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ON THE REVERSE MINKOWSKI'S INTEGRAL INEQUALITY
BOUHARKET BENAISSA'2

ABSTRACT. The aim of this work is to obtain the reverse Minkowski integral in-
equality. For this aim, we first give a proposition which is important for our main
results. Then we establish some reverse Minkowski integral inequalities for parame-
ters 0 < p < 1 and p < 0, respectively.

1. INTRODUCTION

In recent years, inequalities are playing a very significant role in all fields of
mathematics and present a very active and attractive field of research. As example, let
us cite the field of integration which is dominated by inequalities involving functions
and their integrals ([2,3]). One of the famous integral inequalities is Minkowski’s
integral inequality. In particular the following statement was proved for p > 1 (for
details to see [1]).

Theorem 1.1. Let1 < p < 400, Q CR"” and A C R™ be a measurable sets. Suppose
that f is measurable on Q x A and f(-,y) € L,(?) for almost ally € A. Then

(1) || < [l

if the right-hand side is finite.

Remark 1.1. If 0 < p < 1, mes A > 0 and mes {2 > 0 inequality (1.1) is not valid (to
see [1]).

In this paper we obtain some integral inequalities which are reverse versions of the
inequality (1.1).
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2. PRELIMINARIES

2.1. Reverse Young’s and Holder’s Inequalities. The following inequalities are
well-known Young inequalities. Let a > 0, b > 0 and % + i =1, then

/

popP
(2.1) ab Sa——i-—/, for p > 1,
p p
ppp’
(2.2) >+ for0<p<i.
p p

Corollary 2.1 (Reverse Young’s inequality). Let a > 0, b > 0 and % + i =1, then

/

PP
(2.3) ab > a—+—,, forp <.
p p

Proof. We have 252 =1 (p —1)(p/ — 1) = 1 and inequality (2.3) is equivalent to

p p’

ab~l  pp'-1

< 1.
bp * ap’
We take t = “p: , then
pp'=1 g =D’-1) 1 t—@'-1)
ap/ = t(p’—l)ap/ = t(p’—l)p/ = p/
We obtain o)
art ot g el
w T T f),
For all ¢ > 0, we have
1 '—1 ., 1 1 __, ,
f’(t):f—p : -\ _ 4P :,(1_15*17 )7
p p p D p

forall p<0and 0 <p' <1, we get
FO)=0e1—t" =0st=1,
f)>0e1-t7 <0e0<t<l.

Hence, the function f is majored with f(1) =1 for all ¢ € (0, c0).
We deduce that
p—1 -1 P pp’
a4 + §1(:)ab2a——|——, for p < 0. L]
bp  ap’ p p
Corollary 2.2 (Reverse Holder’s inequality). Let @ C R"™ be a measurable set and
p < 0, we suppose that [, g are measurable on €.
If f € L,(Q2) and g € Ly(Q) (p' is the conjugate parameter), then

(24) [ 1£gldt = 11£lz, gz,
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Proof. Choose a = | UL = Hg:f’! and by using reverse Young’s inequality (2.3), we
p/

fol o L gl
11z, - llglle,, — PIAIZ, — plloliz,,
by integrand the above inequality we obtain

p p’
[ [ Or g or
HfHLp HgHL/ o pll fI%, @ pllgllz,,

write

Y

and thus
[ 1 @g®ldt = 11z, N, for p < 0. 0

Remark 2.1. We can write

[ 1wt = ([ iopa)’ ([ o),
([ s’ < ([ 1roear) ([ 1oopa)”™

Now we give a proposition which will be used frequently in the proof of main
theorems.
Let —00 < a < b< 400 and —o00 < ¢ < d < 400 and we defined the set E by

E={f]/: (@b x(cd—R f>0orf<0}.
Suppose H : (a,b) x (¢,d) — C a measurable function defined by
H($7y) = f1<x7y) +if2(l',y),

hence

(see [4]).

where f1, fo € E.
Proposition 2.1. (i) If f{ =0 or fo =0, then

[l | [ )
(id) If f1 # 0 and fo # 0, then

[ 1)l dy
Proof. (i) It fo = 0, then

d d
el as] =| [ el -
If f{ =0, then

(2.5)

(2.6)

< ﬂ‘-/cdﬂ(m,y)dy‘.

[ ity -

/CdH(:v,y)dy‘ :

/Cd |H (z,y)| dy’ = ‘/d i f2(, y)] dy‘ = ‘/d Ifa(%y)ldy‘
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- | e -

/dif2(1‘ay>dy’

C

(1) If f1 # 0 and fy # 0, then

2

(z, )Idyrz'/cd [ff(w,y)Jrff(x’y)]%dy

-([

Hfl B3], e Withp =

1 2
L+ 37 (w, y)dy)

1

wydyﬂ/ fzxydy

- ( [ nwn) + ([ tteonan)
=</cd\f1($,y)\dy> (/ |fa(2,y)|d )
1
2

=2l 0 12

d
/ H(xydy

Ly(c,d) Lp(e,d)’

For all 0 < p < 1 we have

Hf1 + f3

+||£2

Ly(c,d) >

2

<o (|
Ly(cd) — ML, (c,d)

for p = % we obtain

2

d d
/IH(fv,y)ldy 32/c H(z,y)dy

Then

d d
[ 1] < V2 H(x,y)dy‘- .

In this work we consider the reverse inequality of (1.1), with 0 < p <1 and p <0
for f: (a,b) x (¢,d) = K, with K is C, E or iE.

3. MAIN RESULTS

In this section we obtain some reverse Minkowski type inequalities.
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Theorem 3.1. Let 0 < p< 1, —co < a < b< 400 and —o0 < ¢ < d < +00. Suppose
that H : (a,b) x (¢,d) — C is measurable with Re(H),Im(H) € E, Re(H)Im(H) # 0
and H(z,y) € L, .(a,b) for almost all y € (¢,d). Then

/CdH(',y)dy

if left-hand side is finite.
Proof. We have

(3.1)

d
Z (\/5)2772/ ”H<7 y)HLp(a’b)dy’
(a) ‘

Ly

[ H vy < [ 1)y

Then for p — 1 < 0 we get

p—1

/Cd H(z,y)dy

By Proposition 2.1, we obtain

([ el

p p—1

/C dH (z,y)dy

_ ’/cdH(x,y)dy /CdH(x,y)dy‘

> ([ 1ta)

> ([iar) vy

-2 ([ it dy)p_l

By integrating the last inequality, we establish

[ ar> (o)t [ (/d [H (2, 1) dt) [ G

“ o [ (i) o

> (o [ {/ (/Cdm(a:,t)!dt)p_l
- (V3 /f{/ab (/frmx,wrdt)

Rlz/ab (/cd|H(x,t)|dt> H(zy)lda

/Cd H(z, y)dy|

[ty

[t i)

p p—1

d
/ H(z,y)dy dx

dx

IH(x,y)ldy} dx

p—1

|H (x, y)\dx} dy| .

Let
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p—1
and suppose that G(z (/ |H(x,y)] dy> .

Therefore, we get

b| pd
||G($)||Lp/((a,b)):(/a |/C |H(x,y)| dy
( b

-1\ ¥
dx

p

N
d:v)

[ 1) dy

b p % -l
={( ol as) }
d p—1
|H(z,y)| dy
¢ Lp((a,b))

The last expression is finite (see hypothoses of theorem) then G(z) € L, ((a,b)). By
applying the reverse Holder’s inequality and using Proposition 2.1, we obtain

b p'(p—1) i b %
Ry > ( daz) ( / |H<x,y>|pdx)

. l
(L

d:v) " ( / b|H(:v,y)|pd:v>p
Gk (

/cd \H (z,1)| dt

/|th]dt

v

(a:,t)dt| d;c)p/ (/b |H(m,y)|pdx>p

p i b P

dx) </ |H(x,y)|pdx> = Ry.
d d

| Rudy= [ Rady,

d

d d
dy‘z / Rgdy’:/ Rody.

d
H(x,t)dt

Then we get

Ry >0—

Thus, we conclude that

/ab /CdH(x,y)dypde (\/5)71

_1 /Cd Rudy
)p_2 (/ab /cdH(:c,t)dt

d
Rldy‘

v
—
=

L
o7 1

pd:c) (/ \Hwy)\%lx)p y.

S

=
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» _
dx)

Therefore, we get

e

/CdH(:c,y)dy /Cd H(z,t)dt

(LU el o) ([
> () ([ 1rras) a

then

1

pdx>1_p/ > (va)"” /cd </b |H(x,y)|pdx>p dy.

|—=

/Cd H(z,y)dy

(/

Finally, we conclude that

([ pd”””y > (v [ ([ 1t pa) a

which completes the proof. 0

-

/Cd H(z,y)dy

Theorem 3.2. Let 0 < p <1, —o0o < a < b < +00 and —o00 < ¢ < d < +o00.

Suppose that H : (a,b) x (¢,d) — E is measurable and H(x,y) € L, .(a,b) for almost

ally € (¢,d). Then
d

(3:2) / H(- y)dy

if left-hand side is finite.

d
Z / ||H('ay)HLp(a,b)dy7
Lyp(a,b) ¢

Theorem 3.3. Let0 < p< 1, —c0o <a < b< 400 and —o0 < ¢ < d < +00. Suppose

that H : (a,b) x (¢,d) — iE is measurable and H(x,y) € L, (a,b) for almost all

y € (¢,d). Then
d

(3.3) / H(,y)dy

if left-hand side is finite.

d
> [IHC )y
Ly(a,b) ¢

Proof. The proof of Theorem 3.2 and Theorem 3.3 is similar to Theorem 3.1. O

Theorem 3.4. Let p < 0, —00 < a < b < 400 and —o00 < ¢ < d < 4+00. Suppose
that H : (a,b) x (¢,d) — C is measurable with Re(H),Im(H) € E, Re(H)Im(H) # 0
and H(z,y) € L, (a,b) for almost all y € (c,d). Then

(3.4 [ HC vy

d
> (V2P [ ), 0y,
a,b) ¢

Lp(a,
if left-hand side is finite.
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Proof. By using the inequality

d d
/c H(z,y)dy S/C |H(z,y)|dy,

we get

d P d P
[l = ([ ieala) <o

By integrating the last inequality, we get

lfbldH(xdﬁdypdnzle<AdU¥@;yﬂdy>pd$
- /ab :(/CdIH(x,t)mt)p_l (/Cd|H(x,y)|dy>} dx

= /ab /cd </Cd|H(a:,t)|dt>p_l |H(:)3,y)|dy] dx

— /cd {/ab (/Cd\H(x,t)\ dt)p_l |H(x,y)]dx} dy
Ry = /ab (/d \H (z,1)] dt)p_l \H (z, y)| d.

By the reverse Holder’s inequality and Proposition 2.1, we obtain

P \V /o 1
R32< dw) (/ \H(x,ynpdx)

. f
(Lo

dx) ” ( / b|H(x,y)|”dx>p
(V3" (

Let

b d
/ \H (1) dt

/|thym

v

(Lﬂﬁrm>;<LﬂH@yWMap

p ﬁ b P
dw) (/ ]H(w,y)]%x) = Ry.

d d
/ Rady > / Rady.

d
H(x,t)dt

That is, we get

Therefore, we obtain

b| rd p d d
[ @y o= [ Redy = [ Rudy
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and
1 1

pdx> Y (/b H(z, y)\pdx> " dy

L

/Cd H(z,t)dt

[ ran= (2 ([ |
~ (va)"" (/b pda:) ’ /cd (/b |H(;E,y)|pdx>p dy.

It follows that B
(/ab pd:c) (/b pdx) :
> () ([ 1rrar) ay

Consequently, we get

([

/Cd H(x,t)dt

/CdH(:c,y)dy /Cd H(z, t)dt

[un

/Cd H(z,y)dy

pd:v); > (va)" /Cd </b |H(x,y)|pdx>;
> () [ ([ )

This completes the proof. 0

3=

Theorem 3.5. Let p < 0, —o00o < a < b < 400 and —o00 < ¢ < d < 4+00. Suppose
that H : (a,b) x (¢,d) — E is measurable and H(x,y) € Ly .(a,b) for almost all
y € (¢,d). Then

d
(3.5) / H(-,y)dy

if left-hand side is finite.

d
> [ IHCDeandy
Ly(a,b) ¢

Theorem 3.6. Letp < 0, —oc0 < a < b < +00 and —o00 < ¢ < d < +00. Suppose
that H : (a,b) x (c¢,d) — iE is measurable and H(x,y) € L,.(a,b) for almost all
y € (¢,d). Then

d
(3.6) / H(-,y)dy

if left-hand side is finite.
Proof. The proof of Theorem 3.5 and Theorem 3.6 is similar to Theorem 3.4. O

d
> [CIHCDbndy
Ly(a,b) ¢
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