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OPTIMIZING CHANCE CONSTRAINT MULTIPLE-OBJECTIVE
FRACTIONAL MATHEMATICAL PROGRAMMING PROBLEM
INVOLVING DEPENDENT RANDOM VARIABLE

BERHANU BELAY! AND SRIKUMAR ACHARYA?

ABSTRACT. This manuscript suggests a methodology to solve chance constraint
multiple-objective linear fractional mathematical programming problem in which
the parameters are dependent random variables to each other. The proposed problem
is formulated by taking few of the parameters as continuous dependent random vari-
ables. The proposed model cannot be solved directly by using existing methodology.
Thus in order to solve the proposed model, an equivalent deterministic model is de-
rived. The procedure to solve the proposed model is accomplished in two main steps.
Initially, the proposed multiple-objective chance constraint linear fractional mathe-
matical problem is transformed to deterministic equivalent multiple-objective linear
fractional mathematical programming by the help of chance constrained method. In
the second step, multiple-objective functions, which consist of fractional functions
is solved by using lexicographic programming approach. Finally, an example is
mentioned to illustrate the methodology.

1. INTRODUCTION

Nowadays, in real world problems, many decision making problems have multiple
and conflicting objectives. The mathematical programming problem involving more
than one objective functions that are conflicting in nature is known as multiple-
objective programming problem. If the objective functions are ratio of affine functions,
the problem is called multiple-objective linear fractional mathematical programming
problem.
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In a multiple-objective linear fractional programming problem, the optimal solution
for one single objective need not be an optimal solution for the other single objective
function. As a result, another solution which is called compromise solution must be
needed to optimize all objective functions. A solution is said to be efficient solution, in
the event that it cannot improve one objective function without degrading their per-
formance in one of the other objective functions. There exist several methodologies to
find efficient solution of multiple-objective fractional programming problem. Some of
the methods seen in the literature are: J. S. Kornbluth and R. E. Steuer [11] proposed
simplex based method to get weakly efficient solutions for multi-objective fractional
programming problem. Luhandjula, [13] solved multi-objective fractional program-
ming problem using a fuzzy programming approach. Dutta et al. [8] solved a special
type of programming problem having identical denominators using variable transfor-
mation method. By applying techniques used in [6] for suitable transformation, M.
Chakraborty and S. Gupta [3] solved multi-objective fractional programming problem
based on set theoretic approach. Jain [9] proposed Gauss elimination method to solve
multi-objective linear fractional programming problem. Porchelvi et al. [14] presented
a method to find efficient solution of multi objective fractional programming problem
with the help of complementary method proposed by Dheyab [7] by transforming
fractional programming problem into equivalent programming problem. Tantawy
[16] presented a feasible direction method for multi-objective fractional programming
problem, where the denominators are identical functions.

In real world problems, the data of mathematical programming problem may not
be known with certainty. If the uncertainty occurs due to randomness, then the
programming problem is called stochastic programming problem. In this case, some
or all of the data of the programming problem can be characterized with random
variables following known distributions. There are two techniques that are used to
solve stochastic mathematical programming problems. Namely, chance constraint and
two stage mathematical programming. Our objective in this manuscript is to study
the chance constraint mathematical programming problem. Chance constraint math-
ematical programming is one of the method used to solve mathematical programming
problem at which the restrictions have fixed probability of violation. In this case the
randomness can be shown either within the coefficient of objective functions, with in
the constraint coefficients, within the right hand side parameters or in combination
of constraint coefficients, objective function, and right hand side parameters.

In this manuscript, the randomness occurs only in the left side of the constraints.
The difficulty of chance constraint programming problem is handling the chance
constraints.

To handle these constraints some researchers obtained the deterministic equivalent
of the problem with the concept of probability distribution function. Charnes and
Cooper [5] presented the deterministic equivalence of chance constraint programming
problem that includes independent normal random variables. Lingaraj and Wolfe [12]
obtained the deterministic equivalence of chance constraint programming problem
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where the random variable follow gamma distribution. Knott [10] presented chance
constraint mathematical programming by considering the parameters within the right
side of limitations as uniform random variables. Biswal et al. [2] solved single ob-
jective probabilistic linear programming problem by considering few parameters as
exponential random variables. Sahoo and Biswal [15] presented chance constraint
programming problem where the random variables within the joint constraint have
both normal and log normal distribution. Charles et al. [4] proposed chance constraint
programming by considering the parameters within the right side of limitations having
generalized continuous distribution. In spite of the fact that a few approaches are
presented to obtain the deterministic equivalence of chance constraint programming
problem including independent random variables, any method is not mentioned to find
the deterministic equivalence of chance constraint programming problem including
dependent random variables. i.e two random variables are called dependent random
variable, if the probability of events associated with one random variable influence
the distribution of probabilities of the other variable.

Chance constraint programming problem can be applied to the programming prob-
lem where the fractional objective functions are multiple, non commensurable and
conflicting each other. In this case, there is no single solution that optimizes all frac-
tional objective functions. The solutions of multiple-objective fractional programming
problem are known as compromise solution or efficient solution. In multiple-objective
fractional programming problem, decision makers need the satisfaction of criteria
instead of optimizing the objective function. However, such type of problems are
more complex when the parameters are uncertain. Recently Acharya et al. [1] solved
multi-objective chance constraint fractional programming problems involving two
parameters independent Cauchy random variables.

In this manuscript, an attempt has been made to get the lexicographic optimal so-
lution of chance constraint multiple-objective linear fractional mathematical program-
ming problem involving dependent normal random variable where the randomness
occurs only in the constraint coefficient.

Multiple-objective chance constraint linear fractional programming is a special class
of multiple-objective stochastic linear fractional programming problem.

This manuscript has been organized within six sections including the references.
The first section states about the brief introduction of programming problem. The
second section states the mathematical model of multiple-objective fractional program-
ming problem. Section 3 presents the transformation strategy of multiple-objective
chance constraint linear fractional programming problem into its deterministic equiv-
alent. Section 4 states the solution procedure of multiple-objective chance constraint
linear fractional programming problem. In Section 5 numerical example is given to
demonstrate the proposed method. The final section presents the conclusion of the
paper followed by references.
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2. MATHEMATICAL MODEL

The general multiple-objective fractional programming problem can be stated as:

. Ni(X)
2.1 AR
(2.1) max / min : Zj De(X)
subject to
(2.2) S ajri(<, >, =), i=1,2,...,m,
j=1
(2.3) z; >0, j=12,...,n

where the functions N, (X) and Dy (X) are continuous real valued functions defined
from R™ — R, the constraint functions can be linear or non linear functions, and the
variable X is n-dimensional vector.

If Z,, are the objective functions which are defined on a compact set, then the
point 2° is compromise solution for the given problem, if and only if 2° optimizes
each objective function Z;. The compromise solutions exist if the feasible space is
non-empty and compact as well as the functions Nj(X) and Dy(X) are continuous
functions and the denominator is different from zero.

If Np(X) and Dy(X) are affine functions, the programming problem given by
(2.1)—(2.3) is called multiple-objective linear fractional programming problem. If the
parameters of multiple-objective linear fractional programming problem are uncertain
due to randomness, then the given programming problem is called multiple-objective
chance constraint linear fractional programming problem.

A multiple-objective chance constraint linear fractional programming problem is
expressed as:

Np(X =
(2.4) max : Zy = K ):Jnl , k=12,... K,
Di(X) 5~ dya; + dok
7=1
subject to
(2.5) (Zaw%gb>2 i 1=1,2....m,
7j=1
(2.6) 0<a; <1, i=12,...,m,
(2.7) z; >0, 7=12,...,n
where

n n
Z Cr; T + Cok and Z dkjl'j + dOk,
-1 j=1
are linear functions of x;, ¢z, di; € R", a;; € R™*", co, and doy, are scalars, P indicates
probability, a; represents aspiration level for i-th constraint.
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3. TRANSFORMATION TECHNIQUE

In order to understand the transformation of multiple-objective chance constraints
linear fractional programming problem into its deterministic equivalent, we focus on
the following two cases.

Case 1. Let’s consider the following multiple-objective chance constraint linear
fractional programming problem with two decision variables z; and xs.

Nk(X) - Cr11 + Cpao + Ck0o

3.1 min / max : 2 = = , k=1,2,..., K,
( ) / k Dk(X) dk1$1 + deLEQ + dkO

subject to

(32) P(Gﬂfﬂl “+ Q229 S bl) 2 (07N 1= 1,2, e,y

(3.3) 0<o; <1, i=1,2,...,m,

(3.4) r1,x2>0, j=1,2,...,n,

where cp121 + crpas + cro and dyx1 + dpoxs + dig are linear functions of x; and o,
Ck1ly -+ Ck2y - - - Cko, dkla"'7dk27'--adk0 € R.

The mathematical programming problem (3.1)—(3.4) is equivalent to the mathe-
matical programming problem given by:

Nk(X) _ Cp1T1 + CraZo + Cro
Dip(X)  dpxy + dyowo + dio’

(3.5) min / max : Zy = k=1,2,..., K,

subject to

(36) E(aﬂwl + Gigﬂﬁg) S bl — k/@i \/Var(ailxl + CLiQiL‘Q), 7 = 1, 2, e, M,
(3.7) 0<a; <1, i=1,2,...,m,
(38) 1'1,513220, j:1,2,...,n.

The equivalence of the two mathematical programming problems is proven by the
existence of one to one function. In this case, the normal probability density function
is used as a one to one function.
Let  be a normal random variable, then probability density function is expressed
by:
1 _ew?

f(x):U 27Te 202 . 0>0,—00 < u < o0.

In (3.6) assume that the coefficients a;; and a5 are dependent random variables having
normal distribution with variance o and mean pu. Let’s assume the i-th constraint in
the chance constraint given in (3.2)

(39) P(ailxl + ;9T S bz) Z Q5.
Let g be the random variable defined as ¢ = a;121 + @022, then (3.9) is expressed by
(3.10) P(qg < b;) > a.
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Since ¢ is a linear combination of normally distributed random variables, then it is
a normal distributed random variable. Consequently the chance constraint given in
(3.10) can be expressed as

(3.11) ( EW) b — Blg )
\/ Var(q ,/Var

where E(¢) and Var(q) are mean and variance of the random variable ¢ and %(‘(1))
ar(q

is a standard normal random variable.
The equation (3.11) can be written using cumulative distribution function

1 b;—E(q) R
— Vi _2dz>az, wherez:iq (Q),

V2 Joo Var(q)

and

(3.12) ¢(Q_M®)2au
Var(q)

where ¢(+) stands to standard normal random variable having p = 0 and o = 1.
Assume that kg, indicates the value of random variable with ¢ = 0 and o = 1 fulfilling
@(ks,) = «a, at that point the constraint (3.12) is expressed as

b; — E(q)
3.13 0 > o(ks,),
( ) ( ar(q)) = ( 52)

since ¢ continuous, the inequality (3.13) is satisfied only if

LE(Q) > kg,
Var(q)
or
(3.14) E(q) < b; — kg,1/Var(q) < 0.

Substituting ¢ = a1 + a;rs in (3.14), we have

(315) E(aﬂxl + az‘gl‘g) S bz — kﬁz \/V&I’(aill'l + aigl’g).

Substituting (3.15) in (3.2), the deterministic equivalent of the mathematical pro-
gramming problem (3.1)—(3.4) is expressed as

Nk(X> _ Cr11 -+ Cr2X2 + Ck0o
Dk(X) dklilfl + dkgl‘g + dko’

(3.16) max : Z = k=1,2,..., K,
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subject to

(317) E(ai1$1 + CLQIQ) S bl — ]{352 \/V&I'(Cl,ﬂﬂjl + CLQSL’Q), 1= 1, 2, oo, Mm,
(3.18) 0<o; <1, i=12....m,

(3.19) T1,29 >0, j=12...,n

because a;; and a;2 are dependent random variables, then Var(a;;x1 + a;2x9) is calcu-
lated as

(320) Var(ailxl + CLZQQZ’Q) = XHtX,

where X = (z1,22) and H is 2 X 2 covariance matrix which is defined as:

I ( Var(a;) Cov(a;, a;2) ) ‘

Cov(aig, ail) Var(al-g)

Case 2. In this case, the multiple-objective chance constraint linear fractional pro-
gramming with n decision variables is expressed as:

ick'x'-FCOk
Ni(X =
(3.21) min / max : Zj, = at ):jl , k=1,2,... K,

Zl dkj.Q?j + dgk
]:

subject to

(3.22) P (Z aijz; < bi) >aq; 1=1,2,...,m,
j=1

(3.23) 0<o; <1, i=1,2,...,m,

(3.24) ;>0 j=1,2,...,n

Assume that a;; are dependent normal random variables having n decision variables,
then the chance constraint (3.22) is given by

i=1
Let ¢ is a random variable defined as ¢ = >, a;;2; —b;. Following the same procedure
as case 1 above, the deterministic equivalent of the chance constraint programming
problem is given by

(326) E (Z aijxj) S bl — kﬂz Var (Z aij:cj) s
j=1

J=1
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substituting (3.26) in (3.22), the deterministic equivalent of the mathematical pro-
gramming problem (3.21)—(3.24) is expressed by:

Zi:l Ckj T “+ Cok
(3.27) min /max : Zp = = . k=1,2,... K,

'21 dkjl’j + dOk
]:

subject to

(328) E (Z CLZ'j.Ij) < bz - k‘gi Var (Z CLZ'jIj> R 1= 1, 2, e,y
j=1

j=1
(3.29) z; >0, j=12,...,n

Since a;; are dependent random variables then Var(q) is calculated as follows
(3.30) Var(q) = Var(a;1@1 + aip®a + aigxs + - + ainxy), 1=1,2,...,m,

using the property of variance for the sum of dependent random variables we have
Var(a;1m1 + a2 + ai3T3 + - - + aipr,) = X HT X, where H is n X n covariance matrix
which is expressed by

Var(a;) Cov(as,ain) -+ Cov(a,aim)
H COV(aiQ, ail) Var(al-g) e COV(QZ'Q, am)
Cov(ain, ai1) Cov(ai,,ain) --- Var(a;,)

4. SOLUTION PROCEDURE

Since the mathematical programming problem given in (2.4)—(2.7) involves uncer-
tain parameters and several linear fractional objectives, it is difficult to discover the
lexicographic optimal solution directly. To find the lexicographic optimal solution
of the given multiple-objective chance constraint fractional programming problem,
first convert the multiple-objective chance constraint linear fractional mathematical
programming to deterministic equivalent multiple-objective linear fractional mathe-
matical programming. Then lexicography approach is applied to get the lexicographic
solution of the deterministic multiple-objective linear fractional programming problem.

We use the lexicographic ordering approach instead of general partial ordering
since it is a special case of general partial ordering approach. In this case, when
the lexicographic order has been imposed upon a set of objective functions, then all
elements of the objective function will be comparable to one under the ordering where
as partial orders are generated by a cone. In lexicography preferences are imposed by
ordering the objective functions according to their importance rather than assigning
weights. In this case, to solve single objective fractional programming problem, we
used complementary method which is proposed by A. N. Dheyab [7]. The method
is applied to change fractional mathematical model into equivalent mathematical
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model which is free from fractional functions. The idea is, to maximize fractional
objective function, the numerator must be maximized and the denominator must
be minimized. To do this, the fractional objective functions must be realized by
subtracting the denominator function from the numerator function. The resulting
objective function is maximized subject to given constraint. This shows that the
single objective fractional mathematical programming is changed to single objective
mathematical programming. Finally, the single objective programming problem is
solved by a suitable strategy or existing software.

The basic steps of the methods of multiple-objective chance constraint linear frac-
tional programming problem are given below.

Step 1. Transform the multiple-objective chance constraint linear fractional pro-
gramming problem into deterministic equivalent multiple-objective linear fractional
programming problem as mentioned in Section 3.

Step 2. From the objective function (minimization problem) take & = 1. The first
minimum value of N;(z) and the maximum value of D;(z).

Step 3. Formulate a mathematical programming problem as minz7(z) together
with the original constraints, where Zy(x) = Nj(z) — Di(x). This is because to
make the linear fractional programming problem minimum, the numerator must be as
minimum as possible, while the denominator must be as greater as possible, i.e., let
the numerator is denoted by min Ny (z) and the denominator is denoted by max D, (x).
Then the denominator max D;(x) is converted to min D, (x) by multiplying both sides
by negative sign. Therefore, the new linear programming problem becomes min Z =
min N, (z) —min Dy (z) as stated in [7]. This can be written as min Z = Ny(x) — Dy (z).
This is done by putting the variable of numerator linear on the opposite signal with
code ey, it is added to the simplex method table in the line (m + 1) where as setting
the variable of denominator linear to its opposite signal with code es, it is add to the
simplex method table in the line m + 2, where the the bounds of the mathematical
model for m is from numbers and the target linear problem is based on the following
code,i.e., Z = Niey — Dyey, where Nj is the value of the numerator after compensated
the result of the value of x and D, is the value of the denominator after compensated
the result of the value of x. Taking e; = ey, we got Z = N7 — D;. Then the resulting
problem is solved by methods of single objective programming or existing software.

Step 4. Apply the same procedure for the second objective function Z,(z) = gzg;
In this case, the minimization of earlier objective function min z3(z) is considered as
an other constraint in addition to the original constraints.

Step 5. Once more the same strategy is applied for the third objective function and
the resulting single objective programming problem is optimized subject to the previ-
ous objective function min Z3(z) as constraint together with the original constraint.

Step 6. The method is continued until all the objective functions could be optimized.

then the value of Z; is taken as the

objective function is expressed as Z;(x) =
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The algorithm terminates once a unique optimum is determined. This means that
if we have n objective functions, then we do have n! sequence of objective functions.
This shows that n! possible lexicographic optimal solutions can be obtained from
the given problem. Hence the algorithm terminates if all possible sequential ordered
functions are optimized.

The values of the objective functions is obtained by substituting the lexicographic
solution to the original objective functions.

5. NUMERICAL EXAMPLE

Consider the following multiple-objective chance constrained linear fractional math-
ematical programming where the constraint coefficient of the left hand restrictions
follow dependent normal random variables.

8]31 + 141‘2
5.1 = —">
( ) max 41 21:1 —|—4.§L’2 )

—16 9

(5.2) max Zy = Tt T ,

—61’1 + 5.132 + 3
subject to
(53) P((IHZL’I —+ aj9x9 S 30) Z 085,
(54) P(a21x1 “+ Q999 S 40) 2 095,
(5.5) z; >0, j=1,2

where a1, a12, as1, age are random variables that follow dependent normal distribution
with known parameters E(ay1) = 2, F(ai2) =4, E(a) = 1, E(ay) = 2, Var(ay;) =
16, Var(ajs) = 25, Var(ag;) = 49, Var(as) = 36, Cov(ai1, a12) = 10, Cov(ag, ) =
14.

Now, using equation the problem given in (3.27)—(3.29) the deterministic equivalent
of the problem given in (5.1)—(5.5) is expressed as:

8[L‘1 + 14ZE2
5.6 li=———
(5.6) max 2 2x1 + 4wy
—16x1 4+ 925
5.7 Ty =
(5.7) O G 150+ 3
subject to

(5.8) E(a1121 + a1222) < by — kg 41,
(5.9) Var(ajz1 + apze) — y% =0,
(5.10) E(ag1@1 + agews) <40 — kg,ys <0,
(5.11) Var(agi 1 + asa) — y3 =0,
(5.12) T1, T2, Y1, 42 = 0.
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Using the property of mean and variance of dependent random variables we have:

(513) E(anxl + Glgl’g) = E(an)xl -+ E(alg).’ﬁQ
and
. Var(an) COV(au,alg) ] _$1_
Var(ay1x1 + ajo22) = { Ty T2 } _ Cov(ara, aiy) Var(ars) | |22 )

similarly, the variance of the second constraint is given by

Var(agl) COV((lQl,CL22> ] -5(71-

Var(azw: + aztz) = { T Tz } Cov(ass, as) Var(ass) Tal| '

Substituting all the values of the given data in the problem (5.6)—(5.12), we have the
following deterministic multiple-objective linear fractional programming problems.

8%1 + 141’2
5.14 Zy=— =
( ) max 21 21’1 + 4.’,132 + 2,
—16!131 + 9[[’2
5.15 7y =
( ) max 2s —6[)31 + 51‘2 — 37
subject to
(5.16) 221 + 425 < 30 — 1.034y,,
(5.17) (1627 + 202125 + 2513) — yi = 0,
(5.18) Loy + 2x9 < 40 — 1.645ys,
(5.19) (4927 + 287175 + 3673) — y5 = 0,
(520) L1, T2,Y1, Y2 > 0.

The deterministic programming problem given in (5.14)—(5.20) is multiple-objective
nonlinear fractional programming problem. Using the above method, we can get the

lexicographic solution of the given mathematical problem.

Now, consider the first objective function max Z; = % and separate this

function into two functions namely, numerator and denominator. Using the procedure
in step 2, we have to formulate single objective programming problem together with
the given constraints which is stated by (5.21)—(5.26) as follows

(5.21) max Z; = (811 + 14xy) — (221 + 4wy + 2) = 621 + 1025 — 2,
subject to

( ) 211 + 4xo < 30 — 1.034y,
(5.23) (1627 + 20z125 + 2513) — yi = 0,
(5.24) Loy 4 225 < 40 — 1.645ys,
(5.25) (4927 + 287175 + 3673) — y5 = 0,
(5.26) T1, T2, Y1, Y2 = 0.



250 B. BELAY AND S. ACHARYA

Solving this nonlinear programming problem using LINGO software, we obtain the
following optimal solutions: x; = 1.113499, x, = 2.725417, y; = 16.31657, yo =
20.32563, with maximum value Z; = 31.93516.

Next, we consider the second objective function Z, = %. According to the
above procedure given in step 4, we formulate the non linear programming problem
as:

_ —16x1 + 929
5.27 Loy = =-10 4 3
( ) max 2o 6, + 52— 3 r1 + 4T9 + 3,
subject to
5.28 21 + 4wy < 30 — 1.034y4,

)

) (1627 + 202125 + 2513) — yi = 0,
5.30) 1oy + 229 < 40 — 1.645ys,

) (4923 + 28129 + 3623) — y5 = 0,

) 6x; + 10z, = 33.93516,

) T1, %2, Y1, Y2 = 0.

Here 627 + 10z, > 33.93516 is included in the constraint. Solving the nonlinear
programming problem given in (5.27)—(5.33), we obtain the following lexicographic
optimal solution: x; = 1.113499, x5 = 2.725417, y; = 16.31657, yo, = 20.32563, with
maximum value Z; = 2.766681.

Therefore, a lexicographic solution by above multiple-objective chance constraint

fractional programming problem is xz; = 1.113499, x, = 2.725417, with max Z; =
AT.06383 o 7 G.T12769
17.854083 1 2 = 3.946091°

In any multiple-objective programming problem, there exist a number of good lexi-

cographic solutions. These lexicographic solutions are equally acceptable. Choosing
the lexicographic solution depends on the situation that decision makers prefer. The
preference of decision maker depends on different conditions like budget, row material,
resource, time limit etc. Therefore, having more lexicographic solution to multiple-
objective programming problem is necessary for decision makers to select the best
solution among the given alternatives which satisfies their need and capacity. Hence,
we need to search more lexicographic solution for the above programming problem.
So, applying the above procedure given in section 4, first choose the second objective
function and optimizing subject to the given constraints, we have an optimal solution
r1 = 0.0000, x5 = 3.271538, y; = 16.35769, 1y, = 19.62923, with maximum value
Zy = 16.08615.

Next, optimizing the first objective function Z; subject to the original constraint
including Z, = —10z; — 4z, > 14.19455, obtain lexicographic optimal solution z; =
0.2538795, x5 = 3.156236, y; = 16.31267, y, = 19.60155, with maximum value
Z, = 31.08564. Substituting these values to the original objective function gives to
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the lexicographic solution which is given by z; = 0.2538795, zo, = 3.156236, with

_ 46.2183 _ 24.2183
max Z1 = {gs5g035> MAX Z2 = 77557003

Finally, the two lexicographic solutions are given in Table 1.

TABLE 1. Lexicographic solutions

T X2 Zl ZQ(X)

1113400 2725417 70685 — G712760
0.2538795 3.156236 ot HIYRES

18.288939  11.257903

6. CONCLUSION

Multiple-objective chance constraint linear fractional programming are solved by
considering the coefficient of constraints as random variables following dependent
normal distribution. We consider that other data of the model are deterministic.
The formulated programming problem is converted to its deterministic equivalent
programming problem using the concept of cumulative probability distribution for
dependent random variables using the concepts of covariance. The resulting multiple-
objective fractional programming is solved by using lexicography method which is
prior method. Alternative lexicographic solutions are obtained using the proposed
method. The problem can be extended to the same programming problems involving
other dependent random variables.
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