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GENERALIZED MEASURE OF NONCOMPACTNESS AND FIXED
POINT THEORY IN GENERALIZED LOCALLY CONVEX SPACES
AND APPLICATIONS

FATIMA BAHIDI', AHMED BOUDAOUTI!, AND BILEL KRICHEN?

ABSTRACT. In this paper, we give some fixed point results in the so-called gen-
eralized locally convex space. These results, formulated in terms of families of
generalized measures of noncompactness, extend many fixed point theorems in Ba-
nach spaces. As an application, we establish an existence result for a system of
integral equations in the space of continuous functions.

1. INTRODUCTION AND PRELIMINARIES

The measure of noncompactness is a very useful tool in nonlinear functional analysis,
especially when proving the existence of solutions for functional operator equations.
Recently, there are many papers providing some fixed point results in locally convex
spaces using measures of noncompactness (see for example [2,3,8-10]). In [1], Bahidi,
Boudaoui, and Krichen introduced the concept of generalized locally convex space and
proved new versions of fixed point theorems in this space. Further, they used their
findings to prove the existence of solutions of a first order differential equations with
impulses. Motivated by these findings, we are interested in this paper to continue
the study of [1] by introducing the concept of a generalized family of measures of
noncompactness. Then, we establish some extensions of classical fixed point theorems
as Darbo, and Sadovskii fixed point theorem, in generalized locally convex spaces.
The obtained results are applied to study the existence of solutions of a system of
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nonlinear integral equations having the form:
{u = &1 (u,v),

v = &(u,v),
where {; : I' x I' — I', j = 1,2 are continuous operators defined on a generalized
locally convex space I

First, let us give some notations, and definitions. By R, we mean the set of positive
real numbers, M,,.,(R;) we mean the set of n X n matrices with positive elements,
and R" the set of n x 1 real matrices. We denote by =<, the coordinate-wise ordering on
m K1

R™ thatis, form=1| : |,k=| : | ,n I kifand only if n; < k; foralli =1,... ,n.

Mn Kn
For n, k € R", we denote by

(1.1)

max{ny, K1}
_ max {7z, k2 }
max{n, Kk} = :
max{ny,, fn }
Let n € R™, the symbol > 0 mean that n; > 0 for each ¢ = 1,...,n, and 0 is the
zero n x 1 matrix. By R}, I is the identity in M,,(Ry) and € is the zero n x n
matrix. Let us introduce the definition of a vector-valued seminorm as follows.

Definition 1.1. Let I' be a topological vector space. A mapping p : I' — R’ is
called a generalized seminorm (GSN, in short) if it satisfies the following:
(i) u(u) = 0, for each u € I';
(i) plou) = |a|p(u), v e I', a € R;
(ii) po(u+v) = p(u) + p(v),

where .
MQEU)
p*(w)
plu) =
p(u)
Note that p is a GSN on [I' if and only if u* are seminorms on I, for s =1,... n.

For the generalized family of seminorm A = {y;, i € I}, the pair (I, i; )iz, is said
to be generalized locally convex space (GLCS, in short).

Remark 1.1. We say that the pair (I, u;)ier is GLCS if each point of the space
possesses a fundamental system of neighborhoods formed of convex sets with respect
to the topology associated with the generalized family of seminorm A.

Definition 1.2. Let I" and A be two Hausdorft GLCSs, Ap = {u;, i € Ir} and
Ax = {v;, j € Ia} their families of GSNs. Let & be a subset of I" and let A be a
mapping from & into A. Then, the following hold.
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(i) A is continuous at a point ug of & if, for all j € In and € € R", ¢ > 0, there
exist a finite set {iy,... i1} C Ir and 6 € R™, § > 0 such that for u € &

llglagkplm(u() —u) = max {1 (ug — ), ..., w(ug — u)} preceqd,

then v;(Auy — Au) < e.
(ii) We say that A is continuous if it is continuous at any point of &.

Definition 1.3. Let I be a GLCS endowed with the family of GSNs Ar = {u;, i €
Ir}. Let & be a subset of I'. We say that & is bounded if there exists {i1,...,ix} C I
such that forall j = 1,.. ., k, there exist C; = 0 and for all u € &, we have y;; (u) < C}.

For the following, (I, i4;)icr,-, is a GLCS endowed with a family A := {u;, i € Ir}
of GSNs. We denote by B(I") the family of all nonempty, bounded subsets of I".

Definition 1.4. Let A = {yu;, i € Ir} be a family of GSNs on I'. Let pa be a family
of functions p,, : B(I') = R, p; € A such that

P, (6)

o) = || scnm)

Py ()
pa is called a family of generalized measures of noncompactness (pp-GMNC, in short)
in I if for each p; € A, i € I it satisfies the following conditions.

(i) pp,(conv(S)) = p,.(6), for each & € B(I"), where conv(S) is the closure of
the convex hull of & in I".

(ii) If & C Sq, then p,,(61) < p,,(S2), where &1, S, € B(I').

(ili) pu,(xUS) = p,, (&), for each & € B(I') and u € &.

(iv) pu,(6) =0 if and only if & is relatively compact.

(v) If (&) is a sequence of nonempty closed subsets of B(I") such that Sy C Sy,
k=1,2,...,n, and limy_, 1 p,,(Sx) = 0 for each p; € A, i € Ip, then
S0 = NGy, is nonempty relatively compact subset of I'.

The family pp-GMNC'is called:

(vi) semiadditive, if for each p; € A, i € I, p,,(61US,) = max{p,,(61), pu (S2)},
for every &, 6, € B(I),

(vii) subadditive, if for each p; € A, pu, (61 + S2) =< pu,(S1) + pu, (S2), where
61, G, € 'B(F)

Remark 1.2. For each p; € A, @ € Ip, pa = {pu;, i € A} is a generalized family of
measures of noncompactness in X if, and only if, for each s =1,2,...,n, {p}, }en 18
a family of measures of noncompactness in I

Ezample 1.1. Let € := C(R,) the set of continuous functions defined on R, with the
family of seminorms |u|p = sup{u(t), t € [0,7]} for all "> 0, and u € €. We denote
by {or, T > 0} the generalized family of seminorms defined from € — R, x R,
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by or(u) = IZI; ,u € €. Then, I' = (€, 0r) is a generalized locally convex space.
In order to define the generalized family of measure of noncompactness, let us fix a
bounded subset C' of " and T" > 0. For v € C and € > 0, we define

w” (u, &) = sup{|u(t) —u(s)|, t,s € [0,T],|t — s| < e}.
Moreover, we set

o' (C,e) = sup{wr(u,e), u € C}, wi(C) = li_I)I(l)wT(C, £).

It was proved in [4] that {wl (C), T > 0} is a family of measures of noncompactness in
¢, then we can define the generalized family of measures of noncompactness ¢(C) =
{pr, T > 0} as follow:

wy (C)

pr(C) = <wg(0)> :

Definition 1.5. Let n € N\{0}. Let £ be a square matrix of real numbers. We say
that £ is convergent to zero if limy_, o, L% = 0.

FExample 1.2. Let u,v and w € R,. In the following examples, £ converges to zero.
(i) £ = (8 8) and max{u,v} <1.
(ii)L:(u _vw> and u+v <1, w<l.

(iii) L—(u :z> and |[u —v| <1, u>1 v>0.

(iv) Lz(u :}L> orLz(Z 5>,Withu+v<1.

Definition 1.6. Let I be a GLCS, and @4, = {p,,, pi € Artier, a generalized
family of measures of noncompactness. Let A: I" — I be an operator.

(i) A is called a generalized contraction operator with respect to pa (for short,
G-pa-contraction) if for y; € A,i € I there exists a matrix £,, € M,x,(R,)
converging to ¢, such that for every & C I', A(&) C B(I") and for each y; € A,
1€ Ip

Pui(A(S)) 2 Lyipp, ().

(ii) A is called generalized condensing operator with respect to p, (for short, G-
pa-condensing) if for any bounded subset & of I, A(&) € B(I") and for each
wi € A, i € I such that p,, (&) > 0, we have

P (A(6)) < P (6).

Definition 1.7. A function A of R” into R" is nondecreasing, if for all u, v € R”
such that u < v, then A(u) < A(v).

Now, we recall a version of Schauder-Tychonoff fixed point theorem in GLCS [1].
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Theorem 1.1. Let I' be a Hausdorff GLCS, & be a nonempty convex subset of I,
and let C' be a compact subset of I' with C C &. If A: & — I is a continuous
operator with A(&) C C C &, then A has at least one fized point in &.

2. Fixep PoINT THEOREMS viA GMNC iNx GLCS

In this section, we work to give some fixed point results in GLCS using GMNC.
We start by proving some versions of Darbo and Sadovskii’s fixed point theorems.

Theorem 2.1. Let I' be a Hausdorff GLCS. Let pn == {pp.,, i € A}icr, be a family
of pa-GMNC. Let & be a nonempty bounded, closed, and convex subset of I' and

A:6 — 6. If A is a G-pp-contraction continuous mapping, then A has a fized point
in G.

Proof. We define the sequence (Sg); by

61 — 6)

It is clear that the sequence (&), consists of decreasing nonempty closed convex
subsets of &. Let pu; € A,i € Ip. Then,

Pu; (CONV(A(S1))) = pp, (A(G1)).
Since A is G-pa-contraction, so there exists a converging matrix £, such that
P (S2) = py, (CONV(A(S1))) = L1y (G1).
By induction, we get
Pui(Sr1) = L3 ps(S1),
then limy_, 100 pp, (6;) = 0, and consequently &o, = N2, Sy, is nonempty convex

compact subset of & such that A(G,,) C &,. Hence, by Theorem 1.1, there exists a
point u € &, such that u = Au. O

Theorem 2.2. Let I' be a Hausdorff GLCS, and py = {p;, i € Ir} be a family of
GMNC. Let G be a bounded, closed, convex subset of I'. Assume that A: & — & is
a continuous operator and G-pp-condensing. Then, A has at least a fized point in &.

Proof. Let ug be a point in &. We define the set
§={DCTI, uy€e D C&,D is bounded convex and A(D) C D}.

It is clear that & € 8, so & is nonempty. Denote by C' = N\pes D. Obviously, vy € C
and C is a bounded convex subset of I', and A(C') C C. Notice that

(2.2) conv{A(C) U{up}} C C.
It follows that A(conv{A(C) U {uo}}) C A(C) C conv{A(C) U{uo}}, and so,
conv{A(C)U{ug}} € 8.
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Hence,
(2.3) C C conv{A(C) U {up}}.
From (2.2) and (2.3), we get C' = conv{A(C) U {ug}}. Using the properties (i) and
(73) of pA-GMNC. We have for u; € A, i € I
Pus(C) = pp, (ConV{A(C) U {uo}}) = py, (convA(C))

< . (A(C).

If ¢,,(C) > 0, then by the py-condensibility of A, we obtain
Pui(C) = o (A(C)) < P (C),

which means that

0,,(C) < p;.(C), foralls=1,...,n,
which is a contradiction. Then, p,,(C) = 0. Hence, C is relatively compact. Thus,

from Theorem 1.1, there is a fixed point for the mapping A in &. U

In what follows, we prove some versions of fixed point theorems proved by Harjani
and Sadarngani in [6,7]. Firstly, let us list some definitions needed later.

Definition 2.1. Let A and B be two matrices of the same dimension m X n, the
Hadamard product A ® B is a matrix of the same dimension as the operands, with
elements given by

(A® B)ij = (A)i;(B)ij-
For matrices of different dimensions (m x n and p X g, where m # p or n # q), the
Hadamard product is undefined.

We denote by @ the class of functions v : [0, +00)" — [0,1] x --- x [0, 1]

7'(t) 131
) =1 + |, t=]:]€l0,+o0,
7"(¢) tn
1
which satisfies the condition ~(¢;) — 1 implies tx — 0, where 1 := | : |. Also, we
1
o' (t)
consider the two functions ¢, : [0, +00)" — [0, +00)" defined by ¢(t) = S
©" (1)
P(t)
W(t) = : , t €]0,+00)", which satisfy
P (t)

(1) ¢ is continuous, nondecreasing, and ¢(t) = 0 if and only if t = 0;
(Hy) v is a continuous function such that ¢(t) = v (¢) for all £ = 0.
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Remark 2.1. (i) v € Q if, and only if, for all s =1,...,n, v°(tx) — 1, implies ¢;, — 0.
(ii) Note that ¢(0) = 0. Indeed, since 1(t) < (t) and ¢, 1) are continuous we have

0 <X ¢(0) = limy_,o ¥(t) = limy_ ¢(t) = ¢(0) = 0.

Theorem 2.3. Let I' be a Hausdorff GLCS. Let p := {pu;, i € Aticr, and py =

{pi, i € Ir} be a family of GMNC. Let & be a bounded, closed, convex subset of I’

and A : & — & be a continuous mapping such that for each p; € A, i € Ip, there
exits a function v € Q, such that

(2.4) pui(A(C)) 2 7(pu (C)) © pu, (C),
for C be a nonempty subset of &. Then A has at least one fixed point.

Proof. Clearly the sequence (&y); defined by (2.1) consists of a nonempty closed,
bounded, convex and decreasing subset of G. If there exist an integer N > 0 such
that for each p; € A and ¢ € I, p,,(6n) = 0. Then, Gy is relatively compact. Since
A(Gy) C Sy, it follows by Schauder-Tychonoff fixed point theorem 1.1, A has a fixed
point in Gy.

If for all k € N, p,,, (&) # 0. Clearly, for s = 1,...,n, (p;,.(&))x is a positive
decreasing sequence. So, thereisry > 0, s =1,...,n such that limg_,, pzi(Gk) =r,.
Suppose that for all s = 1,...,n, r; # 0. By (2.4), we obtain that for y; € A and
1€ Ip

P (Sit1) = p),, (Conv(A(Sy)))
< 0, (A(B) < ¥ (7 (B (S1). s=1.....n.
Hence,
05, (Sky1)
P;(Sk)
which yields limy 4o 7*(p;, (1)) = 1. Since v € @, Remark 2.1 (i) implies that
limys o0 pp, (Gf) = 0. Then, & = ﬂ;f{6k is a nonempty convex closed relatively

compact subset of I', and A(S ) C &,. So by Schauder-Tychonoff fixed point
Theorem 1.1, A has a fixed point in & . U

Theorem 2.4. Let A = {u;, i € Ir} be family of GSNs on a Hausdorff GLCS I' and
pa = {pi, i € Ir} be a family of GMNC. Let & be a nonempty bounded closed and
convez subset of I'. Assume ¢ : [0, +00)" — [0, +00)" be a function verify condition
(Hy), and A: S — & be a continuous operator such that for each p; € A, i € I

(2.5) pui(A(C)) 2 P (C) = (pu (),
for any subset C' of &. Then, A has at least one fived point in &.

<P, (6r) <1, foralls=1,...,n,

Proof. As we show in the proof of Theorem 2.3, we can easily prove that the sequence
(S )k in (2.1) is nonempty, convex, bounded, closed and nondecreasing subset of &.
Using the properties of family of GMNC we obtain that (p,,(Sk)) is also a positive
decreasing sequence. Thus, for all s = 1,...,n, there exist an ry > 0 such that
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1
limy 4 o0 0}, (6) = 75, hence there exists 7 = | ¢ | = 0 such that limg ;o pp, (Gr) =
Tn
r. Suppose that 7 = 0, Then, by (2.5) and for each y; € A, i € I, we have
Pui(Sk1) = pp, (CONV(A(Sy)))
(2'6) = sz(A(Gk)) = pm(Gk) - @(pui(Gk))
So, from (2.6), we obtain
r=r—p(r),

and consequently ¢(r) < 0. Using properties of function ¢, we get r = 0 which is
absurd. Then, limy_,  p,,(6%) = 0. Using the same arguments as in Theorem 2.3,
we prove that A has a fixed point in &. 0

Now, we prove that Theorem 2.4 is still valid for changing condition (2.5) by the
following one, for each u; € A, @ € I, we have

(2.7) PP (A(C))) 2 9P (C)) = ¥(pu(C)), CC G,
where ¢ and v verified conditions (H;) and (Hs), respectively.

Theorem 2.5. Let A = {p;, © € Ir} be family of GSNs on a Hausdorff GLCS T,
and py = {p;, i € Ir} be a family of GMNC. Let & be a nonempty bounded, closed,
convez subset of I' and A: & — & be a continuous mapping verified conditions (2.7).
Then, A has at least one fixed point in &.

Proof. From (2.7), we have

P(pu; (Srr1)) = (pu, (conv(A(Si))))
= @(pu (Sk))

Using the fact that ¢ is nondecreasing, we obtain p,, (Sx11) < p,, (Sk). Hence, the
sequence (p,,(Sy))x is a positive decreasing sequence. So, limy_, o p,, (6;) = 0. By
the same arguments as in Theorem 2.3, we prove that A has a fixed point in &. [

In what follows, we will give a generalization of Theorem 2.4.

Theorem 2.6. Let A = {u;, i € Ir} be family of GSNs on a Hausdorff GLCS X,
and ppy = {pi, i € Ir} be a family of GMNC. Let & be a nonempty, bounded, closed,
convez subset of I'. Assume that ¢, : [0,400)" — [0, +00)" two functions verified
conditions (H,) and (Hy). A: & — & be a continuous mapping such that for all
p €N and i € Ir we have

(2.8) e(pu, (A(C))) = (pu,(C)),
for C be subset of &. Then, A has at least one fized point in &.
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Proof. Let (&) the sequence define by (2.1). Using (2.8), we obtain

P(Pu: (Skt1)) = @(pu, (cONV(A(S1))))
= (P (A(S1))) = ¥(pp,(S1))
(2.9) < (P (Sk))-

Clearly, (¢(pu (Sk)))r is a positive decreasing sequence. Using (3(;), we obtain that
Pu; (Sr)k is also a positive decreasing sequence of real numbers. Thus, for all ¢ € Ip,
there exist an 7 >~ 0 such that limy_, o p,, (S)) = 7. When & — 400 in (2.9), we get
©(r) = 0 and so r = 0. This completes the proof. O

3. CouPLED FIXED POINT viA A GMNC 1IN GLCSs

Now, motivated and inspired by the work of Banas and Gobel [4], we state the
following results.

Lemma 3.1. Let A = {y;, i € Ir} be a family of GSN, and pa = {pu;, 1t € A}icr,
be a family of GMNC on X. Let C be a bounded subset of I' x I'. Consider the
operator p,, : B(I' x I') — R’ defined by

ﬁﬂz(c) = Hfla/X{puz(Cl), p#i<c2)}7 fOT’ each p; € A,ielp,

where Cy and Cy are the natural projection of C. Then, px = {p,,, i € A} is a
family of GMNC on I" x I.

Proof. (i) Let C' be a nonempty bounded subset of I" x I" then for u; € A, i € I Let
C be a nonempty bounded subset of I x I'. Then, for u; € A, i € I

Py (@0 (C)) = max{ p, (@0 (Ch)), py, (COHV(C)) }.
Since {p,, }icr, is a family of GMNC, and the function max is nondecreasing, then
max {p, (c0M¥(Ch)), p}, (Fomv(Cy)) |
i (ETV(C)) = s
max { g, (€omv(C1)), pf, (conv(Cy)) }
max{p} (C1), ph, (C2)}
= :
max{ g}, (C1), . (C2)}

= @Jx{pui(cl)v pNi(CQ)}

(ii) Let Cy, Cy be two bounded subsets of I' x I" such that C, C Cy, then Cy; C Cy,,

for j =1,2. Since {p,, }icr, is a family of GMNC' in I, then for all p; € A, i € I, we
obtain

pﬂi(caj) = p#i(cbj)7 J - 1727
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ﬁm(ca) = H’l?aJX{pm(Cal), pﬂi(0a2>}
max{p, (Ca,): k, (Ca) |

mase{f, (Co). 71, (Cu))

max{pli (Cyy), 0., (Ob2)}
j .

max{pzi (Cv, ), Py, (Cbg)}
= max{p,, (Cy, ), 9y, (Cha) }
= Pui(Ch).
(iii) Let w = (ug,us) € I'x I"'and C € B(I" x I'). For u; € A, i € Ir,
Pus (u U C’) = rr?ix{pm(ul UCh), pu; (uz U Cg)}
max {p}”(ul ucy), p}”(ug U Cg)}

max {pZ (up U C’l) Pl (ug U Cz)}
max{p# (Ch), p,,, (Co) }

max{pu C’1 )s P (C2) }
= max{p, (C1), pu (C2) }
= P (C)-
(iv) Let C € B(I" x I') such that for p; € A, i € Ip; p,,(C) =0,
P (C) = max{ p,, (C1), 9y, (Cs) }
max{pl (C1), o}, (C2)}\ (0

max{p;, (C1). ;. (C2)}) - \0
It follows that
max {pzi(C’l),pZi(Cﬂ} =0, foralls=1,...,n,

which yields that for all s = 1,...,n and j = 1,2, p5 (C;) = 0. Since {p;, },,en is a
family of MNC, then Cj, j = 1,2 are relatively compact and by Tychonoff product
Theorem [5, p. 19], we obtain that C; x Cy is relatively compact and C' C C; x Cy so
C' is also relatively compact.
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(v) Let (Sk)r = (Vi, Wi) be a sequence of closed subset of B(I" x I') such that
Sri1 C 6y and limy 4o p; (S)) = 0, for p; € A, € Ir. Hence,

(31) ‘/}c—‘rl - Vk7 Wk—‘,—l C W/m

and for u; € A, i € I, we have

(3.2) Jm (Vi) = lim py,, (W) = 0.

Known that {p,, },.ea is a family of GMNC in X, and from (3.1), (3.2), we get
(3.3) Jm p(Vieo) = Hm p,(Waoo) = 0.

Moreover,

(3.4) Prue(S o) = P (M5 6) = x| p,, (VI VR), p, (MEZT W) |-

By (3.3), (3.4), we obtain limy_, o p,,;(61o) = 0, and by Definition 1.4 (v), & 4o is
relatively compact subset of I' x I'. Consequently, p is a family of GMNC in I' x I
OJ

Lemma 3.2. Let A = {p;, i € Ip} be a family of GSN and pa = {pu,, i € A}icr,
be a family of GMNC on I'. Let C' be bounded subset of I' x I'. Consider the operator
Pu; » B(I' x I') = R} defines by

plu"i (O) = E 2 E Y
where Cy and Cy are the natural projection of C. Then, pr = {p,,, i € A} is a
family of GMNC on I" x I.

for each p; € Aji € Ip,

Proof. We can check the proof easily. O

Example 3.1. For C' a nonempty bounded subset of €, T" > 0, we have shown in

Example 1.1 that pr(C) = zoggD defines a family of GMNC in €. Let C be
0

bounded subset of € x €. Let T" > 0,

(i) 74(C) = max{pr(C1), pr(Ca)} = (MESS‘;ESSD ’

e - HELEE -5 (A

sy ~3 . wO(C’l) + WO(OQ)

(ifi) pr(C) = <max{w0(01),w0(02)} )
with Cy and Cy are the natural projection of C. Then, for s = 1,2,3, p5. = {p5, T > 0}
is a family of GMNC in C(Ry) x C(Ry).

2 )

In the same way as the above proofs, we can extend Lemma 3.1 and Lemma 3.2
for I'™.
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Lemma 3.3. Let A = {y;, i € Ip} be a family of GSN, and px = {pu;, i € A}icr,
be a family of GMNC on I', and let C' be a bounded subset of I'™. For u; € A, i € I,
we define the operator p,, : B(I'™) — R’ by

Pu:(C) = @X{pm(cl)a Pui(C2), .. 7pui<Cn)}a
or

i) =+ (pu(C1) + pun(Co) -+ i (C)

where Cj, j = 1,...,n are the natural projection of C. Then, px = {pu,, i € A}
define a family of GMNC in I'™.

In what follows we state some results to solve the system (1.1).

Theorem 3.1. Let A = {u;, i € Ir} be family of GSNs on a Hausdorff GLCS X,
and py = {pu;, © € Ir} be a family of GMNC on I'. Let & be a nonempty, bounded,
closed, convex subset of I'. Assume that

(i) & : 6 x 6 = 6, j=1,2 are continuous operators,
(ii) 9 : [0, +00)™ — [0, +00)™ be a function verified condition (Hs) and ¥(t) < t,
for allt > 0, such that
(35) P (gj(C)) = ¢(fﬁ\a/x{/)m (01)7 P (CQ)})a J=12,

where C' is a bounded subset of I' x I' and C;,j = 1,2 denotes the natural
projection of C.

Then, the system (1.1) has at least one solution in & x &.
Proof. Let C' be a nonempty subset of I" x I', for y; € A, i € Ir. By Lemma 3.1

ﬁm (O) = H’lé/X{pm (Cl)’ P (02)}’

defines a family of GMNC in I' x I'. Let us defines the operator A: 6 x 6 - G x &
as

A(l'? y) = (51(1’, y)a 62(1', y))

It is clear that A is continuous. From (3.5), and for pu; € A, i € I, we obtain that
P (A(C) = P (61(C) x &(C))
= max{ 9., (61(C)), Py (&2(C)) |
=< ﬁX{¢<ﬁ§X{Pui(Cl)}a pﬂi<C2>)}7 Q/J(Hfﬁx{ﬂui(cl)a p#i<c2)})
=< (max{p,, (C1), pu(C2) ),
= (P (C)).

We choose p(t) =t, t > 0. Then, by Theorem 2.6, there exists a point (z/,y') € & x &
such that (z',y") = A(z',y’), which is a solution of the system (1.1). O
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Corollary 3.1. Let A = {u;, i € Ir} be family of GSNs on a Hausdorff GLCS X,
and py = {ppu.,, @ € Ir} be a family of GMNC on X. Let & be a nonempty, bounded,
closed, convex subset of I'. Assume that

(i) & : 6 x 6 = 6,5 =1,2 are continuous operators,

(ii) for all u; € A, i € Iy there exists a convergent matriz £,,, such that

(36) Dus (é&](c)) j L,ui (pm(ol) _;_ pMz‘(CQ)) ’ ] — 17 2,

where C' is a bounded subset of I' x I' and C;, j = 1,2 denotes the natural projection
of C. Then, the system (1.1) has at least one solution in & x &.

Proof. Let C be a bounded subset of I x I', then by Lemma 3.2, we have that for
M € A, 1€ Ip
~ Pui(C1) + pu (C2)
p#i(c) = £ 2 : )
is a family of GMNC in I' x I'. Let us defines the operator A: G x & — 6 x G as
A(u7 U) - (51 (U, U)? 52 (U, U))

It is clear that A is continuous. From (3.6), and for p; € A, i € I, we get

A (A(C) = 7 (A1(C), &(0))
1

=3 (,om (&(C) + pu; (52(0)»

<L (pui(cl) +pm<02>>
— THi 2

= Lﬂzﬁuz<c)
Then, the result follows from Theorem 2.1 [
4. SOLVING A SYSTEM OF INTEGRAL EQUATIONS IN € x €

In this section, we study the existence of solutions to the following system of integral
equations:

u(t) = 1), v(0), [ 05,000 (), vlon (5))ds)),
Ba2(t)

o(t) = ot u(®),0(0), [ galt s,ulaa(s)), v(as(s))ds))

such that for j = 1,2, we have the following hypothesis.

(4.1)

(H1) oy, B; - Ry — R, are continuous functions.
(Hy) f;: Ry xR* — R are continuous. Moreover, there exists function k; € L}, .(R,)
such that

| £5(t ur, 01, w1) = £ (E a2, 02, wa)| < Fj(8) [Jun = ua| + o1 — val | + [y — wa,
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and
n; = sup{|f;(¢,0,0,0)|, t € R4} < 4o0.
(H3) g; : Ry x Ry x R? — R are continuous and
195t 5, u(s), v(s))| < max {Ju(s)], [v(s)]}.
() For j=1,2,
20lkillzy, + lalrB) <1,
where ] := sup{f;(t), t € [0,T],T > 0}.

Theorem 4.1. Let the hypothesis (H,)-(Hy4) hold. Then, the system of equations
(4.1) has at least one solution in € x €.

Proof. (i) Let I' = €. For j = 1,2, let us consider the map §; : I' x I' — I defined by

& 0)0) = £ (100,00 [ 5050006 s (90) ) s

Clearly that for j = 1,2, §; is continuous on R} for all u,v € I'. Also, for u,v € I,
and by assumption (Hs,) and (Hs3), we have

o)) = | (0000, [ 55, als), o(ae)is) - 10,000
+|£;(¢,0,0,0)]

@2) <k @]+ o+ [ max {uta(s))]. (als)l s + 15(2,0.0,0)]

Thus,

€5 0)lr < ksl [lulr + [olr] + 8] ladr max {[ulr, [olr } + 1.

Hence, &; maps B, x B, into B, for r = max{l_(zkj”L?j ol BTy J=1 2}-
loc J

(ii) Let C1, Cy be nonempty subset of B,.. Let (u,v) € C; xCy, e > 0 and t1,t5 € Ry
such that |t; — t5] < e. We assume that ¢; > t5. For all j = 1,2, we have

€ (u,) (1) — & 0)(82)| <[y (1 u(0) 00, [ g5, 5,201 (5) oy (5))ds)

<

= (0,00, [ gy (02, . (0 5)), vl () ds)
<kl Lie [u(t1) = v(t2)] + [o(t1) = v(t2)]]

4 [ ot 5. w51 (0 5))

— gi(ta, 5, u(a;(5)), v(a(s)))|ds

B;(t1)
—l—/ﬂj(w) gj(tz,s,u(aj(s)),v(aj(s)))‘ds_
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Hence,
w'(&(u,v), ) < 1kl s [wT(u, €)+ wT(v,a)} + B8Tw"(g;,€) + rw (B;, €),

with g7 = max{ jT, Jj= 1,2},

W (gy.€) = sup {[g;(t1, 5, ulas(5)), (e (5))) = gy(ta, 5, ulas(s)), vl (5))]

t1,ta € [0,T), [th — ta] < &, u,v € [—r,7], s € [0,87], w'(Bj,e) = sup{|B;(t1) —
ﬁj(t2)|, tl,tQ < [O,T], ‘tl — tgl S 8}.

By the uniform continuity of g; on [0,7] x [0, 87] x [—r,r] x [—r,r], we obtain
lim. ,ow’(g;,€) = 0 and also by the uniform continuity of 8; on [0,7], we derive
lim._,ow”(B;,£) = 0. Consequently,

Q%KQ(ChCEDfSHkﬂhhiwguz)4‘wg«5ﬂ7
which yields that for j = 1,2

Cy) + pr(C .
pri(©) = (PELT0ED)
: k k
with Lp = . and k = jni%éijHL}OC.
From assumption (H,), the matrix L7 is convergent and by Corollary 3.1, the
operator A(u,v) = (& (u,v),&(u,v)) has a fixed point in, which is a solution of
system of integral equation (4.1). !
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