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MORE ABOUT PETROVIC’S INEQUALITY ON COORDINATES
VIA m-CONVEX FUNCTIONS AND RELATED RESULTS

ATIQ UR REHMAN!, GHULAM FARID!, AND WASIM IQBAL?

ABSTRACT. In this paper the authors extend Petrovié’s inequality for coordinated
m-convex functions in the plane and also find Lagrange type and Cauchy type mean
value theorems for Petrovié¢’s inequality for m-convex functions and coordinated
m-~convex functions. The authors consider functional due to Petrovié¢’s inequality
in plane and discuss its properties for certain class of coordinated log-m-convex
functions.

1. INTRODUCTION

A function f : [a,b] — R is said to be convex if

flte+ (1 =t)y) < tf(x)+ 1 —1)f(y)
holds, for all z,y € [a,b] and ¢ € [0,1].
In [6], Dragomir gave the definition of convex functions on coordinates as follows.

Definition 1.1. Let A = [a,b] X [¢,d] C R* and f : A — R be a mapping. Define
partial mappings

(1.1) fy +1a, 0] = R by f,(u) = f(u,y)
and
(1.2) fo i le,d] = R by fo(v) = f(z,0).

Then f is said to be convex on coordinates (or coordinated convex) in A if f, and f,
are convex on [a, b] and [c, d] respectively for all y € [¢,d] and x € [a,b]. A mapping
f is said to be strictly convex on coordinates (or strictly coordinated convex) in A
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if f, and f, are strictly convex on [a, b] and [c, d], respectively, for all y € [c,d] and
x € [a,b].

In [22], G. Toader gave the definition of m-convexity as follows.

Definition 1.2. The function f : [0,0] — R, b > 0, is said to be m-convex, where
m € [0, 1], if we have

ftr+m(l—t)y) <tf(z) +m(l—1)f(y),
for all z,y € [0,b] and ¢ € [0, 1].

Remark 1.1. One can note that the notion of m-convexity reduces to convexity if we
take m = 1. We get starshaped functions from m-convex functions if we take m = 0.

Definition 1.3. A function f : [a,b] — R is called log-convex if

fltz+ (1= t)y) < f1@) + O (y)
holds, for all z,y € [0,b] and ¢ € [0, 1].
Log-convex functions have excellent closure properties. The sum and product of
two log-convex functions is convex. If f is convex function and ¢ is log-convex function

then the functional composition g o f is also log-convex.
In [1], Almori and Darus gave the definition of log-convex on coordinates as follows.

Definition 1.4. Let A = [a,b] X [¢,d] and let a function f : A — Ry is called
log-convex on coordinates in A if partial mappings defined in (1.1) and (1.2) are
log-convex on [a, b] and [c, d], respectively, for all y € [¢,d] and x € [a, b].

In [8], Farid et al. gave the definition of coordinated m-convex functions as follows.

Definition 1.5. Let A = [0,5] x [0,d] C [0,00)?, then a function f: A — R will be
called m-convex on coordinates if the partial mappings
fy :10,b] = R defined by f,(u) = f(u,y)

and
fz 1 [0,d] — R defined by f.(v) = f(z,v)
are m-convex on [0, b] and [0, d], respectively, for all y € [0,d] and = € [0, b].

In [17] (see also [15, p. 154]), M. Petrovi¢ proved the following result, which is
known as Petrovi¢’s inequality in the literature.

Theorem 1.1. Suppose that (z1,...,x,) and (p1,...,ps) be two non-negative n-tuples
such that Y3 _ i prxr > x; fori = 1,...,n and Y}_ prxr € [0,a]l. If f is a convex
function on [0,a), then the inequality

(1.3) épkf(:ck) </ (i:lpkxk) + (;pk - 1) f(0)

1s valid.
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Remark 1.2. Take pp =1, k =1,...,n the above inequality becomes

kéf(m) <f (Z xk> + (n —1)f(0).

In [2], M. Bakula et al. gave the Petrovié¢’s inequality for m-convex function which
is stated in the following theorem.

Theorem 1.2. Let (zy,...,x,) be non-negative n-tuples and (py, ..., pn) be positive
n-tuples such that

P, ::Zpk7 07Ain:§:pkxk2x]~ for each j=1,...,n.
k=1 k=1

If £ :]0,00) = R be an m-convex function on [0,00) with m € (0, 1], then

(1.4) Zn:pkf(xk) <min {mf (&) + (P, = 1)f (0), f () + m(P, = 1)f (0)} .

k=1

Remark 1.3. If we take m = 1 in Theorem 1.2, we get famous Petrovi¢’s inequality
stated in Theorem 1.1.

In [19], Rehman et al. gave the Petrovi¢’s inequality for coordinated convex func-
tions, which is stated in the following theorem.

Theorem 1.3. Let (xy,...,x,) € [0,a)", (Y1,--.,Yn)
(q1,-.-,qn) be positive n-tuples such that Y}_, prxy €
Zzzl Pk Z 17

e [0,0)™ and (p1,...,pn),
[070’)7 Z;L:lq]y] € [07b)7

n n
Pn;:Zpk, 07é:i’n:Zpkxkinforeachizl,...,n,
k=1 k=1

and
Q, = qu, 0+# g, = quyj >y; foreachi=1,....,n.
j=1 j=1
If f: A — R be a coordinated convezx, then

n n

(1'5) Z Zpk%f(mk; yj) <f (fnvgn) + (Qn - 1) f ("%nv O)

o (P 1) (F(0,5) + (Qu — 1)F(0,0)).

By considering non-negative difference of (1.5), the authors in [19] defined the
following functional

(1'6) T(f) :f (i‘na gn) + (Qn - 1) f (fim 0) + (Pn - 1) [f (Oa gn) + (Qn - 1) f(0> 0)]
= > putif (Tn, Y5)-
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By considering non-negative difference of (1.3), the authors in [4] defined the
following functional

an =g (z pkxk) - (z pkf<ask>) ; (z . 1) £(0).

One of the generalizations of convex functions is m-convex functions and it is
considered in literature by many researchers and mathematicians, for example, see
[7,10-12,24] and references there in. In [17] (also see [15, p. 154]), M. Petrovi¢ gave
the inequality for convex functions known as Petrovi¢’s inequality. Many authors
worked on this inequality by giving results related to it, for example see [13,15,17]
and it has been generalized for m-convex functions by M. Bakula et al. in [2]. In [19],
Petrovié¢’s inequality was generalized on coordinate by using the definition of convex
functions on coordinates given by Dragomir in [6].

In this paper the authors extend Petrovié¢’s inequality for coordinated m-convex
functions in the plane and also find Lagrange type and Cauchy type mean value
theorems for Petrovi¢’s inequality for m-convex functions and coordinated m-convex
functions. The authors consider functional due to Petrovi¢’s inequality in plane and
discuss its properties for certain class of coordinated log-m-convex functions.

2. MAIN RESULT

The following theorem consist the result for Petrovi¢’s inequality on coordinated
m-~convex functions.

Theorem 2.1. Let (x1,...,x,), (Y1,.-.,Yn) be non-negative n-tuples and (p1, ..., pn),

n

(q1,---,qn) be positive n-tuples such that Y pp > 1,
k=1

Py:=> pr, 0#&,=> pyy > foreachi=1,...,n
k=1 k=1

and

Qn:=>_ a5, 0#Gn=> qy; >y; foreachi=1,...,n.
=1

j=1
If f:]0,00)* = R be an m-convex function on coordinates with m € (0,1], then

n n

(2.1) Z Zpkqu(xk,yj) <min {mmin {G,,1(Z,/m), G1m(Tn/m)} + (P, — 1)

o X min{G,,1(0), G1,,(0)} , min { G 1(2,), G1.m(T0n)}
+m (P, — 1) min {G,,1(0), G1.,(0)}},

where

(2.2) Gilt) = m (1 Z’;) F(Qn — 1) (£,0).
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Proof. Let f, : [0,00) = Rand f, : [0,00) — R be mappings such that f,(v) = f(x,v)
and f,(u) = f(u,y). Since f is coordinated m-convex on [0, 00)?, therefore f, is m-
convex on [0,00), so by Theorem 1.2, one has

S pefy () < min {mf, (Eufm) + (P — 1)fy (0). fy () +m(Pa — 1), (0)}

k=1
This is equivalent to

> pf (o) Smin {onf (B /i, 0) + (P = 1) 0.),

f (@) +m(Py —1)f(0,y)}.
By setting y = y;, we have

anpkf(ﬂﬁkyyj) <min {mf (Zn/m, y;) + (Fn = 1)1 (0,95) ,

k=1
f (i‘na yj) + m(Pn - 1)f (0,@/])} )
this gives

Zzpk% 'rknyj <m1n{mz% xn/mayj)_’_(Pn_1)2ij<0ayj)a
k=1j=1 j=1

(2.3) )
qu (Zn,y5) +m(Py — 1)2%]”(07%)}-

Now again by Theorem 1.2, one has
z":lqu (/0 y5) < i {0 f (Fo /0, /1) + (Qu — 1) (/. 0)
- F @ufms ) + (@ — 1) (Fnfm, 0)},
qu 0, 5) < min {m (0, Gu/m) + (@ — 1)f (0,0),
70, 50) + m(Qu — 1)f (0,0}

and

Z % an, y] < min {mf (l”n, yn/m) (Qn - 1)f (jm 0) )
f (i'na gn) + m(Qn - 1)f (i'nv O)} :

Putting these values in inequality (2.3), and using the notation in (2.2), one has the
required result. O

Remark 2.1. If we take m = 1 in Theorem 2.1, we get Theorem 1.3.

In the following corollary, we gave new Petrovié¢’s type inequality for m-convex
functions.
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Corollary 2.1. Let (z1,...,2,), (Y1, - -, Yn) be non-negative n-tuples and (p1, . . ., pn),
(q1,---,qn) be positive n-tuples such that Y pr. > 1 and
k=1

P, .= Zpk7 O#in:Zpkkaxi foreachi=1,... n.
k=1 k=1

If f :]0,00)% = R be an m-convex function on coordinates with m € (0,1], then one

has
n

(2.4) z_:npkf(:zck) <min {mmin{(m +n —1)f(Z,/m), (mn —m+1)f(Z,/m)}

+ (P, — )min{(m+n—1)f(0),(mn—m+1)f(0)},
min {(m +n —1)f(z,), (mn —m+1)f(z,)}
+m(P, — 1)min{(m +n—1),(mn—m+1)f(0)}}.
Proof. If we put y; =0 and ¢; =1, j = 1,...,n with f(2,0) — f(x) in inequality
(2.1), we get the required result. O
Remark 2.2. If we take m = 1 in inequality (2.4), we get the inequality (1.3).
Let f:]0,b] — R be a function. Then we define

f(x) —mf(a)
2. P, =
(25) am. () r—ma
for all = € [0,b]\{ma}, for fixed a € [0,b]. Also define

Pac m _P;E m
(2.6) Tm (1, T2, 233 ) 1= — (z3) = (1’2)’

T3 — T2

where x1, 29,23 € [0,b], (9 — maxy) (x5 — maxy) > 0, 9 # x3.
In [11] (see also [7, p. 294]), V. G. Mihesan considered the functions defined in (2.5),
(2.6) and proved the following result.

Remark 2.3. If we take m = 1 in (2.5) and (2.6), we get divided differences of first
and second order respectively.

By considering non-negative difference of (1.4), we defined following functional
(2.7)

Pl f) = min {mf (22) + (P, = 1)f (0), £ (&) + m(P, — 1f (0)} - kipkf(xk»

Also by considering non-negative difference of (2.1), we defined following functional
(2.8) Yo (f) =min {mmin {G, 1(z,,/m), G1 (2, /m)}
+ (P, — 1) min {G,1(0), G1,m(0)} , min { Gy, 1 (7)), G1m(20) }
+m(Py — 1) min {Gr,1(0), Grm (00} = D2 > pra f (@, yy)-
k=1j=1
If we take m = 1 in the above (2.8), we get 11(f) = T(f).
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Remark 2.4. Under the suppositions of Theorem 2.1, if f is coordinated m-convex in
A? then 7,,(f) > 0.

Here we state an important lemma that is very helpful in proving mean value
theorems related to the non-negative functional of Petrovié¢’s inequality for m-convex
functions.

Lemma 2.1. Let f :[0,b] — R be a function such that
(x —ma)['(x) = f(x) + m[f(a)

2% — 2max + ma?
for all z € [0,b]\{ma}, a € (0,b) and m € (0,1).
Consider the functions 11,1 : [0,b] — R defined as

U1(z) = Mya? — f(x)

my <

< M17

and
() = f(x) —mya?,

then vy and 1y are m-convez in [0, b]

Proof. Suppose
Y1(x) — mipi(a)

Pam, (w) =
T —ma

_ Mya? — f(x) —mf(a) + mMa®

B T —ma

MG —m)  [(@) - mf)

" z—-ma  z-—ma
So we have

, 22 = 2max + ma®*  (x —ma)f'(z) — f(x) + mf(a)
Fuma (%) = My (x — ma)? a (x — ma)? '

Since

2 — 2maz + ma® = (z — ma)® + m(1 —m)a® > 0,
by given condition, we have
M, (2* — 2max + ma®) > (x —ma) f'(z) — f(x) +mf(a).
This leads to
x? — 2max + ma? - (x —ma)f'(z) — f(z) + mf(a)

M,

(x — ma)? - (x — ma)? ’
x? — 2max + ma? _ (@=ma)f'(z) — flz) + mf(a)
My (x — ma)? (x — ma)? =

This implies

P/

aymﬂpl

() >0, forall z € [0,ma)U (ma,b.
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Similarly, one can show that

Pl

avmﬂpQ

() >0, forall z € [0,ma)U (ma,b].

This gives P, .4, and P, ., 4, are increasing on x € [0, ma) U (ma, b] for all a € [0, b].
Hence by Lemma 2.1, ¢ (z) and ¢9(z) are m-convex in [0, b]. O

Here we give mean value theorems related to functional defined for Petrovié’s
inequality for m-convex functions.

Theorem 2.2. Let (z1,...,x,) € [0,b], (q1,...,¢,) and (p1,...,ps) be positive n-
tuples such that S-}_, prax > x; for each j =1,2,...,n. Also, let ¢(x) = 22,
If f € CY([0,0]), then there exists & € (0,b) such that

~ (E=ma)f'(§) — f(§) + mf(a)
(2.9) P (f) = St - ma? P

provided that P,,(¢) is non zero and a € (0,b).

m(¢>a

Proof. As f € C'([0,b]), so there exists real numbers m; and M; such that

_ (= ma) @) — () + mf(0)
b 22 — 2maz + ma?

for each = € [0,0], a € (0,b) and m € (0,1).

Now let us consider the functions v¢; and 5 defined in Lemma 2.1. As ) is
m-convex in [0, b],

g M17

:Pm<¢1) Z 07
that is
P (M2 — f(z)) >0,

which gives

Similarly 5 is m-convex in [0, b], therefore one has
(2.11) 11 P (¢) < Pra(f)-
By assumption P,,(¢) is non zero, combining inequalities (2.10) and (2.11), one has
Pu(f)
< < M.
FPa(e) T

Hence, there exists £ € (0,b) such that
Plf) _ (€=ma)f'(§) — f(E) +mfla)

Pm(0) &2 — 2ma& + ma?

Hence, we get the required result. O
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Corollary 2.2. Let (x1,...,2,) € [0,0], (¢1,.--,qn) and (p1,...

,Dn) be positive n-

tuples such that S-}_, prayx > x; for each j =1,2,...,n. Also let () = x>

If f € C([0,0]), then there exists &€ € (0,b) such that
_ (E—=a)f'(§) = f(§) + f(a)
provided that P(¢) is non zero and a € (0,b).

Proof. 1f we put m =1 in (2.9), we get the required result.

Corollary 2.3. Let (x1,...,2,) € [0,b], (q1,---,qn) and (p1, ...

(¢>7

O

,Pn) be positive n-

tuples such that Yp_; pxrr > x; for each j = 1,2,...,n and a € (0,b). Also let

o(z) = 2.
If f € CY([0,D]), then there exists € € (0,b) such that

P(f) = f"(a)P(e).
Proof. If we put m =1 in (2.9), we get
PAf) _ (E—a)f'(§) — (&) + fa)

Ple) (§—a)
_ 1 / . f(a) _ f(g)
“Ea (f O- % )
Take limit as & — a, we get
P V(i fla) = f(§)
o)~ (19 - 19218
= lim = (/) ~ /'(a)
Again taking limit as & — a, we get
:P(f) 1"
W = ["(a)

Hence, we get the required result.

Theorem 2.3. Let (z1,...,z,) € [0,b], (q1,...,q,) and (p1,...
tuples such that Y34 prxy > x; for each j =1,2,...,n. Also, let ¢(x) = a°.

If f1, f» € CY([0,b]), then there exists £ € (0,b) such that

Pm(f1) (€ =ma)fi(§) — fi(§) +mfi(a)

Pulfa)  (E—=ma)fi(€) — fo(§) +mfa(a)’

provided that the denominators are non-zero and a € (0,b).
Proof. Suppose a function k € C*([0,b]) be defined as
k=afi—cf,

O

,Dn) be positive n-
2
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where ¢; and ¢y are defined as

C1 ::Pm(fQ)a
&) ::Pm(fl)-

Then using Theorem 2.2 with f = k, one has

(& —ma)((crfr — caf2)(§)) = (crfr — cafo)(§) + mlcrfr — cafo)(a) =0,
that is

(& — ma)(clf{(f) - C2f§(5)) —c1f1(§) + c2f2(§) +mey fi(a) — meyfo(a) =0,

which gives

(€ —ma)erfi(€) — (€ —ma)eafo(§) — e fi(§) + cafo(§) +meifi(a) — meafola) =0,

which implies

e {(§ —ma)fi(€) — f1(§) +mfi(a)} — 2 {(§ —ma)f3(§) + fo(§) —mfa(a)} = 0,
e {(§ —ma) f1(€) — f1(§) +mfi(a)} = co {(§ —ma)f5(§) — fa(§) +mfa(a)}

and

e (£—=ma)fi(§) — i(§) + mfi(a)

¢ (& —ma)fs(§) = f2(€) +mfala)

After putting the values of ¢; and co, we get the required result. O

Here we state an important lemma that is very helpful in proving mean value
theorems related to the non-negative functional of Petrovi¢’s inequality for coordinated
m-~convex functions.

Lemma 2.2. Let A = [0,b] x [0,d], m € (0,1). Also let f : A — R be a function such

that
(x —ma) 2 f(x,y) = flz,y) + mf(a,y)
S (8.7)2 — 2max + ma?)y? s M
and
(v~ me) 2 f(,y) — f(w,) +m (@, 0)
mo % X 2

(y? — 2mcey + mc?)a?

for all x € [0,b]\{ma}, a € (0,b) and y € [0,d]\{mc}, c € (0,d).
Consider the functions a,, : [0,0] = R, and o, : [0,d] = R, defined as

a(z,y) = max{M,, My}z®y* — f(z,y)
and

B(l‘, y) = f(x,y) - min{mhm?}nyz'

Then o and [ are coordinated m-convex in /.
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Proof. Consider the partial mappings «,, : [0,b] — R and a, : [0,d] — R defined by
ay(z) == afz,y) for all z € (0,b] and a,(y) := a(x,y) for all y € (0,d].

Ay \T) — Mo, \a
oo (5)— 2= (e
_ CY(.CC, y) - ma(avy)
r — ma
- M1$2?Jz B f(I,y) — mM1a2y2 + mf(a, y)
- r — ma
- M (1‘2 B ma2)y2 B f(xay) - mf(avy)
Y —ma T —ma )

So we have

: _ oy 0 (@ —ma®)y?\ 9O ([ f(x,y) —mf(a,y)
iy (2) (1)
(

a,m,ay

0z T —ma T — ma
v o (7% — 2maz + ma®) z—ma)d fz,y) — flz,y) + mf(a,y)
= My (x—ma)2 (x—ma)2 .
Since
M, > (33 — ma) f(l' y) f(ma y) + mf(a, y>7

(xz — 2mazx + ma?)y?
by given conditions, we have

(2% — 2max + ma®)y® > 0.
This implies
o (2% — 2max + ma?) - (x —ma)5- 9 ~f(z,y) = f(z,y) +mf(a,y)

My (x — ma)? - (x — ma)?
gl =2 ) (e )~ o) i)

This implies
Pl o (x) >0 for all z € [0,ma) U (ma,b].

a,m,0y

Similarly, one can show that

P! (y) > 0 for all = € [0,mc) U (me, d].

a,m,0g

This ensures that P, o, is increasing on [0, ma) U (ma, b] for all a € [0,b] and P, .,
is increasing on [0, mc) U (mec, d] for all ¢ € [0,d]. Hence, by Lemma 2.1, « is m-convex
in A.

Similarly, one can show that § is m-convex in A. O

Here we give mean value theorems related to the functional defined by Petrovié¢’s
inequality for coordinated m-convex functions.
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Theorem 2.4. Let A = [0,b] x [0,d], (x1,...,2,) € [0,8], (y1,...,9n) € [0,d]
be non-negative n-tuples and (q1,...,qn), (p1,--.,pn) be positive n-tuples such that
Sk Py > Ty for each j =1,2,...,n. Also, let p(z,y) = x?y>.
If f € CY(A), then there exists (£1,m1) and (&2,1m2) in the interior of A, such that
(&1 — ma)g%f(flﬂh) — f(&,m) +mf(a,m)
(&8 — 2ma&; + ma?)n;

(2.12) Tn(f) =

and

(2.13) Tn(f) =

Ton(p)

(& — m@)a%f(fm n2) — [ (&, m2) +mf(a,m)
(&3 — 2maéy + ma?)n3
and provided that 1, () is non-zero and a € (0,b).

Tm(@)?

Proof. As f has continuous first order partial derivative in A, so there exists real
numbers mq, mq, M; and M,y such that

(x B ma)a@zf(x7y) B f(x,y) + mf(a7y>
(22 — 2max + ma?)y?

my < < M,

and
(y —ma) 2 f(,y) - fl@,y) + mf(z,a)
(y? — 2may + ma?)a?
for all x € (0,b], y € (0,d], a € (0,b) and m € (0,1).
Now let us consider the functions o and [ defined in Lemma 2.2.
As « is m-convex in A, then

mo < My,

Tm(a) >0,
that is
To(Miz?y® — f(z,y)) >0,

which gives

(2.14) MTou() = Tu(f).
Similarly 3 is m-convex in A, therefore one has
(2.15) miTn(p) < Tolf)-
By the assumption 15,,(¢) is non-zero. Combining inequalities (2.14) and (2.15), one
has
mi < Tm(f) < Ml-
Ton(p)

Hence there exists (£;,7;) in the interior of A, such that

(& —ma) 2 f(&,m) — f(&.m) +mf(a,m)

Tolf) = (& — 2mas + mad) 7

Similarly, one can show that

(62 — ma) 3 (&2, 1) — f(&a,12) + mf(aﬂ?z)T
(&3 — 2maéy + ma?)n3

Tm(f) =
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which is the required result. 0]

Corollary 2.4. Let A = [0,b] x [0,d], (z1,...,2,) € [0,0], (y1,...,yn) € [0,d]
be non-negative n-tuples and (qi,...,qn), (P1,--.,pn) be positive n-tuples such that
Sh_ prxk > x; for each j =1,2,...,n. Also, let p(z,y) = x?y>.

If f € CY(A), then there exists (&1,m1) and (Eo,m2) in the interior of A, such that

o (&1 — a)a%f(fb?h) — f(&,m) + fla,m)

e (€ — P e

and

(&2 — a)a%f(&, n2) — f(&2,m2) + fla,m2)
(&2 — a)n3

provided that T(p) is non-zero and a € (0,0).

T (),

r(f) =

Proof. If we put m=1 in (2.12) and (2.13), we get the required result. O

Theorem 2.5. Let A = [0,b] x [0,d], (z1,...,2,) € [0,b], (y1,-..,yn) € [0,d]
be non-negative n-tuples and (q1,...,qn), (p1,--.,pn) be positive n-tuples such that
Sh_i Py > x; for each j =1,2,...,n. Also, let p(z,y) = x?y>.

If fi, fo € CY(A), then there exists (£1,m) and (&,12) in the interior of A, such
that

T f1) _ (& — ma)g%fl(gl,nl) — fi(&,m) +mfi(a,m)
To(f2) (& — ma)a%fz(fzﬂh) — fo(&2,m2) + mfa(a, ma)

and

To(f) (& —ma)g filé,m) = filé,m) +mfi(a,m)

Talfe) (& —ma)g, fo(&o, 1) — folEarti) +mfala,12)

provided that the denominators are non-zero and a € (0,b).

Proof. Suppose
k=cifi —cafs,

where ¢; and ¢y are defined by

C1 :Tm(fZ)y
cg =T (f1)-
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Then using Theorem 2.4 with f = k, we get
(S ma) (C1f1 — 2 fo)(§m) — (e fi — caf2) (€ m) + mleifi — caf2)(a,n) =0,

@—qu%ﬁ@m—@—mw%iﬁ@m—qﬁ@m+@ﬁ@m
+ m01f1(a7 77) - mCZfZ(av 77) =0,

{(5 ma) f1&m) — f1(&n) +mf1(a,77)} —02{(€—ma);;fz(£,n)
+ f2(&,m) mf2 a,n }
B
en{ (€= ma) g e - ﬁ@nwwwu%m}z@{@—m@&gxam
— fa(&,m) + mfa(a,m }

and
_ 2 fi&,m) — f1(&,m) +mfi(a,m)
c (& —ma) f2(&.m) — f2(&.m2) + mfala,me)

Similarly, one can show that

¢ (& —ma)g filér,m) — fil&,m) +mfi(a,m)

a  (&-— ma) & fo(&2,12) — fa(a,m2) + mfa(a,m2)”
After putting the values of ¢; and co, we get the required result. O

G2 (& — ma)

3. Log CONVEXITY

Here we have defined some families of parametric functions which we use in sequal.
Let I = [0,a),J = [0,b) C R be intervals and f; : I x J — R represents some
parametric mapping for ¢ € (¢,d) C R. We define functions

fry I = Rby fi,(u) = fi(u,y)
and
fta:d = Rby fio(v) = filz,v),

Where x € [ and y € J. Suppose H; denotes the class of functions f; : I x J — R for
€ (¢, d) such that the functions

t = 1 (uo, ur, ug, firy), for all ug,ui,us € 1
and
t — rm(Vo, v1,0a, fri), for all vy, v,vy € J

are log-convex functions in Jensen sense on (¢, d).
The following lemma is given in [16].
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Lemma 3.1. Let I C R be an interval. A function f: I — (0,00) is log-convex in
J-sense on I, that is, for each r,t € I

002 2 (50

if and only if the relation
m?f(t) + 2mnf (

holds, for each m,n € R and r,t € I.

t+r

5 >+n2f(7“)20

Our next result comprises properties of functional defined in Theorem 2.1.

Theorem 3.1. Let f; € H;y and 1., be the functional defined in (2.8). Then the
function t — 1,,(f) is log-convex in Jensen sense for each t € (¢, d).

Proof. Let
h(u,v) = m?fi(u,v) + anft%r (u,v) +n’f,(u,v),
where m,n € R and ¢,r € (¢,d). Also we can consider that
hy(u) = m? i, (u) + 2mnft+Tr7y(u) +n?f,, (u)
and
he(v) = m*f; .(v) + anf%x(v) +n2f, . (v),
which gives
T (U0, U1, Uz, hy) =M (g, Uty Ug, fiy) + 2mnr, (ug, uy, us, ft%rﬁy)
+ 177 (o, Ur, Uz, fry).

As .y, [ug, u, ug, fiy] is log-convex in Jensen sense so by using Lemma 3.1, the right
hand side of the above expression is non negative so h, is m-convex, similarly h, is
also m-convex, so h is m-convex on coordinates, which implies 7,,(h) > 0 and

m*r, (f,) + 2mm“m(ft+7r) + 2, (f,) > 0.

Hence, t — 1,,(f:) is log-convex in Jensen sense. O

Theorem 3.2. Assume that f; is of class Hi and T,, be the functional defined in
(2.8). If the function 1., (fi) is continuous for each t € (¢, d), then 1y, (fi) is log-convex
for each t € (¢,d).

Proof. If a function is continuous and log-convex in Jensen sense, then it is log-convex
(see [3, p. 48]). It is given that 7,,(f;) is continuous for each t € (¢, d), hence 1., (f:)
is log-convex for each t € (¢, d). d

Lemma 3.2. If f is a convex function for all x1,x4,x3 of an open interval I for
which x1 < 19 < x3, then

(3 — 22) f(21) + (21 — 23) f(22) + (T2 — 21) f(3) > 0.
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Theorem 3.3. Let f, € Hy and 1., be the functional defined in (2.8). If T (f;) is

positive, then for some r < s < t, where r,s,t € (¢,d), one has

L f)]™" < ()] T £

Proof. Consider the functional 7,,(f;). Also let r < s < t, where r,s,t € (¢,d), since
Yo (fi) is log-convex, that is, log 7,,(f;) is convex. By taking f = log?7,, in Lemma
3.2, we have

(t —s)log Ty (fr) + (r —t)1og Vo (fs) + (s — ) log Ton(fi) > 0,

which can be written as

Lo (f " < [l f)) (O]
[
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