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HARMONIC ANALYSIS AND SOBOLEV SPACES ASSOCIATED
WITH LINEAR CANONICAL BESSEL OPERATORS:
SCHRODINGER EQUATIONS AND WELL-POSEDNESS CRITERIA

YOUSSEF BETTAIBI

ABSTRACT. The article explores harmonic analysis and Sobolev spaces associated
with the linear canonical Bessel operator H;7;*. It addresses the free Schrodinger
equation related to this operator and presents the properties of the solutions when
the initial data belong to specific spaces, including H™*. The paper establishes
Strichartz-type estimates for these Schrodinger equations. Subsequently, it defines
spaces for solutions of the nonlinear Schrodinger equation associated with the Bessel
operator, given by

i0yu + Agl_lu = |ulPu, u|t:0 =ge€ H™

The article concludes by demonstrating the local well-posedness of solutions under

_2
' n+|al

for the L2-nonlinear Schrédinger equations associated

the subcritical condition p € (0 } and the global well-posedness under the

critical condition p = %\al
with the Bessel operator.

1. Introduction

This scientific study is a rigorous examination of Schrodinger equations related to
linear canonical Bessel operator. The research significantly improves the linear and
nonlinear features of the concerned mathematical models.

To delve into the Schrodinger equations associated with the linear canonical Bessel
operator on R} = {x = (21,...,2,) € R" : 2, > 0 for k = 1,...,n}, we examine the
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following system:

i0u(t, x) + Ag‘_lu(t,a:) = F(u(t,z)), (t,z)e xRy,
(5,) tOault,
[t=0 = 9,
where n > 2, u is a complex-valued function defined on I xR%, F' € C(C, C) satisfying
(1.1) F(z)=|zPz, p>0,
and AP is the linear canonical Bessel operator of index o = (ay,...,a,) and m =
( ch Z ) € SL(2,R) such that b # 0, is defined by:
n 02 2a + 1 d 0 d? d
A™ = — 2y, | =— — | a7 +2i 1) -
o 1;21895%+< o iy Tk o bek+ i (ap + )b
“ 1
= Z Lg;, o > ——,
k=1 2

where Ly is the linear canonical Bessel operator of index oy, € (—%, +oo) defined by
0%u 200, + 1 d 0 d? d
L = —2i—ap | =— — | Hap + 2 - ].
¥k 8$i+< T Cp 0z}, bzmk—'— (o + )b
The natural functional setting for these operators is the weighted Hilbert space
L (RY) = L? (RY, ftan(x)),

where 1., is the measure defined on R’ by

n 20;,+1

s
dito,n(x) = k dx,
Han(@) ,El V2m2eaT (ag + 1)

and dx the Lebesgue measure on R", with (-,-), the scalar product on the Hilbert
space L2 (R"), given by

(£.9)0 = [ F@)9@)dpton(a).

+

As operator in L2 (R’}r), the linear canonical Bessel operator AX is first defined as

minimal operators with dense domain CZ%, (R™) of C*°-functions with compact support
in R", even with respect to all variables.
The operator L} is related to the Bessel operator L, by

L} = ez o L,o ¢35
with the Bessel operator defined in [4] by
& 2w+1 d d d
v+ — w14 (r2u+l>'

Y

L,=— + L= =
dr? r dr dr dr

Using the above unitary equivalence, the self-adjointness properties of the linear
canonical Bessel operator L' reduce to those of the classical Bessel operator L,
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acting in L? (Ry,r*Tldr). More precisely, as shown in [9, 11], the inverse-square
Schrédinger operator B, = —% 42 Qmj in L? (R, ,dr) which is unitarily equivalent
to —L, with the identification 8 = 12, is essentially self-adjoint on C° (R,) if and
only if » > 1. For —% < v < 1, the endpoint 0 is of limit-circle type and the operator
Bgs (and equivalently L, ) admits a family of self-adjoint extensions; in this regime, the
Friedrichs extension of the associated quadratic form provides a canonical self-adjoint
realization. Since the quadratic phase transformation defining L is unitary, the same
classification of self-adjointness and self-adjoint extensions applies to L.

Although the differential expression for AX* explicitly involves only parameters b
and d, the operator is defined for the full matrix m € SL(2,R) to maintain consistency
with the linear canonical transform group structure. The parameters a and ¢ appear
in the eigenfunctions, inverse transforms, and ensure proper composition properties.

0 1
-1 0
dimensional Weinstein operator of index «,, which was examined by in [28].

In [12,21,30], the authors conducted a harmonic analysis related to the canonical
Bessel operator LY. This analysis established multiple properties of the canonical
Fourier Bessel transform, encompassing a Riemann-Lebesgue lemma, inversion for-
mula, operational formulas, Plancherel theorem, Babenko inequality, and various
uncertainty inequalities. The linear canonical Fourier Bessel transform represents a
broadening of the linear canonical transform (LCT) and belongs to a category of linear
integral transforms characterized by a matrix parameter denoted as m € SL(2,R)
6,20, 38]. This category includes well-known transforms such as the Fourier trans-
form, fractional Fourier transform, and the Fresnel transform, among others, and
holds significance in various domains of physics and mathematics [6, 31, 38].

Considerable efforts have been invested in extending the LCT theory to incorporate
other integral transforms, such as the Hankel transform, Dunkl transform [10, 15],
and Fourier Bessel transform [36]. In a groundbreaking work [37], Wolf expanded the
concept of LCT to the Hankel setting, establishing a class of linear integral transforms
with a kernel featuring a Bessel function and matrix parameter m € SL(2,R). Notable
instances of this transformation include the Hankel transform and fractional Hankel
transform [23].

Furthermore, the Dunkl linear canonical transform (DLCT) was introduced in [34]
as a generalization of the LCT within the Dunkl transform framework [10]. DLCT
encompasses various well-known transforms, such as the Dunkl transform [10, 15],
fractional Dunkl transform [16,17], and canonical Fourier Bessel transform [12,34].

In this article, we establish the Strichartz-type Schrédinger estimates associated
with the linear canonical Bessel operator, the Strichartz estimates are useful for
establishing the existence of solutions for semilinear Schrodinger. Strichartz estimates
were first proved by Strichartz [35] for solutions of Schrodinger and wave equations on
R™. They were generalized to non-endpoint admissible pairs (g, ) by Ginibre and Velo
[19] and by Lindblad and Sogge [24]. The end point estimates were proved by Keel

1

IR , it becomes the n-

In the case when o = (— ,—3,0,) and m =
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and Tao [22], and the Strichartz-type Schrodinger estimates associated with several
operators were generated, including the Dunkl operator in [27].

Furthermore, this work delves into the harmonic aspects of the linear canonical
Bessel operator, exploring Sobolev-type spaces associated with it. For s € R and
1 <7 < 400, the Sobolev space H* is defined, with the notation Hyy" abbreviated
to H™“, providing a rigorous functional framework for analyzing the solutions of
the Schrodinger equation with initial condition g € H™*. The study of such spaces
follows the line of research developed in [2,25,26,29,33], where Sobolev-type structures
associated with various special operators, such as Bessel, Jacobi, Gyrator, and Wein-
stein operators, are investigated. These works highlight how operator-adapted Sobolev
spaces capture the intrinsic geometry and spectral behavior of the corresponding dif-
ferential operators. In the present context, the criticality of the power p is examined
within A™®, and Definition 4.1 distinguishes between critical and subcritical cases
according to specific relations between s and p. This refined analysis deepens the
understanding of the nonlinear interaction governed by the linear canonical Bessel
operator. We will apply these results in the special case s = 0 (i.e., when the initial
data g € L2(R")) to determine and study the qualitative properties of solutions to
system (.Sp).

The paper is organized as follows. In Section 2, we recall the main results about the
harmonic analysis associated with the linear canonical Bessel operator. Furthermore,
we define and study the Sobolev spaces associated with the linear canonical Bessel
operator Hy*. We introduce in Section 3 the free Schrodinger equation associated
with the linear canonical Bessel operator. In the same section, we prove that the
problem (S) has a unique solution if the initial data g belong to 8'.(R™), and we
present properties of solution when the initial data g belong respectively to the spaces
8«(R™) and H®. Finally in thes section we establish the Strichartz-type Schrodinger
estimates associated with the linear canonical Bessel operator. In Section 4, we define
appropriate spaces for solutions of the nonlinear Schrodinger equations associated
with the canonical Bessel operator (S,) and critical power p when the initial data g
belongs to H™“, and we have successfully established the local well-posedness of the
solution for the nonlinear Schrodinger equation (S,) in the scenario where s = 0, p
is critical, and under critical, with the additional condition that the initial data ¢
belongs to L2 (R™). Moreover, we present a compelling demonstration that when the
norm ||g| ;. is sufficiently small, and p is critical, the equation (S,) exhibits global
Well—posedﬁess.

2. Preliminaries

2.1. Harmonic analysis associated with the linear canonical Bessel opera-
tor.
Notations. In what follows, we need the following notations:

ool = ot +af 4o+,
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e C.(R™), the space of continuous functions on R", even with respect to all variables,

e &.(R™), the space of C*°-functions on R"™, even with respect to all variables,

e S.(R™), the Schwartz space of rapidly decreasing functions on R", even with
respect to all variables,

e D.(R"), the space of C*-functions on R" which are of compact supports, even
with respect to all variables,

e J(.(C™), the space of entire functions on C", even with respect to all variables,
rapidly decreasing and of exponential type,

e S (R") := {T : 8.(R") — C | T is a continuous linear functional}, where (T, ¢)
denotes the action of T on ¢ € 8,(R™),

o [P(R%), 1 < p < 400, the space of measurable functions on R such that

iz = [ [, V0Pt

[fl|zee =esssup [f(z)] < +o0,
a:E]R’jr

< 400, ifl<p<Hoo,

e throughout this paper, m = ( CCL Z > is an arbitrary matrix in SL(2,R) such

that b # 0.

In this section, we shall collect some results and definitions from the theory of
the harmonic analysis associated with the linear canonical Bessel operator on R, ,
developed [12]. The linear canonical transform play an important role in many fields
of optics, radar system analysis, medium system analysis, filter design, phase retrieval,
pattern recognition and many others. It was introduced a number of years ago in the
mathematics literature but appears to have remained largely unknown to the signal
processing community, to which it may, however, be potentially useful.

Proposition 2.1 ([12]). Let m € SL(2,R).
(1) A™ leaves 8.(R™) invariant.
(2) For every f)g € 8*(Rn)f <Aglf7 g>a = <f7 Afxng>0¢'

Remark 2.1. (1) The identity in Proposition 2.1 (2) remains valid for f € H, (C")
and g € D, (R"), by a standard density argument.

(2) The operator AR, initially defined on the dense domain Cg%, (R*) C L, (R’jr),
is symmetric. Proposition 2.1 shows that AX leaves the Schwartz space 8. (R™)
invariant and is symmetric on this domain. If a, > 1 for all k. = 1,...,n, then each
one-dimensional operator Ly is essentially self-adjoint. By tensorization and strong
commutativity, the multidimensional operator AZ is therefore essentially self-adjoint
on C2% (R"). In this case, we denote by AM its unique selfadjoint extension. In
the general case oy > —%, the operator A admits several self-adjoint extensions.
More precisely, when —% < ay, < 1, the corresponding one-dimensional operators are
not essentially self-adjoint and possess a family of self-adjoint extensions (see [9, 11]).



788 Y. BETTAIBI

Throughout this work, we select the Friedrichs extension of AX, which will be denoted
by the same symbol.

Let us begin with the following result, which provides the eigenfunction W3, (], )
associated with the linear canonical Bessel operator A-'.

Proposition 2.2 ([12]). For all z = (21, 22, ...,2,) € C", the system
L (-, z) = —i—gu (,2k), forl<k<n,

u (O, Z) = e;%HZHQ’
F(0,2) =0, for 1<k<n,

has a unique solution WY, (X, -) given by

3 2, a 2 n )\
U™ (A, 2) = GRS, ( kakz>  Jorall Ae C",
k=1

where j,, s the normalized Bessel function of index oy, defined by
400 (_ 1)n (g

2n
Jo(§) = T'(cu + 1)7;)71!”” Fp—y 2) . forall &€ C.

In particular for x,y € R}, [U2 (z,y)| < 1.

Remark 2.2. (1) For all A € R*, W7 (A, ) € H.(C").
(2) The function W3, (A, -) satisfies

g 4y~ P e
o a,n( 7')_ b2 a,n( 7'>7

and is therefore an eigenfunction of the operator AX* corresponding to the eigenvalue
A2

2R
Definition 2.1. The linear canonical Bessel transform is given for f € LL(R") by
1

Fa(fIN) = W - f(x)‘lfgjn(%x)dua,n(x), for all A € R,

where(ib)leltm = |p|leltreiz(aDsen®) “and |a| = a; + - - - + a,, thus |a| may be negative.

Using the properties of the classical Fourier transform on R™ and of the Bessel
transform, one can easily see the following relation, which will play an important role
in the sequel.

Some basic properties of the transform J7* are summarized in the following results.
For the proofs, we refer to [12].

Proposition 2.3. (1) For all f € L, (R"), we have

1
1F& (Nl < W“f”L}l-
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(2) For all f € LL(R) with I f € LL(RY),
(2.1) (Frogm ) f=(F0 oT2)f=f ac
(3) For all f,g € LL(R?), we have

Fa () @)g (@)dpan (x) = | f(2) T2 (9) (2)dpan ().

R
Proposition 2.4. For all f € LL(R?) such that A™ f € LL(R?), we have

_ =l

FRAT ) =— 5T (H)@),

argzine -z (1F ) @

The following result shows that the linear canonical Bessel transform verifies
Plancherel’s theorem.

Theorem 2.1. (1) For all f € §,(R"), we have ||F2fll 2 = [|f|l2-

(2) If f € LARY) N LE(RY), then T2f € L2(RY) and |2 = [1f] 2.

(3) The linear canonical Bessel transform has a unique extension to an isometric
isomorphism of L2(R").

(4) For all f and g € L2(R"), we have

(T2f,9), = ([,T2g) .
Example 2.1. Let A\ € R* and g € 8.(R") therefore gy m € 8.(R") where

a

g)“m(x) _ 6_7;%(1_)\2)”$”2‘g ()\;13)7

and we have
o

F (grmm) () = A~2001#m) i5 (1=35 ) el gm oy G)  forallz €R.

Definition 2.2. The translation operator T}%,, = € R, associated with the operator

AR is defined on C.(R"), for all y € R, by

- (3 (i) s

x f <\/x% + 42 + 221y, cos by, .. ., \/x% + 2 + 22y, cos&n)
X (sin 61)**" - - (sin 6,)°*" db; - - - df,,.

The following proposition summarizes some properties of the linear canonical Bessel
translation operator.
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Proposition 2.5 ([34]). (1) For f € C.(R™), we have
T (y) = e (x) and Towf=1[f JforalzyecR].

(2) For all f € E.(R") and y € R}, the function x — T}, f (y) belongs to E.(R™).

(3) Let f € LL(RY), 1 < p < +oo and x € R}. Then, T, f belongs to LF(R)
and we have |77 15 < 1z

(4) The function W, (-, A), A € C?, satisfies on R": the following product formula:

e, [0, ()] () = e 3P (@ ) U, (y, ), for all z,y € RY.
(5) Let f € LP(R%), p=1 or 2, and x € R, we have

-1 _i.d 2 om—1 m n
I (T f) (y) = e =8P Y (@ ) TR (f) (y), for all y € R

(6) We have
AT o)), =T, 0o AT, forallz € RY.

Definition 2.3. The linear canonical Bessel convolution product of f, g € C.(R") is
given by:

—id m n
f oo = [ e TR () g (9) ditanly), for all v € Y.

n
Proposition 2.6 (Young’s inequality [34]). i) Let p,q,r € [1, +o0| such that ;1)—1- % —
1 =1. Then, for all f € LE(R?) and g € LL(R?), the function fajkmg € L, (R}) and
we have
1F %, glles < M Flzzllglloq
it) Let f € LL(RY) and g € LE(R"), p € [1,2]. For all A € R", we have

i.d

@2)  gm (f s g) (0) = ()le NPT (1) () T () (V).

Definition 2.4. (1) The linear canonical Bessel transform of a distribution S € 8§/, (R™)

is defined by
(F(S),0) = (S, T (¢)), forall ¢ €8, (R").

«

(2) Let 7 be in 8, (R™). We define linear canonical Bessel operator A7, by

(
(A7, ¢) = (r,AP¢), for all ¢ € 8. (R").

Remark 2.3. As an immediate consequence of the two previous theorems, we have the
transform F™ is a topological isomorphism from 8’ (R™) onto itself.

Ezxample 2.2. Let Ptmfl, t > 0, be the function defined by

6_(%'%—’—4%)“36”2, for all x € R".
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(1) The linear canonical Bessel transform F™ of P™ " is given by:

b
(ib)\aH—n

Let us observe that for z € C, with positive real part, the two functions

g (P (V) = e~ GE=DINE - for all A € R™

1 —E-de
(Z‘b)la\-i-n
are holomorphic on the domain Rez > 0. As they coincide on the real axis, they
coincide in the whole domain.
Now, if ¢ positive, considering a sequence of z, with positive real part which tends
to it, we get, as the linear canonical Bessel transform is continuous on tempered
distributions that

g (PR (V) =

z = T (lenﬂ) and 2z

_
(ib)\aHn

then we have the following result

eTiFEINE — (jp)laltne—if IR gm (PR) (), forall X eR™

DI for all A € R™,

(2) The linear canonical Bessel translation Taf‘a_l of Pt € R*, is given by

o1/ ml 1 (L a (el lul2) T - TkYk n
Ta:,;x (Pzt )(y) = We (4t 2b)(|| 1%+l )kl:[l‘]ak’ (%) , for all xr,y € R-ﬁ-’
the ensuing inequality can be succinctly as follows
(0% m71 m’l 1 n
(2.3) Ty (P} )(y)‘ < W’ for all z,y € RY.

2.2. Sobolev spaces associated with the linear canonical Bessel operator.
For s € R, 1 < r < +o00, we define the Sobolev space associated with the linear
canonical Bessel operator by

e = {8 e = o2 (14 ) 9 0)], < +o0).

We will use the notation Hyy* by HM™.

Remark 2.4. In accordance with Plancherel theorem, the space H™* can be defined
utilizing the following norm:

e = || (14 A7) F2 ()

L2’
There is another version of Sobolev spaces defined using the linear canonical Bessel
operator, we then define for k£ be a non-negative integer and 1 < r < +00

k .
= {u € 8 (R"): HUHWS}C" => (Ao‘m_ >] () Lr = +OO} .

J=0



792 Y. BETTAIBI

Proposition 2.7. Let s = k be a non-negative integer. Then, H™™ = W%, that is
to say

ue HP o (AN Yue L2 (RY), foralljeN,j<k,.

Proof. Let k be a non-negative integer and u € H" 71’0‘, we have
2

k
fulfe = (14 1712)* 722 ()|

= [ (I 17 () O (V)

R}

(%) L I ) 0

(3) e

So, uw € H,™* if and only if H(Am_l)ju

[0}

—1

(A2 ) W) daan(N).

k
>
=0
k
>
=0

< o0 for all 5 < k. 0

L3

Proposition 2.8. (1) Let 1 < r < +o0o. The space Hy* provided with the norm
||| gm.e is a Banach space.

(2) We have Hy™ = L? (]Ri) :

(3) Let 51,55 in R such that s; > sy. Then, HI — HI.

(4) Let s € R such that s > 0. Then,

& ||l F5 ) me < 61 (u-nLg + ||l T ()

2

Li)

Proof. (1) It is clear that the space L, (]Ri) is complete and since F™ ' ((1 + IM?)° 3’;“)
is an isomorphism from 8/ (R") onto itself, H* is then a Banach space.
The results (2) and (3) follow immediately from the definition of the Sobolev space

associated with the linear canonical Bessel operator.
(4) We use for all s > 0 there exists ¢; and ¢y such that

ez < (1+112]2)” < er (1+ 12l *)
]

3. THE SCHRODINGER EQUATION ASSOCIATED WITH THE CANONICAL BESSEL
OPERATOR

3.1. The free Schrodinger equation associated with the linear canonical
Bessel operator. Notation. For u € §' (]R; S, (R”)), its action on ¢ € S(R; S*(R”))
is given by

<ua¢>S’(R;S’*(Rﬂ),S(R;S*(Rn)) :/R<Utﬂ/}(t;')> dt,
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where (uy, ¥(t,+)) denotes the action of the distribution u; € 8,(R"™) on ¥(t,) €
S.(R™).

We consider the free Schrodinger equation associated with the linear canonical
Bessel operator

() { O+ A™ 'y = 0,

U|t:0 =4dg.

Theorem 3.1. If g is an element of 8, (R™), then there exists a unique solution u of
the system (S) in E(R; 8, (R™)).

Proof. First, we establish the existence. For ¢t € R, we define
ut::}'gl (6 ;,2” Hzggmg)

Since g € SL(R"), (€ — e 5lEI%) ¢ L (RY) N EL(R™) and the transform JF7 is an
isomorphism from 8, (R™) onto itself. Thus, u; € 8, (R"™). For ¢ € 8§,(R™), we have

(ur, @) = (T2 (g), e~ TP T™ ().

This implies that u, € E(R;8,(R")) and F*(uy) € E(R;8,(R™)). Recall that u is
defined by

(u, V) @5, @) s@ss. @) = /]R (ug, ¥(t,-)) dt, ¥ € S(R;8.(R")).

Therefore, for ¢ € §(R; 8.(R™)), we have

(G0, + Ay,

8/ (R;8% (R™)),8(R;8 (R™))

«

1
*)
5’(R 8L (R™)),8(R;8(R™))

T (eI Tm) B (e, ) + A u(t, ) Yt

(
(

=i [ (e, (0, il Eygmip ) Yar
< |

Thus, u is a solution of equation (.5).
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Now, we establish uniqueness, or equivalently, we prove that v = 0 is the unique
solution of the following linear problem

iOpu(t, ©) + AP u(t, x) = 0,
u(0,2) = 0.

For ¢ € 8(R; 8,(R™)), we have

oz<u@+A$ﬂ%¢>

8 (RS (R")),8(R5- (R"))
= —i/R <Ut, 8t¢(t’ ) + iAam_1¢(ta )> dt
_ _i/Rat (g, ) dt—H’/R (e, ) — i (ug, AT 0(2,))] .

Since

Oy (g, ) = (Opu, V) + (ug, Op1h)
and as ¥ € 8(R; 8,(R")), we have

[ 8t ) de = 0.
Consequently, we have
[ L@t ) = i (e, A 452, )] e = 0.
R
By using the fact that F2*(0yuz) = 0y(F P uy), we deduce that for all ¥ € §(R; 8.(R™)),
/R (O (Fu), (T2t ) + i (T, |- [T 10(t, )] dt = 0.

We choose 1 in the form (F™)~1ip(t,€) = el p(&)x(t), where ¢ € 8,(R") and
x € 8(R). This leads to

[ (0@ 1P o) i (Fu | - 2631 0)] x(t)dt = 0.
This equality holds for all y € 8,(R), thus we have
(0(Fu), e o) i (T, | - Pei ) = 0,
Since

00 (T2, 81 ) = (0(T), W) 11 (T2, |- [P,

for all ¢ € 8,(R"), the function t — <ffg‘ut, e%H'||2<p> is constant.
Taking into account the fact that ¢ = 0 for all £ € R, we obtain

(Fmuy, e ) = (Fmu, el o) | = (Fmg, ).
This holds true for all ¢ € 8,(R™), hence u = 0. O

t=0



SCHRODINGER EQUATIONS AND WELL-POSEDNESS CRITERIA 795

Remark 3.1. Let g be an element of 8,(R™). The solution of the system given by
Theorem 3.1 belongs to £(R; 8.(R™)), and it has the following form:

u(t,z) = I3 - (e =l ||23'mg) (2).
Definition 3.1. We define the operator, for t € R:
AT 8 (RY) > S.(R™), g ult, ),

where u is the solution of the Schrodinger-linear canonical Bessel equation with the
initial condition g. This operator is called the propagator.

Remark 3.2. We utilize the outcomes from earlier to derive the subsequent results.
(1) Building on the results provided in Examples 2.2 and the formulations outlined
in equations (2.1) and (2.2), it can be deduced that

(3.1) e_itAgrlg =Fm (e w2l HQmeg)

m—1!
(3.2) = <Pit LE g) :
(2) We observe that
. m~1 Aam~L s oAm~1 iAm~ 1\ " AT
eTIHHAT T _ AR —isAT <€—ztAa ) =" forallt,s € R,

(3) Examining the outcomes presented in equations (2.3) and (3.2), we deduce

. m71 .
the continuity of the propagator e #2&"  from L. (R%) to L (R?), along with the
subsequent inequality:

—itam™! C
(3.3) e gH < g loll
(4) By combining the Plancherel formula and equation (3.1), we obtain
am—] Aml
(3.4) gl =gl and e
2 He
where s € R

Proposition 3.1. Ifr € [2,4+00] andt # 0, then et maps L, (Rﬁﬁ) continuously
to L], (Rﬁ) and

(3.5)

Jamc! C
| < e Mol
where a(r) = (|a| +n)(1 — %) and % + % =1.

Proof. It follows from (3.3) and (3.4) that

. -1 i -
e g) ol and ™3 gl = lgllzz.
L L3

= e

@

Applying the Riesz-Thorin theorem to obtain the inequality. 0J
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Corollary 3.1. Ifr € [2,+00], s € R and t # 0, then there exists a constant C such
that

-1
oA

H < ¢ ]| 7o
g HT,S’& |t|a(r) g 7»/:: .
Proof. Using if t # 0 we have

e—itAgm_l [?214 ((1 n ||)\||2)s&|~g1 (g))} _ 3,,214 K(l n ||>‘||2)89:;n (e_itAam_lg)ﬂ ‘
Now, according to (3.5), we have finished the proof. O

3.2. Dispersion phenomena. Here we strictly analyze generalized dispersion phe-
nomena in the context of the Schrodinger equation using sophisticated mathematical
methods like interpolation techniques. Our generalization is founded upon earlier
research presented in [22]. For this we use the following notations.

Notations. For an interval I of R and a Banach space X, we adopt the following
notations.

e L%(I; X) Banach space of (classes of) measurable functions u : I — X such that
Hu||Lq(1;X) < 400, with

1
Jullsae = ([ (e, de) ", i 1< g < +ox,

[ullzoez:x) = esssup [Ju(t, -)|x-
tel

e C(I; X) the space of continuous functions from I to X. Note that when I is
bounded, then equipped with the norm ||u||(r.x), C(I; X) is a Banach space.

e C.(I,8(R™)) is the space of continuous functions from I into 8 (R™) compactly
supported in I, equipped with the topology of uniform convergence on the compact
subintervals of I.

Definition 3.2. We say that the exponent pair (¢, r) is |a|-admissible if ¢, 7 > 2,
(¢,7, || +n) # (2,400,1) and

2 2
- = = 1——.
“=a(r) = (ol +m) (1- )

The TT™*-criterion, attributed to Keel-Tao, is a well-known result in the field of
harmonic analysis and partial differential equations. It is frequently employed to
establish the well-posedness of specific dispersive or wave equations, one can prove
the following result using some of the ideas and steps outlined in [1,22].

Theorem 3.2 (TT*-criterion [22]). Let (U(t))ier be a bounded family of continuous
operators of LZ(R™) on L2(R™) such that

C

[UU™ () fll e < [Pz

[a>e
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Then, the estimates

(3.6) ||U(t)9’|Lq(R;L;(R1)) <C HQHLg
and
(37) LU @5 < Ol e

hold for any |a|-admissible exponent (q,r), where ¢',r" are the conjugate exponents of
q and r and U* is the adjoint operator of U.
Moreover, for any |a|-admissible exponent pairs (q,r) and (q1,r1), we have

(3.8) H LU @) £ty

S C f / 1,,/ .
(ma(e)) = O i )
Furthermore, if

C
(14 [t — s)lal+n 1/
then (3.6), (3.7) and (3.8) hold for all |a]-admissible (q.7) and (q1,r).

10U (05 <

3.3. Strichartz-type Schrodinger estimates associated with the linear canon-
ical Bessel operator. The Strichartz estimates that we will present in the following
also involve the time variable and will be very important when studying the uniqueness
of a solution of the nonlinear Schrédinger equation. We consider in the rest of this
article the Schrodinger equation associated with the linear canonical Bessel operator
given by:

(3.9) { iOuu(t, ) + AP u(t,z) = F(t,z),
' u(0,2) = g(x).

Moreover, under the same conditions, Duhamel’s formula implies

om—1 t m—1

u(t,z) = e 8 g(z) — z/ e mIAT P(s,x)ds, (t,x) € R x R™.
0

Theorem 3.3. Suppose that n+ |a| > 3, and let (¢,7) and (q1,71) be |a|-admissible
pairs. If u is a solution of the problem (3.9) with initial data g and source term F' for
0 <T < 400, then the following estimate holds

< ) y
ilzaomas ) + Ielleqomas (ey)) < © (“g“Lé Il ([O,T];L;<R¢>)) |

where C' is a positive constant.
Conversely, if the above estimate holds for all g, F', and T, then the pairs (q,r)
and (q1,m1) must be |a|-admissible.

Proof. Let us begin by proving the sufficient condition. Assume that (q,r) satisfy
the conditions of the theorem, and let u be a solution of (3.9). This follows from
the equation (S) and Remark 3.1, according to the density of 8.(R") in LE(R?) for
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o Am L . . e .
1 < p < +oo. Therefore, e”™2&"  satisfies the conditions of Theorem 3.2. Using the
equation (3.6), we have

< 2 / r
o ozyas () < © ("gl‘La I oy m))) |

where 7] and ¢] are successive conjugates of 1 and ¢;.
Let ®, be the operator defined as

t -

O, (F)(t,x) ::/ e M=9AT P (s, 1) ds.

0

We now turn our attention to the question of continuity in L2. The continuity of
; m~1 . . . . . .

e t)A3 g is established through the Plancherel formula, yielding the inequality:

< ||9||Lg

o
(72 (7))

Furthermore, for every |a|-admissible pair (¢;,71), we obtain

t . m—1 t . m—1
| F ()2, = </0 J—ilt-9)AT F(s)ds,/o o—ilt-9)AT F(a)da>

t t . m—1 . m—1
:/ / <6_’(t_s)Aa F(s), e it-0)Aa F(0)> dods
0 JO o'
t A m—1
<[] <F(s),e—f<8—f’>ﬂa F(0)> dods
0 JR o

t R m—1
-/ <F(s), [erieer F(a)da> ds,
0 R a

: m_1 * . m_1 . .
we leverage the intrinsic property (e_”Aa = ¢"Aa | By employing Holder’s

inequality sequentially in both spatial and temporal dimensions, and invoking the
pertinent equation (3.7), we derive the following significant result:

1@ F (072 < IF,

f'i(-fo')Ag‘ilF d
/Re (0)do

i ([O’TkL;/l (M)) ‘ Lo (0,755 (R )
< C|F|?, y .
— || ||Lq1 ([O,T];Lo} (R:L—))

To establish the continuity of the quantity ®,(F) in the space L2(R"), we leverage
the following identity:

u(F)(t+2) = e A8 [0u(F)(1) + Ba (Lpasa F) (1)

i AmTL . . . _ioAmT !
where e~*2&"  is an operator acting on L2(R"). The continuity of e A<’  as an

operator on this space plays a crucial role in establishing the desired continuity of
O, (F).
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Moreover, we exploit the property that

Hl[t,tJrs]F‘ L‘/l([o,T};Lgl &) — 0, ase—0.
This convergence result ensures that the term involving 1y ;1 F becomes negligible
as € approaches zero. Consequently, it allows us to conclude that ®,(F) is continuous
in L2(R7).

In light of these considerations, we successfully complete the proof of the continuity
of ®,(F) in the specified function space. With this, the culmination of our analysis

concludes the proof of the presented theorem. O

In direct continuity with our preceding theorem, we present the consequential
Corollary 3.2. This corollary seamlessly applies and extends the theoretical constructs
established earlier, providing insightful results within the context of intervals in R. By
leveraging |«|-admissible pairs, Corollary 3.2 estallolishes the existence of a constant C,
i()AT

offering concise bounds for the operator e~ and the quantity ®,(F) in specific

function spaces.

Corollary 3.2. Let I be an interval of R. If (q,7) and (q1,7m1) are |a|-admissible
pairs, then there exists a constant C' such that

—i()ap™!

«

(3.10)

<C
La(R;Ly (R7)) B HgHL‘Q’

and

19 o 12)) < I 15 )

The applicability of the estimate established in Corollary 3.2 extends systematically
to Sobolev spaces associated with the linear canonical Bessel operator.

Corollary 3.3. Given any s € R and k € N, the following properties hold.
(1) If (¢,7) is an |a|-admissible pair, then there exists a constant C' such that

—i(yam™

[e3

e

< Cligllgme, for all g € H".
La(RW®)

(2) If (q,7) is an |a|-admissible pair, then there ezists a constant C such that

—i(-)Aam_l m,o
e < Cllgllgme, for all g € H™.

Lo (R;HT®)
(3) Let I be an interval of R. If (q,r) and (q1,71) are |a|-admissible pairs, then
there exists a constant C' such that

10 (F) < C|IF]

d

/ m,x
HL‘Z(I;W:',C’“) 14 (I,W'f";j)’ fO?“ all F e L1 ([, ri,k) .
7"1,'
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(4) Let I be an interval of R. If (q,r) and (q1,71) are |a|-admissible pairs, then
there exists a constant C' such that

1Pa (I Lo pameey = CHFHLq;( ) for all F e L% (1, HZ) .

I ,H:jl":
Proof. For brevity, we focus our attention on establishing the validity of estimates (1)
and (2), with the proofs of (3) and (4) mirroring a similar logical structure.

In (1) and (2), the substitution of g by (A™ ")ig where j < k and g by
gm™ ((1 + |IM]?)° Fm (g)) in (3.10). The two transformations are based on the two
relationships defined by

AR THAT g e*itAgrlAE“_lg
and
O gt (L AE) T (0)] = g [ (1 + ) g (02 g) ).

It is imperative to underscore the utilization of Proposition 2.7 to conclude the proof
outlined in (1), along with the application of Plancherel’s theorem in (2). Through
these methodological steps, the desired result is successfully derived. 0

Remark 3.3. Leveraging the insights provided by Corollary 3.3, the estimation derived
in Theorem 3.3 can be extended to Sobolev spaces associated with the linear canonical
Bessel operator. The ensuing outcome is expressed as follows: Let (g, ) and (q1,71)
be |a|-admissible pairs. If u is a solution of the problem (3.9) with initial data g and
source term F' for 0 <I" < 400, then the following estimate holds:

HuHLq([o,T};H;T"sva) + HuHc([o,T];H;“’a) <C (HQHH;’”’ + HFHLq’1 ([O,T};Hnl],a>) )
TS

where C' is a positive constant.
Conversely, if the above estimate holds for all g, ', and T, then the pairs (¢, r) and
(q1,71) must be |a|-admissible.

4. SOLUTIONS FOR NONLINEAR SCHRODINGER EQUATIONS ASSOCIATED WITH
THE CANONICAL BESSEL OPERATOR

On the basis of the results obtained in Remarks 3.3 we define, for s > 0 and [ an
interval, the space

N

(4.1) X™(I) = {u : ||u||Lq(1;H£f‘sj°‘) + ||U||C(I;H;n,a) < 4oofor 0 < —=a(r) < 1} .

The observation in Remarks 3.3 implies that
v am—l
g€ H™® = ¢0OAT g ¢ X™(R).

If I is not compact, we define X[ %(I) by replacing L? with L{ . in (4.1).

s,loc
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Remark 4.1. The spaces X™*(I) are not naturally Banach spaces because the range
of r is semi-open (for |a| +n > %) To obtain Banach spaces, we restrict this range
by considering 0 < a(r) < a(rg) < 1. We define, with q% = «(rp), the spaces
m,x 2
Xon (1) = {u llo(riamey + llloramey < +oofor 0< = =alr) < alr) < 1}
= C (I H™) N L (I HPE)

which are Banach spaces with the natural norms. The same modification is made for
the local spaces in time.

Theorem 4.1. Let § € R and X €]0,400[. Define the transformation

a

(4.2) Unm(z,t) = Neizs (1222112, (/\a:, /\2t> :

(1) For g = %, the equation (S,) is invariant under the transformation.
(2) For B = |a| +n — 2s, the quantity

(4.3) |52 ()

L3

is invariant under this transformation of the initial condition of the equation (S,).
Proof. (1) Let u be a solution of (S,), we have
(10 + AT Yt (2, 1) = A2 [y i (2, )] s (3, 1).

Since the equation (S,) is invariant under the transformation (4.2), we obtain the
result.

(2) Let s > 0 and g the initial condition of the equation (S,). We start with
g € 8,.(R") therefore gy m € S.(R") and

2
22T )], = [ 1ol T2 (gram) (@) ().
« R

n
+

We use equation (2.1), we have

S 2 - alTn S T
hal®5 2 gnm];, = A2 [ ) g () ()
o +

_ )\—2(|a|+n)+26+4s /Rn ”$||4S |3r21 (g) (SL‘)|2 d,ua,n(x)
+

2
dfban (z)

= At g 2o gm ()|

L3

Since the quantity (4.3) is invariant under the transformation (4.2) of the initial
condition of the equation (S,), we obtain 8 = |a| +n — 2s. Now according to the
density of 8,(R") in H™*, we find the same result for g € H™. O

The situation where the two values of § in Theorem 4.1 considered are equal
is important enough to call for a definition establishes different categories for the
criticality of the power p at the level of H™“.
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Definition 4.1. Let s € [O, %‘al) and p € [0, 400, the power p is termed:

- critical if p = m,

2

- subcritical if p < el

4.1. L?-Local well-posedness for nonlinear Schrédinger equations associated
with the linear canonical Bessel operator. Our result in this subsection concerns
the local well-posedness of (S,) in L2 (Ri) in both subcritical and critical cases, i.e.,

s=0and pe (Ovm%]
Theorem 4.2. Ifp € ( , |Oé|+n} then for every g € L2 (R”) there exist T*,T, €
(0, 4+00] and a unique mazimal solution u of (S,) belonging to
C((=T., 77 L (RY)) 0 Ly, (-1, T7)5 157 (RY))
for every |a|-admissible pair (q,p + 2).

Proof. We proceed in two steps.
Step 1: local existence. For the existence, we use a fixed point argument.
oprE(O ) fix T'> 0, M > ||g||a2 and set

? al+n

Xz = {u e L' ((-1.7); 12 (R1)) n € (=T, 7): L2 (L))

Wl e e * 1l (eay) < M |

where (q,p + 2) is |a]-admissible pair. Note that by Theorem 3.3 and Corollary 3.2,
this space is empty. Moreover, we can verify that X, is a complete metric space
when it is equipped with the distance:

d(u,v) = [ju — U”Loo( (-T.7);L%(R7)) + Jlu — UHL(J((fT,T);Lg”(Rg))‘
To simplify, put
[0l x07 = HUHLOO((—T,T);LE(Ri)) + ”UHLq((_T,T);LgH(Ri))>

if v e Xy Take g € Li (R’}r) We wish find some conditions on 7" and M such that
the operator H,, given by

Ho ()t ) = eS8 g =i [ IS Pu(s, ) )ds

is a strict contraction on X .
By the nonlinearity assumption (1.1) and Theorem 3.3, it follows that

—i()ap!

9w, < € ( 2y

+ p+1
Xas.x el (SR (Ri)))’

with (¢1,71) is a |a]-admissible pair.
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On the other hand, we use the condition p € (O, M%), we take r; = p 4+ 2 and

(g1 = q,p + 2) a || admissible pair such that ¢ > p+ 2. Then, applying Corollary 3.2
and Holder’s inequality in time, we obtain

q—p—2

(4.4) [Ha ()l x,, ,» < Cligllez +CT 7o

p+1
Ilea(riryans )
Hence, for every u € Xy, one has

q—p—2

[FHa(W)lxyp < Cllgllzg +CT o MPF

Choosing M = 2C||g|| 2, we see that if T" is sufficiently small (depending on ||g|.2),
then H,(u) € Xy p for all u € Xy, . Moreover, arguing as above, we obtain
d (Ho(u), Ho(v)) < CT 0 MPd(u, v),
for all u,v € Xy . Thus, H, is a contraction in X, provided 7" is small enough,
q
20%\/1@ 72 Hence, H, has a fixed point u, which is the

unique solution of (S,) in Xy r, and there exist T*, T, € (0, 4o00] such that u belongs
to

more precisely if T' < (

C((-T.T7): 1% (R})) 0 L, (T T7) 1, (RY))
for the |a|-admissible pair (¢, p + 2), with
T* = sup{T" > 0, there exists a solution of (S,) on [0, T},
T, = sup{T > 0, there exists a solution of (S,) on [-T, 0]}.
Moreover, from Theorem 3.3 and by the argument we use to prove (4.4), we have
we Lf, (-7, 77); L (RY)),
for every |af- admissible pair (q1,71).

e If p = 2o let g € L2 (RY). Since e0M g e L+ (R; L2 (RY)), by
Corollary 3.2, we have

(4.5) e~ iAT —0, asT 0.
Let2((=T,7);L57% (R )
Therefore for € > 0, there is T' > 0, such that
(4.6) e iAT < e.
Le+2((=1,1);LE 2 (RY))

Let us consider the set
R +2 . 2 n .
Voo fue 08 (T IR () < ol maz(en)) S %)
We can verify that Y, is a complete metric space when it is equipped with the distance

d(u, v) = ||u — U“LHQ((_T’T);LZH(R:L_)).
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As above, by Theorem 3.3, the following estimate holds

||:H:a(u) || Lp+2((_T7T);Lg+2 (Ri))

<o

Hence, for every u € Y,

e P+

Lo2 ((~T, 1)L 2 (1)) L+2) ((7T,T);Lff+2) (Ri))) ‘

—1

+ Certt,
Lo+2((=T,T);LE 2 (R7 )

H Ha (U) ”Lp+2 ((—T,T);L’;+2 (Ri)) >

From relations (4.5) and (4.6), we see that if 7" is small enough, then we can choose
M such that H,(u) belongs to Y, for all u € Y,.. As above we prove also that H, is
a contraction on the space Y, provided T is sufficiently small. Thus H, has a fixed
point u, which is the unique solution of (S,) in Y.. Moreover, from Theorem 3.3, there
exists 7%, T, € (0, 4o00] such that

we C((-T., T 12 (RY)) n L, (-1, T7): L (RY)),

for every |a|-admissible pair (g, 7).

Step 2: uniqueness. Recognizing the intrinsically local nature of uniqueness is
the first step in our study. As a result, our task reduces to establishing uniqueness
on possibly small time intervals. This distinction is important because it enables us
to focus our analysis on specific temporal regions.

To illustrate this, we consider positive times, noting that the treatment of negative
times mirrors the same rationale. Let

uy,up € C ([0, 77 L2 (R1))

be two solutions of the equation (S,). We proceed under the assumption that u(t) #
uo(t) holds for some t € [0,T]. Let

to = inf {t € [0, T, u1(t) # ua(t)}.

Since both u; and uy are continuous into L? (Rﬁ), this definition makes sense and
uy (to) = us (to) = x. Moreover, the curves Uy (t) = uy (t + o) and Us(t) = us (t + to)
both satisfy the equation w = e*i(')AgrlX + O, (F(w)) on [0,T — ty]. As above we
apply Theorem 3.3 and the argument of proof of (4.4), to obtain that for all ¢ € [to, T

[Jur — U2|‘Lq((t0 t).Lp+2(Rn))

2=(la|+n)p |+ )P

<C(t— Z50 Z HulHLq ((to i L8 2 (R1)) [Juy — u2HLq((t0,t);L§’f2(Ri)) )
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_ 2(pt+2)
where (‘1 = p(laf+n)

to, it follows that

P+ 2) is a |ar|-admissible pair. For ¢ > to, but sufficiently close to

2=(la|+n)p I+ )P

C(t_to ZHUzHLq (o012 (R ) <1,

and so that
|lug — U2\|Lq((to,t);L§+2(R1)) =0

This contradicts the choice of ¢y, and thus proves that u,(t) = wus(t) for all ¢ €
[0, T7]. O

Proposition 4.1. Assume that F is as in Theorem 4.2, g € L? (Ri) and u is the
mazimal solution of (S,), then we have the following.
i) Ifp e ( , |a‘+n) and T* < +oo (respectively, T, < +00), then

||U(t)||Lg — +o0, ast T T (respectively, ast | —T,).

i) If p= i and T* < 400 (respectively, T, < +0o0), then

“u”Lq((O’T*)%LZ(Ri)) =400  (respectively, ||u||Lq((7T*’O);L£(R1)) = +00),
for every |a|-admissible pair (q,7), with r > p+ 2.

Proof. i) If p € (0, Ialﬁ)’ it follows from Step 1 of the proof of Theorem 4.2 and the
uniqueness property that

q

1 q—p—2
T —t> .
= (wznu(t,onig)

Suppose now that T* < +oo, then

1 P
||u<t>||Li > q—p—2 :
4C2 (T — 1)

As ¢ > p+ 2, we obtain |[u(t)| ;2 — oo as t T T*. One shows by the same argument
that if T, < +oo, then ||u(t)||r2 — o0 ast | —Ts.

i) If p= |a|2+n’ we demonstrate the explosion alternative by contradiction. Suppose
that 7 < 400 and ||ul| < 4oo. Let 0 <t <t+7<T" It

L(p+2) ((O,T*);fop+2) (Ri ))
follows that

am-—l T m—1
AR ) =t 4T, — / e UT=AE T Pyt + 5, ) ds.
0
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By Theorem 3.3, we deduce that there exists C' > 0 such that

—itam !
a t <
‘ u(?) L+2) ((QT*-t);L&*”(Rﬁ)) - Hu“L(”m <(th*);L3p+Q)<R1))
C p+1 )

+ HU/HL(P+2) ((t,T*);Lff“) (Ri))

Consequently,

4 7 l itAm71

i im {e e wu(t =
( ) T ( ) L(p+2) ((07T*—t);Lgp+2) (Ri))

On the other hand, the dual homogeneous Strichartz estimate (3.7) implies that there
exists a positive constant M (u) such that

(4.8) ()2 < M(u), forall t € [0,T"].

By combining the inequalities (4.7)—(4.8) with the dual homogeneous Strichartz esti-
mate (3.7) and Theorem 3.3, we obtain

i lu(t) = u(t2) 3 = 0.

As L? is complete, there exists an element u* in L2 such that

lim [u(t) = wllzz = 0.

We consider the following system
, iOw(t, x) + AR u(t,x) = F(o(t,x), (t,2) € I xR?,
(Sp) ok L2 ]Rn
/U‘t:() =Uu € o ( +) .

According to Theorem 4.2, there exist S, S* €]0, +00] and a unique solution v on
] = S, S*[ of the system (S5)). We define

U(t) = u(t), ift €] - T, T,
) v =T7%), ifte [T, T+ 5.
It is clear that U is a solution of (S]) that extends u over the interval | =T, T + S*|.
This contradicts the fact that 7™ is a maximal time for a solution of (.S,), hence the

absurdity. This shows that Hu\|L(p+2) ((0 7o) LE+) (Rn)) = +00.
b b «@ +

Let (¢,7) be a |a]-admissible pair with » > p+ 2. It follows from Hélder’s inequality
that for all T" < T™,

A 1-A
||u||L(p+2) ((O,T);LEfJ’m(Ri)) S ||u|| oo((07T);L3(R1))Hu| Lq((O,T);Lg(Ri))7

where A\ = %. Using the dual homogeneous Strichartz estimate (3.7) and
Theorem 3.3, we can estimate |Ju||} . This allows us to deduce that

Le= (0,123 (R} ))

||U||Lq((0,T*);Lg(R1)) = +00.



SCHRODINGER EQUATIONS AND WELL-POSEDNESS CRITERIA 807

By the same argument, it can be shown that if T, < +o00, then

HUHL‘I((fT*,O);Lg(Ri)) = +oo.

O

4.2. L?-Global well-posedness for nonlinear Schrédinger equations associ-
ated with the linear canonical Bessel operator. Our result in this subsection

concerns the global well-posedness of (S,) in L2 (Ri) in both subcritical and critical

2 2
|ae]4+n la|+n?
enough, we can change this condition by ||g[|2 small enough. This is what we are

going to prove in the following corollary.

we used T is small

cases, i.e., p = In the proof of local existence with p =

Corollary 4.1. If p = —2—, there exists § > 0 such that if g € L? (Rﬁ) satisfies

|a|+n?
lgllz <9, (d.e., ||gllzz small enough), for T € (0,+oo[ there exist a unique solution
u of (S,) belonging to
C((-1,1); L2 (Ry)) N L* (=T, 7); Ly, (RY)),

for every |a|-admissible pair (q,r).

Proof. For T > 0, by Theorem 3.3, the following Strichartz estimate holds

Hf}fa(umXT <C (HgHLi + “F(u)“Lq’([T7T};Lg’(Ri))>
with (¢ =p+ 2, r = p+ 2) a |a]-admissible and
Xp=C([-T,1) L2 (R})) 0 L7 (=T, T); L5 (RY) )

the Banach space with norm

Iolber = Wellesa g g)) + Ielleermes (2
By our nonlinearity assumption (1.1) and Holder inequality, we have

p+1

(4.9 |Ha @l x, < € (gl + I pageaces) )

As above, we prove that H, maps the Banach space Xt into itself, and moreover the
ball Xy r into itself, provided M and ||g||.2 are small enough, where

XM,T = {U S XT : H’LLHXT < M}
Let ¢ small enough, and also that ||g[[zz < ¢. By (4.9), we can see that
[Ho ()], < CO+CMPH < M,
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provided ¢ is such that 2Cd = M and CMP < %, and we assume now that u;, € Xy 7,
1 =1,2. We have also

960 (1) = Fa () 1ty < CUF () = F (ua) | (g ()

SC ||U1 - u2||LP+2([—T,T};LZ+2(R1))

(g o))+ Wiz s )
1
<|lua — w2, 20M" < D) Jur — w2l x,, . -

provided M is so small that 20MP < % Thus, if initial data are small enough,

ie., |lgllzz < 6, then the map H, is a contraction which implies that there exists a
unique solution u(t, ) of the Cauchy problem (.S,) such that u(t,z) € Lp”([—T, T

Lrt2 (Rﬁ)) As observed above one can see that this is the unique solution in u(t, x) €
C ([—T, T, L2 (Ri)), i.e., u € X, with small initial data in L2. O

Theorem 4.3. If p = —2—, there exists § > 0 such that if g € L2 (Ri) satisfying

lal+n’

lgllzz <6, (i.e., |lgllzz small enough), then the corresponding maximal L -solution
is global, i.e., T* =T, = +00. Moreover, u belongs to Lrt? (R; P2 (Ri))

loc

Proof. As Corollary 4.1, we assume that initial data are small enough, i.e., ||g[[z2 < 0.
For k € N, there is a unique solution u; € X,. Similarly, there is a unique solution
Upy1 € Xpy1, but ugp = ugyq for all ¢ in [—k, k]. Thus, u = limg_,, o ug, is a unique
solution of (S,) in C (R; L2 (R%)) N Ly? (R; L22 (RY) ), which achieved the proof
of the global existence.

4.3. Scattering for nonlinear Schrodinger equations associated with the
linear canonical Bessel operator. In this subsection, let {5 € R we consider the
nonlinear Schrodinger equations associated with the linear canonical Bessel operator

iOu(t,x) + AP u(t,x) = F(u(t,x)), (t,z)€RxR?,

(Spoto) (e—itAg‘_lu@,x)) = g(z), r € RY,
lt=to
with F satisfying (1.1). We use the convention: if ¢y = +oo (resp. ty = —o0 ), then
we denote g = uy (resp. g = u), and solving (S,;,) means that we construct wave
operators.
In all these cases, we seek mild solutions to (S,4,), that is, we solve

am—1 t m—1
ult, ) = e AT g() — i [ eI Fu(s, ))ds.
to
Actually, using our general methods [18], it is possible to prove scattering for small
L? (Rﬁ) data. Thus we can prove the following.
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Proposition 4.2. Let p = MI% and ty € R. There exists & such that if g € L? (Ri)

with ||g||2 < do, then the unique global solution u has the scattering property: there
exists uy € L? (Ri) such that

- oml
Hu(t) —e A il =0, ast— foo.

L,
Ifty = +o00 (resp. tg = —ox), then uy =g (resp. u_ = g).

Proof. According to the proof of Theorem 4.2, for p = MI% and small initial data in

L2, there exists a unique solution u of (S,;,) such that
ueC (R; L? (Rz)) N [P+ (R; L2 (Ri)) .

Scattering then follows from the Cauchy criterion. Indeed, using Theorem 3.3 , for
t1 < ty, we have

L am—1 L Am—l
ethAa U (tg, ) . 6zt2Aa U (t17 )

La(R})

2 a1
/ €28 F(u(s,-))ds
t1

p+1
< Cllul Lo+2 ([t b LA T2 (R))

L3 (R})

Notice that the right-hand side goes to zero when ti,t, — 400 since u €
-1

Lpt2 (R; Lp+2 (Ri)) The result follows easily, since the group e *()2a"  is unitary
on L2 (R7). N

CONCLUSION AND PROSPECTS

In this paper, we have extensively investigated nonlinear Schrodinger equations
related to the linear canonical Bessel operator under the initial data condition g €
L2(R"), with a specific focus on the subcritical condition and where the subcritical
condition has been treated with special care. Looking ahead, the investigation of-
fers new directions for exploration, the beginning of a thorough study of nonlinear
Schrodinger equations related to the linear canonical Bessel operator. This task will
be accomplished with proper consideration of the Sobolev space H™® in (4.1), encom-
passing subcritical and critical elements as created by the demands in 4.1. However,
this area of research needs special consideration to some inherent challenges. Per-
haps the most crucial task is finding a relationship between [[u?*!|| ym.a, [Ju[| ym.a, and
|ully > for the classical setting. Adapting to the interdependent iﬁterplay between
these norms is quite a challenge, demanding subtle focus and creative methods in
order to untie the interplay of the complexities at hand. In summary, although the
research offers a basis for future research, overcoming obstacles like the above-defined
relation shall prove crucial in advancing our understanding of nonlinear Schrodinger
equations related to the linear canonical Bessel operator as well as its generalizability
to other mathematical contexts.
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