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ABSTRACT. The concept of fuzzy points is used to study fantastic filters in equality
algebras. The concept of fantastic (€, €)-fuzzy filters is introduced, and its properties
are investigated. The relationship between (&, €)-fuzzy filters, implicative (€, €)-
fuzzy filters and positive implicative (€, €)-fuzzy filters and fantastic (€, €)-fuzzy
filters are established. Characterizations of fantastic (€, €)-fuzzy filters are discussed,
and the conditions for the (€, €)-fuzzy filter to be a fantastic (€, €)-fuzzy filter are
explored. The extension property for fantastic (€, €)-fuzzy filter is established. The
properties associated with €;-sets and g-sets ((3,t), := {a € E | a; ¢3}) of a fuzzy
set Jin E and also look for conditions under which they can become fantastic filters
are examined.

1. INTRODUCTION

The equality algebra has been motivated by the EQ-algebra, and many researchers
have intensified their work on it in order to achieve notable results (see [2-4,7,20]). In
general, ideal theory and filter theory have been established as important concepts in
the study of logical algebras. Paad [15] introduced the concept of an ideal in bounded
equality algebras and showed that there is a correspondence between ideals and
congruence relations. Jenei-Kérddi [7] proposed the notions of filters and congruence
relations in equality algebras and investigated several properties. In [3] authors
introduced some types of filters such as (positive) implicative, fantastic, Boolean, and
prime filters in equality algebras, and showed that positive implicative, implicative,
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and Boolean filters are equivalent in bounded commutative equality algebras. For
more details about equality algebras you can see [5,14, 18] Fuzzy set and neutrosophic
set theories for various forms of (logical) algebras, including equality algebras, are also
being studied (see [1,8,11-13,17,19]). In [17] authors used the concept of fuzzy points
to deal with filters in equality algebras. They introduced the concept of (€, €)-fuzzy
filters of equality algebras and investigated several properties. Jun [9,10] studied the
fuzzification of (positive) implicative filters in equality algebras using fuzzy points. He
introduced the concept of (positive) implicative (€, €)-fuzzy filters and investigated
several properties.

In this paper, we use fuzzy points to study fantastic filters in equality algebras.
We introduce the concept of fantastic (€, €)-fuzzy filters and investigate its prop-
erties. We consider characterizations of fantastic (€, €)-fuzzy filters. We establish
the relationship between fantastic (€, €)-fuzzy filters, (€, €)-fuzzy filters, implicative
(€, €)-fuzzy filters and positive implicative (€, €)-fuzzy filters. We explore conditions
for the (€, €)-fuzzy filter to be a fantastic (€, €)-fuzzy filter. We provide examples
to confirm the concepts of positive implicative (€, €)-fuzzy filter and fantastic (€, €)-
fuzzy filter are independent of each other, and then we show that the combination of
these two concepts is equivalent to the implicative (€, €)-fuzzy filter. We form the
extension property for the fantastic (€, €)-fuzzy filter. We examine the properties
associated with €;-sets and ¢;-sets of a fuzzy set Jin E and also look for conditions
under which they can become fantastic filters.

2. PRELIMINARIES

Definition 2.1 ([6]). By an equality algebra, we mean an algebraic structure &€ :=
(E, A, ~, 1) satisfying the following conditions:

(E1) (E, A, 1) is a commutative idempotent integral monoid, that is, meet semilattice

with the top element 1,

(E2) The operation ~ is commutative,

(E3) (Va€ E)(a~a=1),

(E4) (Va € E)(a~1=aqa),

(E5) (Va,b,ce E)(a<pb<pgc = a~c<pb~c a~c<ga~b),

(E6) (Va,b,ce E)(a~b<g(aAc)~(bAc)),

(E7) (Va,b,c€e E)(a~b<g(a~c)~(b~rc)),
where a <g b if and only if a A b = a.

In an equality algebra € := (F, A, ~, 1), we define two operations — and <> on E
as follows:

(2.1) a—b:=a~(aAb),
(2.2) acb:=(a—>0b)A(b—a)

The operations A, ~, — and < are called meet, equality operation, implication and
equivalence operation, respectively.
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An equality algebra € := (E, A, ~, 1) is said to be bounded if there exists an element
0 € E such that 0 <g a for all a € E. In a bounded equality algebra & := (E, A, ~,
1), we define the negation = by -a=a—0=a~0foralla € E.

For every a,b,¢c € E, we will use the symbols a; and ay. instead of a — b and
a — (b — c¢), respectively.

Proposition 2.1 ([6,20]). Let € := (E,A,~,1) be an equality algebra. Then, the
following assertions are valid:

(2.3) ap=1<a<ph,

(2.4) Gpe = bac,

(2.5) la=a, ag =1=aq,,

(2.6) a <g b,

(2.7) a<pap,—b,

(2.8) ap <p b — a,

(2.9) a<pb=b<pa, ¢ <p G,

for all a,b,c € E.

Proposition 2.2 ([20]). Every lattice equality algebra, i.e., an equality algebra which
is a lattice, € := (E, N\, ~, 1) satisfies

(2.10) (Va,b € E)(a, = (aV b)),
(2.11) (Va,b,c € E)((aVb),=acAb,).
A subset F' of F is called a filter (or deductive system) of € (see [7]) if it satisfies:
(2.12) leF,
(2.13) (Va,be E)(ac F,a<gb=0b¢cF),
(2.14) (Va,be E)(a€e Fla~be F=bcF).

A subset F' of E is called
e a positive implicative filter of € (see [3]) if it satisfies (2.12) and

(2.15) (Va,b,c € E)(apc € Foap € F = a, € F),
e an implicative filter of € (see [3]) if it satisfies (2.12) and
(2.16) (Va,b,c € E)(c = (ay wa) E F,c€ F= acF),
e a fantastic filter of € (see [3]) if it satisfies (2.12) and
(2.17) (Va,b,c€ E)(cpa € F, c€ F = (ay > b) > ac F).
A fuzzy set Jin a set E of the form

[ te(0,1], if b=aq,
16 :={ e

is said to be a fuzzy point with support a and value ¢t and is denoted by a;.
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For a fuzzy set J in a set F, we say that a fuzzy point a; is

(i) contained in I, denoted by a; € Jif I(a) > ¢ (see [16]),
(i) quasi-coincident with 1, denoted by a; ¢J if I(a) +¢ > 1 (see [16]).

If a fuzzy point a; is contained in J or is quasi-coincident with J, we denote it as
a; €Vq J.
Given t € (0,1] and a fuzzy set J in a set E, consider the following sets

(A t)e:={a€E|a, €I} and (It),:={a€FE|aqI},
which are called the €;-set and the ¢;-set of J, respectively, in E.

Definition 2.2 ([17]). Let € := (E, A, ~, 1) be an equality algebra. A fuzzy set J of
€ is called an (€, €)-fuzzy filter (briefly, (€, €)¢-filter) of € if it satisfies:

(218> (jat)e 7& @ =1le (J7t)€7
(2.19) r<py, v, €Iy €],
(220) Tt € :17 (ZL’ ~ y)s el Ymin{t,s} € 37

forall z,y € F and t,s € I \ {0}.

Lemma 2.1 ([17]). Let € := (E, A, ~, 1) be an equality algebra. A fuzzy set 1 in E
is an (€, €)p-filter of € if and only if it satisfies

(2.21) (Vz € E) (3(1) > I(x)),

(2.22) (Vz,y € E)(I(y) > min{(x),I(z,)}).
Lemma 2.2 ([17]). Every (€, €)s-filter 1 of € satisfies
(2.23) (Vz,y € E)(z <gy=1(z) <I(y)).

Definition 2.3 ([9]). Let € := (E, A, ~, 1) be an equality algebra. A fuzzy set 1 of
€ is called a positive implicative (€, €)-fuzzy filter (briefly, PI(e, €)¢-filter) of € if it
satisfies (2.18) and

(224)  (Vo,y € E)(Vt s € T\{0}) ((242)s €T, (2)s € TF (22)mingesy € J) -

Definition 2.4 ([10]). Let € := (E, A, ~, 1) be an equality algebra. A fuzzy set J of
€ is called an implicative (€, €)-fuzzy filter (briefly, Im(e, €)¢-filter) of € if it satisfies
(2.18) and

(2.25) (Vx,y,z € E)(Vt,s € I\ {0}) (zt €l (2= (vy = ))s €IF Toingrs) € ]) :

Lemma 2.3 ([9]). Let € := (E, A, ~, 1) be an equality algebra. A fuzzy set 1 in E
is a PI(€,€)s-filter of € if and only if it is an (€, €)-filter of € that satisfies

(2.26) (V2,5 € B) () = o).
Lemma 2.4 ([10]). Every Im(€, €)-filter is a PI(€, €)¢-filter.
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Lemma 2.5 ([10]). Let € := (E, A, ~, 1) be an equality algebra. A fuzzy set I in E
is an Im(€, €)s-filter of € if and only if it is an (€, €)s-filter of € that satisfies

(2.27) (Vz,y € E) (A(z) > I(zy — x)) .

3. FanTAsTIiCc Fuzzy FILTERS

In what follows, let & := (FE, A, ~, 1) be an equality algebra unless otherwise
specified.

Definition 3.1. A fuzzy set J of & is called a fantastic (€, €)-fuzzy filter (briefly,
F(e, e)s-filter) of € if it satisfies (2.18) and

(3.1)
(Yo, y, 2 € E)(vt,s € I\{0}) (2 €I, (2a)s € TF () = ¥) = T)mingrs} €I) -

Ezxample 3.1. Let E = {mg, 71, T, T, Ty} be a set with the following Hasse diagram
U8

Ta Ty

Te
o

and define a binary operation “~” on F by Table 1.

TABLE 1. Cayley table for the binary operation “~”

~ 70 Te Ta Th m
o ™ U] To To To
Te o ™ Ty Ta e
T, o Ty S Te Ta
Ty o Ta T ™ T
1 o T Ta Tp 1

Then, € = (E, A, ~, m) is an equality algebra (see [3, Example 4.2]), and the
implication “—” is calculated by Table 2. Let J be a fuzzy set in E given as follows:

TABLE 2. Cayley table for the implication “—”

— o e Ta 7’y T
o 1 1 1 ™ ™
Te o 1 1 1 T
Ta o T T T 1
1) o Tg Ta Uy Uy
™ o Te Ta T ™
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1:E—0,1] o ifo=m,
B —10,1], x> ,
07 itz € E\ {m},
where n is a natural number. It is routine to confirm that J is an F(€, €)-filter of €.
We first consider a characterization of the F(€, €)¢-filter.

Theorem 3.1. A fuzzy set 1 in E is an F(€, €)-filter of € if and only if it satisfies
(2.21) and

(3.2) (Vz,y,z2 € E) (A((zy = y) = ) > min{(2),I(zy:)}) -

Proof. Assume that J is an F(€, €)-filter of €. If (2.21) is false, then there exists
b € E such that J(1) < 3(b). Hence, b € (J,t)c for ¢t := J(b), and so 1 € (J,¢)e b

(2.18). Thus, I(1) > ¢t = 3(b), a contradiction. Therefore, (2.21) is valid. Suppose
that there exist a, b, ¢ € F such that

J((ap = b) = a) < min{I(c), I(cpa) }-
If we take ¢ := min{J(c), I(cpq)}, then ¢; € J and (cpq); € 1. Hence,
((ap = b) > a), €1

by (3.1), and so I((ay — b) — a) > ¢t = min{I(c),I(cps)} which is a contradiction.
Therefore, I((z, — y) — x) > min{1(z ) WNzye)} for all z,y, 2z € E, ie., (3.2) is valid.
(2.21)
>

Conversely, suppose that J satisfies (2 nd (3.2). Let z,y,z € Fand t,s € I\{0}.
If (3,t)e # 0, say z € (3,t)e, then (1) > J(2) > t by (2.21) and so 1 € (,t)e. If
z € Jand (z,,)s € 3, then 1(2)) > t and 1(z,,) > s. It follows from (3.2) that
I(zy = y) = =) > min{I(z),I(z,,)} > min{t, s}.
Hence, ((#y = ¥) = &)minft,s} € 4. Consequently, Jis an F'(€, €)¢-filter of €. O
We discuss the relation between an (€, €) s-filter and an F'(€, €) j-filter.

Theorem 3.2. Every F(e,€)-filter is an (€, €)¢-filter.

Proof. Let I be an F(€, €)¢-filter of €. Then, 7 satisfies (2.21) by Theorem 3.1. If we
take y = 1 in (3.2), then

2.5
1) = (e > 1) = 2) 2 minf3(=),1(=1,)} Z minf1(), 3=},
for all z,z € E. Hence, 1is an (€, €)¢-filter of € by Lemma 2.1. O
The following example shows that the converse of Theorem 3.2 is not true in general.

Example 3.2. Consider the equality algebra € := (F, A, ~, m;) given in Example 3.1.
Let J be a fuzzy set in E given as follows:

0.76
200 if v e {m,m,.},
J:E—10,1, z~ "
0,1] { 0'—33, otherwise,



FANTASTIC FILTERS OF EQUALITY ALGEBRAS USING FUZZY POINTS 369

where n is a natural number. Then, J is an (€, €)-filter of €. But it is not an
F(e, €)-ilter of € since

I(((my, — o) = mo) = my) = I(mp) = 222 £ 010 — min{I(m),I(m1 — (w0 — ™))}

n

We explore conditions for an (€, €)-filter to be an F(€, €) s-filter.

Theorem 3.3. A fuzzy set 1 in E is an F(€, €)-filter of € if and only if it is an
(€, €)s-filter of € that satisfies

(3.3) (Va,y € E)A((zy = ) = 2) = Aya))-
Proof. Assume that J is an F'(€, €)¢-filter of €. Then, J is an (€, €)-filter of € by
Theorem 3.2. If we take z =1 in (3.2), then

Iy = y) — 2) > min3(1), 3L} = minf3(1), 300} 2 3w).

for all x,y € E.
Conversely, let I be an (€, €)-filter of € that satisfies (3.3). Then, it satisfies (2.21)
and

(3.3) (2.22)
Wy = y) =) =2 Wy) = min{d(2),3(z)},
for all z,y,z € E. It follows from Theorem 3.1, that Jis an F'(€, €)¢-filter of €. O
Lemma 3.1 ([9]). Every (€, €)¢-filter 3 of € satisfies
(3.4) (Vz,y,z € E) (I(z,) > min{I(z,),I(y.)}).

Proposition 3.1. If € is a lattice equality algebra, then every F (€, €)s-filter 1 of €
satisfies

(3.5) (Vz,y € E)A((vy = y) = (¥ — x)) = I(1)).

Proof. Let 1 be an F(€,€)s-filter of €. Then, Jis an F(€, €)-filter of € by The-
orem 3.2. Let z,y € E. Note that (z Vy), = x, and y,y, = 1 for all z,y € E.
Hence,

ey = 1) = @Vy) = (@ Va)y = 9) = @Ve) > Tgawy) = 10).

Since x Vy <p y, — x, we have (z Vy) = (y, — 2) = 1 and so
Az Vy) = (Yo = ) = (D).

It follows from Lemma 3.1, that

(3.6)

A(zy = y) = (Yo = 2)) 2 min{I((zy = y) = (@Vy)), (= Vy) = (g > 2))}

—101).

By the combination of (2.21) and (3.6), we have 1((z, — vy) — (v — 2)) = I(1).

This completes the proof. O
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Theorem 3.4. If every (€, €)s-filter 1 of € satisfies condition (3.5), then it is an
F(e,e)s-filter of €.

Proof. Let 1 be an (€, €)-filter of € that satisfies the condition (3.5). For every
x,y € E, we have

Wy =) = 2) = min{l(w.), Jwe = (2, = y) = 2))}
—

= min{I(w.)

= min{I(w.)

(2.21)
Therefore, J is an F(€, €)-filter of € by Theorem 3.3. O

(zy = y) = (Yo = 7))}

A
M}

Lemma 3.2 ([10]). Every fuzzy set 1 in E is an Im(€, €)s-filter of € if and only if
it is an (€, €)-filter of € that satisfies:

(3.7) (Vz,y € E)(A(x) > I(zy — x)).
Theorem 3.5. Every Im(e, €)-filter is an F(€, €);-filter.

Proof. Let I be an Im(€, €)-filter of €. Then, 1 is an (€, €)filter of € (see [10,
Theorem 3.5]). For every x,y € E, we have x <g (z, — y) — = and so

(2.9)
(zy = y) = x) =y <pay
Hence,

(2.9)
Yr <g (x, = y) = (r, = )

(2.4)
="z, = ((zy > y) = 2)

& (@ = y) = ) = 9) = (2 — ) = ),

which implies, from Lemma 2.2 and Lemma 3.2, that
Aye) <A(((2y = y) = 2) = y) = (g = y) = 2) <(zy = y) = 2).
Therefore, 1 is an F(€, €)-filter of € by Theorem 3.3. U

The converse of Theorem 3.5 may not be true as shown in the following example.

Ezample 3.3. Let (E := {lo,la,lp,¢1},<g) be a chain. Define the operations ~

and — on F by Table 3. Then, & := (E, A, ~, {1) is an equality algebra (see [3,
Example 4.13]). Let J be a fuzzy set in E given as follows:

068 if e [0, 0,),

J:E—>[o,1],xH{ogs th, 6}

=, otherwise,
n
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TABLE 3. Cayley tables of the operations ~ and —

~ EO fa gb 12 — éo ga gb I
bo |l la b o bo |6 b b 4
ga Ea gl Ea ga ga ga gl él El
by | by Ly O b b | by Ly U1 0
Gl o b b b jly Lo b 4

where n is a natural number. It is routine to confirm that 1 is an F'(€, €) s-filter of €.
But it is not an Im(e, €) s-filter of € since

2(6,) = %68 % 088 — min£3(6)), 301 — (o — €o) — €))}-

2n n

In the following example, we can see that the concepts of PI(€,€)-filter and
F(e, €)silter are independent of each other.

Ezxample 3.4. (i) Let (E := {ly,la, 0y, (1}, <pg) be a chain. Define the operations ~
and — on E by Table 4. Then, € := (E, A, ~, {1) is an equality algebra (see [3]).

TABLE 4. Cayley tables of the operations ~ and —

~ 60 ga gb 21 — EO fa gb 61
bo| i by Lo Lo b |6 b b b
ga gO gl ga ga ga 60 61 gl 61
bl o b b b | by Ly O O
bl la by b bl b by b

Let J be a fuzzy set in E given as follows:
0.79, if x € {{1,0},

) 1
1 E=01] e H{ 0.47, otherwise.
It is routine to confirm that Jis a PI(€, €)-filter of €. Since
I(((ly = o) = Co) = L,) = A(ly) = 0.47 £ 0.79 = (¢1) = I(ly — L),

we know that J is not an F(€, €)-filter of € by Theorem 3.3.
(ii) Let (E := {lo, la, lp, L, L, 01}, <) be a lattice with the following Hasse diagram.

Define the operations ~ and — on E by Table 5. Then, & := (E, A, ~, ;) is an
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TABLE 5. Cayley tables of the operations ~ and —

~ by by by L. Ly by =1 ly by b L. Ly 0y
bo| b Ly L by Ly Lo bo |6 b b b G b
Ea fd El Ea gd gc ga ga Ed gl éa éc gc gl
by | b Ly b by Lg Gy T R A A
gc Eb Ed EO 61 Ea Ec Ec Eb Ea gb El Ea gl
ba|la Le Lla o b1 Ly ba | le b Ly b b 0
by by by L Ly b O by Ly by Lo by 4

equality algebra (see [3, Example 3.4]). Let J be a fuzzy set in E given as follows:
0'—53, if x € {01,0.},

0.83

5., Otherwise,

1:E 0,1, xr—>{
where n is a natural number. Then, J is an F(€, €)-filter of €. Since
by — 6,) =3(Le) =52 £ 08 =73(0,) =3(ly — (ly — ),
we know that J is not a PI(€, €)-filter of € by Lemma 2.3.

Theorem 3.6. Let 1 be a fuzzy set in E. Then, 1 is an Im(€, €)s-filter of € if and
only if 1 is both a PI(€, €)-filter and an F (€, €);-filter of €.

Proof. 1f Jis an I'm(€, €) s-filter of €, then it is both a PI(€, €) -filter and an F(€, €) 4-
filter of €& by Lemma 2.4 and Theorem 3.5.

Conversely, suppose that 1 is both a PI(€,€)filter and an F(€, €)¢-filter of
€. Then Jis an (€, €)sfilter of €. Let z,y € E. Using (2.7) and (2.9), we have
zy — v <px, — (x, = y), and so

Ay = o) <Izy = (2 = y)) < Wy =),
by Lemma 2.2 and Lemma 2.3. Since z, = = <g y, by (2.6) and (2.9), we have
Azy = 2) <ye) < I(zy = y) = 2),
by Lemma 2.2 and Theorem 3.3. It follows from (2.22) that
Iz) > min{I(z, = v),I((zy = y) = 2)} > Iz, — 2).
Therefore, 1 is an I'm(€, €)-filter of € by Lemma 2.5. O

Theorem 3.7 (Extension property). Let J and 0 be (€, €)¢-filters of € that satisfies
I(1) =0(1) and 3 C 9, that is, I(x) < d(x) for all x € E. If 1 is an F (€, €)¢-filter
of &, then so is 0.
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Proof. Assume that Jis an F(e, €)-filter of . For every x,y € E, let a := y,. Then,

(24) (2.5)

Yy —> ay a—y, = 1,and so

d(a = (((az = y) = y) = 2) =

(
by (2.4) and Theorem 3.3. Hence, 9(a — (((a, — y) — y) — x)) = 06(1). Using
Lemma 2.1, we have

9(((az = y) = y) = ) > min{d(a),d(a — (((az = y) = y) = )}

3.8
(3.8) = min{d(a),d(1)} = d(a).
Note that
(2.3) & (2.8)
120 P, e sa, <5 (@oy) oo,
(2.8)
<g (z, =y = (0 = y) =)
(2.8)

<p (((a: = y) = y) =) = (2, = y) = 2).
It follows from Lemma 2.1, Lemma 2.2 and (3.8) that
O((zy = y) = x)
> min{d(((a = y) = y) = 2),0((((az = y) = y) = ) = ((z, = y) = 2))}
>min{d(((a;, = y) = y) — x),0(1)}
=0(((az = y) = y) = x) > 0(a) = 0(va).
Therefore, 0 is an F(€, €)-filter of € by Theorem 3.3. O

Lemma 3.3 ([17]). A fuzzy set 1 in E is an (€, €)s-filter of € if and only if the
nonempty €,-set (1,t)e of 3 is a filter of € for allt € I\ {0}.

Theorem 3.8. A fuzzy setJin E is an F(€, €)s-filter of € if and only if the nonempty
€-set (A,t)e of 3 is a fantastic filter of € for allt € I\ {0}.

Proof. If Jis an F(€, €)-filter of €, then Jis an (€, €)s-filter of € by Theorem 3.2.
Let t € I\ {0} be such that (1,¢)c # 0. Then, (3,t)c is a filter of & by Lemma 3.3,
and so 1 € (J,¢)e. Let z,y,2z € E be such that z € (3,t)c and z,, € (3,¢)c. Then,
1(z) > t and I(z,,) > t. It follows from Theorem 3.1 that

I(xy = y) = 2) > min{d(2),I(zy.)} > .

Thus, (z, — y) — = € (3,t)e. Hence, (1,t)c of Jis a fantastic filter of €.

Conversely, suppose that the nonempty €;-set (1,¢)c of J is a fantastic filter of &
for all t € I\ {0}. If (2.21) is not valid, then there exists b € F such that J(1) < 3(b).
Then b € (J,t)c for t = J(b) € T\ {0}. But 1 ¢ (3,t)c which is a contradiction.
Hence, J satisfies (2.21). Suppose that there are a,b,c € E and t € I\ {0} such
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that 3((ap — b) — a) < min{3(c),I(cpa)}. If we take ¢t := min{3(c),I(cpq)}, then
¢ € (3,t)e and cpq € (J,t)e. Since (J,t)c is a fantastic filter of €, it follows that
(ap = b) — a € (3,t)¢, ie, I((ap — b) — a) > t. This is a contradiction, and
so I((xy — y) = x) > min{l(z2),3(zy,)} for all z,y,z € E. Therefore, 1 is an
F (e, €)filter of & by Theorem 3.1. O

Theorem 3.9. Given a fuzzy set 1 in E, its nonempty €,-set (1,t)e is a fantastic
filter of € for all t € (0.5,1] if and only if I satisfies
(3.9) (Vx € E) (I(z) < max{3(1),0.5}),
(3.10) (Vz,y,z € E) (min{3(2),I(zy.) } <max{I((x, — y) — ),0.5}).
Proof. Assume that the nonempty €;-set (J,¢)c of J is a fantastic filter of € for all ¢ €
(0.5,1]. If (3.9) is false, then I(a) > max{3(1),0.5} for some a € E. Hence a € (1,1)c
for ¢ := 1(a) € (0.5,1]. But 1 ¢ (3,¢)¢, a contradiction. Thus, J(z) < max{3(1),0.5}
for all z € E. If (3.10) is not valid, then there exist a, b, ¢ € F such that

min{J(c), I(ceq) } > max{I((ap — b) — a),0.5}.
If we put t := min{3(c),I(cea)} € (0.5,1], then ¢ € (I,¢)c and ¢ € (,%)e, but
(ap = b) — a ¢ (1,¢)c. This is a contradiction, and therefore

min{1(z), I(zy,)} < max{1I((z, = y) = x),0.5},
for all z,y,z € E, that is, (3.10) is valid.

Conversely, let I be a fuzzy set in E that satisfies (3.9) and (3.10). Let ¢ € (0.5, 1]
be such that (1,t)e # 0, say x € (3,t)e. Then, I(z) > ¢, and so max{3(1),0.5} >
I(x) >t > 0.5. Thus, 1 € (1,t)e. Let z,y,z € E be such that z, € (J,t)c and
z € (3,t)e. Using (3.10) yields

max{1((z, — y) = ),0.5} > min{3(2),I(zy,)} >t > 0.5.
Hence, I((zy, — y) — x) > t, ie., (x, = y) = = € (J,t)e. Therefore, (1,t)c is a
fantastic filter of € for all ¢ € (0.5, 1]. O
We explore conditions for the ¢;-set to be a fantastic filter.

Theorem 3.10. If] is an F(€, €)s-filter of €, then its nonempty q,-set is a fantastic
filter of & for allt € I\ {0}.

Proof. Suppose that Jis an F(€, €)g-filter of €. Let t € I\{0} be such that (3,t), # 0,
say « € (1,t),. Then,
(2.21)
(1) > I(z)>1-t,

and so 1,¢3J, i.e.,, 1 € (3,t),. Let z,y,z € E be such that z, € (1,t), and z € (J,1),.
Then, I(zy,) +t > 1 and I(z) + ¢ > 1. Tt follows from (3.2) that

I((xy = y) = x) > min{I(2),I(z,.)} > 1 —t.

Hence, ((z, — y) — x):¢13, that is, (z, — y) — x € (3,t),. Therefore, (3,t), is a
fantastic filter of € for all t € I\ {0}. O
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Proposition 3.2. Given a fuzzy set 1 in E, if its nonempty q;-set is a fantastic filter
of € for allt € (0,0.5], then the following assertions are available.

(3.11) (V€ (0,0.5))(1 € (3, 8)e),
(312) (Vo,y,2 € E)(Vt,s € (0,0.5)) (243, (24)s ¢ T (T = ¥) = T)maxirs) €7) -

Proof. Let t € (0,0.5] be such that (J,¢), is a nonempty fantastic filter of €. Then,
1€ (3,t), and so J(1) > 1 —t >t that is, 1 € (I, t)e. If 2,¢T and (z,,)s ¢ 7 for all
z,y,z € E and t,s € (0,0.5], then z € (3,t), C (I, max{t,s}), and z,, € (1,5), C
(3, max{t, s}),. It follows from (2.17) that

(xy = y) = = € (I, max{t, s}),.
Hence, I((zy — y) = x) > 1 — max{t, s} > max{t, s}, i.e.,
((zy = ¥) = T)maxft,s} €I
This completes the proof. O

Theorem 3.11. If a fuzzy set 1 in E satisfies the following conditions:
(3.14) 20q3, (zy2)eqd F ((xy = y) = ) €V,

for all x,y,z € E and t € (0.5,1], then the nonempty q,-set of 1 is a fantastic filter
of € for allt € (0.5,1].

Proof. Let 1 be a fuzzy set in E that satisfies (3.13) and (3.14). Suppose that (J,t),
is nonempty, say x € (1,t),, for all t € (0.5,1]. Then, x;¢J, and so 1, €¢I by (3.13),
ie, 1, €Jor 1;¢d If 1,¢3, then 1 € (3,t),. If 1, € 7, then J(1) > ¢ > 1 — ¢ since
t > 0.5. Thus, 1 € (1,t),. Let z,y,2 € E be such that z,, € (1,t), and z € (3,1),.
Then, z,¢J and (2,,): ¢ which imply from (3.14) that ((z, — y) — x); € Vg3,
ie, ((ry, > y) = x)y € Jor (&, = y) — x)qd If (r, = y) = x):q3, then
(¢y = y) >z e (I t), If (zy >y) — x) €3, then I((xy, > y) > x) >t >1—t
and so (z, = y) — = € (3,t),. Therefore, (1,t), is a fantastic filter of € for all
te (0.5,1]. O

Theorem 3.12. Let ] be a given fuzzy set in E. If its nonempty €,-set is a fantastic
filter of € for all t € (0.5,1], then its nonempty qs-set is a fantastic filter of € for all
s € (0,0.5].

Proof. Assume that (J,t)c is a fantastic filter of € for all ¢ € (0.5, 1] and let s € (0, 0.5]
be such that (3,s), # 0, say « € (1,s),. Using (3.9) yields max{3(1),0.5} > I(x) >
1—s > 0.5 and thus 1 € (1,s),. Let x,y,2 € E be such that z € (J,s), and
Zye € (3,8)g. Then, 3(2) + s > 1 and I(z,,) + s > 1. It follows from (3.10) that

max{I((z, = y) = 2),0.5} > min{1(2),I(zy,)} > 1 —s>0.5.

Hence, I((zy - y) — ) > 1 —s, and so (zy, — y) = x € (1, 5),. Therefore, (1, 5), is
a fantastic filter of € for all s € (0, 0.5]. O
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Proposition 3.3. Let F' be a fantastic filter of £. If a fuzzy set J in E satisfies
z € (3,0.5)¢ forx € F and I(z) =0 for x € E\ F, then ] satisfies (3.13) and

(3.15) 2043, (2y2)s ¢ F ((Ty = ¥) = T)mingr,s) €Va 1,
forallz,y,z € E and t,s € I\ {0}.

Proof. Let x € E and t € T\ {0} be such that x; ¢J. Then, J(z)+t > 1. lfz € E\ F,
then J(x) = 0 and so t > 1, a contradiction. Thus, z € F, which implies that
x € (3,0.5)¢, ie., Iz) > 0.5. If 1, € I, then 0.5 < J(1) < t and thus, I(1) +¢ > 1,
i.e., 1;¢ 1. Hence, (3.13) is available. Let z,y,z € E and t,s € I\ {0} be such
that z:¢J and (2zy,)s¢3. Then 1(z) +¢ > 1 and I(z,,) +s > 1. Hence, z € F
and z,, € F. Since F is a fantastic filter of £, we have (z, = y) = = € F and
so (x, = y) — z € (1,0.5)¢, ie, I((zy, = y) — =) > 0.5. If min{t,s} > 0.5,
then I((zy, — y) — 2) + min{t,s} > 1 and thus, ((z; = ¥) = ©)minges} g3 If
min{¢, s} < 0.5, then I((zy, — y) — x) > 0.5 > min{t, s}, that is,
(zy = ¥) = T)minfts} € I
Therefore, ((zy = y) = ©)minfe.s} €Vq 1. O
Proposition 3.4. If a fuzzy set 1 in E satisfies the conditions (3.13) and (3.15), then
it also satisfies
(316) Ty € Ik 1, €Vq J,
(3.17) 2 €1, (2ya)s €IF ((Ty = ¥) = T)minfrs) €Va I,
forall z,y,z € E and t,s € I\ {0}.
Proof. Let J be a fuzzy set in E that satisfies the conditions (3.13) and (3.15). Let
x € Fand t € T\ {0} be such that x; € J. Then, J(z) > t. Suppose that 1, €Vq 1.
Then, 1; € Jand 1; ¢ 3. Hence, 3(1) < t and 3(1) +¢ < 1, which imply that J(1) < 0.5
Hence, 1(1) < min{0.5,¢}, and so
1—3(1) >1—min{0.5,¢} = max{0.5,1 — ¢} > max{0.5,1 — J(2)}.
If we take s := 1 — (1), then I(x) +s > 1, i.e., z5¢J. It follows from the condition
(3.13) that 1, € Vg J. This is a contradiction. Thus, (3.16) is established. Let
z,y,z € E and t,s € I\ {0} be such that z; € J and (z,,)s € J. Suppose that
((y = ¥) = T)minft,s} €V I. Then, I((zy = y) = x) < min{t, s} and I((z, = y) —
x) + min{t, s} < 1. Hence, 1((z, — y) — =) < min{¢, s,0.5}, and so
1-3((xy > y) > x)>0d>1—min{t,s,0.5} =max{l —t,1—s,0.5}
> max{l —3(2),1 — I(zy.), 0.5},
for some 0 € I\ {0}. It follows that J(z) + 6 > 1 and I(zy,) +J > 1, that is,
z5qJ and (zyz)s ¢J. Using (3.15) derives to ((z, — y) — x)s € Vg 1. On the other
hand, since 1 — 3((zy — y) — z) > ¢ > 0.5, we have I((z, — y) — x) < 0.5 and

I((xy — y) = x) +0 < 1. Hence ((zy — y) = x); €Vq I, which is a contradiction.
Therefore, (3.17) is established. O
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Theorem 3.13. Let 1 be a fuzzy set in E that satisfies I(x) < 0.5 for allx € E. If ]
satisfies the conditions (3.16) and (3.17), then J is an F(&, €)s-filter of €.

Proof. Let 1 be a fuzzy set in E such that J(z) < 0.5 for all x € E. Assume that ]
satisfies the conditions (3.16) and (3.17). Let z,y,2 € E and t,s € I\ {0}. Since
Tiz) € ], we have Ly € Vg ], that is, liw) € Jor 1](@(]3, by (3.16). If liw) € ],
then J(1) > J(z). If 134 ¢, then 3(1) + I(x) > 1 and so

(1) >1-1(z) > 05> I(x).

Note that z, € J and (2y,)s € 3 for ¢ := 1(z) < 0.5 and s := 1(2,,) < 0.5. It follows
from (3.17) that ((zy = ¥) = )minfe,s} € V¢ I, that is,

(zy = ¥) = T)minfrsy € I 0o ((Ty = Y) = )minfe,s} ¢3-
If (zy = ¥) = T)minfr,s} € I, then
I((zy — y) = x) > min{t, s} = min{I(2),I(z,.)}
If ((xy = ¥) = T)minft.s} ¢, then I((zy, = y) — ) + min{t, s} > 1 and thus,
I((xy = y) = x) > 1 —min{t, s} > 0.5 > min{3(z),I(z,.) }-
Consequently, J is an F'(€, €)-filter of € by Theorem 3.1. O

By the combination of Proposition 3.4 and Theorem 3.13, we have the following
corollary.

Corollary 3.1. Let 1 be a fuzzy set in E that satisfies I(x) < 0.5 for all x € E. If J
satisfies the conditions (3.13) and (3.15), then J is an F(&, €)s-filter of €.

4. CONCLUSION

In fuzzy logic, a fuzzy point (or, a fuzzy singleton) is a special type of fuzzy set that
represents a single element with a nonzero membership value at a specific point, and
zero membership value elsewhere. This concept of fuzzy points plays an important
role in the study of the fuzzification of topology, and it has also been widely applied in
(logical) algebras. In this paper, we used the concept of fuzzy points to study fantastic
filters in equality algebras. We introduced the concept of fantastic (€, €)-fuzzy filters,
and investigated its properties. We considered characterizations of fantastic (€, €)-
fuzzy filters. We established the relationship between fantastic (€, €)-fuzzy filters,
(€, €)-fuzzy filters, implicative (€, €)-fuzzy filters and positive implicative (€, €)-fuzzy
filters. We explored conditions for the (€, €)-fuzzy filter to be a fantastic (€, €)-fuzzy
filter. After giving examples of confirming that the concepts of positive implicative
(€, €)-fuzzy filter and fantastic (€, €)-fuzzy filter are independent of each other, we
show that the combination of these two concepts is equivalent to the implicative (€, €)-
fuzzy filter. We constructed the extension property for the fantastic (€, €)-fuzzy filter.
We examined the properties associated with €;-sets and g;-sets of a fuzzy set Jin E
and also looked for conditions under which they can become fantastic filters. In the
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future, we will actively utilize the ideas and results obtained in this paper in studying
substructures of various forms of (logical) algebras.
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