —y|}. Then £ = (L;~,A, 1) is a
hyper equality algebra. Define ¥ : £ — [0,1] by ¥(1) = 8 and for any ¢ < 1, J(r) = «
where 0 < a < f < 1. Then ¥ is a strong fuzzy filter of L.

(27) If £ ={0,i,1} such that 0 < i <1, then, for any r,y € £, define
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“~| 0 i 1
_ . 0| {1} {0,i} {0,i}
A = min{r, and . . ! ANE
£Ay = mineo} 09 (1) W
11{o,i} {o,i} {1}
Then £ = (L;, A, 1) is a hyper equality algebra. Suppose ¥ : £ — [0, 1] is defined
by 9(1) = 8 and 9(0) = J(i) = a, where 0 < a < < 1. Then ¥ is a strong fuzzy
filter of L.

Theorem 3.1. Consider 9 € F8(L). Then ¥ is a strong fuzzy filter of L which
satisfies the sup-property if and only if for all t € [0,1], Oy # 0 is a strong filter of L.

Proof. Suppose 9 is a strong fuzzy filter of £ and t € [0, 1] such that ¥ # 0. Then
r € ¥ Assume n € L such that r < p. Since ¢ is strong, by (FF2) we have
t < 9(xr) X J(y) and so y € J. Now, suppose for any y € L, (x «~ y) N # (). Thus,
there is 3 € (r «~ ) N Y where 9(3) > t. By (FF1), since 9(3) X sup,¢,.,0(3), we have

£ 9(@) AY() X 0(E) A (Sup,eey¥(3)) < 9():

Hence, y € 9. Therefore, ¥, is a strong filter of L.

Conversely, suppose ¢ € L. Clearly, r € Uy and so Vyq) # 0. If for y € £,
r X, from Yy is strong, then y € dyq). Thus, J(r) <X J(y) and so (FF2) holds.
Consider t;,t; € [0,1] and r,n € £ such that ¥(x) = t; and t; = sup;,.,¥(i). Suppose
s = min{t;, t,}. Since £ satisfies the sup-property, there exists 3 € ¢ «~ t such that
Y(3) = t2 and so s X 9¥(3). Thus, 3 € (r ~ n) NJ,. Since r € Jg, (x ~9) NVJs # 0 and
Js is a strong filter of £, we get 1y € 9. Hence,

I(@) A (supiey (1)) = 9(x) A9(3) = min{ty, o} = s < V(y).
Therefore, ¥ is a strong fuzzy filter of £. 0J

Ezample 3.2. Consider Example 3.1 (i) and let « = 0.3 and 8 = 0.7. Then ¥ is a
strong fuzzy filter of £ and 9, = {0,i,1} and ¥3 = {1}. Obviously, ¥s and 9, are
strong filters of L.

Theorem 3.2. Assume 9 € F&(L). Then, for each t,ny € L and §, R, T C L, the
following statements are equivalent:
(i) 9 is a strong fuzzy filter of L;

(i) 9(x) < 9(1) and 9(x) A (Supyeey?(3)) X 9(n);
(iii) if S <K R~ T, then for all x € S, there exists y € R and 3 € T such that

IE) AI() 20(G),  (Supies V(i) A (supgen 9(h)) 2 supeey 9(o).

Proof. (i)=-(ii) By (FF2) for any ¢ € £ since ¢ < 1, we have ¥(r) < 9J(1) and for any
redSandypeR

I(@) A (s1Dye00(3)) = (1) A (SUDyer iy P(3)) X D(x A D) L D).
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(ii)=(i) Suppose r,y € £ such that ¢ < . Then by Proposition 2.2 (P4), 1 € r ~v .
Since, for any r € £, J(r) X J(1), we have sup,c,,9(3) = ¥(1). Then by (ii) we have

I(x) = 9(@) A1) = 0(x) A (sup,e,,9(3)) Z V(b).
By (ii) and Proposition 2.2 (P3), for any g,y € £, we have

9(E) A (3upyeey?(3)) X 9(1) A (Supyey () < ().

Hence, 9 is a strong fuzzy filter of £.

(ii)=-(iii) Consider 8 <& R ~ T. Then, for any r € 8, there exists v € R ~ T such
that ¢ < v. Since v € R ~ T, there are h € R and 3 € T such that v € y ~ 3 and
SO r Ky 3. From p <y ~ 3, there exists v € ) ~ 3 such that ¢ < to. Then
Y(r) X ¥(tv), and so ¥(r) X Supye,~,U(10). Hence,

I(E) AD(9) Z (SUppey-,?(0)) A 0(y) < D(3).
Moreover,

SUDjes 19(1) < Supmenmg ﬁ(m) = SUPyeRrAT 19(0)
Then, by (FF1’) and (FF2'), we get

(31)  (supies V(i) A (suppeg V(h)) X (SuPpey; (1)) A (supyeq 9(h))
= (Supyeg~g ¥(0)) A (SupheR 19(5))

(Supneazm RAT) 19(0)) A (Suphefk ﬁ(h))

= (SupuefR/\‘I Iu ) = sup,cg U(0).

(iii)=-(ii) Since for any ¢ € £, ¢ < 1 by Proposition 2.2 (P9), r << 1 «~ r. Then
by Proposition 2.2 (P3), t <K 1 «~ ¢t << ¢ ~ 1. Now, by (iii) for all ¢ € £,
I(r) = 9x) A9 (x) X 9(1). Also, since, for any r,9 € L, ¢ ~ h & ¢ ~ b, by (iii)
(indeed by (3.1)), we have (SUP;,emn 19(5)) AI(x) X 9(p). O

Ezample 3.3. Consider Example 3.1 (i) and let « = 0.3 and 8 = 0.7. Then ¥ is a
strong fuzzy filter of £. Clearly, Theorem 3.2 holds. For instance, 9(0) = 9(i) < 9(1)
and

U(0) A (Sup;,eomﬁ(é)) =9(0) A (SUpgeom(oxi):mo:{l}19(3)) = 9(0) AJ(1) X D(0).

Assume ¥ € F§(L). For any 8 C £, we define a map @® : £ — [0,1] by @®(x) =
SUp, s, U(3), forany r € £. In partlcular, @"(xr) = sup,e,., ¥(3) and for any 8, R C £,
@®(R) = supgeg @°(r) = sup,cs.q V(3). I forall € £, w'(3) X @’(3), then we denote
it by @w* < @".

Proposition 3.1. Suppose 9 is a strong fuzzy filter of L. If forx,n € L, @t = @,
then 9(r) = 9(v).
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Proof. Let @' = @, for r,y € £. Then by Proposition 3.2 (i), sup,c,..,¥(3) = @(n) =
9(1). From 9 is strong, ¥(x),9(y) < I(1) and 9(x) A (Supery?(3)) X ¥(y). Thus,
I(r) = J(x) AI(1) X J(y). Similarly, J(y) < J(r). Hence, Jd(r) = J(). O

Ezample 3.4. Let L = {0,1,h,1} be a set. Define the operation A and « on £ as
follows:

- | 0 i h 1 A0 ih 1
0 1y {1y {1} {o,i} 00 0 0O
il {1 {1} {1} iy, ilo io0 i
b{p, 1} {i,1} {1} {b,1} b0 O b b
1) {o.ip  {i}  {pt {1} 1|0 i b1

Define ¢ on £ by J(0) = J(a) = J(h) = a and J(1) = 3, where 0 < o < § < 1.
Clearly, @' = @°, then 9(i) = 9(0). But the converse may not be true, since

9(i) = 9(h) but
a=19(i) = w'(1) # @"(1) = sup{d(h), ¥(1)} = I(1) = 3.

Proposition 3.2. Consider v is a strong fuzzy filter of L. Then for all x,n,u,0 € £
and 8, R C L, we have:
i) w w" if and only if w*(y) = V¥(1);
ii) ws = w@® if and only if @ (R) = I(1);
(iil) of w* =9, then ¥(xr) = I(1);
(iv) ifx X'y, then J(r) X @"(r);
v) if wt = w" and w* = w" then w"™ = @™, " = @ and @'V = @"°;
(Vi) ifpru=uwy andt)mnznmlj, then wt™ = @,

Proof. (i) Suppose @' = w". Then for all 3 € £, @w*(3) = @"(3). Consider y = 3. Then
DH(y) = (1) = Supyeyy V(3). By (HE3), 1 € y 1y and s0 sup,ey_, 9(3) = (1),
Hence, @®(n) = 9(1).

Conversely, assume that for each 1,y € £, w'(y) = ¥(1). By (HE2) and (HET),
forall ;9,3 € Lt vy K (v~ 3) (93 (3~ (r~3) Then
for any i € ¢ « v, there exists h € (§ «~ 3) «~ (r «~ 3) such that i < h. Since
¥ is a strong fuzzy filter of £, by (FF2), for any i € ¢ «~ 9, J(i) < 9(h) and so

@' (1) = SuPigy V(i) X I(h) R SUPye(yng)n(oy) V(h). Then
@(3) A (9) = @) A (SuPiey (1)) Z (SUDueyy V() A (UPpe(ygyoirsy) P(H))
= SUDyeyry ¥(0) = w@'(3).
Since for all ¢,y € £, @w®(y) = ¥(1), by above relation, we have
@'(3) = @"(3) A1) = @"(3) At (n) < @' ().
This shows that @"” < w®. By the similar way, we have w* < w". Hence, w* = w".
(ii) Similar to (i).
(iii) Suppose w* = ¥. Then for any y € £, w'(y) = sup2EMJ ¥(3) = 9(y). Let r =1.
Since by (HE3), 1 € x v r, we get I(x) = @*(x) = sup,e,. ¥(3) = (1)
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(iv) Assume r,ny € £ where ¢ < y. By Proposition 2.2 (P9), r << y «~ . Then there
is i € § « ¢ such that ¢ < i. Since ¥ is strong, by (FF2) we have

J(r) X 9(1) = SUDjcyr 9(1) = @ (x).
(v) If @* = @’ and w" = @", then by (i), @ (y) = J¥(1) = @"(v). By (HET),
oKL () (pou), oK (Uuwp) (o).

Thus, for any i € ¢ «~ v, there exists h € (r «~ u) «~ (y v u) such that i < . From ¢ is
strong, by (FF2) we have 9¥(i) < J(h) and so

19(1> = W;(U) = SUDjgpo 19(1) < ﬁ(b) < SUDpe (ru)(hou) ﬂ(h)

Hence, @w*™(y «~ u) = ¥(1). Now, by (i), we have @w*™* = w"*. Similarly, w
@ ™. Moreover, by (HE6),r 9y << (rAu) -~ (pAu)andu o <K (UAY) «~ (b AY).
Then for any i € ¢ v~ y there is h € (rAu) « (y Au) such that i < h. Since ¥ is strong,
by (FF2), we have J(i) < 9(h) and so

J(1) = @'(9) = supiepyy V(i) X 9(h) R SUPye (ru)yrn) V(H)-

Hence, @*"(h A u) = 9(1). Now, by (i), we have ™ = ",
(vi) Similar to (v). O

uny

Corollary 3.1. Let L = (L;, A, 1) be symmetric and 9 be a strong Juzzy filter of L.
If for all x,n,u,0 € £, @w* = @w” and " = @°, then w*™ = @’ and @' = @w"°.

Note. Consider ¥ is a strong fuzzy filter of £ and
L/w={z”|8C L}

For any w®, @™ € £ /w, we consider the operations = and A on £/w as follow:

J N SAR

where § «» R = Uicsperi ~hand SAR = {iAb | i€ 8,h e R}. Also, we consider
w! = w*. Now, we prove that these operations are well-defined. Assume @®, @w®, @w” €
L/w such that @w® = @®. Then by Proposition 3.2 (i), @®(R) = ¥(1), and so
SUP,esx Y(a) =J(1). At first we prove w=w? = w*=w’. For this, by Proposition
3.2 (ii), we show @ 7(R «~ T) = w(1). By definition, for any o € § «~ R, there
exists i € § and h € R such that a« € i «~ h. By (HET), for any o € T, we get
inh< (ivo) e (hwo) So, for any a € i b, there exists § € (i 0) v (h o)
such that o < . Since 9 is strong, we have J(a) < J(f), and so sup,es.x V() X 9(B).
Then

wSMT(IR ~T) = SUD; e (8T)(RAT) J(3) = V(B) = sup,esx V(o) = 9(1).

Hence, @w® 7(R «~ T) = 9(1). By Proposition 3.2 (ii), @’ = o*=w’.

Now, we prove that w®Aw’ = w®Aw”. For this, by Proposition 3.2 (ii), we show
@ (RAT) = w(l). By definition, for any a € 8§ «~» R, there exists i € § and h € R
such that « € i «~ . By (HEG), for any 0 € T, we have i «» h << (iA0) « (h A o).

and @AY =@
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So for any o € i -« b, there exists f € (1A 0) « (h A 0) such that o < 5. Since ¥ is
strong, we obtain J(a) < J(5), and so sup,cs..x V() < 9(B). Then

@ (RAT) = SUpye (a7 V(3) = 9(B) = suPaesq () = 9(1).

Hence, @*7(R A T) = 9(1). By Proposition 3.2 (ii), @*Aw” = @*Aw”. Therefore,
these operations are well-defined.

Now, suppose 8, R C £. Then the relation <, on £ /@ by @® <, @™ if and only if
for any T C £, @w®(T) X @w®(7), is an order on £/w. By routine calculation, it is easy
to see that @® < w™® if and only if w3Aw™ = w® if and only if @® = @®* if and only
if @%(8 AR) =¥(1) (by Proposition 3.2 (ii)) if and only if supycs_(szy ¥(h) = 9(1) if
and only if supgcsx ¥(h) = 9(1).

Theorem 3.3. Let £ i<L; w, A, 1) be symmetric and 9 be a strong fuzzy filter of L.
Then L£/w = (L /w; =, A, @) is a symmetric equality algebra.

Proof. We prove that = and A are well-defined. Clearly, (£/w, <) is a poset. Now,
we show that £/w = (£ /w; =, A, w?) is an equality algebra.

We have to prove that for any 8 C £, w® %, w*®. For this, suppose R C £. Then
@w*(R) = sup,ecq 9(3). Since L v R = Ugeg perd v b and R C £, we get

165”U€Ugeﬁ,hemgmh25“%

Then w@*(R) = 9¥(1). Moreover, since for any 3 € § «~ R, 9(3) < 9(1), we obtain
@w®(R) = sup,es.x ¥(3) X 9(1) = w*(R). Hence for any R C £, w®(R) X w*(R), and
so w® X wr.

(€2) Since £ is symmetric, for all x,n € L, r v~y =1« ¢. Consider 8§, R C L. Then

SR = UieS,he:Ri - h - UheR,iesh ~i=RS.

Then w¥=w® = 3R = whS = =S,

(€3) Assume 8§ C L. Then for any i € 8§ we have

161mi€(iv‘i)mi€UgeLi,hES(.

Then w*5(L) = SUPie(sg)-¢ V(i) = ¥(1). Hence, by Proposition 3.2 (ii), w8 = wt.
Therefore, w¥>w® = w*.

(€4) Similar to (€3), suppose 8 C L. Then for any i € 8§ we have
lelwice (imi)wiEUgeL i7(]68(9\/%)vw[j:(LmS)mS.

Then @w*"%(8) = supic(g..s)..s ¥(i) = ¥(1). Hence, by Proposition 3.2 (i), w*"® = @°.

Therefore, w*>w® = w®.

(€5) Let 8, R, T C L such that @w® <, w® X, @w”’. Then

o8 = DSA® = B, T — R AT — ot
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Suppose r € 8§ «~ R. Then there exist i € S and hh € R where ¢ € i «~ . By Proposition
2.2 (P3),1iv h <« i b, then there exists § € i ~ b such that ¢ < py. Since

imbeUieSheRimh:SmiR,

we get for any r € § «~ R, there exists n € 8§ ~ R such that r < vy. Hence,
§ R & 8§ ~ R. By using this method, Proposition 3.2 (iv) and Proposition 2.2
(P12), we can prove that

TABAR) < (TAR) AR=(TAR) ~ (SARAT).

Then
257 — ST = R T — G (ARAT _ T (SAR)
& TR o S(TARIAS . (TAR)A(SARAT)
— TRy (SARRT) _ R 8 RS _ _8oR
Hence, w¥>w” < wd=w®. Again, since w** = w®, similar to the above proof, by

Propositions 3.2 (iv), 2.2 (P3) and 2.1 (HE5b), we have

ST S T (SR T (SARST _ _T(RAS)
TA(RAS TAR
Koy @) T
— o TORR) _ T (RAT) _ T R ReT
Hence, w¥>w’ <, wlt=w?.

(€6) For all §, R, T C L, we have § » R < (S8AT) v (RAT). Becauseifr € § «~ R,
then there exist i € § and h € R such that r € i «~ h. Thus for any 0 € T, by
(HE6), n € (ino0) «~ (hAo)such that r < y. Hence for any r € § -~ R, there exists
ne(SAT) A~ (RAT) such that r < . Then, for any 8§, R, T C L, we have

SR — SR < oA ARAT) . SAT . RAT _ (wsfwTr) = (wﬂsz:r) '
(E7) Similar to the proof of (€6), for any 8, R, T C L, by (HET),
S RK(§AT) A~ (RAT).
Then
Peo® = SR < o TDARAT) . _(8T) = S (RAT) (wsﬁwa) = (wﬂa?w‘I) ‘
Therefore, £/w is an equality algebra. 0

In Theorem 3.3, the condition symmetric is essential, because we need it for (€5)
and in the absence of this assumption the axiom (£5) does not hold.

Ezxample 3.5. Let £ = {0,0,i,h,1} be a set with the following operations:
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~1 0 0 i b1 Al0 o i B 1
0[{i} {0} {0} {0}y {0f 0]/0 00 0 0
ol {0} {0,1} {0,p} {0,i} {o} 0/0 o 0o 0 o
i| {0} {o,p} {i,1} {0,0} {i}> 1|0 o i o i’
h {0} {0,i} {0,0} {1} {b} H|0 o o b b

{or  {or {i} {p} {1} 1[0 o i b 1

Define ¥ on £ by 9(0) = ¥(0) X 9(i),J(h) < J(1). By routine calculation, we have
L/w={x’, @°, @', @" w'} which is a symmetric equality algebra.

Theorem 3.4. Let L = (L;~, A, 1) be symmetric such that for any r,v,35 € £,
(twon) wnzg=(qxw3) (3 and I be a strong fuzzy filter of L. Then there
exists a strong fuzzy filter € on L/w such that € o™ = 09, where 7 is the canonical
epimorphism.

Proof. Define € : £/w — [0,1], for any 8 C £, by €(w®) = sup,., @w®(3). First we
prove that e is well defined. Assume 8§, R C £ such that @® = w®. Then for any
3€ L, @8(3) = @(5). Thus,

e(w’) = supye @°(5) = supse; @ (3) = e(@™).

Since for any i € £, 1 € i « i, we have @*(i) = sup,cc.i ¥(3) = 9¥(1). Suppose 8 C L.
Then

(3.2) E(WL) = SUPicg " (i) = supie; SUP;epi U(3) = supie, 9(1) = 9(1)

(3.3) = SUpyeg SUPpesy V(B) = supye, @°(y) = €(=°).

Since for any r,9,53 € £, (t «~“ 9) v« 3 = (r «~ 3) v~ (h « 3), obviously, for any
§,R, T C L, we have (§ ~ R) « T = (8§ « T) «~ (R~ T). Moreover, from 9 is a
strong fuzzy filter of £, by (F'F'1") we have

e(@™) = supye; @ (0) = sUPyes (SUpheﬂzwn )
= SUPyeg ((SupteSmn (Suphe(smf‘ Je““)19<b)>)
= SUDyeg ((suptegwn (suphe seR)0l )))

= SUDyes (ws(u) A wsmm<u))
= (supneL w3(0)> A (Supv€L wsmm(b)) = ¢(@®) A e(w
= e(@") A e(@w =w™).

Hence, for any 8,R C £,

(3.4) (@) = e(w’) A e(w'mw).

Thus, by (3.2), (3.4) and Theorem 3.2, we have € is a strong fuzzy filter of £/w.
Consider 8 C £. Define 9(8) = sup,cg ¥(3). Since £ is symmetric, by Proposition 2.2
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(P6), we get

o m(8) =e(w®) = sup,p (3) = Supcc SUPycs.y V)
=SUDP,cg SUDPye,s V(D) & supieg V(i) = 9(8). O

4. Fuzzy HYPER CONGRUENCE RELATION

In this section, we introduce the notion of a fuzzy regular relation on hyper equality
algebras and then we give some results related to quotient hyper equality algebras.

Definition 4.1. Let €2 be an equivalence relation on £. Then €2 is called a regular
relation on £, if (r v~ )1 and (y « r)Q1 imply Q.

Ezample 4.1. According to Example 3.1 (i), define

Q= {(O’ 0)7 (i7 i)v (i7 0)7 (Ov i)? (17 1>}

Then € is a regular relation on L.

Definition 4.2. Consider p is a fuzzy equivalence relation on £. Then we say o is a
fuzzy hyper congruence relation on £ if for all r,1,3 € £

or,0) 2V o503 and ofry) 2V ok As9A3),

3l
where
(4'1) Q(? IR 3) = SUDPigrs,hen—; Q(ia b)

The fuzzy hyper congruence relation o on £ is called a fuzzy regular relation on £, if
for any r,n € £

(4.2) o(x,n) = min {\/ ot ~ v,1),\/ o(n ~ 1, 1)}

Proposition 4.1. Assume g is a fuzzy reqular relation on L. Then for any t € [0,1],
ot # 0 is a reqular relation on L.

Proof. First, we prove that for any t € [0, 1], o, is an equivalence relation on £. Since
0¢ is a non-empty set, there exist 1,3 € £ such that o(y,3) = t. Then for all r € £

0(8) = V| o eenc0®:3) = o(n,3) = t

Hence, g is a fuzzy reflexive on £. Let roy. Then o(x,n) = t. From p is regular, we
have o(n,1) = o(x,n) = t, and so nor. Hence, g is symmetric. Now, suppose roy and
noi.- Then o(r,n) = t and o(n,3) = t. Since g is a fuzzy regular relation on £, we
have

o(r,3) =V, (e(x.0) A o(9.3) = ox,9) Aoy, 3) =t

Hence, o(r,3) = t and so ro3. Thus, g is transitive. Therefore, p; is an equivalence
relation on L.
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Now, we prove that g is regular. For this, suppose r,n € £ where (r «~ y)o1 and
(h « r)oil. Then there exists i € ¢ «» gy and h € y « ¢ such that igl and hol,
respectively. Thus, o(i,1) = t and o(h, 1) >= t. Hence,

o) = min {\/ o(x = ,1),\/ oy ~ r, 1)} &= min {o(i, 1), o(h, 1)} =t

Therefore, g is a regular relation on £. U

Proposition 4.2. Consider ¢ is a fuzzy relation on £ which satisfies the sup-property.
If for each t € [0,1], oy # 0 is a regular relation on L, then o is a fuzzy reqular relation
on L.

Proof. Suppose t = V(, yyesxe 0(1,0). By assumption g is a fuzzy relation on £ which
satisfies the sup-property, then there exists (u,v) € £ x £ such that t = p(u,v). Since
t € [0,1], we get ug, and so gy # (). Reflexivity of g implies that for all r € £,
(r,r) € or. Thus for all x € £, o(x,z) = t. Then, for any ¢ € £,

omr) X\ o(n,3) =t o).
(9,3)€LXL

Hence, g is a fuzzy reflexive relation on £. Now, since g # (), suppose (z,9) € g, and
by symmetry property, we have oi(xr,n) = oi(y,r) and so o(z,y) > t and o(y,xr) > t.
Then for any r,9 € £, we get that

o)XV olu0)=t=o(y1).
(u,0)eL XL

Similarly, o(n,r) < o(x, ). Then g is a fuzzy symmetric relation on £. By a similar
argument, it is easy to see that p is a fuzzy transitive relation on £. Thus g is a fuzzy
equivalent relation on £. Now, we show that ¢ is a fuzzy regular relation on £. Let
r,p e L and

t=min{\/ox ~9,1),\ o ~r, 1)}
Since o satisfies the sup-property, there exist i € r «~» yp and h € y «~ ¢ such that
t =2 Vol ~9,1) = o(i,1) and t X Vo(y «~ r,1) = o(h,1). Thus, (i,1),(h,1) € o
Moreover, since o satisfies the sup-property, by (4.1) we have
o(x ~ 9, 1) = sup,,e,y 0(m, 1) = o(i,1) = t and
o(h ~r,1) =sup_¢,, 0(—,1) = 0(h,1) > t.

Hence, (r «~ 9,1),(y v~ 1,1) € g. By our assumption, g is a regular relation on £,
then (r,n) € or. Thus for any ¢,y € £, we get that

o(x,9) = t=min {\/ o(x -~ v, 1), \/ oy~ x, 1)}

Therefore, p is a fuzzy regular relation on £. ([l

Corollary 4.1. Consider o is a fuzzy relation on £ such that satisfies the sup-property.
Then o is a fuzzy reqular relation on L iff, for allt € [0,1], or # 0 is a reqular relation
on L.
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Proof. By Propositions 4.1 and 4.2, the proof is clear. O

By the following result, we show a relation between strong fuzzy filters on hyper
equality algebras and fuzzy hyper congruence relation that is made by them.

Theorem 4.1. Assume 9 is a strong fuzzy filter on L. Then for any r,vy € L, relation
0:L x L —10,1] which is defined by

0(&,9) = (SUDueyy V(1)) A (SuPyeyg ¥(0))
is a fuzzy hyper congruence relation on L.

Proof. Clearly, p is reflexive and symmetry. We show that o is a fuzzy transitive
relation on £. For this by Proposition 2.2 (P11), for all r,n,3 € £, t ~ h K (h
3) ~ (r ~ 3). Since ¥ is a strong fuzzy filter of £, by Theorem 3.2 (iii), we have

(4.3) (SUDyey P (W) A (SuDyeyy V(0)) = SUPeyy D(10).
Then for any r, 1,3 € £, we get
V (e(x.3) 7 o(3,1))

;€L

= \/ Ksuplamé 1)) A (SuPhezmx 79(())) A (SUPue;,m) ﬂ(u)) A (supuenmz 19(0))}

;€L

S ({3 20) 2 (i 960) 7 (e 90) 5 (01, 96)]

;€L
=< (Supoe;mn 19(0)) A (Squenmx ﬁ(m)) (by (4.3)),
=o(z, 1)

Thus o is a fuzzy transitive relation on £. Hence, o is a fuzzy equivalence relation
on L. Now, we investigate the condition of Definition 3.1. By Proposition 2.2 (P9),
for any r,n € £

EAD R <Y (zcm))—omc
Then there exists 3 € § ~ ¢ such that t Ap <y < 3. By (HEH) we have
(4.4) EAD) 3 <Ky
Thus,

fA = (EA) (by (3ET))

K (rv3)« ((xAy)—3) (by Proposition 2.2(P3))
KL (w3~ ((xAy)—3) (by (4.4) and Proposition 2.2(P8))
KL (r3) v (n-y)

Hence, by (FF2) for any 3 € y ~ ¢, we have

(4.5) SUPyeqry D(1) = SUDye (g gy D(0)-
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By the similar way, for any 3 € r ~ 1, we get

(46) Supienm; 19(‘) < Suphe(\)m;,)m(;m;j) ﬁ(h)
Then by (4.5) and (4.6), for all r, 1,3 € £, we have
0(&,9) = (SUDueyy V(W) A (sUpigy - 9(0))
=< (SUPUG(V@)N(UW@) 79(0)) A (SUpbé(Uwa)m(wz) 19({)))
=\ Ksupveuwz)m(nmz) 79(0)) A (SuphE(nwz,)m(xwz) 19(6))]

;€L
=V ot~31n-3)

;€L

Moreover, we have
ry=r-(Ay) (by (HEE))

& (xn3)~ (xAyA3)  (by Proposition 2.2 (P3))

KL (zA3) ~(xAyA3)  (by Proposition 2.2 (P7))
(4.7) K (£A3) (D A3).
Similarly, for all ¢, 1,3 € £, we have
(4.8) P <Az~ (EA3)

Then by (4.7), (4.8) and (FF2), for all r, 1,3 € £, we get that

o(x,n) = (SuPue;mg 19(11)) A (SUPienmx ﬂ(i))
< (SuPne(;xg)m(nxz,) 19(0)> A (SuPhe(nKz)m(us) 190]))
=0(rt A3, A3)

Hence, p is a fuzzy hyper congruence relation on L. 0

Let ¢ be a fuzzy hyper congruence relation on £, we define the fuzzy subset 9¢ :
L —[0,1] by ¥2(n) = o(n,x) for all y € L.

Lemma 4.1. Consider ¢ is a fuzzy hyper congruence relation on L. Then for all
5y €L, 98 =92 iff o(r,n) = Vsser 0(5, ).

Proof. Suppose r,9 € £ such that ¥¢ = J§. Since g is a fuzzy reflexive relation, we
have

Ipx) = 02(x) = o(t,1) =V, ., 0ls,b).
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Conversely, assume ¢, ) € £ such that o(x,9) = Vsee 0(s,t). Then by fuzzy symmetric
and fuzzy transitive relations defined on g, for all 3 € £, we get

Ue(3) = 0(3,1) = o(z, 3)
= Ve (0(29) A o(v.3)) = o(x.0) A o, 3)

= (\/s,teﬁ g(s,t)) Ao(9,3) = o(n,3) = 0(3,1)
= 92(3).

By replacing ¢ by v throughout the above statements, we get ¥2(3) < 9¥¢(3). Hence,
Y2 = 2. O
r v

Theorem 4.2. Consider L = (L; A, 1) is symmetric and o be a fuzzy hyper con-
gruence relation on L, satisfies the sup-property. Define % = {195 |t € L}. Then

% = <%; “o Kg,ﬁ§> is symmetric, where the operations «~, and A, are defined on %

as follows:

=

U o Uf =08, = {023 €}, VAR08 =V5,
¢ R, 05 & 07 A, U7 =9,
and for any 8, R C %, 8§ &, R if and only if for alli € 8, there exists h € R such

that ¥¢ <, 199.

Proof. Let t,n,5,t € £, ¥¢ = 92 and ¥¢ = ¥{. Then by Lemma 4.1, o(x, 1) = o(s,t) =
Vuves 01, 0). Set \/weL Q(u U) m. Then by Proposition 4.1, g, is a regular relation
on £ and since o(x,n) = o(s,t) = m, we have ro,y and sp,t. Moreover, since g is a
fuzzy regular relation on £ such that satisfies the sup-property and for any 3 € £,

3 =1, we get o(x,3) < o(r,1) and so
o(r,n) = o(r,1) A o(1,9) = \/5@(9(&5) Ao(3,1))-

Moreover, since g is a fuzzy relation on £, we have o(t,t) =V, yer 0(u,v) = m. Also,
from £ is symmetric, by (4.2), Proposition 2.2(P9) and (HET), we have

ot -ty t) Emin{\o(t)~ (o)1), Vot (k-t),1)]

len{\/Q(?mUal 7\/Q U‘“‘Ll }:\/Q ?“071)

=o(r,1) Ao(l,y) = o(x, ) = m.
Then ¢ « tonh « t. Similarly, y « to,h «~ s. Since o, is a regular relation on £,
we get (r « 5)om(n ~ t).  Suppose V¢ € ¢ «, ¥¢. Then there is ' € ¢ «» s such
that ¥ = ¥¢. Thus, 30m'. On the other hand, (r v s)om(y ~ t), so there exists
y € 1y« t such that t'o,y'. Also, since oy, is transitive, and by Proposition 4.1 is an
equivalence relation on £, we have 30,". Then by Lemma 4.1, we get 9¢ = 19§,. This
shows that ¢ = 195’, € VU8 v¢. Thus V¢, 92 C U8 Y{. Similarly, we obtain
(U v¢ C ¢ v, V2. Hence, v, is well-defined. Easily, A, is well-defined, too. Now,
we show that % = <L 0s Moy U1 > is a hyper equality algebra
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(HEL) Clearly, 9 is the top element and < ; Ao, V1) is a meet-semilattice.
(HE2) For all r,n € L, since L is symmetrlc we have
(4.9) Vo U3 = V7 ) Rp V3 = V3, V2.

IV‘U ot

(HE3) Assume ¢ € L. Since 1 € ¢ « ¢, we have
e {5 errt =0,

Thus, ¥§ € 92, = 92 v, V2.

(3€€4) Simmilar to (HE3), since for any r € 1 «~ r, we have ¥¢ € ¥y = V1 v, Uy

(HEB) Suppose 1,9,5 € L such that ¢ <, 92 X, ¥9. Since ¢ X, 92, we have
V¢ N ¥¢ = 92 and so V5, = ¥¢. By Lemma 4.1, o(x A9, 1) = Ve 0(s,t) = m. Thus
(x A t))gm; Slnce L is symmetric, by Proposition 2.2(P9), we get t << ¢ « 3 and
rAy Ry <Ky Thenm=o(r,rAn) X o(r 3,9~ 3), and so (r ~ 3)om(n « 3).
Consider ¥¢ € 9¢_,. Then there exists a € ¢ -~ 3 such that ¥¢ = 9¢. Thus ygna. Since
(r v 3)om(n v 3), there exists 5 € y « 3 such that Sona. From g, has transitivity, we
get YomB. Thus, o(8,7) = m =V, o(s,t). Hence, 92 = 93 and so 92 = 95 € 9¢_..
So ﬁfmj =, 195’%3. The proof of other case is similar.

(HEG) For all r, 9,3 € £, we have p v~ ) << (£A3) «~ (WA3). Then, for any r, 9,3 € £,
we have

U e U5 = Uiy 20 Uiz )~ (073) — Urrs 2o Vory = (195 : 199) Te (195)’ N 1939) '

xmn (x73 3

(HET) For all t,1,3 € £, we obtain ¢ «» ) < (£« 3) v (y -~ 3). Then
V2, 08 =02 R, 0° =02, g V2, = (02 g 12) g (92, 02) .

vy 2 Vlreg)(np) 9y
Thus, the above facts and (4.9) show that % is a symmetric hyper equality algebra.
0

5. CONCLUSIONS AND FUTURE WORKS

In this paper, the notion of strong fuzzy filter on hyper equality algebras is intro-
duced and some equivalence definitions of it are investigated. Then by using this
notion, a symmetric equality algebra is constructed and defined a special form of
classes. By using these, the concept of a fuzzy hyper congruence relation on hyper
equality algebra is defined and prove that the quotient is made by it is an equality
algebra. Also, by using a fuzzy equivalence relation on hyper equality, a fuzzy hyper
congruence relation is introduced and proved that this fuzzy hyper congruence is regu-
lar. Finally, it is proved that the quotient structure that is made by it is a symmetric
hyper equality algebra.

For future work, we can define different kinds of fuzzy ideal on hyper equality
algebras and investigate properties of them and study about fuzzy hyper congruence
relation on hyper equality algebra and the quotient structure that is made by it.
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