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APPLICATIONS OF FRACTIONAL DERIVATIVE ON A
DIFFERENTIAL SUBORDINATIONS AND SUPERORDINATORS
FOR ANALYTIC FUNCTIONS ASSOCIATED WITH
DIFFERENTIAL OPERATOR

ABBAS KAREEM WANAS! AND MASLINA DARUS?

ABSTRACT. The purpose of this paper is to derive subordination and superordi-
nation results involving fractional derivative of differential operator for analytic
functions in the open unit disk. These results are applied to obtain sandwich results.
Our results extend corresponding previously known results.

1. INTRODUCTION AND PRELIMINARIES

Let H = H(U) denote the class of analytic functions in the open unit disk U =
{z€ C:|z| <1}. For a € C and n € N, let H [a,n| be the subclass of H consisting
of functions of the form:

f(z)=a+anz"+apq 2"+, acC.

Also, let A be the subclass of H consisting of functions of the form:
(1.1) f(2) =24 ap2”.
k=2

Let f,g € H. The function f is said to be subordinate to g, or g is said to be
superordinate to f, if there exists a Schwarz function w analytic in U with w (0) = 0
and |w(z)| <1, z € U, such that f(z) = g(w(z)). This subordination is denoted by
f<gor f(z) < g(2), z € U. It is well known that, if the function g is univalent
in U, then f < ¢ if and only if f(0) = ¢(0) and f(U) C g(U). Let p,h € H and
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P(r,s,t;2) : C3 x U — C. If p and ¥ (p(2), 2p/(2), 2*p"(2); 2) are univalent functions
in U and if p satisfies the second-order differentlal superordination

(1.2) h(z) < ¥(p(2), 20 (2), 2°D" (2); 2),
then p is called a solution of the differential superordination (1.2). An analytic function
q is called a subordinate of (1.2), if ¢ < p for all p satisfying (1.2). An univalent
subordinat ¢ that satisfies ¢ < ¢ for all the subordinants ¢ of (1.2) is called the best
subordinant.

Miller and Mocanu [6] obtained conditions on the functions h, ¢ and ¢ for which
the following implication holds:

h(z) < ¥(p(2), 20 (2), 2°D"(2); 2) = a(2) < p(2).

Ali et al. [1] have used the results of Bulboaca [3] to obtain sufficient conditions for
certain normalized analytic functions to satisfy

2f'(2)
f(2)
where ¢; and ¢, are given univalent functions in U with ¢;(0) = ¢2(0) = 1.

Also, Tuneski [16] obtain sufficient condition for starlikeness of f € A in terms of

the quantity £ (';c(/z(g)(;) Shanmugam et al. [14], Goyal et al. [4], Wanas [17, 18] and

(z) < < q2(2),

Attiya and Yassen [2] have obtained sandwich results for certain classes of analytic
functions.

Definition 1.1 ([9]). For f € A the operator I, ,; is defined by I} ,;: A — A,
L, 0af (2) =My, 0a(2) x R f(2), z€U,

where

[T+ A+ X)) (k=) +d]™
My =
Niageal?) =2 F kz:; 1+ Xa(k—1))+d o

and R"f(z) denotes the Ruscheweyh derivative operator [10] given by
R'f(z) =2+ C(n,k)az",
k=2

where C'(n, k) = %,n,meNgzNU{O},A22A120,€20and€+d>0.

If f given by (1.1), then we easily find that
o > T(k+n) [0+ N+ )E=-1)+d]"
e — 2+
Wharal (2) = 24 2 [y [ A+ xk—1)+d | ™
Definition 1.2 ([15]). The fractional derivative of order 4, 0 < § < 1, of a function

f is defined by
_ 1 d o )
Dif(e) = r(1 —5)dz/o (z —t)° d,
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where the function f is analytic in a simply-connected region of the z-plane containing
the origin and the multiplicity of (z — ¢)7° is removed by requiring log(z — t) to be
real, when Re(z —t) > 0.

From Definition 1.1 and Definition 1.2, we have

L & KD(n + k
(1.3) DL af (2) = (21_5)2 ‘5+k2:?2p<k_5(+5r<31+1>

1+ M+ X)) (k=) +d™ s
l 01+ Xk —1)) +d =

It follows from (1.3) that
(1.4)
Oz (DI, 0 af (2)) =10+ (k= 1)) +d] DELSE) 4 f(2)
— [0+ Qalk = 1) = (1= 0)M) +d] DIS, paf (2)-
In order to prove our results, we make use of the following known results.

Definition 1.3 ([5]). Denote by @ the set of all functions f that are analytic and
injective on U\ E(f), where

B() = {¢e o tim 7(z) = o
and are such that f'(¢) # 0 for ¢ € OU\E(f).

Lemma 1.1 ([5]). Let q be univalent in the unit disk U and let 6 and ¢ be analytic in
a domain D containing q(U), with ¢(w) # 0 when w € q(U). Set Q(z) = z¢'(2)p(q(2))
and h(z) = 0(q(2)) + Q(2). Suppose that

(1) Q(z) is starlike univalent in U;
(2) Re{Zh(Z)} >0 forzeU.

If p is analytic in U, with p(0) = ¢(0), p(U) C D and
(1.5) 0(p(2)) + 20" (2)6(p(2)) < 0(a(2)) + zq'(z)d(a(2)),
then p < q and q is the best dominant of (1.5).

Lemma 1.2 ([6]). Let q be a convex univalent function in U and let o« € C, B € C\{0},

with
Re {1 + Zs,éz))} > max {0, _Re <g>} .

If p is analytic in U and

(1.6) ap(z) + Bzp/(2) < aq(z) + B2 (2),
then p < q and q 1is the best dominant of (1.6).




382 A. K. WANAS AND M. DARUS

Lemma 1.3 ([6]). Let ¢ be a convex univalent function in U and let B € C. Further
assume that Re(B) > 0. If p € H[q(0),1] N Q and p(z) + Bzp'(z) is univalent in U,
then

(1.7) q(2) + Bz¢'(2) < p(2) + Bzp'(2),
which implies that ¢ < p and q is the best subordinant of (1.7).

Lemma 1.4 ([3]). Let g be convex univalent in the unit disk U and let 6 and ¢ be
analytic in a domain D containing q(U). Suppose that
{ (q(z)} >0 for z€ U;
(2) Q(z) = 2¢'(2)p(q(z)) is starlike univalent in U.
If p € H[q(0),1] N Q, with p(U) C D,0(p(z)) + zp'(2)d(p(z)) is univalent in U, and

(1.8) 0(a(2)) + 2¢'(2)d(a(2)) = O(p(2)) + 20" (2)d(p(2)),
then ¢ < p and q 1is the best subordinant of (1.8).

2. SUBORDINATION RESULTS

Theorem 2.1. Let q be convex univalent in U with ¢(0) =1, 0 € C\ {0}, v > 0 and
suppose that q satisfies

(2.1) Re {1 + Zj((;))} > max {o, “Re (“jf”) } .

If f € A satisfies the subordination

7[00+ Oalh = 1) + d]\ (T2 0) DI, uf(2))'
22 (1_ n(1—0) )( )

o [0(1 + (Ag(k — 1)) + d] <r<2 =) Diff;x,g,dﬂz))” <D§f§;’,ﬁ;ﬁzdf<z>)

(A (1—9) Z1-8 D™, af (2)
o /
<q(z) + =0, (2),
then
(2 —8) Dimm 7
(2.3) ( 2= Zi_?“’f’dﬂz)) <q(2)

and q is the best dominant of (2.2).

Proof. Define the function p by

. 5 rn,m > v
(2.4) p(2) = (F(Q J) lzzl{,(\sl,,\z,z,dﬂ )) L el
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Then the function p is analytic in U and p(0) = 1. Differentiating (2.4) logarithmically
with respect to z, we have

2p'(2) _ (D51A1 A2 Edf(z)),
o) T\ DIl ()

—(1-19)

Now, in view of (1.4), we obtain

/(2) _ [0+ Ok~ 1) +d (Diff;?i;zdﬂz) ) 1) |

p(z) 2 DI 00t (2)

Therefore,

p'(2) L1+ ok —1)) +d (T(2—0) DI, 4f (2)\'
(1—-08)y A (1—0) 219
(DL
DI, vaf (2)

It follows from (2.2) that
o o

p(z) + WZPI(Z) < q(z) + qu/(z)-

Thus, an application of Lemma 1.2, with o =1 and = ~, we obtain (2.3). [

(=

Theorem 2.2. Letn; € C, 1 =1,2,3,4,v>0,t € C\ {0} and q be conver univalent
in U with q(0) =1, q(2) # 0, z € U, and assume that q satisfies

(25)  Re {1 2y 2By By 4 200 Zq/(z)} >0,

t t t ¢(z)  q(z)
Suppose that % is starlike univalent in U. If f € A satisfies
(2.6)
) 2 3 2q'(2)
v (7717 12,13, M4, 7, ta 57 n,m, )\17 )\27 f, d7 Z) it + HQQ(Z) + 134 (Z) + 1aq (Z) +1 Q(Z) )
where
(2.7)

\Il(nlan277737774777t 6 n,m )\1,)\2,£,d; Z)
nm n,m 2y nm
o D? ,\Mﬁdﬂ ) . D5[/\1/\ﬁdf( ) . D? /\lgidf(z)
D(zs‘[;}l?;Q,ﬁ,df( ) D(s])\l A2, de( ) DzI;\Z?;\g,Z,df(z)
Lt Qo(k = 1)) +4 (Diff;?i;zdﬂz) . Dif?;i’;;zdﬂz))

oy DSV f(z) DI, o af ()



384 A. K. WANAS AND M. DARUS

then

n,m v
DgIALA:é,df(Z) < q(2)
DI, af (2)

and q is the best dominant of (2.6).

Proof. Define the function p by

(2.8) p(z) = (

DI 00t (2)

Then the function p is analytic in U and p(0) = 1.
By a straightforward computation and using (1.4), we have
(2.9)

M+ mep(2) + n3p” (2) + map®(2) + t

5 Tn,m~+1 v
DZI,\l,,\z,e,df(Z)) el

zp'(2)
p(z)
where U (1, 2, N3, N4, 7, t, &, n, My Ay, A, £, d; 2) is given by (2.7). From (2.6) and (2.9),
we obtain

=wv (nlv7727T]377747/77t767nam7/\17/\27£7d; Z) )

2q'(2)
q(z)

2p'(2)

p(2)

<+ n2q(2) + 137 (2) + nag®(z) + t

M+ n2p(2) + n3p?(2) + map®(z) +
By setting
O(w) =m + mw + nsw® + muw®  and  G(w) = —, w #0,

we see that f(w) is analytic in C, ¢(w) is analytic in C\ {0} and that ¢(w) # 0,
w e C\ {0}. Also, we get

SIS

and

h(z) = 0(q(2)) + Q(2) = m + 12q(2) + 13q*(2) + Mg (2) + t-

It is clear that Q(z) is starlike univalent in U,

Re{Zh,(Z)} — Re {1 + q(z) + 275’73612(2) + ?’Z“q?’(Z) L) qu} > 0.

Q(z) ¢(z)  q(2)
Thus, by Lemma 1.1, we get p(z) < ¢(z). By using (2.8), we obtain the desired
result. O

Theorem 2.3. Letn;, € C,i=1,2,3,4,t € V\ {0} and q be convex univalent in U
with q(0) =1, q(z) # 0, z € U, and assume that q satisfies (2.5). Suppose that Zgég)
is starlike univalent in U. If f € A satisfies

(2.10)

Q (77177727773an47t757n7m7)\17)\27£7d; Z) = Ui + 772Q(Z) + 773612(2) + 774(]3(2) +1

2q'(2)
q(z)
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where

(2.11)

Q (7717 2, M3, M4, t? (57 n,m, /\17 >\27 ‘ga d7 Z)
n,m 2
SIDIL (2) ( 1 )222“) (DLt af (2))
n,m 2 3 n,m 4
r(2 - 8) (DI, o af (2) (2-9) (DA, 1af (2))
n,m 3
1\ B (DI () e+ ek — 1) +d]
Tt =) p— 5t ) 8
(DZIAl,,\2,e,df(Z)) !

n,m-+2 n,m-+1
w14 Dg[,\l,,\;z,df(z) _ QDglxl,A;e,df(Z)
Dg[f\lﬁizdf(z) Dgl;zt);\z,é,df(z) 7

=1 + N2

then O
1-8 o Fsm
Z DZ[)\l,)\Q,E,df(Z)

(2= 0) (DI, eaf (2))
and q is the best dominant of (2.10).

5 < q(2)

Proof. Define the function p by
A-ODIEmt f(z
(2.12) p(z) = D tal ) 5, z2€U.
(2= 0) (DI, 1l (2))
Then the function p is analytic in U and p(0) = 1.
We note that
(2.13)

m + mep(2) + n3p*(2) + mp’(2) + t

zp'(2)
p(z)
where Q (91, 12, M3, N4, t, 0, n, M, A1, Ao, £, d; 2) is given by (2.11). From (2.10) and (2.13),
we obtain

=0 (771;772,773a7747ta57 n,m, )‘la )‘2’£7 d? Z) )

z2p'(2) ¢ (2)

p(2) q(z)
The remaining part of the proof Theorem 2.3 is similar to that of Theorem 2.2 and
hence we omit it. O

<M+ 12q(2) + 1367 (2) + g’ (2) + t

M+ nop(2) + n3p*(2) + map®(z) + ¢

3. SUPERORDINATION RESULTS

Theorem 3.1. Let q be convex univalent in U with ¢(0) =1, v > 0 and Re{c} > 0.
Let f € A satisfies

T2 -8 D, f(2)\
( ( ) Zi_)(;h)\we,df( )) cK [Q(0)> 1] N
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and
| o+ Qulk— 1)+ d]\ (T2 =8) DL, uf ()Y
A (1—9) Z1-90
o [((1+ Qalk = 1) +d] (D2 =0) DY, af (2)\" [ DAL 0af (2)
(A (1—0) 2 DI, eaf (2)
be univalent in U. If
g /
B a(e) + g2 )
L[y - o+ Qolk - 1) +d] (T(2-0) DI, eaf ()
A (1 —9) Z1-9
Lol + Qulk = 1) +d] (T2 =8) DILR, 00/ (2)\" [ DI 10 (2)
(A (1= 9) ' DI, 0af(2) )
then

_ dyn,m e o
(3.2) q(z) < <F<2 9) Z{A&l,me,df( ))

and q is the best subordinant of (3.1).

Proof. Define the function p by
L(2—0) DI, vaf (2))
p(z) = ,

zeU.
15

(3.3)

Then the function p is analytic in U and p(0) = 1. Differentiating (3.3) logarithmically
with respect to z, we get

n,m /
2p'(2) . z (Dgf,\{,AQ,ﬁ,d (Z)> _(1— )
DI, ol (2)

After some computations and using (1.4), we find that

(3.4) (1 oI+ (Aa(k—1)) + d]) (F(Q —0) Dg[f{&,g,df(z)y

Ag)\l(l — 5) 21_6
o [0+ (ol = 1) +d] (T(2=0) DIL, (af(2)\" [ DI vaf (2)
(A (1= 9) z10 DI, 00t (2)
g /
) + )
From (3.1) and (3.4), we have
o / o /
)+ s () <) +
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Thus, an application of Lemma 1.3, with a = 1 and g = ﬁ, we obtain the

results. O

Theorem 3.2. Letn; € C, i =1,2,3,4,~v>0,t € C\{0} and q be convex univalent
in U with q(0) =1, q(z) # 0, z € U, and assume that q satisfies

(3.5) Re{n; (2 )+27t73q2( )+3t”4q3( )} 0.

Suppose that % is starlike univalent in U. Let f € A satisfies
n,m+1

Dg])\l,)\g,e,df(z)

DI, eaf (2)

and  V(n1,m2, M3, N4, V, t,0,m,my Ay, Ao, U, d; 2)  is wnivalent  in U,  where
\11(7717772’77377747,77t757n7m7 >\17>\27€7 d’ Z) is given by (27) ]f
(3.6)

) € Hlq(0),1]NnQ

2q'(z
m + UQQ(Z) + 773q2(2) + 7)4q3<z) +1 ;Z(i)) = v (7717 N2, 13,14, 7, t? 67 n,m, /\17 /\27 Ea d7 Z) )
then
n,m v
q(Z) = D(zsl)q,,)\;zdf(z)
DI eaf (2)

and q 1is the best subordinant of (3.6).
Proof. Define the function p by

37) o) = | poptat
D3 ]Al A2, edf Z

Then the function p is analytic in U and p(0) = 1.
By some computation, we have
(3.8)

z
v (77177727 n3, 774777757 (5,n,m, >\17 >\27€7 da Z) =" + 77219(2) + 775292(2) + 774]33(’2) +1

where U (91, 12, M3, N4, 7, t, 8, n, M, Ay, A, £, d; 2) is given by (2.7). From (3.6) and (3.8),
we obtain

M +11q(2) + 13¢°(2) + mg® (2) + tzjé? < () mp () + () + tzzfég) '

By setting 0(w) = ny + now + nzw?® + nyw® and ¢(w) = L, w # 0, we see that O(w) is
analytic in C, ¢(w) is analytic in C\ {0} and that ¢(w) # 0, w € C\ {0}. Also, we
get
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It is clear that Q)(z) is starlike univalent in U,
9’((1(2))} {772 203 o 31 4
Re = Re z)+ z)+ z } > 0.
) 2+ 22 ) 4+ 20 )

Thus, by Lemma 1.4, we get ¢(z) < p(z). By using (3.7), we obtain the desired
result. O

Theorem 3.3. Letn; € C,i=1,2,3,4,t € C\ {0} and q be conver univalent in U
with q(0) =1, q(z) # 0, z € U, and assume that q satisfies (3.5). Suppose that %
is starlike univalent in U. Let f € A satisfies

2D i f (2)
(2= 0) (DI, af (2))

and  Q (1, M2, M3, N, 0, m,my Ay, Ao, £, d; 2)  is wunivalent  in U, where
Q (7717772)7]37n47ta67n7ma )‘la )‘27€7 d) Z) is given by (211> [f
(3.9)

5 € H[q(0),1]NQ

2q' (2
T + 772(]('2) + 773(]2(2) + 774(]3(2) +t q(i)> < Q (7717 77277]377747t7 67 n,m, >\17 >\27€7 d7 Z) )

then
1-8 s prom+1
z Dz]>\1,)\2,€,d (2)

n,m 2
['(2-9) (DgIA{,AQ,e,df(Z))
and q is the best subordinant of (3.9).

q(z) <

Proof. Define the function p by
1_5D§[n7m+1
(3.10) p(e) = — = Debinedl &)y,
(2 —-0) (DI, oaf (2))

Then the function p is analytic in U and p(0) = 1.
We note that
(3.11)

2p'(z
Q (771’772777377747t75an7m7 )\17 )\27€7 d7 Z) =M + U?p(z) + 773p2(,2’) + 774p3(z) +1 P i>)7

where Q (1, M2, 113, N4, £, 0,1, m, A1, Ao, £, d; 2) is given by (2.11). From (3.9) and (3.11),
we obtain

2q' (2 z
m 4+ 12q(2) + m3¢%(2) + g’ (2) + t q(i)) < m 4 nep(2) +m3p?(2) +nap®(2) +

The remaining part of the proof Theorem 3.3 is similar to that of Theorem 3.2 and
hence we omit it. O
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4. SANDWICH RESULTS

Combining results of differential subordinations and superordinations, we state the
following “sandwich results”.

Theorem 4.1. Let ¢; and go be convex univalent in U with ¢;(0) = g2(0) = 1. Suppose
q2 satisfies (2.1), v > 0 and Re{c} > 0. Let f € A satisfies

['(2—46) DIy 7
( ( ) zl)(;l,)\z,é,df(z)> eH[1,1]NQ
z

and

o[0(1+ (No(k—1))+d] (T(2-9) D‘j[fl”’ﬁ% af(2) K

(- ) ()

o [0(1+ (No(k — 1)) + d] <r< —8) DI Aﬂdﬂz))” (Dﬁf;z’";:é df<z>)
A (1 —0) 21 DI, 0af (2)

be univalent in U. If

g

a—on 2¢1(z)
<<1_ o [0(1+ (No(k 5)))+d}> <P(2—5) D, ))v

g)\l(l — zl- s
o [0(1+ Mok — 1)) +d] (T(2—0) DX, af (2)\ [ DN af (2)
A (1 —9) z1=0 DI, vl (2)
o
=<ga(2) +

= (qué(Z),

then

o s rn,m Y
o) < (PO TR B

and q; and qq are, respectively, the best subordinant and the best dominant.

Theorem 4.2. Let ¢ and go be convex univalent in U with ¢1(0) = g2(0) = 1. Suppose
¢ satisfies (3.5) and qo satisfies (2.5). Let f € A satisfies

(Dilf;’fi;izdf<z>

Y
i cH[1,1]NnQ
DgI)\{,)\g,E,df(z))
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and W (1,2, M3, M4, Y, , 0, my A1, Ao, 0, d; z) s wnivalent  in U,  where
\I](nlvn27n37n4777t757n7m7 )\17>\27£7 d7 Z) is giU@’I’L by (27) ]f

zq) (2
M+ 12qi(2) + 03¢ (2) + nagi (2) + ¢ th((z)) <W (N1, M2, M3, M4, Y, 1, 0, My, A,y As, £, d; 2)
1

<M+ N2q2(2) + 033 (2) + Nagis (2)
2qy(2)
Q2(Z)

IO
0(2) < | el < ga(2)
(D(ZS[AlvA27£7d‘f(z)

and q; and qo are, respectively, the best subordinant and the best dominant.

+1

9

then

Theorem 4.3. Let q; and go be convex univalent in U with q1(0) = g2(0) = 1. Suppose
q1 satisfies (3.5) and qo satisfies (2.5). Let f € A satisfies

APDI L f(2)
(2= 68) (DA, caf (2))

and  Q(m1,m2,M3, s, t,0,m,mu Ay, Ao, £, dy 2)  is undvalent  in U, where
Q (1, m2,m3, M4, t, 6, n,my Ay, Ao, £, d; 2) is given by (2.11). If

2q (2
M+ m2qi(2) + 13q7(2) + i (2) + q%(i)) <Q (N1,M2, M3, M1, T, 0,1, My Ay, Ao, 4, ds 2)
1

s € H[1,1]NQ

<M1 4 12ga(2) + 0365 (2) + nags (2)
2¢5(2)

+1 o (2)

)

then
1-8 )8 From+1
z Dzl)q,)\g,f,d (2)

(2= 8) (DI, af (2)

and q, and qo are, respectively, the best subordinant and the best dominant.

q(z) < 7 < ¢2(2)

Remark 4.1. By specifying the function ¢ and selecting the particular values of
M, M2, M35 M4y Y5 05 1, My A1, Ao, £ and d, we can derive a number of known results. Some
of them are given below.

(1) Taking § =n = Ay =d =0 and ¢ = 1 in Theorems 2.1, 3.1, 4.1, we get the
results obtained by Raducanu and Nechita [10, Theorem 3.1, Theorem 3.6,
Theorem 3.9].

(2) Puttingd =n=X=m =m3=mn=d=0,7=/¢=1and ¢(w) =t in
Theorems 2.3, 3.3, 4.3, we obtain the results obtained by Nechita [8, Theorem
14, Theorem 19, Corollary 21].
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B)Foro=n=X=m=np=mn=d=0,\ =mn=~(=1and ¢(w) =1 in
Theorems 2.3, 3.3, 4.3, we have the results obtained by Shanmugam et al. [13,
Theorem 5.4, Theorem 5.5, Theorem 5.6].

(4) By takingd =n=m=X=m =n3=m=d=0, \y = =¢ =1 and
¢(w) =t in Theorems 2.3, 3.3, 4.3, we get the results obtained by Shanmugam
et al. [13, Theorem 3.4, Theorem 3.5, Theorem 3.6].

(5) Puttingd =n=X=m =n3=m=0,1n,=¢=1and ¢(w) =t in Theorems
2.3, 3.3, 4.3, we have the results obtained by Shammaky [12, Theorem 3.4,
Theorem 3.5, Theorem 3.6].

(6) Takingd =n=m = Xy =d=0and \; = ¢ =1 in Theorem 2.1, we obtain the
results obtained by Murugusundaramoorthy and Magesh [7, Corollary 3.3].

(7) Putting 0 =n=m = A =d = 0and \y = ¢ = 1 in Theorems 3.1, 4.1,
we obtain the results obtained by Raducanu and Nechita [10, Corollary 3.7,
Corollary 3.10].
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