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HARMONIC ANALYSIS AND SOBOLEV SPACES ASSOCIATED
WITH LINEAR CANONICAL BESSEL OPERATORS:

SCHRÖDINGER EQUATIONS AND WELL-POSEDNESS CRITERIA

YOUSSEF BETTAIBI

Abstract. The article explores harmonic analysis and Sobolev spaces associated
with the linear canonical Bessel operator Hm,α

r,s . It addresses the free Schrödinger
equation related to this operator and presents the properties of the solutions when
the initial data belong to specific spaces, including Hm,α

s . The paper establishes
Strichartz-type estimates for these Schrödinger equations. Subsequently, it defines
spaces for solutions of the nonlinear Schrödinger equation associated with the Bessel
operator, given by

i∂tu + ∆m−1

α u = |u|pu, u
∣∣
t=0 = g ∈ Hm,α

s .

The article concludes by demonstrating the local well-posedness of solutions under
the subcritical condition p ∈

(
0, 2

n+|α|

]
and the global well-posedness under the

critical condition p = 2
n+|α| for the L2

α-nonlinear Schrödinger equations associated
with the Bessel operator.

1. Introduction

This scientific study is a rigorous examination of Schrödinger equations related to
linear canonical Bessel operator. The research significantly improves the linear and
nonlinear features of the concerned mathematical models.

To delve into the Schrödinger equations associated with the linear canonical Bessel
operator on Rn

+ = {x = (x1, . . . , xn) ∈ Rn : xk > 0 for k = 1, . . . , n}, we examine the
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following system:

(Sp)
{
i∂tu(t, x) + ∆m−1

α u(t, x) = F (u(t, x)), (t, x) ∈ I × Rn
+,

u|t=0 = g,

where n ≥ 2, u is a complex-valued function defined on I×Rn
+, F ∈ C(C,C) satisfying

F (z) = |z|pz, p > 0,(1.1)
and ∆m

α is the linear canonical Bessel operator of index α = (α1, . . . , αn) and m =(
a b
c d

)
∈ SL(2,R) such that b ̸= 0, is defined by:

∆m
α =

n∑
k=1

∂2

∂x2
k

+
(

2αk + 1
xk

− 2id
b
xk

)
∂

∂xk

−
(
d2

b2 x
2
k + 2i (αk + 1) d

b

)

=
n∑

k=1
Lm

αk
, αk > −1

2 ,

where Lm
αk

is the linear canonical Bessel operator of index αk ∈
(
−1

2 ,+∞
)

defined by

Lm
αk

= ∂2u

∂x2
k

+
(

2αk + 1
xk

− 2id
b
xk

)
∂

∂xk

−
(
d2

b2 x
2
k + 2i (αk + 1) d

b

)
.

The natural functional setting for these operators is the weighted Hilbert space
L2

α

(
Rn

+

)
:= L2

(
Rn

+, µα,n(x)
)
,

where µα,n is the measure defined on Rn
+ by

dµα,n(x) =
n∏

k=1

x2αk+1
k√

2π2αkΓ(αk + 1)
dx,

and dx the Lebesgue measure on Rn, with ⟨·, ·⟩α the scalar product on the Hilbert
space L2

α(Rn
+), given by

⟨f, g⟩α =
∫
Rn

+

f(x)g(x)dµα,n(x).

As operator in L2
α

(
Rn

+

)
, the linear canonical Bessel operator ∆m

α is first defined as
minimal operators with dense domain C∞

∗,c (Rn) of C∞-functions with compact support
in Rn, even with respect to all variables.

The operator Lm
ν is related to the Bessel operator Lν by

Lm
ν = e

i
2 · d

b
r2 ◦ Lν ◦ e− i

2 · d
b

r2
,

with the Bessel operator defined in [4] by

Lν = d2

dr2 + 2ν + 1
r

· d
dr

= r−2ν−1 d

dr

(
r2ν+1 d

dr

)
.

Using the above unitary equivalence, the self-adjointness properties of the linear
canonical Bessel operator Lm

ν reduce to those of the classical Bessel operator Lν
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acting in L2 (R+, r
2ν+1dr). More precisely, as shown in [9, 11], the inverse-square

Schrödinger operator Bα = − d2

dx2 + β2− 1
4

x2 in L2 (R+, dx) which is unitarily equivalent
to −Lν with the identification β = ν2, is essentially self-adjoint on C∞

c (R+) if and
only if ν ≥ 1. For −1

2 < ν < 1, the endpoint 0 is of limit-circle type and the operator
Bβ (and equivalently Lν) admits a family of self-adjoint extensions; in this regime, the
Friedrichs extension of the associated quadratic form provides a canonical self-adjoint
realization. Since the quadratic phase transformation defining Lm

ν is unitary, the same
classification of self-adjointness and self-adjoint extensions applies to Lm

ν .
Although the differential expression for ∆m

α explicitly involves only parameters b
and d, the operator is defined for the full matrix m ∈ SL(2,R) to maintain consistency
with the linear canonical transform group structure. The parameters a and c appear
in the eigenfunctions, inverse transforms, and ensure proper composition properties.

In the case when α = (−1
2 , . . . ,−

1
2 , αn) and m =

(
0 1

−1 0

)
, it becomes the n-

dimensional Weinstein operator of index αn, which was examined by in [28].
In [12,21,30], the authors conducted a harmonic analysis related to the canonical

Bessel operator Lm
α . This analysis established multiple properties of the canonical

Fourier Bessel transform, encompassing a Riemann-Lebesgue lemma, inversion for-
mula, operational formulas, Plancherel theorem, Babenko inequality, and various
uncertainty inequalities. The linear canonical Fourier Bessel transform represents a
broadening of the linear canonical transform (LCT) and belongs to a category of linear
integral transforms characterized by a matrix parameter denoted as m ∈ SL(2,R)
[6, 20, 38]. This category includes well-known transforms such as the Fourier trans-
form, fractional Fourier transform, and the Fresnel transform, among others, and
holds significance in various domains of physics and mathematics [6, 31,38].

Considerable efforts have been invested in extending the LCT theory to incorporate
other integral transforms, such as the Hankel transform, Dunkl transform [10, 15],
and Fourier Bessel transform [36]. In a groundbreaking work [37], Wolf expanded the
concept of LCT to the Hankel setting, establishing a class of linear integral transforms
with a kernel featuring a Bessel function and matrix parameter m ∈ SL(2,R). Notable
instances of this transformation include the Hankel transform and fractional Hankel
transform [23].

Furthermore, the Dunkl linear canonical transform (DLCT) was introduced in [34]
as a generalization of the LCT within the Dunkl transform framework [10]. DLCT
encompasses various well-known transforms, such as the Dunkl transform [10, 15],
fractional Dunkl transform [16,17], and canonical Fourier Bessel transform [12,34].

In this article, we establish the Strichartz-type Schrödinger estimates associated
with the linear canonical Bessel operator, the Strichartz estimates are useful for
establishing the existence of solutions for semilinear Schrödinger. Strichartz estimates
were first proved by Strichartz [35] for solutions of Schrödinger and wave equations on
Rn. They were generalized to non-endpoint admissible pairs (q, r) by Ginibre and Velo
[19] and by Lindblad and Sogge [24]. The end point estimates were proved by Keel
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and Tao [22], and the Strichartz-type Schrödinger estimates associated with several
operators were generated, including the Dunkl operator in [27].

Furthermore, this work delves into the harmonic aspects of the linear canonical
Bessel operator, exploring Sobolev-type spaces associated with it. For s ∈ R and
1 ≤ r ≤ +∞, the Sobolev space Hm,α

r,s is defined, with the notation Hm,α
2,s abbreviated

to Hm,α
s , providing a rigorous functional framework for analyzing the solutions of

the Schrödinger equation with initial condition g ∈ Hm,α
s . The study of such spaces

follows the line of research developed in [2,25,26,29,33], where Sobolev-type structures
associated with various special operators, such as Bessel, Jacobi, Gyrator, and Wein-
stein operators, are investigated. These works highlight how operator-adapted Sobolev
spaces capture the intrinsic geometry and spectral behavior of the corresponding dif-
ferential operators. In the present context, the criticality of the power p is examined
within Hm,α

s , and Definition 4.1 distinguishes between critical and subcritical cases
according to specific relations between s and p. This refined analysis deepens the
understanding of the nonlinear interaction governed by the linear canonical Bessel
operator. We will apply these results in the special case s = 0 (i.e., when the initial
data g ∈ L2

α(Rn)) to determine and study the qualitative properties of solutions to
system (Sp).

The paper is organized as follows. In Section 2, we recall the main results about the
harmonic analysis associated with the linear canonical Bessel operator. Furthermore,
we define and study the Sobolev spaces associated with the linear canonical Bessel
operator Hm,α

r,s . We introduce in Section 3 the free Schrödinger equation associated
with the linear canonical Bessel operator. In the same section, we prove that the
problem (S) has a unique solution if the initial data g belong to S′

∗(Rn), and we
present properties of solution when the initial data g belong respectively to the spaces
S∗(Rn) and Hm,α

r,s . Finally in thes section we establish the Strichartz-type Schrödinger
estimates associated with the linear canonical Bessel operator. In Section 4, we define
appropriate spaces for solutions of the nonlinear Schrödinger equations associated
with the canonical Bessel operator (Sp) and critical power p when the initial data g
belongs to Hm,α

s , and we have successfully established the local well-posedness of the
solution for the nonlinear Schrödinger equation (Sp) in the scenario where s = 0, p
is critical, and under critical, with the additional condition that the initial data g
belongs to L2

α(Rn
+). Moreover, we present a compelling demonstration that when the

norm ∥g∥L2
α

is sufficiently small, and p is critical, the equation (Sp) exhibits global
well-posedness.

2. Preliminaries

2.1. Harmonic analysis associated with the linear canonical Bessel opera-
tor.
Notations. In what follows, we need the following notations:

• ||x|| =
√
x2

1 + x2
2 + · · · + x2

n,
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• C∗(Rn), the space of continuous functions on Rn, even with respect to all variables,
• E∗(Rn), the space of C∞-functions on Rn, even with respect to all variables,
• S∗(Rn), the Schwartz space of rapidly decreasing functions on Rn, even with

respect to all variables,
• D∗(Rn), the space of C∞-functions on Rn which are of compact supports, even

with respect to all variables,
• H∗(Cn), the space of entire functions on Cn, even with respect to all variables,

rapidly decreasing and of exponential type,
• S′

∗(Rn) :=
{
T : S∗(Rn) → C | T is a continuous linear functional

}
, where ⟨T, ϕ⟩

denotes the action of T on ϕ ∈ S∗(Rn),
• Lp

α(Rn
+), 1 ≤ p ≤ +∞, the space of measurable functions on Rn

+ such that

∥f∥Lp
α

=
[∫

Rn
+

|f(x)|pdµα,n(x)
] 1

p

< +∞, if 1 ≤ p < +∞,

∥f∥L∞
α

=ess sup
x∈Rn

+

|f(x)| < +∞,

• throughout this paper, m =
(
a b
c d

)
is an arbitrary matrix in SL(2,R) such

that b ̸= 0.
In this section, we shall collect some results and definitions from the theory of

the harmonic analysis associated with the linear canonical Bessel operator on R+,
developed [12]. The linear canonical transform play an important role in many fields
of optics, radar system analysis, medium system analysis, filter design, phase retrieval,
pattern recognition and many others. It was introduced a number of years ago in the
mathematics literature but appears to have remained largely unknown to the signal
processing community, to which it may, however, be potentially useful.

Proposition 2.1 ([12]). Let m ∈ SL(2,R).
(1) ∆m

α leaves S∗(Rn) invariant.
(2) For every f, g ∈ S∗(Rn), ⟨∆m

α f, g⟩α = ⟨f,∆m
α g⟩α.

Remark 2.1. (1) The identity in Proposition 2.1 (2) remains valid for f ∈ H∗ (Cn)
and g ∈ D∗ (Rn), by a standard density argument.

(2) The operator ∆m
α , initially defined on the dense domain C∞

∗,c (Rn) ⊂ L2
α

(
Rn

+

)
,

is symmetric. Proposition 2.1 shows that ∆m
α leaves the Schwartz space S∗ (Rn)

invariant and is symmetric on this domain. If αk ≥ 1 for all k = 1, . . . , n, then each
one-dimensional operator Lm

αk
is essentially self-adjoint. By tensorization and strong

commutativity, the multidimensional operator ∆m
α is therefore essentially self-adjoint

on C∞
∗,c (Rn). In this case, we denote by ∆m

α its unique selfadjoint extension. In
the general case αk > −1

2 , the operator ∆m
α admits several self-adjoint extensions.

More precisely, when −1
2 < αk < 1, the corresponding one-dimensional operators are

not essentially self-adjoint and possess a family of self-adjoint extensions (see [9, 11]).
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Throughout this work, we select the Friedrichs extension of ∆m
α , which will be denoted

by the same symbol.

Let us begin with the following result, which provides the eigenfunction Ψm
α,n(λ, ·)

associated with the linear canonical Bessel operator ∆m
α .

Proposition 2.2 ([12]). For all z = (z1, z2, . . . , zn) ∈ Cn, the system
Lm

αk
u (·, zk) = − z2

k

b2 u (·, zk) , for 1 ≤ k ≤ n,

u (0, z) = e
ia
2b

||z||2 ,
∂u

∂λk
(0, z) = 0, for 1 ≤ k ≤ n,

has a unique solution Ψm
α,n(λ, ·) given by

Ψm
α,n (λ, z) = e

i
2 ( d

b
∥λ∥2+ a

b
∥z∥2)

n∏
k=1

jαk

(
λkzk

b

)
, for all λ∈ Cn,

where jαk
is the normalized Bessel function of index αk, defined by

jαk
(ξ) = Γ(αk + 1)

+∞∑
n=0

(−1)n

n!Γ(n+ αk + 1)

(
ξ

2

)2n

, for all ξ∈ C.

In particular for x, y ∈ Rn
+, |Ψm

α,n(x, y)| ≤ 1.

Remark 2.2. (1) For all λ ∈ Rn, Ψm
α,n(λ, ·) ∈ H∗(Cn).

(2) The function Ψm
α,n(λ, ·) satisfies

∆m
α Ψm

α,n(λ, ·) = −∥λ∥2

b2 Ψm
α,n(λ, ·),

and is therefore an eigenfunction of the operator ∆m
α corresponding to the eigenvalue

−∥λ∥2

b2 .

Definition 2.1. The linear canonical Bessel transform is given for f ∈ L1
α(Rn

+) by

Fm
α (f)(λ) = 1

(ib)|α|+n

∫
Rn

+

f(x)Ψm
α,n(λ, x)dµα,n(x), for all λ ∈ Rn

+,

where(ib)|α|+n = |b||α|+nei π
2 (|α|) sgn(b), and |α| = α1 + · · · + αn thus |α| may be negative.

Using the properties of the classical Fourier transform on Rn and of the Bessel
transform, one can easily see the following relation, which will play an important role
in the sequel.

Some basic properties of the transform Fm
α are summarized in the following results.

For the proofs, we refer to [12].

Proposition 2.3. (1) For all f ∈ L1
α(Rn

+), we have

∥Fm
α (f)∥L∞

α
≤ 1

|b||α|+n
∥f∥L1

α
.
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(2) For all f ∈ L1
α(Rn

+) with Fm
α f ∈ L1

α(Rn
+),

(2.1)
(
Fm

α ◦ Fm−1

α

)
f =

(
Fm−1

α ◦ Fm
α

)
f = f, a.e.

(3) For all f, g ∈ L1
α(Rn

+), we have∫
Rn

+

Fm
α (f) (x)g (x)dµα,n (x) =

∫
Rn

+

f (x)Fm−1
α (g) (x)dµα,n (x) .

Proposition 2.4. For all f ∈ L1
α(Rn

+) such that ∆m−1
α f ∈ L1

α(Rn
+), we have

Fm
α (∆m−1

α f)(x) =−∥x∥2

b2 Fm
α (f)(x),

∆m
α Fm

α (f)(x) = − Fm
α

(
∥ · ∥2

b2 f

)
(x).

The following result shows that the linear canonical Bessel transform verifies
Plancherel’s theorem.

Theorem 2.1. (1) For all f ∈ S∗(Rn), we have ∥Fm
α f∥L2

α
= ∥f∥L2

α
.

(2) If f ∈ L1
α(Rn

+) ∩ L2
α(Rn

+), then Fm
α f ∈ L2

α(Rn
+) and ∥Fm

α f∥L2
α

= ∥f∥L2
α
.

(3) The linear canonical Bessel transform has a unique extension to an isometric
isomorphism of L2

α(Rn
+).

(4) For all f and g ∈ L2
α(Rn

+), we have

⟨Fm
α f, g⟩α =

〈
f,Fm−1

α g
〉

α
.

Example 2.1. Let λ ∈ R∗ and g ∈ S∗(Rn) therefore gλ,m ∈ S∗(Rn) where

gλ,m(x) = e−i a
2b(1−λ2)∥x∥2

g (λx) ,

and we have

Fm
α (gλ,m) (x) = λ−2(|α|+n)ei d

2b(1− 1
λ2 )∥x∥2

Fm
α (g)

(
x

λ

)
, for all x ∈ R.

Definition 2.2. The translation operator Tm
x,α, x ∈ Rn

+, associated with the operator
∆m

α , is defined on C∗(Rn), for all y ∈ Rn
+, by

Tm
x,αf (y) =

(
2√
π

)n
 n∏

k=1

Γ(αk + 1)
Γ
(
αk + 1

2

)
∫

(0,π)n

(
n∏

k=1
e−i d

b
xkyk cos θk

)

× f
(√

x2
1 + y2

1 + 2x1y1 cos θ1, . . . ,
√
x2

n + y2
n + 2xnyn cos θn

)
× (sin θ1)2α1 · · · (sin θn)2αn dθ1 · · · dθn.

The following proposition summarizes some properties of the linear canonical Bessel
translation operator.
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Proposition 2.5 ([34]). (1) For f ∈ C∗(Rn), we have

Tm
x,αf (y) = Tm

y,αf (x) and Tm
0,αf = f, for all x, y ∈ Rn

+.

(2) For all f ∈ E∗(Rn) and y ∈ Rn
+, the function x 7→ Tm

x,αf (y) belongs to E∗(Rn).
(3) Let f ∈ Lp

α(Rn
+), 1 ≤ p ≤ +∞ and x ∈ Rn

+. Then, Tm
x,αf belongs to Lp

α(Rn
+)

and we have ∥Tm
x,αf∥Lp

α
≤ ∥f∥Lp

α
.

(4) The function Ψm
α,n (·, λ) , λ ∈ Cd, satisfies on Rn

+ the following product formula:

Tm
x,α

[
Ψm

α,n (·, λ)
]

(y) = e− i
2 · a

b
||λ||2Ψm

α,n (x, λ) Ψm
α,n (y, λ) , for all x, y ∈ Rn

+.

(5) Let f ∈ Lp
α(Rn

+), p = 1 or 2, and x ∈ Rn
+, we have

Fm
α

(
Tm−1

x,α f
)

(y) = e− i
2 · d

b
||y||2Ψm−1

α,n (x, y)Fm
α (f) (y) , for all y ∈ Rn

+.

(6) We have
∆m

α ◦ Tm
x,α = Tm

x,α ◦ ∆m
α , for all x ∈ Rn

+.

Definition 2.3. The linear canonical Bessel convolution product of f, g ∈ C∗(Rn) is
given by:

f ∗
α,m

g (x) =
∫
Rn

+

e−i d
b

||y||2Tm
x,αf (y) g (y) dµα,n(y), for all x ∈ Rn

+.

Proposition 2.6 (Young’s inequality [34]). i) Let p, q, r ∈ [1, +∞] such that 1
p

+ 1
q

−
1
r

= 1. Then, for all f ∈ Lp
α(Rn

+) and g ∈ Lq
α(Rn

+), the function f ∗
α,m

g ∈ Lr
α(Rn

+) and
we have

∥f ∗
α,m

g∥Lr
α

≤ ∥f∥Lp
α
∥g∥α,q.

ii) Let f ∈ L1
α(Rn

+) and g ∈ Lp
α(Rn

+), p ∈ [1, 2] . For all λ ∈ Rn, we have

(2.2) Fm
α

(
f ∗

α,m−1
g

)
(λ) = (ib)|α|e− i

2 · d
b

∥λ∥2
Fm

α (f) (λ) Fm
α (g) (λ).

Definition 2.4. (1) The linear canonical Bessel transform of a distribution S ∈ S′
∗ (Rn)

is defined by
⟨Fm

α (S), ϕ⟩ =
〈
S,Fm−1

α (ϕ)
〉
, for all ϕ ∈ S∗ (Rn) .

(2) Let τ be in S′
∗ (Rn). We define linear canonical Bessel operator ∆m

α τ , by

⟨∆m
α τ, ϕ⟩ = ⟨τ,∆m

α ϕ⟩ , for all ϕ ∈ S∗ (Rn) .

Remark 2.3. As an immediate consequence of the two previous theorems, we have the
transform Fm

α is a topological isomorphism from S′
∗ (Rn) onto itself.

Example 2.2. Let Pm−1
t , t > 0, be the function defined by

Pm−1

t (x) = 1
(2t)|α|+n

e−( i
2 · a

b
+ 1

4t
)∥x∥2

, for all x ∈ Rn.
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(1) The linear canonical Bessel transform Fm
α of Pm−1

t is given by:

Fm
α

(
Pm−1

t

)
(λ) = 1

(ib)|α|+n
e−( t

b2 −i d
b

)∥λ∥2
, for all λ ∈ Rn

+.

Let us observe that for z ∈ C, with positive real part, the two functions

z 7→ Fm
α

(
Pm−1

z

)
and z 7→ 1

(ib)|α|+n
e−( z

b2 −i d
b

)∥·∥2

are holomorphic on the domain Re z > 0. As they coincide on the real axis, they
coincide in the whole domain.

Now, if t positive, considering a sequence of zn with positive real part which tends
to it, we get, as the linear canonical Bessel transform is continuous on tempered
distributions that

Fm
α

(
Pm−1

it

)
(λ) = 1

(ib)|α|+n
e−i( t

b2 − d
b

)∥λ∥2
, for all λ ∈ Rn,

then we have the following result

e−i t
b2 ∥λ∥2 = (ib)|α|+ne−i d

b
∥λ∥2

Fm
α

(
Pm−1

it

)
(λ), for all λ ∈ Rn.

(2) The linear canonical Bessel translation Tm−1
x,α of Pm−1

it , t ∈ R∗, is given by

Tα,m−1

x,α (Pm−1

it )(y) = 1
(2it)|α|+n

ei( 1
4t

− a
2b)(∥x∥2+∥y∥2)

n∏
k=1

jαk

(
xkyk

2t

)
, for all x, y ∈ Rn

+,

the ensuing inequality can be succinctly as follows

(2.3)
∣∣∣∣Tα,m−1

x,α (Pm−1

it )(y)
∣∣∣∣ ≤ 1

(2|t|)|α|+n
, for all x, y ∈ Rn

+.

2.2. Sobolev spaces associated with the linear canonical Bessel operator.
For s ∈ R, 1 ≤ r ≤ +∞, we define the Sobolev space associated with the linear
canonical Bessel operator by

Hm,α
r,s =

{
u ∈ S′

∗(Rn) : ∥u∥Hm,α
r,s

≡
∥∥∥Fm−1

α

((
1 + ∥λ∥2

)s
Fm

α (u)
)∥∥∥

Lr
α

< +∞
}
.

We will use the notation Hm,α
2,s by Hm,α

s .

Remark 2.4. In accordance with Plancherel theorem, the space Hm,α
s can be defined

utilizing the following norm:

∥u∥Hm,α
s

=
∥∥∥(1 + ∥λ∥2

)s
Fm

α (u)
∥∥∥

L2
α

.

There is another version of Sobolev spaces defined using the linear canonical Bessel
operator, we then define for k be a non-negative integer and 1 ≤ r ≤ +∞

Wm,α
r,k =

u ∈ S′
∗(Rn) : ∥u∥W m,α

r,k
≡

k∑
j=0

∥∥∥∥(∆m−1

α

)j
(u)

∥∥∥∥
Lr

α

< +∞

 .
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Proposition 2.7. Let s = k be a non-negative integer. Then, Hm,α
k = Wm,α

2,k , that is
to say

u ∈ Hm,α
k ⇔ (∆m−1

α )ju ∈ L2
α

(
Rn

+

)
, for all j ∈ N, j ≤ k, .

Proof. Let k be a non-negative integer and u ∈ Hm−1,α
k , we have

∥u∥2
Hm,α

k
=
∥∥∥∥(1 + ∥λ∥2

)k
Fm

α (u)
∥∥∥∥2

L2
α

=
∫
Rn

+

(
1 + ∥λ∥2

)2k
|Fm

α (u) (λ)|2 dµα,n(λ)

=
k∑

j=0

(
k
j

)∫
Rn

+

∣∣∣∥λ∥2jFm
α (u) (λ)

∣∣∣2 dµα,n(λ)

=
k∑

j=0
b2k

(
k
j

)∫
Rn

+

∣∣∣((∆m−1

α )ju
)

(λ)
∣∣∣2 dµα,n(λ).

So, u ∈ Hm,α
k if and only if

∥∥∥(∆m−1
α )ju

∥∥∥
L2

α

< +∞ for all j ≤ k. □

Proposition 2.8. (1) Let 1 ≤ r < +∞. The space Hm,α
r,s provided with the norm

∥·∥Hm,α
r,s

is a Banach space.
(2) We have Hm,α

0 = L2
α

(
Rn

+

)
.

(3) Let s1, s2 in R such that s1 ≥ s2. Then, Hm,α
s1 ↪→ Hm,α

s2 .
(4) Let s ∈ R such that s ≥ 0. Then,

c2

∥∥∥∥x∥2sFm
α (·)

∥∥∥
L2

α

≤ ∥·∥Hm,α
s

≤ c1

(
∥·∥L2

α
+
∥∥∥∥x∥2sFm

α (·)
∥∥∥

L2
α

)
.

Proof. (1) It is clear that the space Lr
α

(
Rn

+

)
is complete and since Fm−1

α

(
(1 + ∥λ∥2)s

Fm
α

)
is an isomorphism from S′

∗(Rn) onto itself, Hm,α
r,s is then a Banach space.

The results (2) and (3) follow immediately from the definition of the Sobolev space
associated with the linear canonical Bessel operator.

(4) We use for all s ≥ 0 there exists c1 and c2 such that

c2∥x∥4s ≤
(
1 + ∥x∥2

)2s
≤ c1

(
1 + ∥x∥4s

)
.

□

3. The Schrödinger Equation Associated with the Canonical Bessel
Operator

3.1. The free Schrödinger equation associated with the linear canonical
Bessel operator. Notation. For u ∈ S′

(
R; S′

∗(Rn)
)
, its action on ψ ∈ S

(
R; S∗(Rn)

)
is given by

⟨u, ψ⟩S′(R;S′
∗(Rn)),S(R;S∗(Rn)) =

∫
R

⟨ut, ψ(t, ·)⟩ dt,
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where ⟨ut, ψ(t, ·)⟩ denotes the action of the distribution ut ∈ S′
∗(Rn) on ψ(t, ·) ∈

S∗(Rn).
We consider the free Schrödinger equation associated with the linear canonical

Bessel operator

(S)
{
i∂tu+ ∆m−1

α u = 0,
u|t=0 = g.

Theorem 3.1. If g is an element of S′
∗(Rn), then there exists a unique solution u of

the system (S) in E(R; S′
∗(Rn)).

Proof. First, we establish the existence. For t ∈ R, we define

ut = Fm−1

α

(
e− it

b2 ∥·∥2
Fm

α g
)
.

Since g ∈ S′
∗(Rn), (ξ → e− it

b
∥ξ∥2) ∈ L∞

α (Rn
+) ∩ E∗(Rn) and the transform Fm

α is an
isomorphism from S′

∗(Rn) onto itself. Thus, ut ∈ S′
∗(Rn). For φ ∈ S∗(Rn), we have

⟨ut, φ⟩ =
〈
Fm

α (g), e− it
b

∥·∥2
Fm

α (φ)
〉
.

This implies that ut ∈ E(R; S′
∗(Rn)) and Fm

α (ut) ∈ E(R; S′
∗(Rn)). Recall that u is

defined by

⟨u, ψ⟩S′(R;S′
∗(Rn)),S(R;S∗(Rn)) =

∫
R

⟨ut, ψ(t, ·)⟩ dt, ψ ∈ S(R; S∗(Rn)).

Therefore, for ψ ∈ S(R; S∗(Rn)), we have〈
(i∂t + ∆m−1

α )u, ψ
〉
S′(R;S′

∗(Rn)),S(R;S∗(Rn))

= −
〈
u, (i∂t − ∆m−1

α )ψ
〉
S′(R;S′

∗(Rn)),S(R;S∗(Rn))

= − i
∫
R

〈
ut, (∂t + i∆m−1

α )ψ(t, ·)
〉
dt

= −
∫
R

〈
(Fm

α )−1
(
e− it

b2 ∥·∥2
Fm

α g
)
, ∂tψ(t, ·) + i∆m−1

α ψ(t, ·)
〉
dt

= − i
∫
R

〈
e− it

b2 ∥·∥2
Fm

α g, (∂t − i
∥ · ∥2

b2 )Fm
α (ψ(t, ·))

〉
dt

= − i
∫
R

〈
Fm

α g, ∂t(e− it
b2 ∥·∥2

Fm
α (ψ(t, ·)))

〉
dt

= − i
∫
R
∂t

〈
Fm

α g, e
− it

b2 ∥·∥2
Fm

α (ψ(t, ·))
〉
dt

=0.

Thus, u is a solution of equation (S).
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Now, we establish uniqueness, or equivalently, we prove that u ≡ 0 is the unique
solution of the following linear problem{

i∂tu(t, x) + ∆m−1
α u(t, x) = 0,

u(0, x) = 0.

For ψ ∈ S(R; S∗(Rn)), we have

0 =
〈

(i∂t + ∆m−1

α )u, ψ
〉
S′(R;S′

∗(Rn)),S(R;S∗(Rn))

= −i
∫
R

〈
ut, ∂tψ(t, ·) + i∆m−1

α ψ(t, ·)
〉
dt

= −i
∫
R
∂t ⟨ut, ψ⟩ dt+ i

∫
R

[
⟨∂tut, ψ⟩ − i

〈
ut,∆m−1

α ψ(t, ·)
〉]
dt.

Since
∂t ⟨ut, ψ⟩ = ⟨∂tut, ψ⟩ + ⟨ut, ∂tψ⟩ ,

and as ψ ∈ S(R; S∗(Rn)), we have∫
R
∂t ⟨ut, ψ(t, ·)⟩ dt = 0.

Consequently, we have∫
R

[
⟨∂tut, ψ(t, ·)⟩ − i

〈
ut,∆m−1

α ψ(t, ·)
〉]
dt = 0.

By using the fact that Fm
α (∂tut) = ∂t(Fm

α ut), we deduce that for all ψ ∈ S(R; S∗(Rn)),∫
R

[〈
∂t(Fm

α ut), (Fm
α )−1ψ(t, ·)

〉
+ i

〈
Fm

α ut, ∥ · ∥2(Fm
α )−1ψ(t, ·)

〉]
dt = 0.

We choose ψ in the form (Fm
α )−1ψ(t, ξ) = eit∥ξ∥2

φ(ξ)χ(t), where φ ∈ S∗(Rn) and
χ ∈ S(R). This leads to∫

R

[〈
∂t(Fm

α ut), e
it
b2 ∥·∥2

φ
〉

+ i
〈
Fm

α ut, ∥ · ∥2e
it
b2 ∥·∥2

φ
〉]
χ(t)dt = 0.

This equality holds for all χ ∈ S∗(R), thus we have〈
∂t(Fm

α ut), e
it
b2 ∥·∥2

φ
〉

+ i
〈
Fm

α ut, ∥ · ∥2e
it
b2 ∥·∥2

φ
〉

= 0.

Since

∂t

〈
Fm

α ut, e
it
b2 ∥·∥2

φ
〉

=
〈
∂t(Fm

α ut), e
it
b2 ∥·∥2

φ
〉

+ i
〈
Fm

α ut, ∥ · ∥2e
it
b2 ∥·∥2

φ
〉
,

for all φ ∈ S∗(Rn), the function t →
〈
Fm

α ut, e
it
b2 ∥·∥2

φ
〉

is constant.
Taking into account the fact that g = 0 for all t ∈ R, we obtain〈

Fm
α ut, e

it
b2 ∥·∥2

φ
〉

=
〈
Fm

α ut, e
it
b2 ∥·∥2

φ
〉 ∣∣∣

t=0
= ⟨Fm

α g, φ⟩ .

This holds true for all φ ∈ S∗(Rn), hence u = 0. □
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Remark 3.1. Let g be an element of S∗(Rn). The solution of the system given by
Theorem 3.1 belongs to E(R; S∗(Rn)), and it has the following form:

u(t, x) = Fm−1

α

(
e− it

b2 ∥·∥2
Fm

α g
)

(x).

Definition 3.1. We define the operator, for t ∈ R:

e−it∆m−1
α : S∗(Rn) → S∗(Rn), g 7→ u(t, ·),

where u is the solution of the Schrödinger-linear canonical Bessel equation with the
initial condition g. This operator is called the propagator.

Remark 3.2. We utilize the outcomes from earlier to derive the subsequent results.
(1) Building on the results provided in Examples 2.2 and the formulations outlined

in equations (2.1) and (2.2), it can be deduced that

e−it∆m−1
α g = Fm−1

α

(
e− it

b2 ∥·∥2
Fm

α g
)

(3.1)

=
(
Pm−1

it ∗
α,m−1

g

)
.(3.2)

(2) We observe that

e−i(t+s)∆m−1
α = e−it∆m−1

α e−is∆m−1
α ,

(
e−it∆m−1

α

)∗
= eit∆m−1

α , for all t, s ∈ R.

(3) Examining the outcomes presented in equations (2.3) and (3.2), we deduce
the continuity of the propagator e−it∆m−1

α from L1
α(Rn

+) to L∞
α (Rn

+), along with the
subsequent inequality:

(3.3)
∥∥∥∥e−it∆m−1

α g
∥∥∥∥

L∞
α

≤ C

|t||α|+n
∥g∥L1

α
.

(4) By combining the Plancherel formula and equation (3.1), we obtain

(3.4)
∥∥∥∥e−it∆m−1

α g

∥∥∥∥
L2

α

= ∥g∥L2
α

and
∥∥∥∥e−it∆m−1

α g
∥∥∥∥

Hm,α
s

= ∥g∥Hm,α
s

,

where s ∈ R

Proposition 3.1. If r ∈ [2,+∞] and t ≠ 0, then e−it∆m−1
α maps Lr′

α

(
Rn

+

)
continuously

to Lr
α

(
Rn

+

)
and ∥∥∥∥e−it∆m−1

α g

∥∥∥∥
Lr

α

≤ C

|t|α(r) ∥g∥α,r′ ,(3.5)

where α(r) = (|α| + n)(1 − 2
r
) and 1

r
+ 1

r′ = 1.

Proof. It follows from (3.3) and (3.4) that∥∥∥∥e−it∆m−1
α g

∥∥∥∥
L∞

α

≤ C

|t||α|+n
∥g∥L1

α
and

∥∥∥∥e−it∆m−1
α g

∥∥∥∥
L2

α

= ∥g∥L2
α
.

Applying the Riesz-Thorin theorem to obtain the inequality. □
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Corollary 3.1. If r ∈ [2,+∞], s ∈ R and t ̸= 0, then there exists a constant C such
that ∥∥∥∥e−it∆m−1

α g

∥∥∥∥
Hm,α

r,s

≤ C

|t|α(r) ∥g∥Hm,α

r′,s
.

Proof. Using if t ̸= 0 we have

e−it∆m−1
α

[
Fm−1

α

((
1 + ∥λ∥2

)s
Fm

α (g)
)]

= Fm−1

α

[((
1 + ∥λ∥2

)s
Fm

α

(
e−it∆m−1

α g
))]

.

Now, according to (3.5), we have finished the proof. □

3.2. Dispersion phenomena. Here we strictly analyze generalized dispersion phe-
nomena in the context of the Schrödinger equation using sophisticated mathematical
methods like interpolation techniques. Our generalization is founded upon earlier
research presented in [22]. For this we use the following notations.

Notations. For an interval I of R and a Banach space X, we adopt the following
notations.

• Lq(I;X) Banach space of (classes of) measurable functions u : I → X such that
∥u∥Lq(I;X) < +∞, with

∥u∥Lq(I;X) =
(∫

I
∥u(t, ·)∥q

Xdt
) 1

q

, if 1 ≤ q < +∞,

∥u∥L∞(I;X) = ess sup
t∈I

∥u(t, ·)∥X .

• C(Ī;X) the space of continuous functions from Ī to X. Note that when I is
bounded, then equipped with the norm ∥u∥L∞(I;X), C(Ī;X) is a Banach space.

• Cc (I, S (Rn)) is the space of continuous functions from I into S (Rn) compactly
supported in I, equipped with the topology of uniform convergence on the compact
subintervals of I.

Definition 3.2. We say that the exponent pair (q, r) is |α|-admissible if q, r ≥ 2,
(q, r, |α| + n) ̸= (2,+∞, 1) and

2
q

= α(r) := (|α| + n)
(

1 − 2
r

)
.

The TT ⋆-criterion, attributed to Keel-Tao, is a well-known result in the field of
harmonic analysis and partial differential equations. It is frequently employed to
establish the well-posedness of specific dispersive or wave equations, one can prove
the following result using some of the ideas and steps outlined in [1, 22].

Theorem 3.2 (TT ⋆-criterion [22]). Let (U(t))t∈R be a bounded family of continuous
operators of L2

α(Rn
+) on L2

α(Rn
+) such that

∥U(t)U∗ (t′) f∥L∞
α

≤ C

|t− t′||α|+n
∥f∥L1

α
.
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Then, the estimates
∥U(t)g∥Lq(R;Lr

α(Rn
+)) ≤ C ∥g∥L2

α
(3.6)

and ∥∥∥∥∫
R
U∗(t)f(t, ·)dt

∥∥∥∥
L2

α

≤ C∥f∥Lq′(R;Lr′
α (Rn

+)),(3.7)

hold for any |α|-admissible exponent (q, r), where q′, r′ are the conjugate exponents of
q and r and U∗ is the adjoint operator of U .

Moreover, for any |α|-admissible exponent pairs (q, r) and (q1, r1), we have∥∥∥∥∫
R
U(t)U∗ (t′) f (t′, ·) dt′

∥∥∥∥
Lq(R;Lr

α(Rn
+))

≤ C∥f∥
L

q′
1
(
R;L

r′
1

α (Rn
+)
).(3.8)

Furthermore, if

∥U(s)U∗(t)f∥L∞
α

≤ C

(1 + |t− s|)|α|+n
∥f∥L1

α
,

then (3.6), (3.7) and (3.8) hold for all |α|-admissible (q, r) and (q1, r1).

3.3. Strichartz-type Schrödinger estimates associated with the linear canon-
ical Bessel operator. The Strichartz estimates that we will present in the following
also involve the time variable and will be very important when studying the uniqueness
of a solution of the nonlinear Schrödinger equation. We consider in the rest of this
article the Schrödinger equation associated with the linear canonical Bessel operator
given by:

(3.9)
{
i∂tu(t, x) + ∆m−1

α u(t, x) = F (t, x),
u(0, x) = g(x).

Moreover, under the same conditions, Duhamel’s formula implies

u(t, x) = e−it∆m−1
α g(x) − i

∫ t

0
e−i(t−s)∆m−1

α F (s, x)ds, (t, x) ∈ R × Rn
+.

Theorem 3.3. Suppose that n+ |α| ≥ 1
2 , and let (q, r) and (q1, r1) be |α|-admissible

pairs. If u is a solution of the problem (3.9) with initial data g and source term F for
0 < T < +∞, then the following estimate holds

∥u∥Lq([0,T ];Lr
α(Rn

+)) + ∥u∥C([0,T ];L2
α(Rn

+)) ≤ C

∥g∥L2
α

+ ∥F∥
L

q′
1
(

[0,T ];L
r′

1
α (Rn

+)
) ,

where C is a positive constant.
Conversely, if the above estimate holds for all g, F , and T , then the pairs (q, r)

and (q1, r1) must be |α|-admissible.

Proof. Let us begin by proving the sufficient condition. Assume that (q, r) satisfy
the conditions of the theorem, and let u be a solution of (3.9). This follows from
the equation (S) and Remark 3.1, according to the density of S∗(Rn) in Lp

α(Rn
+) for
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1 ≤ p < +∞. Therefore, e−it∆m−1
α satisfies the conditions of Theorem 3.2. Using the

equation (3.6), we have

∥u∥Lq([0,T ];Lr
α(Rn

+)) ≤ C

∥g∥L2
α

+ ∥F∥
L

q′
1
(

[0,T ];L
r′

1
α (Rn

+)
) ,

where r′
1 and q′

1 are successive conjugates of r1 and q1.
Let Φα be the operator defined as

Φα(F )(t, x) :=
∫ t

0
e−i(t−s)∆m−1

α F (s, x) ds.

We now turn our attention to the question of continuity in L2
α. The continuity of

e−i(·)∆m−1
α g is established through the Plancherel formula, yielding the inequality:∥∥∥∥e−it∆m−1

α g
∥∥∥∥

C([0,T ];L2
α(Rn

+))
≤ ∥g∥L2

α
.

Furthermore, for every |α|-admissible pair (q1, r1), we obtain

∥ΦαF (t)∥2
L2

α
=
〈∫ t

0
e−i(t−s)∆m−1

α F (s)ds,
∫ t

0
e−i(t−s)∆m−1

α F (σ)dσ
〉

α

=
∫ t

0

∫ t

0

〈
e−i(t−s)∆m−1

α F (s), e−i(t−σ)∆m−1
α F (σ)

〉
α
dσds

≤
∫ t

0

∫
R

〈
F (s), e−i(s−σ)∆m−1

α F (σ)
〉

α
dσds

=
∫ t

0

〈
F (s),

∫
R
e−i(s−σ)∆m−1

α F (σ)dσ
〉

α
ds,

we leverage the intrinsic property
(
e−it∆m−1

α

)⋆

= eit∆m−1
α . By employing Hölder’s

inequality sequentially in both spatial and temporal dimensions, and invoking the
pertinent equation (3.7), we derive the following significant result:

∥ΦαF (t)∥2
L2

α
≤ ∥F∥

L
q′

1
(

[0,T ];L
r′

1
α (Rn

+)
)∥∥∥∥ ∫

R
e−i(·−σ)∆m−1

α F (σ)dσ
∥∥∥∥

Lq1([0,T ];Lr1
α (Rn

+))
≤ C∥F∥2

L
q′

1
(

[0,T ];L
r′

1
α (Rn

+)
).

To establish the continuity of the quantity Φα(F ) in the space L2
α(Rn

+), we leverage
the following identity:

Φα(F )(t+ ε) = e−iε∆m−1
α

[
Φα(F )(t) + Φα

(
1[t,t+ε]F

)
(t)
]
,

where e−iε∆m−1
α is an operator acting on L2

α(Rn
+). The continuity of e−iε∆m−1

α as an
operator on this space plays a crucial role in establishing the desired continuity of
Φα(F ).
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Moreover, we exploit the property that∥∥∥1[t,t+ε]F
∥∥∥

L
q′

1 ([0,T ];L
r′

1
α (Rn

+))
→ 0, as ε → 0.

This convergence result ensures that the term involving 1[t,t+ε]F becomes negligible
as ε approaches zero. Consequently, it allows us to conclude that Φα(F ) is continuous
in L2

α(Rn
+).

In light of these considerations, we successfully complete the proof of the continuity
of Φα(F ) in the specified function space. With this, the culmination of our analysis
concludes the proof of the presented theorem. □

In direct continuity with our preceding theorem, we present the consequential
Corollary 3.2. This corollary seamlessly applies and extends the theoretical constructs
established earlier, providing insightful results within the context of intervals in R. By
leveraging |α|-admissible pairs, Corollary 3.2 establishes the existence of a constant C,
offering concise bounds for the operator e−i(·)∆m−1

α and the quantity Φα(F ) in specific
function spaces.

Corollary 3.2. Let I be an interval of R. If (q, r) and (q1, r1) are |α|-admissible
pairs, then there exists a constant C such that∥∥∥∥e−i(·)∆m−1

α g
∥∥∥∥

Lq(R;Lr
α(Rn

+))
≤ C∥g∥L2

α
(3.10)

and

∥Φα(F )∥Lq(I;Lr
α(Rn

+)) ≤ C∥F∥
L

q′
1
(

I;L
r′

1
α (Rn

+)
) .

The applicability of the estimate established in Corollary 3.2 extends systematically
to Sobolev spaces associated with the linear canonical Bessel operator.

Corollary 3.3. Given any s ∈ R and k ∈ N, the following properties hold.
(1) If (q, r) is an |α|-admissible pair, then there exists a constant C such that∥∥∥∥e−i(·)∆m−1

α g
∥∥∥∥

Lq(R;W m,α
r,k )

≤ C∥g∥Hm,α
k

, for all g ∈ Hm,α
k .

(2) If (q, r) is an |α|-admissible pair, then there exists a constant C such that∥∥∥∥e−i(·)∆m−1
α g

∥∥∥∥
Lq(R;Hm,α

r,s )
≤ C∥g∥Hm,α

s
, for all g ∈ Hm,α

s .

(3) Let I be an interval of R. If (q, r) and (q1, r1) are |α|-admissible pairs, then
there exists a constant C such that

∥Φα(F )∥Lq(I;W m,α
r,k ) ≤ C∥F∥

L
q′

1
(

I,W m,α

r′
1,k

), for all F ∈ Lq′
1
(
I,Wm,α

r′
1,k

)
.
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(4) Let I be an interval of R. If (q, r) and (q1, r1) are |α|-admissible pairs, then
there exists a constant C such that

∥Φα(F )∥Lq(I;Hm,α
r,s ) ≤ C∥F∥

L
q′

1
(

I,Hm,α

r′
1,s

), for all F ∈ Lq′
1
(
I,Hm,α

r′
1,s

)
.

Proof. For brevity, we focus our attention on establishing the validity of estimates (1)
and (2), with the proofs of (3) and (4) mirroring a similar logical structure.

In (1) and (2), the substitution of g by (∆m−1
α )jg, where j ≤ k and g by

Fm−1
α

(
(1 + ∥λ∥2)s

Fm
α (g)

)
in (3.10). The two transformations are based on the two

relationships defined by

∆m−1

α e−it∆m−1
α g = e−it∆m−1

α ∆m−1

α g

and

e−i(·)∆m−1
α

[
Fm−1

α

((
1 + ∥λ∥2

)s
Fm

α (g)
)]

= Fm−1

α

[((
1 + ∥λ∥2

)s
Fm

α

(
e−i(·)∆m−1

α g
))]

.

It is imperative to underscore the utilization of Proposition 2.7 to conclude the proof
outlined in (1), along with the application of Plancherel’s theorem in (2). Through
these methodological steps, the desired result is successfully derived. □

Remark 3.3. Leveraging the insights provided by Corollary 3.3, the estimation derived
in Theorem 3.3 can be extended to Sobolev spaces associated with the linear canonical
Bessel operator. The ensuing outcome is expressed as follows: Let (q, r) and (q1, r1)
be |α|-admissible pairs. If u is a solution of the problem (3.9) with initial data g and
source term F for 0 < T < +∞, then the following estimate holds:

∥u∥Lq([0,T ];Hm,α
r,s ) + ∥u∥C([0,T ];Hm,α

s ) ≤ C

∥g∥Hm,α
s

+ ∥F∥
L

q′
1
(

[0,T ];Hm,α

r′
1,s

) ,
where C is a positive constant.

Conversely, if the above estimate holds for all g, F , and T , then the pairs (q, r) and
(q1, r1) must be |α|-admissible.

4. Solutions for Nonlinear Schrödinger Equations Associated with
the Canonical Bessel Operator

On the basis of the results obtained in Remarks 3.3 we define, for s ≥ 0 and I an
interval, the space

(4.1) Xm,α
s (I) =

{
u : ∥u∥Lq(I;Hm,α

r,s ) + ∥u∥C(I;Hm,α
s ) < +∞ for 0 ≤ 2

q
= α(r) < 1

}
.

The observation in Remarks 3.3 implies that

g ∈ Hm,α
s ⇒ e−i(·)∆m−1

α g ∈ Xm,α
s (R).

If I is not compact, we define Xm,α
s,loc(I) by replacing Lq with Lq

loc in (4.1).
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Remark 4.1. The spaces Xm,α
s (I) are not naturally Banach spaces because the range

of r is semi-open (for |α| + n ≥ 1
2). To obtain Banach spaces, we restrict this range

by considering 0 ≤ α(r) ≤ α(r0) < 1. We define, with 2
q0

= α(r0), the spaces

Xm,α
s,r0 (I) =

{
u : ∥u∥Lq(I;Hm,α

r,s ) + ∥u∥C(I;Hm,α
s ) < +∞ for 0 ≤ 2

q
= α(r) ≤ α(r0) < 1

}
= C (I;Hm,α

s ) ∩ Lq0
(
I;Hm,α

r0,s

)
,

which are Banach spaces with the natural norms. The same modification is made for
the local spaces in time.

Theorem 4.1. Let β ∈ R and λ ∈]0,+∞[. Define the transformation

(4.2) uλ,m(x, t) = λβe−i a
2b(1−λ2)∥x∥2

u
(
λx, λ2t

)
.

(1) For β = 2
p
, the equation (Sp) is invariant under the transformation.

(2) For β = |α| + n− 2s, the quantity

(4.3)
∥∥∥∥x∥2sFm

α (g)
∥∥∥

L2
α

is invariant under this transformation of the initial condition of the equation (Sp).

Proof. (1) Let u be a solution of (Sp), we have(
i∂t + ∆m−1

α

)
uλ,m(x, t) = λ2−βp |uλ,m(x, t)|p uλ,m(x, t).

Since the equation (Sp) is invariant under the transformation (4.2), we obtain the
result.

(2) Let s ≥ 0 and g the initial condition of the equation (Sp). We start with
g ∈ S∗(Rn) therefore gλ,m ∈ S∗(Rn) and∥∥∥∥x∥2sFm

α (gλ,m)
∥∥∥2

L2
α

=
∫
Rn

+

∥x∥4s |Fm
α (gλ,m) (x)|2 dµα,n(x).

We use equation (2.1), we have∥∥∥∥x∥2sFm
α (gλ,m)

∥∥∥2

L2
α

= λ−4(|α|+n)+2β
∫
Rn

+

∥x∥4s

∣∣∣∣Fm
α (g)

(
x

λ

)∣∣∣∣2 dµα,n(x)

= λ−2(|α|+n)+2β+4s
∫
Rn

+

∥x∥4s |Fm
α (g) (x)|2 dµα,n(x)

= λ−2(|α|+n)+2β+4s
∥∥∥∥x∥2sFm

α (g)
∥∥∥2

L2
α

.

Since the quantity (4.3) is invariant under the transformation (4.2) of the initial
condition of the equation (Sp), we obtain β = |α| + n− 2s. Now according to the
density of S∗(Rn) in Hm,α

s , we find the same result for g ∈ Hm,α
s . □

The situation where the two values of β in Theorem 4.1 considered are equal
is important enough to call for a definition establishes different categories for the
criticality of the power p at the level of Hm,α

s .



802 Y. BETTAIBI

Definition 4.1. Let s ∈
[
0, n+|α|

2

)
and p ∈ [0,+∞[, the power p is termed:

- critical if p = 2
n+|α|−2s

,
- subcritical if p < 2

n+|α|−2s
.

4.1. L2
α-Local well-posedness for nonlinear Schrödinger equations associated

with the linear canonical Bessel operator. Our result in this subsection concerns
the local well-posedness of (Sp) in L2

α

(
Rn

+

)
in both subcritical and critical cases, i.e.,

s = 0 and p ∈
(
0, 2

|α|+n

]
.

Theorem 4.2. If p ∈
(
0, 2

|α|+n

]
, then for every g ∈ L2

α

(
Rn

+

)
, there exist T ∗, T∗ ∈

(0,+∞] and a unique maximal solution u of (Sp) belonging to

C
(
(−T∗, T

∗) ;L2
α

(
Rn

+

))
∩ Lq

loc

(
(−T∗, T

∗) ;Lp+2
α

(
Rn

+

))
,

for every |α|-admissible pair (q, p+ 2).

Proof. We proceed in two steps.
Step 1: local existence. For the existence, we use a fixed point argument.
• If p ∈

(
0, 2

|α|+n

)
, fix T > 0,M > ∥g∥α,2 and set

XM,T :=
{
u ∈ Lq

(
(−T, T );Lp+2

α

(
Rn

+

))
∩ C

(
(−T, T );L2

α

(
Rn

+

))
:∥u∥L∞((−T,T );L2

α(Rn
+)) + ∥u∥Lq((−T,T );Lp+2

α (Rn
+)) ≤ M

}
,

where (q, p+ 2) is |α|-admissible pair. Note that by Theorem 3.3 and Corollary 3.2,
this space is empty. Moreover, we can verify that XM,T is a complete metric space
when it is equipped with the distance:

d(u, v) = ∥u− v∥L∞((−T,T );L2
α(Rn

+)) + ∥u− v∥Lq((−T,T );Lp+2
α (Rn

+)).

To simplify, put
∥v∥XM,T

= ∥v∥L∞((−T,T );L2
α(Rn

+)) + ∥v∥Lq((−T,T );Lp+2
α (Rn

+)),

if v ∈ XM,T . Take g ∈ L2
α

(
Rn

+

)
. We wish find some conditions on T and M such that

the operator Hα, given by

Hα(u)(t, ·) := e−it∆m−1
α g(·) − i

∫ t

0
e−i(t−s)∆m−1

α F (u(s, ·))ds

is a strict contraction on XM,T .
By the nonlinearity assumption (1.1) and Theorem 3.3, it follows that

∥Hα(u)∥XM,T
≤ C

∥∥∥∥e−i(·)∆m−1
α g

∥∥∥∥
XM,T

+ ∥u∥p+1

L
(p+1)q′

1
(

(−T,T );L
(p+1)r′

1
α (Rn

+)
)
 ,

with (q1, r1) is a |α|-admissible pair.
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On the other hand, we use the condition p ∈
(
0, 2

|α|+n

)
, we take r1 = p + 2 and

(q1 = q, p+ 2) a |α| admissible pair such that q > p+ 2. Then, applying Corollary 3.2
and Hölder’s inequality in time, we obtain

∥Hα(u)∥XM,T
≤ C∥g∥L2

α
+ CT

q−p−2
q ∥u∥p+1

Lq((−T,T );Lp+2
α (Rn

+)).(4.4)

Hence, for every u ∈ XM,T one has

∥Hα(u)∥XM,T
≤ C∥g∥L2

α
+ CT

q−p−2
q Mp+1.

Choosing M = 2C∥g∥L2
α
, we see that if T is sufficiently small (depending on ∥g∥L2

α
),

then Hα(u) ∈ XM,T for all u ∈ XM,T . Moreover, arguing as above, we obtain

d (Hα(u),Hα(v)) ≤ CT
q−p−2

q Mpd(u, v),

for all u, v ∈ XM,T . Thus, Hα is a contraction in XM,T provided T is small enough,
more precisely if T <

(
1

2CMp

) q
q−p−2 . Hence, Hα has a fixed point u, which is the

unique solution of (Sp) in XM,T , and there exist T ∗, T∗ ∈ (0,+∞] such that u belongs
to

C
(
(−T∗, T

∗) ;L2
α

(
Rn

+

))
∩ Lq

loc

(
(−T∗, T

∗) ;Lr
α

(
Rn

+

))
,

for the |α|-admissible pair (q, p+ 2), with

T ∗ = sup{T > 0, there exists a solution of (Sp) on [0, T]},

T∗ = sup{T > 0, there exists a solution of (Sp) on [-T, 0]}.
Moreover, from Theorem 3.3 and by the argument we use to prove (4.4), we have

u ∈ Lq1
loc

(
(−T∗, T

∗) ;Lr1
α

(
Rn

+

))
,

for every |α|-admissible pair (q1, r1).
• If p = 2

|α|+n
, let g ∈ L2

α

(
Rn

+

)
. Since e−i(·)∆m−1

α g ∈ Lp+2
(
R;Lp+2

α

(
Rn

+

))
, by

Corollary 3.2, we have∥∥∥∥e−i(·)∆m−1
α g

∥∥∥∥
Lp+2((−T,T );Lp+2

α (Rn
+))

→ 0, as T ↓ 0.(4.5)

Therefore for ϵ > 0, there is T > 0, such that∥∥∥∥e−i(·)∆m−1
α g

∥∥∥∥
Lp+2((−T,T );Lp+2

α (Rn
+))

< ϵ.(4.6)

Let us consider the set

Yϵ :=
{
u ∈ Lp+2

(
(−T, T );Lp+2

α

(
Rn

+

))
: ∥u∥Lp+2((−T,T );Lp+2

α (Rn
+)) ≤ 2ϵ

}
.

We can verify that Yϵ is a complete metric space when it is equipped with the distance

d(u, v) = ∥u− v∥Lp+2((−T,T );Lp+2
α (Rn

+)).
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As above, by Theorem 3.3, the following estimate holds

∥Hα(u)∥Lp+2((−T,T );Lp+2
α (Rn

+))

≤C

∥∥∥∥e−i(·)∆m−1
α g

∥∥∥∥
Lp+2((−T,T );Lp+2

α (Rn
+))

+ ∥u∥p+1

L(p+2)
(

(−T,T );L(p+2)
α (Rn

+)
) .

Hence, for every u ∈ Yϵ,

∥Hα(u)∥Lp+2((−T,T );Lp+2
α (Rn

+)) ≤ C
∥∥∥∥e−i(·)∆m−1

α g
∥∥∥∥

Lp+2((−T,T );Lp+2
α (Rn

+))
+ Cϵp+1.

From relations (4.5) and (4.6), we see that if T is small enough, then we can choose
M such that Hα(u) belongs to Yϵ for all u ∈ Yϵ. As above we prove also that Hα is
a contraction on the space Yϵ provided T is sufficiently small. Thus Hα has a fixed
point u, which is the unique solution of (Sp) in Yϵ. Moreover, from Theorem 3.3, there
exists T ∗, T∗ ∈ (0,+∞] such that

u ∈ C
(
(−T∗, T

∗) ;L2
α

(
Rn

+

))
∩ Lq1

loc

(
(−T∗, T

∗) ;Lr1
α

(
Rn

+

))
,

for every |α|-admissible pair (q1, r1).
Step 2: uniqueness. Recognizing the intrinsically local nature of uniqueness is

the first step in our study. As a result, our task reduces to establishing uniqueness
on possibly small time intervals. This distinction is important because it enables us
to focus our analysis on specific temporal regions.

To illustrate this, we consider positive times, noting that the treatment of negative
times mirrors the same rationale. Let

u1, u2 ∈ C
(
[0, T ];L2

α

(
Rn

+

))
,

be two solutions of the equation (Sp). We proceed under the assumption that u1(t) ̸=
u2(t) holds for some t ∈ [0, T ]. Let

t0 = inf {t ∈ [0, T ], u1(t) ̸= u2(t)} .

Since both u1 and u2 are continuous into L2
α

(
Rn

+

)
, this definition makes sense and

u1 (t0) = u2 (t0) = χ. Moreover, the curves U1(t) = u1 (t+ t0) and U2(t) = u2 (t+ t0)
both satisfy the equation w = e−i(·)∆m−1

α χ + Φα(F (w)) on [0, T − t0]. As above we
apply Theorem 3.3 and the argument of proof of (4.4), to obtain that for all t ∈ [t0, T ]

∥u1 − u2∥Lq((t0,t);Lp+2
α (Rn

+))

≤C (t− t0)
2−(|α|+n)p

2
2∑

i=1
∥ui∥p

Lq((t0,t);Lp+2
α (Rn

+)) ∥u1 − u2∥Lq((t0,t);Lp+2
α (Rn

+)) ,
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where
(
q = 2(p+2)

p(|α|+n) , p+ 2
)

is a |α|-admissible pair. For t > t0, but sufficiently close to
t0, it follows that

C (t− t0)
2−(|α|+n)p

2
2∑

i=1
∥ui∥p

Lq((t0,t);Lp+2
α (Rn

+)) < 1,

and so that
∥u1 − u2∥Lq((t0,t);Lp+2

α (Rn
+)) = 0.

This contradicts the choice of t0, and thus proves that u1(t) = u2(t) for all t ∈
[0, T ]. □

Proposition 4.1. Assume that F is as in Theorem 4.2, g ∈ L2
α

(
Rn

+

)
and u is the

maximal solution of (Sp), then we have the following.
i) If p ∈

(
0, 2

|α|+n

)
and T ∗ < +∞ (respectively, T∗ < +∞), then

∥u(t)∥L2
α

→ +∞, as t ↑ T ∗(respectively, as t ↓ −T∗).

ii) If p = 2
|α|+n

and T ∗ < +∞ (respectively, T∗ < +∞), then

∥u∥Lq((0,T ∗);Lr
α(Rn

+)) = +∞ (respectively, ∥u∥Lq((−T∗,0);Lr
α(Rn

+)) = +∞),

for every |α|-admissible pair (q, r), with r ≥ p+ 2.

Proof. i) If p ∈
(
0, 2

|α|+n

)
, it follows from Step 1 of the proof of Theorem 4.2 and the

uniqueness property that

T ∗ − t ≥

 1
4C2∥u(t, ·)∥p

L2
α


q

q−p−2

.

Suppose now that T ∗ < +∞, then

∥u(t)∥L2
α

≥

 1
4C2 (T ∗ − t)

q−p−2
q

 1
p

.

As q > p+ 2, we obtain ∥u(t)∥L2
α

→ ∞ as t ↑ T ∗. One shows by the same argument
that if T∗ < +∞, then ∥u(t)∥L2

α
→ +∞ as t ↓ −T∗.

ii) If p = 2
|α|+n

, we demonstrate the explosion alternative by contradiction. Suppose
that T ∗ < +∞ and ∥u∥

L(p+2)
(

(0,T ∗);L(p+2)
α (Rn

+)
) < +∞. Let 0 ≤ t ≤ t + τ < T ∗. It

follows that

e−iτ∆m−1
α u(t, ·) = u(t+ τ, ·) − i

∫ τ

0
e−i(τ−s)∆m−1

α F (u(t+ s, ·)) ds.
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By Theorem 3.3, we deduce that there exists C ≥ 0 such that∥∥∥∥e−it∆m−1
α u(t)

∥∥∥∥
L(p+2)

(
(0,T ∗−t);L(p+2)

α (Rn
+)
) ≤ ∥u∥

L(p+2)
(

(t,T ∗);L(p+2)
α (Rn

+)
)

+ C∥u∥p+1

L(p+2)
(

(t,T ∗);L(p+2)
α (Rn

+)
).

Consequently,

(4.7) lim
t↑T ∗

∥∥∥∥e−it∆m−1
α u(t)

∥∥∥∥
L(p+2)

(
(0,T ∗−t);L(p+2)

α (Rn
+)
) = 0.

On the other hand, the dual homogeneous Strichartz estimate (3.7) implies that there
exists a positive constant M(u) such that
(4.8) ∥u(t)∥L2

α
≤ M(u), for all t ∈ [0, T ∗[.

By combining the inequalities (4.7)–(4.8) with the dual homogeneous Strichartz esti-
mate (3.7) and Theorem 3.3, we obtain

lim
t1,t2↑T ∗

∥u(t1) − u(t2)∥L2
α

= 0.

As L2
α is complete, there exists an element u∗ in L2

α such that
lim
t↑T ∗

∥u(t) − u∗∥L2
α

= 0.

We consider the following system

(S ′
p)

{
i∂tv(t, x) + ∆m−1

α v(t, x) = F (v(t, x)), (t, x) ∈ I × Rn
+,

v|t=0 = u∗ ∈ L2
α

(
Rn

+

)
.

According to Theorem 4.2, there exist S∗, S
∗ ∈]0,+∞] and a unique solution v on

] − S∗, S
∗[ of the system (S ′

p). We define

U(t) =
{
u(t), if t ∈] − T∗, T

∗[,
v(t− T ∗), if t ∈ [T ∗, T ∗ + S∗[.

It is clear that U is a solution of (S ′
p) that extends u over the interval ]−T∗, T

∗ +S∗[.
This contradicts the fact that T ∗ is a maximal time for a solution of (Sp), hence the
absurdity. This shows that ∥u∥

L(p+2)
(

(0,T ∗);L(p+2)
α (Rn

+)
) = +∞.

Let (q, r) be a |α|-admissible pair with r > p+ 2. It follows from Hölder’s inequality
that for all T < T ∗,

∥u∥
L(p+2)

(
(0,T );L(p+2)

α (Rn
+)
) ≤ ∥u∥λ

L∞((0,T );L2
α(Rn

+))∥u∥1−λ

Lq((0,T );Lr
α(Rn

+)),

where λ = 2(r−p−2)
(p+2)(r−2) . Using the dual homogeneous Strichartz estimate (3.7) and

Theorem 3.3, we can estimate ∥u∥λ
L∞((0,T );L2

α(Rn
+)). This allows us to deduce that

∥u∥Lq((0,T ∗);Lr
α(Rn

+)) = +∞.
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By the same argument, it can be shown that if T∗ < +∞, then

∥u∥Lq((−T∗,0);Lr
α(Rn

+)) = +∞.

□

4.2. L2
α-Global well-posedness for nonlinear Schrödinger equations associ-

ated with the linear canonical Bessel operator. Our result in this subsection
concerns the global well-posedness of (Sp) in L2

α

(
Rn

+

)
in both subcritical and critical

cases, i.e., p = 2
|α|+n

. In the proof of local existence with p = 2
|α|+n

, we used T is small
enough, we can change this condition by ∥g∥L2

α
small enough. This is what we are

going to prove in the following corollary.

Corollary 4.1. If p = 2
|α|+n

, there exists δ > 0 such that if g ∈ L2
α

(
Rn

+

)
satisfies

∥g∥L2
α

≤ δ, (i.e., ∥g∥L2
α

small enough), for T ∈ (0,+∞[ there exist a unique solution
u of (Sp) belonging to

C
(
(−T, T ) ;L2

α

(
Rn

+

))
∩ Lq

(
(−T, T ) ;Lr

α

(
Rn

+

))
,

for every |α|-admissible pair (q, r).

Proof. For T > 0, by Theorem 3.3, the following Strichartz estimate holds

∥Hα(u)∥XT
≤ C

(
∥g∥L2

α
+ ∥F (u)∥Lq′([−T,T ];Lr′

α (Rn
+))
)

with (q = p+ 2, r = p+ 2) a |α|-admissible and

XT = C
(
[−T, T ];L2

α

(
Rn

+

))
∩ Lp+2

(
[−T, T ];Lp+2

α

(
Rn

+

))
,

the Banach space with norm

∥v∥XT
= ∥v∥Lp+2([−T,T ];Lp+2

α (Rn
+)) + ∥v∥C([−T,T ];L2

α(Rn
+)).

By our nonlinearity assumption (1.1) and Hölder inequality, we have

∥Hα(u)∥XT
≤ C

(
∥g∥L2

α
+ ∥u∥p+1

Lp+2([−T,T ];Lp+2
α (Rn

+))

)
.(4.9)

As above, we prove that Hα maps the Banach space XT into itself, and moreover the
ball XM,T into itself, provided M and ∥g∥L2

α
are small enough, where

XM,T = {u ∈ XT : ∥u∥XT
≤ M} .

Let δ small enough, and also that ∥g∥L2
α
< δ. By (4.9), we can see that

∥Hα(u)∥XT
≤ Cδ + CMp+1 < M,
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provided δ is such that 2Cδ = M and CMp ≤ 1
2 , and we assume now that ui ∈ XM,T ,

i = 1, 2. We have also

∥Hα (u1) − Hα (u2) ∥XT
≤ C∥F (u1) − F (u2) ∥Lq′([−T,T ];Lr′

α (Rn
+))

≤C ∥u1 − u2∥Lp+2([−T,T ];Lp+2
α (Rn

+))

×
(

∥u1∥p

Lp+2([−T,T ];Lp+2
α (Rn

+)) + ∥u2∥p

Lp+2([−T,T ];Lp+2
α (Rn

+))
)

≤ ∥u1 − u2∥XM,T
2CMp ≤ 1

2 ∥u1 − u2∥XM,T
,

provided M is so small that 2CMp ≤ 1
2 . Thus, if initial data are small enough,

i.e., ∥g∥L2
α
< δ, then the map Hα is a contraction which implies that there exists a

unique solution u(t, x) of the Cauchy problem (Sp) such that u(t, x) ∈ Lp+2
(
[−T, T ];

Lp+2
α

(
Rn

+

))
. As observed above one can see that this is the unique solution in u(t, x) ∈

C
(
[−T, T ], L2

α

(
Rn

+

))
, i.e., u ∈ XT , with small initial data in L2

α. □

Theorem 4.3. If p = 2
|α|+n

, there exists δ > 0 such that if g ∈ L2
α

(
Rn

+

)
satisfying

∥g∥L2
α

≤ δ, (i.e., ∥g∥L2
α

small enough), then the corresponding maximal L2
α-solution

is global, i.e., T ∗ = T∗ = +∞. Moreover, u belongs to Lp+2
loc

(
R;Lp+2

α

(
Rn

+

))
.

Proof. As Corollary 4.1, we assume that initial data are small enough, i.e., ∥g∥L2
α
< δ.

For k ∈ N, there is a unique solution uk ∈ Xk. Similarly, there is a unique solution
uk+1 ∈ Xk+1, but uk = uk+1 for all t in [−k, k]. Thus, u = limk→+∞ uk, is a unique
solution of (Sp) in C

(
R;L2

α

(
Rn

+

))
∩ Lp+2

loc

(
R;Lp+2

α

(
Rn

+

))
, which achieved the proof

of the global existence. □

4.3. Scattering for nonlinear Schrödinger equations associated with the
linear canonical Bessel operator. In this subsection, let t0 ∈ R we consider the
nonlinear Schrödinger equations associated with the linear canonical Bessel operator

(Sp,t0)


i∂tu(t, x) + ∆m−1

α u(t, x) = F (u(t, x)), (t, x) ∈ R × Rn
+,(

e−it∆m−1
α u(t, x)

)
|t=t0

= g(x), x ∈ Rn
+,

with F satisfying (1.1). We use the convention: if t0 = +∞ (resp. t0 = −∞ ), then
we denote g = u+ (resp. g = u), and solving (Sp,t0) means that we construct wave
operators.

In all these cases, we seek mild solutions to (Sp,t0), that is, we solve

u(t, ·) = e−it∆m−1
α g(·) − i

∫ t

t0
e−i(t−s)∆m−1

α F (u(s, ·))ds.

Actually, using our general methods [18], it is possible to prove scattering for small
L2

α

(
Rn

+

)
data. Thus we can prove the following.
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Proposition 4.2. Let p = 2
|α|+n

and t0 ∈ R. There exists δ0 such that if g ∈ L2
α

(
Rn

+

)
with ∥g∥L2

α
< δ0, then the unique global solution u has the scattering property: there

exists u± ∈ L2
α

(
Rn

+

)
such that∥∥∥∥u(t) − e−it∆m−1

α u±

∥∥∥∥
L2

α

→ 0, as t → ±∞.

If t0 = +∞ (resp. t0 = −∞), then u+ = g (resp. u− = g).

Proof. According to the proof of Theorem 4.2, for p = 2
|α|+n

and small initial data in
L2

α, there exists a unique solution u of (Sp,t0) such that

u ∈ C
(
R;L2

α

(
Rn

+

))
∩ Lp+2

(
R;Lp+2

α

(
Rn

+

))
.

Scattering then follows from the Cauchy criterion. Indeed, using Theorem 3.3 , for
t1 ≤ t2, we have∥∥∥∥eit2∆m−1

α u (t2, ·) − eit2∆m−1
α u (t1, ·)

∥∥∥∥
L2

α(Rn
+)

=
∥∥∥∥∫ t2

t1
eis∆m−1

α F (u(s, ·))ds
∥∥∥∥

L2
α(Rn

+)
≤ C∥u∥p+1

Lp+2([t1,t2];Lp+2
α (Rn

+)).

Notice that the right-hand side goes to zero when t1, t2 → ±∞ since u ∈
Lp+2

(
R;Lp+2

α

(
Rn

+

))
. The result follows easily, since the group e−i(·)∆m−1

α is unitary
on L2

α

(
Rn

+

)
. □

Conclusion and Prospects

In this paper, we have extensively investigated nonlinear Schrödinger equations
related to the linear canonical Bessel operator under the initial data condition g ∈
L2

α(Rn), with a specific focus on the subcritical condition and where the subcritical
condition has been treated with special care. Looking ahead, the investigation of-
fers new directions for exploration, the beginning of a thorough study of nonlinear
Schrödinger equations related to the linear canonical Bessel operator. This task will
be accomplished with proper consideration of the Sobolev space Hm,α

s in (4.1), encom-
passing subcritical and critical elements as created by the demands in 4.1. However,
this area of research needs special consideration to some inherent challenges. Per-
haps the most crucial task is finding a relationship between ∥up+1∥Hm,α

r,s
, ∥u∥Hm,α

r,s
, and

∥u∥α,q, for the classical setting. Adapting to the interdependent interplay between
these norms is quite a challenge, demanding subtle focus and creative methods in
order to untie the interplay of the complexities at hand. In summary, although the
research offers a basis for future research, overcoming obstacles like the above-defined
relation shall prove crucial in advancing our understanding of nonlinear Schrödinger
equations related to the linear canonical Bessel operator as well as its generalizability
to other mathematical contexts.
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