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FANTASTIC FILTERS OF EQUALITY ALGEBRAS USING FUZZY
POINTS
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Abstract. The concept of fuzzy points is used to study fantastic filters in equality
algebras. The concept of fantastic (∈, ∈)-fuzzy filters is introduced, and its properties
are investigated. The relationship between (∈, ∈)-fuzzy filters, implicative (∈, ∈)-
fuzzy filters and positive implicative (∈, ∈)-fuzzy filters and fantastic (∈, ∈)-fuzzy
filters are established. Characterizations of fantastic (∈, ∈)-fuzzy filters are discussed,
and the conditions for the (∈, ∈)-fuzzy filter to be a fantastic (∈, ∈)-fuzzy filter are
explored. The extension property for fantastic (∈, ∈)-fuzzy filter is established. The
properties associated with ∈t-sets and qt-sets ,ג)) t)q := {a ∈ E | at q ({ג of a fuzzy
set ג in E and also look for conditions under which they can become fantastic filters
are examined.

1. Introduction

The equality algebra has been motivated by the EQ-algebra, and many researchers
have intensified their work on it in order to achieve notable results (see [2–4,7,20]). In
general, ideal theory and filter theory have been established as important concepts in
the study of logical algebras. Paad [15] introduced the concept of an ideal in bounded
equality algebras and showed that there is a correspondence between ideals and
congruence relations. Jenei-Kóródi [7] proposed the notions of filters and congruence
relations in equality algebras and investigated several properties. In [3] authors
introduced some types of filters such as (positive) implicative, fantastic, Boolean, and
prime filters in equality algebras, and showed that positive implicative, implicative,
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and Boolean filters are equivalent in bounded commutative equality algebras. For
more details about equality algebras you can see [5,14,18] Fuzzy set and neutrosophic
set theories for various forms of (logical) algebras, including equality algebras, are also
being studied (see [1,8,11–13,17,19]). In [17] authors used the concept of fuzzy points
to deal with filters in equality algebras. They introduced the concept of (∈, ∈)-fuzzy
filters of equality algebras and investigated several properties. Jun [9, 10] studied the
fuzzification of (positive) implicative filters in equality algebras using fuzzy points. He
introduced the concept of (positive) implicative (∈, ∈)-fuzzy filters and investigated
several properties.

In this paper, we use fuzzy points to study fantastic filters in equality algebras.
We introduce the concept of fantastic (∈, ∈)-fuzzy filters and investigate its prop-
erties. We consider characterizations of fantastic (∈, ∈)-fuzzy filters. We establish
the relationship between fantastic (∈, ∈)-fuzzy filters, (∈, ∈)-fuzzy filters, implicative
(∈, ∈)-fuzzy filters and positive implicative (∈, ∈)-fuzzy filters. We explore conditions
for the (∈, ∈)-fuzzy filter to be a fantastic (∈, ∈)-fuzzy filter. We provide examples
to confirm the concepts of positive implicative (∈, ∈)-fuzzy filter and fantastic (∈, ∈)-
fuzzy filter are independent of each other, and then we show that the combination of
these two concepts is equivalent to the implicative (∈, ∈)-fuzzy filter. We form the
extension property for the fantastic (∈, ∈)-fuzzy filter. We examine the properties
associated with ∈t-sets and qt-sets of a fuzzy set ג in E and also look for conditions
under which they can become fantastic filters.

2. Preliminaries

Definition 2.1 ([6]). By an equality algebra, we mean an algebraic structure E :=
(E, ∧, ∼, 1) satisfying the following conditions:

(E1) (E, ∧, 1) is a commutative idempotent integral monoid, that is, meet semilattice
with the top element 1,

(E2) The operation ∼ is commutative,
(E3) (∀a ∈ E)(a ∼ a = 1),
(E4) (∀a ∈ E)(a ∼ 1 = a),
(E5) (∀a, b, c ∈ E)(a ≤E b ≤E c ⇒ a ∼ c ≤E b ∼ c, a ∼ c ≤E a ∼ b),
(E6) (∀a, b, c ∈ E)(a ∼ b ≤E (a ∧ c) ∼ (b ∧ c)),
(E7) (∀a, b, c ∈ E)(a ∼ b ≤E (a ∼ c) ∼ (b ∼ c)),

where a ≤E b if and only if a ∧ b = a.

In an equality algebra E := (E, ∧, ∼, 1), we define two operations → and ↔ on E
as follows:

a → b := a ∼ (a ∧ b),(2.1)
a ↔ b := (a → b) ∧ (b → a).(2.2)

The operations ∧, ∼, → and ↔ are called meet, equality operation, implication and
equivalence operation, respectively.
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An equality algebra E := (E, ∧, ∼, 1) is said to be bounded if there exists an element
0 ∈ E such that 0 ≤E a for all a ∈ E. In a bounded equality algebra E := (E, ∧, ∼,
1), we define the negation ¬ by ¬a = a → 0 = a ∼ 0 for all a ∈ E.

For every a, b, c ∈ E, we will use the symbols ab and abc instead of a → b and
a → (b → c), respectively.
Proposition 2.1 ([6, 20]). Let E := (E, ∧, ∼, 1) be an equality algebra. Then, the
following assertions are valid:

ab = 1 ⇔ a ≤E b,(2.3)
abc = bac,(2.4)
1a = a, a1 = 1 = aa,(2.5)
a ≤E ba,(2.6)
a ≤E ab → b,(2.7)
ab ≤E bc → ac,(2.8)
a ≤E b ⇒ bc ≤E ac, ca ≤E cb,(2.9)

for all a, b, c ∈ E.

Proposition 2.2 ([20]). Every lattice equality algebra, i.e., an equality algebra which
is a lattice, E := (E, ∧, ∼, 1) satisfies

(∀a, b ∈ E)(ab = (a ∨ b)b),(2.10)
(∀a, b, c ∈ E)((a ∨ b)c = ac ∧ bc).(2.11)

A subset F of E is called a filter (or deductive system) of E (see [7]) if it satisfies:
1 ∈ F,(2.12)
(∀a, b ∈ E)(a ∈ F, a ≤E b ⇒ b ∈ F ),(2.13)
(∀a, b ∈ E)(a ∈ F, a ∼ b ∈ F ⇒ b ∈ F ).(2.14)

A subset F of E is called
• a positive implicative filter of E (see [3]) if it satisfies (2.12) and

(∀a, b, c ∈ E)(abc ∈ F, ab ∈ F ⇒ ac ∈ F ),(2.15)
• an implicative filter of E (see [3]) if it satisfies (2.12) and

(∀a, b, c ∈ E)(c → (ab → a) ∈ F, c ∈ F ⇒ a ∈ F ),(2.16)
• a fantastic filter of E (see [3]) if it satisfies (2.12) and

(∀a, b, c ∈ E)(cba ∈ F, c ∈ F ⇒ (ab → b) → a ∈ F ).(2.17)
A fuzzy set ג in a set E of the form

(b)ג :=
{

t ∈ (0, 1], if b = a,
0, if b ̸= a,

is said to be a fuzzy point with support a and value t and is denoted by at.
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For a fuzzy set ג in a set E, we say that a fuzzy point at is
(i) contained in ,ג denoted by at ∈ ג if (a)ג ≥ t (see [16]),
(ii) quasi-coincident with ,ג denoted by at q ג if (a)ג + t > 1 (see [16]).
If a fuzzy point at is contained in ג or is quasi-coincident with ,ג we denote it as

at ∈∨q .ג
Given t ∈ (0, 1] and a fuzzy set ג in a set E, consider the following sets

,ג) t)∈ := {a ∈ E | at ∈ {ג and ,ג) t)q := {a ∈ E | at q ,{ג

which are called the ∈t-set and the qt-set of ,ג respectively, in E.

Definition 2.2 ([17]). Let E := (E, ∧, ∼, 1) be an equality algebra. A fuzzy set ג of
E is called an (∈, ∈)-fuzzy filter (briefly, (∈, ∈)f -filter) of E if it satisfies:

,ג) t)∈ ̸= ∅ ⇒ 1 ∈ ,ג) t)∈,(2.18)
x ≤E y, xt ∈ ג ⊢ yt ∈ (2.19),ג
xt ∈ ,ג (x ∼ y)s ∈ ג ⊢ ymin{t,s} ∈ (2.20),ג

for all x, y ∈ E and t, s ∈ I \ {0}.

Lemma 2.1 ([17]). Let E := (E, ∧, ∼, 1) be an equality algebra. A fuzzy set ג in E
is an (∈, ∈)f -filter of E if and only if it satisfies

(∀x ∈ E) (1)ג) ≥ ((x)ג ,(2.21)
(∀x, y ∈ E)(ג(y) ≥ min{ג(x), (2.22).({(xy)ג

Lemma 2.2 ([17]). Every (∈, ∈)f -filter ג of E satisfies

(∀x, y ∈ E)(x ≤E y ⇒ (x)ג ≤ (2.23).((y)ג

Definition 2.3 ([9]). Let E := (E, ∧, ∼, 1) be an equality algebra. A fuzzy set ג of
E is called a positive implicative (∈, ∈)-fuzzy filter (briefly, PI(∈, ∈)f -filter) of E if it
satisfies (2.18) and

(∀x, y ∈ E)(∀t, s ∈ I \ {0})
(
(xyz)t ∈ ,ג (xy)s ∈ ג ⊢ (xz)min{t,s} ∈ ג

)
.(2.24)

Definition 2.4 ([10]). Let E := (E, ∧, ∼, 1) be an equality algebra. A fuzzy set ג of
E is called an implicative (∈, ∈)-fuzzy filter (briefly, Im(∈, ∈)f -filter) of E if it satisfies
(2.18) and

(∀x, y, z ∈ E)(∀t, s ∈ I \ {0})
(
zt ∈ ,ג (z → (xy → x))s ∈ ג ⊢ xmin{t,s} ∈ ג

)
.(2.25)

Lemma 2.3 ([9]). Let E := (E, ∧, ∼, 1) be an equality algebra. A fuzzy set ג in E
is a PI(∈, ∈)f -filter of E if and only if it is an (∈, ∈)f -filter of E that satisfies

(∀x, y ∈ E) (xy)ג) ≥ ((xxy)ג .(2.26)

Lemma 2.4 ([10]). Every Im(∈, ∈)f -filter is a PI(∈, ∈)f -filter.
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Lemma 2.5 ([10]). Let E := (E, ∧, ∼, 1) be an equality algebra. A fuzzy set ג in E
is an Im(∈, ∈)f -filter of E if and only if it is an (∈, ∈)f -filter of E that satisfies

(∀x, y ∈ E) (x)ג) ≥ xy)ג → x)) .(2.27)

3. Fantastic Fuzzy Filters

In what follows, let E := (E, ∧, ∼, 1) be an equality algebra unless otherwise
specified.

Definition 3.1. A fuzzy set ג of E is called a fantastic (∈, ∈)-fuzzy filter (briefly,
F (∈, ∈)f -filter) of E if it satisfies (2.18) and

(∀x, y, z ∈ E)(∀t, s ∈ I \ {0})
(
zt ∈ ,ג (zyx)s ∈ ג ⊢ ((xy → y) → x)min{t,s} ∈ ג

)
.

(3.1)

Example 3.1. Let E = {π0, π1, πc, πa, πb} be a set with the following Hasse diagramrr rrrπ0

πc

πa πb

π1
JJ





JJ

and define a binary operation “∼” on E by Table 1.

Table 1. Cayley table for the binary operation “∼”

∼ π0 πc πa πb π1
π0 π1 π0 π0 π0 π0
πc π0 π1 πb πa πc

πa π0 πb π1 πc πa

πb π0 πa πc π1 πb

π1 π0 πc πa πb π1

Then, E := (E, ∧, ∼, π1) is an equality algebra (see [3, Example 4.2]), and the
implication “→” is calculated by Table 2. Let ג be a fuzzy set in E given as follows:

Table 2. Cayley table for the implication “→”

→ π0 πc πa πb π1
π0 π1 π1 π1 π1 π1
πc π0 π1 π1 π1 π1
πa π0 πb π1 πb π1
πb π0 πa πa π1 π1
π1 π0 πc πa πb π1
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ג : E → [0, 1], x 7→
{ 0.38

n
, if x = π0,

0.57
n

, if x ∈ E \ {π0},

where n is a natural number. It is routine to confirm that ג is an F (∈, ∈)f -filter of E.

We first consider a characterization of the F (∈, ∈)f -filter.

Theorem 3.1. A fuzzy set ג in E is an F (∈, ∈)f -filter of E if and only if it satisfies
(2.21) and

(∀x, y, z ∈ E) xy))ג) → y) → x) ≥ min{ג(z), ({(zyx)ג .(3.2)

Proof. Assume that ג is an F (∈, ∈)f -filter of E. If (2.21) is false, then there exists
b ∈ E such that (1)ג < .(b)ג Hence, b ∈ ,ג) t)∈ for t := ,(b)ג and so 1 ∈ ,ג) t)∈ by
(2.18). Thus, (1)ג ≥ t = ,(b)ג a contradiction. Therefore, (2.21) is valid. Suppose
that there exist a, b, c ∈ E such that

ab))ג → b) → a) < min{ג(c), .{(cba)ג

If we take t := min{ג(c), ,{(cba)ג then ct ∈ ג and (cba)t ∈ .ג Hence,
((ab → b) → a)t ∈ ג

by (3.1), and so ab))ג → b) → a) ≥ t = min{ג(c), {(cba)ג which is a contradiction.
Therefore, xy))ג → y) → x) ≥ min{ג(z), {(zyx)ג for all x, y, z ∈ E, i.e., (3.2) is valid.

Conversely, suppose that ג satisfies (2.21) and (3.2). Let x, y, z ∈ E and t, s ∈ I\{0}.
If ,ג) t)∈ ̸= ∅, say z ∈ ,ג) t)∈, then (1)ג ≥ (z)ג ≥ t by (2.21) and so 1 ∈ ,ג) t)∈. If
zt ∈ ג and (zyx)s ∈ ,ג then ((z)ג ≥ t and (zyx)ג ≥ s. It follows from (3.2) that

xy))ג → y) → x) ≥ min{ג(z), {(zyx)ג ≥ min{t, s}.

Hence, ((xy → y) → x)min{t,s} ∈ .ג Consequently, ג is an F (∈, ∈)f -filter of E. □

We discuss the relation between an (∈, ∈)f -filter and an F (∈, ∈)f -filter.

Theorem 3.2. Every F (∈, ∈)f -filter is an (∈, ∈)f -filter.

Proof. Let ג be an F (∈, ∈)f -filter of E. Then, ג satisfies (2.21) by Theorem 3.1. If we
take y = 1 in (3.2), then

(x)ג (2.5)= x1))ג → 1) → x) ≥ min{ג(z), {((z1x)ג (2.5)= min{ג(z), ,{(zx)ג

for all x, z ∈ E. Hence, ג is an (∈, ∈)f -filter of E by Lemma 2.1. □

The following example shows that the converse of Theorem 3.2 is not true in general.

Example 3.2. Consider the equality algebra E := (E, ∧, ∼, π1) given in Example 3.1.
Let ג be a fuzzy set in E given as follows:

ג : E → [0, 1], x 7→
{ 0.76

n
, if x ∈ {π1, πa},

0.53
n

, otherwise,
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where n is a natural number. Then, ג is an (∈, ∈)f -filter of E. But it is not an
F (∈, ∈)f -filter of E since
πb)))ג → π0) → π0) → πb) = (πb)ג = 0.53

n
≱ 0.76

n
= min{ג(π1), π1)ג → (π0 → πb))}.

We explore conditions for an (∈, ∈)f -filter to be an F (∈, ∈)f -filter.

Theorem 3.3. A fuzzy set ג in E is an F (∈, ∈)f -filter of E if and only if it is an
(∈, ∈)f -filter of E that satisfies

(∀x, y ∈ E)(ג((xy → y) → x) ≥ (3.3).((yx)ג

Proof. Assume that ג is an F (∈, ∈)f -filter of E. Then, ג is an (∈, ∈)f -filter of E by
Theorem 3.2. If we take z = 1 in (3.2), then

xy))ג → y) → x) ≥ min{(1)ג, {(1yx)ג (2.5)= min{(1)ג, {(yx)ג (2.21)= ,(yx)ג
for all x, y ∈ E.

Conversely, let ג be an (∈, ∈)f -filter of E that satisfies (3.3). Then, it satisfies (2.21)
and

xy))ג → y) → x)
(3.3)
≥ (yx)ג

(2.22)
≥ min{ג(z), ,{(zyx)ג

for all x, y, z ∈ E. It follows from Theorem 3.1, that ג is an F (∈, ∈)f -filter of E. □

Lemma 3.1 ([9]). Every (∈, ∈)f -filter ג of E satisfies
(∀x, y, z ∈ E) (xz)ג) ≥ min{ג(xy), ({(yz)ג .(3.4)

Proposition 3.1. If E is a lattice equality algebra, then every F (∈, ∈)f -filter ג of E
satisfies

(∀x, y ∈ E)(ג((xy → y) → (yx → x)) = (3.5).((1)ג

Proof. Let ג be an F (∈, ∈)f -filter of E. Then, ג is an F (∈, ∈)f -filter of E by The-
orem 3.2. Let x, y ∈ E. Note that (x ∨ y)y = xy and yx∨y = 1 for all x, y ∈ E.
Hence,

xy))ג → y) → (x ∨ y)) = x)))ג ∨ y)y → y) → (x ∨ y))
(3.3)
≥ (yx∨y)ג = .(1)ג

Since x ∨ y ≤E yx → x, we have (x ∨ y) → (yx → x) = 1 and so
x))ג ∨ y) → (yx → x)) = .(1)ג

It follows from Lemma 3.1, that

xy))ג → y) → (yx → x)) ≥ min{ג((xy → y) → (x ∨ y)), x))ג ∨ y) → (yx → x))}
= .(1)ג

(3.6)

By the combination of (2.21) and (3.6), we have xy))ג → y) → (yx → x)) = .(1)ג
This completes the proof. □
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Theorem 3.4. If every (∈, ∈)f -filter ג of E satisfies condition (3.5), then it is an
F (∈, ∈)f -filter of E.

Proof. Let ג be an (∈, ∈)f -filter of E that satisfies the condition (3.5). For every
x, y ∈ E, we have

xy))ג → y) → x)
(2.22)
≥ min{ג(yx), yx)ג → ((xy → y) → x))}

(2.4)= min{ג(yx), xy))ג → y) → (yx → x))}
(3.5)= min{ג(yx), {(1)ג
(2.21)= .(yx)ג

Therefore, ג is an F (∈, ∈)f -filter of E by Theorem 3.3. □

Lemma 3.2 ([10]). Every fuzzy set ג in E is an Im(∈, ∈)f -filter of E if and only if
it is an (∈, ∈)f -filter of E that satisfies:

(∀x, y ∈ E)(ג(x) ≥ xy)ג → x)).(3.7)

Theorem 3.5. Every Im(∈, ∈)f -filter is an F (∈, ∈)f -filter.

Proof. Let ג be an Im(∈, ∈)f -filter of E. Then, ג is an (∈, ∈)f -filter of E (see [10,
Theorem 3.5]). For every x, y ∈ E, we have x ≤E (xy → y) → x and so

((xy → y) → x) → y
(2.9)
≤E xy.

Hence,

yx

(2.9)
≤E (xy → y) → (xy → x)
(2.4)= xy → ((xy → y) → x)
(2.9)
≤E (((xy → y) → x) → y) → (((xy → y) → x),

which implies, from Lemma 2.2 and Lemma 3.2, that
(yx)ג ≤ xy))))ג → y) → x) → y) → ((xy → y) → x)) ≤ xy))ג → y) → x).

Therefore, ג is an F (∈, ∈)f -filter of E by Theorem 3.3. □

The converse of Theorem 3.5 may not be true as shown in the following example.

Example 3.3. Let (E := {ℓ0, ℓa, ℓb, ℓ1}, ≤E) be a chain. Define the operations ∼
and → on E by Table 3. Then, E := (E, ∧, ∼, ℓ1) is an equality algebra (see [3,
Example 4.13]). Let ג be a fuzzy set in E given as follows:

ג : E → [0, 1], x 7→
{ 0.68

n
if x ∈ {ℓ1, ℓb},

0.68
2n

otherwise,
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Table 3. Cayley tables of the operations ∼ and →

∼ ℓ0 ℓa ℓb ℓ1
ℓ0 ℓ1 ℓa ℓ0 ℓ0
ℓa ℓa ℓ1 ℓa ℓa

ℓb ℓ0 ℓa ℓ1 ℓb

ℓ1 ℓ0 ℓa ℓb ℓ1

→ ℓ0 ℓa ℓb ℓ1
ℓ0 ℓ1 ℓ1 ℓ1 ℓ1
ℓa ℓa ℓ1 ℓ1 ℓ1
ℓb ℓ0 ℓa ℓ1 ℓ1
ℓ1 ℓ0 ℓa ℓb ℓ1

where n is a natural number. It is routine to confirm that ג is an F (∈, ∈)f -filter of E.
But it is not an Im(∈, ∈)f -filter of E since

(ℓa)ג = 0.68
2n

≱ 0.68
n

= min{ג(ℓ1), ℓ1)ג → ((ℓa → ℓ0) → ℓa))}.

In the following example, we can see that the concepts of PI(∈, ∈)f -filter and
F (∈, ∈)f -filter are independent of each other.

Example 3.4. (i) Let (E := {ℓ0, ℓa, ℓb, ℓ1}, ≤E) be a chain. Define the operations ∼
and → on E by Table 4. Then, E := (E, ∧, ∼, ℓ1) is an equality algebra (see [3]).

Table 4. Cayley tables of the operations ∼ and →

∼ ℓ0 ℓa ℓb ℓ1
ℓ0 ℓ1 ℓ0 ℓ0 ℓ0
ℓa ℓ0 ℓ1 ℓa ℓa

ℓb ℓ0 ℓa ℓ1 ℓb

ℓ1 ℓ0 ℓa ℓb ℓ1

→ ℓ0 ℓa ℓb ℓ1
ℓ0 ℓ1 ℓ1 ℓ1 ℓ1
ℓa ℓ0 ℓ1 ℓ1 ℓ1
ℓb ℓ0 ℓa ℓ1 ℓ1
ℓ1 ℓ0 ℓa ℓb ℓ1

Let ג be a fuzzy set in E given as follows:

ג : E → [0, 1], x 7→
{

0.79, if x ∈ {ℓ1, ℓb},

0.47, otherwise.

It is routine to confirm that ג is a PI(∈, ∈)f -filter of E. Since

ℓa)))ג → ℓ0) → ℓ0) → ℓa) = (ℓa)ג = 0.47 ≱ 0.79 = (ℓ1)ג = ℓ0)ג → ℓa),

we know that ג is not an F (∈, ∈)f -filter of E by Theorem 3.3.
(ii) Let (E := {ℓ0, ℓa, ℓb, ℓc, ℓd, ℓ1}, ≤E) be a lattice with the following Hasse diagram.

r
ℓ0
JJ 


rℓb rZ
Z

ℓd

rJJ ℓcr

ℓa

rℓ1

Define the operations ∼ and → on E by Table 5. Then, E := (E, ∧, ∼, ℓ1) is an
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Table 5. Cayley tables of the operations ∼ and →

∼ ℓ0 ℓa ℓb ℓc ℓd ℓ1
ℓ0 ℓ1 ℓd ℓc ℓb ℓa ℓ0
ℓa ℓd ℓ1 ℓa ℓd ℓc ℓa

ℓb ℓc ℓa ℓ1 ℓ0 ℓd ℓb

ℓc ℓb ℓd ℓ0 ℓ1 ℓa ℓc

ℓd ℓa ℓc ℓd ℓa ℓ1 ℓd

ℓ1 ℓ0 ℓa ℓb ℓc ℓd ℓ1

→ ℓ0 ℓa ℓb ℓc ℓd ℓ1
ℓ0 ℓ1 ℓ1 ℓ1 ℓ1 ℓ1 ℓ1
ℓa ℓd ℓ1 ℓa ℓc ℓc ℓ1
ℓb ℓc ℓ1 ℓ1 ℓc ℓc ℓ1
ℓc ℓb ℓa ℓb ℓ1 ℓa ℓ1
ℓd ℓa ℓ1 ℓa ℓ1 ℓ1 ℓ1
ℓ1 ℓ0 ℓa ℓb ℓc ℓd ℓ1

equality algebra (see [3, Example 3.4]). Let ג be a fuzzy set in E given as follows:

ג : E → [0, 1], x 7→
{ 0.83

n
, if x ∈ {ℓ1, ℓc},

0.83
2n

, otherwise,

where n is a natural number. Then, ג is an F (∈, ∈)f -filter of E. Since

ℓa)ג → ℓb) = (ℓa)ג = 0.83
2n

≱ 0.83
n

= (ℓ1)ג = ℓa)ג → (ℓa → ℓb)),

we know that ג is not a PI(∈, ∈)f -filter of E by Lemma 2.3.

Theorem 3.6. Let ג be a fuzzy set in E. Then, ג is an Im(∈, ∈)f -filter of E if and
only if ג is both a PI(∈, ∈)f -filter and an F (∈, ∈)f -filter of E.

Proof. If ג is an Im(∈, ∈)f -filter of E, then it is both a PI(∈, ∈)f -filter and an F (∈, ∈)f -
filter of E by Lemma 2.4 and Theorem 3.5.

Conversely, suppose that ג is both a PI(∈, ∈)f -filter and an F (∈, ∈)f -filter of
E. Then ג is an (∈, ∈)f -filter of E. Let x, y ∈ E. Using (2.7) and (2.9), we have
xy → x ≤E xy → (xy → y), and so

xy)ג → x) ≤ xy)ג → (xy → y)) ≤ xy)ג → y),

by Lemma 2.2 and Lemma 2.3. Since xy → x ≤E yx by (2.6) and (2.9), we have

xy)ג → x) ≤ (yx)ג ≤ xy))ג → y) → x),

by Lemma 2.2 and Theorem 3.3. It follows from (2.22) that

(x)ג ≥ min{ג(xy → y), xy))ג → y) → x)} ≥ xy)ג → x).

Therefore, ג is an Im(∈, ∈)f -filter of E by Lemma 2.5. □

Theorem 3.7 (Extension property). Let ג and ð be (∈, ∈)f -filters of E that satisfies
(1)ג = ð(1) and ג ⊆ ð, that is, (x)ג ≤ ð(x) for all x ∈ E. If ג is an F (∈, ∈)f -filter
of E, then so is ð.
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Proof. Assume that ג is an F (∈, ∈)f -filter of E. For every x, y ∈ E, let a := yx. Then,
y → ax

(2.4)= a → yx
(2.5)= 1, and so

ð(a → (((ax → y) → y) → x)) = ð(((ax → y) → y) → ax)
≥ ax)))ג → y) → y) → ax)
≥ y)ג → ax) = (1)ג = ð(1),

by (2.4) and Theorem 3.3. Hence, ð(a → (((ax → y) → y) → x)) = ð(1). Using
Lemma 2.1, we have

ð(((ax → y) → y) → x) ≥ min{ð(a),ð(a → (((ax → y) → y) → x))}
= min{ð(a),ð(1)} = ð(a).(3.8)

Note that

1 (2.5)= a1
(2.5)= axx

(2.4)= x → ax

(2.3) & (2.8)
≤E (ax → y) → xy

(2.8)
≤E (xy → y) → ((ax → y) → y)
(2.8)
≤E (((ax → y) → y) → x) → ((xy → y) → x).

It follows from Lemma 2.1, Lemma 2.2 and (3.8) that
ð((xy → y) → x)

≥ min{ð(((ax → y) → y) → x),ð((((ax → y) → y) → x) → ((xy → y) → x))}
≥ min{ð(((ax → y) → y) → x),ð(1)}
=ð(((ax → y) → y) → x) ≥ ð(a) = ð(yx).

Therefore, ð is an F (∈, ∈)f -filter of E by Theorem 3.3. □

Lemma 3.3 ([17]). A fuzzy set ג in E is an (∈, ∈)f -filter of E if and only if the
nonempty ∈t-set ,ג) t)∈ of ג is a filter of E for all t ∈ I \ {0}.

Theorem 3.8. A fuzzy set ג in E is an F (∈, ∈)f -filter of E if and only if the nonempty
∈t-set ,ג) t)∈ of ג is a fantastic filter of E for all t ∈ I \ {0}.

Proof. If ג is an F (∈, ∈)f -filter of E, then ג is an (∈, ∈)f -filter of E by Theorem 3.2.
Let t ∈ I \ {0} be such that ,ג) t)∈ ̸= ∅. Then, ,ג) t)∈ is a filter of E by Lemma 3.3,
and so 1 ∈ ,ג) t)∈. Let x, y, z ∈ E be such that z ∈ ,ג) t)∈ and zyx ∈ ,ג) t)∈. Then,
(z)ג ≥ t and (zyx)ג ≥ t. It follows from Theorem 3.1 that

xy))ג → y) → x) ≥ min{ג(z), {(zyx)ג ≥ t.

Thus, (xy → y) → x ∈ ,ג) t)∈. Hence, ,ג) t)∈ of ג is a fantastic filter of E.
Conversely, suppose that the nonempty ∈t-set ,ג) t)∈ of ג is a fantastic filter of E

for all t ∈ I \ {0}. If (2.21) is not valid, then there exists b ∈ E such that (1)ג < .(b)ג
Then b ∈ ,ג) t)∈ for t = (b)ג ∈ I \ {0}. But 1 /∈ ,ג) t)∈ which is a contradiction.
Hence, ג satisfies (2.21). Suppose that there are a, b, c ∈ E and t ∈ I \ {0} such
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that ab))ג → b) → a) < min{ג(c), .{(cba)ג If we take t := min{ג(c), ,{(cba)ג then
c ∈ ,ג) t)∈ and cba ∈ ,ג) t)∈. Since ,ג) t)∈ is a fantastic filter of E, it follows that
(ab → b) → a ∈ ,ג) t)∈, i.e., ab))ג → b) → a) ≥ t. This is a contradiction, and
so xy))ג → y) → x) ≥ min{ג(z), {(zyx)ג for all x, y, z ∈ E. Therefore, ג is an
F (∈, ∈)f -filter of E by Theorem 3.1. □

Theorem 3.9. Given a fuzzy set ג in E, its nonempty ∈t-set ,ג) t)∈ is a fantastic
filter of E for all t ∈ (0.5, 1] if and only if ג satisfies

(∀x ∈ E) (x)ג) ≤ max{(1)ג, 0.5}) ,(3.9)
(∀x, y, z ∈ E) (min{ג(z), {(zyx)ג ≤ max{ג((xy → y) → x), 0.5}) .(3.10)

Proof. Assume that the nonempty ∈t-set ,ג) t)∈ of ג is a fantastic filter of E for all t ∈
(0.5, 1]. If (3.9) is false, then (a)ג > max{(1)ג, 0.5} for some a ∈ E. Hence a ∈ ,ג) t)∈
for t := (a)ג ∈ (0.5, 1]. But 1 /∈ ,ג) t)∈, a contradiction. Thus, (x)ג ≤ max{(1)ג, 0.5}
for all x ∈ E. If (3.10) is not valid, then there exist a, b, c ∈ E such that

min{ג(c), {(cba)ג > max{ג((ab → b) → a), 0.5}.

If we put t := min{ג(c), {(cba)ג ∈ (0.5, 1], then c ∈ ,ג) t)∈ and cba ∈ ,ג) t)∈, but
(ab → b) → a /∈ ,ג) t)∈. This is a contradiction, and therefore

min{ג(z), {(zyx)ג ≤ max{ג((xy → y) → x), 0.5},

for all x, y, z ∈ E, that is, (3.10) is valid.
Conversely, let ג be a fuzzy set in E that satisfies (3.9) and (3.10). Let t ∈ (0.5, 1]

be such that ,ג) t)∈ ̸= ∅, say x ∈ ,ג) t)∈. Then, (x)ג ≥ t, and so max{(1)ג, 0.5} ≥
(x)ג ≥ t > 0.5. Thus, 1 ∈ ,ג) t)∈. Let x, y, z ∈ E be such that zyx ∈ ,ג) t)∈ and
z ∈ ,ג) t)∈. Using (3.10) yields

max{ג((xy → y) → x), 0.5} ≥ min{ג(z), {(zyx)ג ≥ t > 0.5.

Hence, xy))ג → y) → x) ≥ t, i.e., (xy → y) → x ∈ ,ג) t)∈. Therefore, ,ג) t)∈ is a
fantastic filter of E for all t ∈ (0.5, 1]. □

We explore conditions for the qt-set to be a fantastic filter.
Theorem 3.10. If ג is an F (∈, ∈)f -filter of E, then its nonempty qt-set is a fantastic
filter of E for all t ∈ I \ {0}.

Proof. Suppose that ג is an F (∈, ∈)f -filter of E. Let t ∈ I \{0} be such that ,ג) t)q ̸= ∅,
say x ∈ ,ג) t)q. Then,

(1)ג
(2.21)
≥ (x)ג > 1 − t,

and so 1t q ,ג i.e., 1 ∈ ,ג) t)q. Let x, y, z ∈ E be such that zyx ∈ ,ג) t)q and z ∈ ,ג) t)q.
Then, (zyx)ג + t > 1 and (z)ג + t > 1. It follows from (3.2) that

xy))ג → y) → x) ≥ min{ג(z), {(zyx)ג > 1 − t.

Hence, ((xy → y) → x)t q ,ג that is, (xy → y) → x ∈ ,ג) t)q. Therefore, ,ג) t)q is a
fantastic filter of E for all t ∈ I \ {0}. □
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Proposition 3.2. Given a fuzzy set ג in E, if its nonempty qt-set is a fantastic filter
of E for all t ∈ (0, 0.5], then the following assertions are available.

(∀t ∈ (0, 0.5])(1 ∈ ,ג) t)∈),(3.11)

(∀x, y, z ∈ E)(∀t, s ∈ (0, 0.5])
(
zt q ,ג (zyx)s q ⊣ג ((xy → y) → x)max{t,s} ∈ ג

)
.(3.12)

Proof. Let t ∈ (0, 0.5] be such that ,ג) t)q is a nonempty fantastic filter of E. Then,
1 ∈ ,ג) t)q, and so (1)ג > 1 − t ≥ t, that is, 1 ∈ ,ג) t)∈. If zt q ג and (zyx)s q ג for all
x, y, z ∈ E and t, s ∈ (0, 0.5], then z ∈ ,ג) t)q ⊆ ,ג) max{t, s})q and zyx ∈ ,ג) s)q ⊆
,ג) max{t, s})q. It follows from (2.17) that

(xy → y) → x ∈ ,ג) max{t, s})q.

Hence, xy))ג → y) → x) > 1 − max{t, s} ≥ max{t, s}, i.e.,
((xy → y) → x)max{t,s} ∈ .ג

This completes the proof. □

Theorem 3.11. If a fuzzy set ג in E satisfies the following conditions:
xt q ג ⊢ 1t ∈∨q (3.13),ג
zt q ,ג (zyx)t q ג ⊢ ((xy → y) → x)t ∈∨q (3.14),ג

for all x, y, z ∈ E and t ∈ (0.5, 1], then the nonempty qt-set of ג is a fantastic filter
of E for all t ∈ (0.5, 1].

Proof. Let ג be a fuzzy set in E that satisfies (3.13) and (3.14). Suppose that ,ג) t)q

is nonempty, say x ∈ ,ג) t)q, for all t ∈ (0.5, 1]. Then, xt q ,ג and so 1t ∈∨q ג by (3.13),
i.e., 1t ∈ ג or 1t q .ג If 1t q ,ג then 1 ∈ ,ג) t)q. If 1t ∈ ,ג then (1)ג ≥ t > 1 − t since
t > 0.5. Thus, 1 ∈ ,ג) t)q. Let x, y, z ∈ E be such that zyx ∈ ,ג) t)q and z ∈ ,ג) t)q.
Then, zt q ג and (zyx)t q ג which imply from (3.14) that ((xy → y) → x)t ∈ ∨q ,ג
i.e., ((xy → y) → x)t ∈ ג or ((xy → y) → x)t q .ג If ((xy → y) → x)t q ,ג then
(xy → y) → x ∈ ,ג) t)q. If ((xy → y) → x)t ∈ ,ג then xy))ג → y) → x) ≥ t > 1 − t
and so (xy → y) → x ∈ ,ג) t)q. Therefore, ,ג) t)q is a fantastic filter of E for all
t ∈ (0.5, 1]. □

Theorem 3.12. Let ג be a given fuzzy set in E. If its nonempty ∈t-set is a fantastic
filter of E for all t ∈ (0.5, 1], then its nonempty qs-set is a fantastic filter of E for all
s ∈ (0, 0.5].

Proof. Assume that ,ג) t)∈ is a fantastic filter of E for all t ∈ (0.5, 1] and let s ∈ (0, 0.5]
be such that ,ג) s)q ̸= ∅, say x ∈ ,ג) s)q. Using (3.9) yields max{(1)ג, 0.5} ≥ (x)ג >
1 − s ≥ 0.5 and thus 1 ∈ ,ג) s)q. Let x, y, z ∈ E be such that z ∈ ,ג) s)q and
zyx ∈ ,ג) s)q. Then, (z)ג + s > 1 and (zyx)ג + s > 1. It follows from (3.10) that

max{ג((xy → y) → x), 0.5} ≥ min{ג(z), {(zyx)ג > 1 − s ≥ 0.5.

Hence, xy))ג → y) → x) > 1 − s, and so (xy → y) → x ∈ ,ג) s)q. Therefore, ,ג) s)q is
a fantastic filter of E for all s ∈ (0, 0.5]. □
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Proposition 3.3. Let F be a fantastic filter of E. If a fuzzy set ג in E satisfies
x ∈ ,ג) 0.5)∈ for x ∈ F and (x)ג = 0 for x ∈ E \ F , then ג satisfies (3.13) and

zt q ,ג (zyx)s q ג ⊢ ((xy → y) → x)min{t,s} ∈∨q (3.15),ג
for all x, y, z ∈ E and t, s ∈ I \ {0}.
Proof. Let x ∈ E and t ∈ I \ {0} be such that xt q .ג Then, (x)ג + t > 1. If x ∈ E \ F ,
then (x)ג = 0 and so t > 1, a contradiction. Thus, x ∈ F , which implies that
x ∈ ,ג) 0.5)∈, i.e., (x)ג ≥ 0.5. If 1t ∈ ,ג then 0.5 < (1)ג < t and thus, (1)ג + t > 1,
i.e., 1t q .ג Hence, (3.13) is available. Let x, y, z ∈ E and t, s ∈ I \ {0} be such
that zt q ג and (zyx)s q .ג Then (z)ג + t > 1 and (zyx)ג + s > 1. Hence, z ∈ F
and zyx ∈ F . Since F is a fantastic filter of E, we have (xy → y) → x ∈ F and
so (xy → y) → x ∈ ,ג) 0.5)∈, i.e., xy))ג → y) → x) ≥ 0.5. If min{t, s} > 0.5,
then xy))ג → y) → x) + min{t, s} > 1 and thus, ((xy → y) → x)min{t,s} q .ג If
min{t, s} ≤ 0.5, then xy))ג → y) → x) ≥ 0.5 > min{t, s}, that is,

((xy → y) → x)min{t,s} ∈ .ג
Therefore, ((xy → y) → x)min{t,s} ∈∨q .ג □

Proposition 3.4. If a fuzzy set ג in E satisfies the conditions (3.13) and (3.15), then
it also satisfies

xt ∈ ג ⊢ 1t ∈∨q (3.16),ג
zt ∈ ,ג (zyx)s ∈ ג ⊢ ((xy → y) → x)min{t,s} ∈∨q (3.17),ג

for all x, y, z ∈ E and t, s ∈ I \ {0}.
Proof. Let ג be a fuzzy set in E that satisfies the conditions (3.13) and (3.15). Let
x ∈ E and t ∈ I \ {0} be such that xt ∈ .ג Then, (x)ג ≥ t. Suppose that 1t ∈∨q .ג
Then, 1t ∈ ג and 1t q .ג Hence, (1)ג < t and +(1)ג t ≤ 1, which imply that (1)ג < 0.5.
Hence, (1)ג < min{0.5, t}, and so

1 − (1)ג > 1 − min{0.5, t} = max{0.5, 1 − t} ≥ max{0.5, 1 − .{(x)ג

If we take s := 1 − ,(1)ג then (x)ג + s > 1, i.e., xs q .ג It follows from the condition
(3.13) that 1s ∈ ∨q .ג This is a contradiction. Thus, (3.16) is established. Let
x, y, z ∈ E and t, s ∈ I \ {0} be such that zt ∈ ג and (zyx)s ∈ .ג Suppose that
((xy → y) → x)min{t,s} ∈∨q .ג Then, xy))ג → y) → x) < min{t, s} and xy))ג → y) →
x) + min{t, s} ≤ 1. Hence, xy))ג → y) → x) < min{t, s, 0.5}, and so

1 − xy))ג → y) → x) ≥ δ > 1 − min{t, s, 0.5} = max{1 − t, 1 − s, 0.5}
≥ max{1 − ,(z)ג 1 − ,(zyx)ג 0.5},

for some δ ∈ I \ {0}. It follows that (z)ג + δ > 1 and (zyx)ג + δ > 1, that is,
zδ q ג and (zyx)δ q .ג Using (3.15) derives to ((xy → y) → x)δ ∈ ∨q .ג On the other
hand, since 1 − xy))ג → y) → x) ≥ δ > 0.5, we have xy))ג → y) → x) < 0.5 and
xy))ג → y) → x) + δ ≤ 1. Hence ((xy → y) → x)δ ∈∨q ,ג which is a contradiction.
Therefore, (3.17) is established. □
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Theorem 3.13. Let ג be a fuzzy set in E that satisfies (x)ג ≤ 0.5 for all x ∈ E. If ג
satisfies the conditions (3.16) and (3.17), then ג is an F (∈, ∈)f -filter of E.

Proof. Let ג be a fuzzy set in E such that (x)ג ≤ 0.5 for all x ∈ E. Assume that ג
satisfies the conditions (3.16) and (3.17). Let x, y, z ∈ E and t, s ∈ I \ {0}. Since
xג(x) ∈ ,ג we have (x)ג1 ∈ ∨q ,ג that is, (x)ג1 ∈ ג or (x)ג1 q ,ג by (3.16). If (x)ג1 ∈ ,ג
then (1)ג ≥ .(x)ג If (x)ג1 q ,ג then (1)ג + (x)ג > 1 and so

(1)ג > 1 − (x)ג ≥ 0.5 ≥ .(x)ג
Note that zt ∈ ג and (zyx)s ∈ ג for t := (z)ג ≤ 0.5 and s := (zyx)ג ≤ 0.5. It follows
from (3.17) that ((xy → y) → x)min{t,s} ∈∨q ,ג that is,

((xy → y) → x)min{t,s} ∈ ג or ((xy → y) → x)min{t,s} q .ג

If ((xy → y) → x)min{t,s} ∈ ,ג then
xy))ג → y) → x) ≥ min{t, s} = min{ג(z), .{(zyx)ג

If ((xy → y) → x)min{t,s} q ,ג then xy))ג → y) → x) + min{t, s} > 1 and thus,
xy))ג → y) → x) > 1 − min{t, s} ≥ 0.5 ≥ min{ג(z), .{(zyx)ג

Consequently, ג is an F (∈, ∈)f -filter of E by Theorem 3.1. □

By the combination of Proposition 3.4 and Theorem 3.13, we have the following
corollary.

Corollary 3.1. Let ג be a fuzzy set in E that satisfies (x)ג ≤ 0.5 for all x ∈ E. If ג
satisfies the conditions (3.13) and (3.15), then ג is an F (∈, ∈)f -filter of E.

4. Conclusion

In fuzzy logic, a fuzzy point (or, a fuzzy singleton) is a special type of fuzzy set that
represents a single element with a nonzero membership value at a specific point, and
zero membership value elsewhere. This concept of fuzzy points plays an important
role in the study of the fuzzification of topology, and it has also been widely applied in
(logical) algebras. In this paper, we used the concept of fuzzy points to study fantastic
filters in equality algebras. We introduced the concept of fantastic (∈, ∈)-fuzzy filters,
and investigated its properties. We considered characterizations of fantastic (∈, ∈)-
fuzzy filters. We established the relationship between fantastic (∈, ∈)-fuzzy filters,
(∈, ∈)-fuzzy filters, implicative (∈, ∈)-fuzzy filters and positive implicative (∈, ∈)-fuzzy
filters. We explored conditions for the (∈, ∈)-fuzzy filter to be a fantastic (∈, ∈)-fuzzy
filter. After giving examples of confirming that the concepts of positive implicative
(∈, ∈)-fuzzy filter and fantastic (∈, ∈)-fuzzy filter are independent of each other, we
show that the combination of these two concepts is equivalent to the implicative (∈, ∈)-
fuzzy filter. We constructed the extension property for the fantastic (∈, ∈)-fuzzy filter.
We examined the properties associated with ∈t-sets and qt-sets of a fuzzy set ג in E
and also looked for conditions under which they can become fantastic filters. In the
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future, we will actively utilize the ideas and results obtained in this paper in studying
substructures of various forms of (logical) algebras.
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