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GENERALIZED MEASURE OF NONCOMPACTNESS AND FIXED
POINT THEORY IN GENERALIZED LOCALLY CONVEX SPACES

AND APPLICATIONS

FATIMA BAHIDI1, AHMED BOUDAOUI1, AND BILEL KRICHEN2

Abstract. In this paper, we give some fixed point results in the so-called gen-
eralized locally convex space. These results, formulated in terms of families of
generalized measures of noncompactness, extend many fixed point theorems in Ba-
nach spaces. As an application, we establish an existence result for a system of
integral equations in the space of continuous functions.

1. Introduction and Preliminaries

The measure of noncompactness is a very useful tool in nonlinear functional analysis,
especially when proving the existence of solutions for functional operator equations.
Recently, there are many papers providing some fixed point results in locally convex
spaces using measures of noncompactness (see for example [2,3,8–10]). In [1], Bahidi,
Boudaoui, and Krichen introduced the concept of generalized locally convex space and
proved new versions of fixed point theorems in this space. Further, they used their
findings to prove the existence of solutions of a first order differential equations with
impulses. Motivated by these findings, we are interested in this paper to continue
the study of [1] by introducing the concept of a generalized family of measures of
noncompactness. Then, we establish some extensions of classical fixed point theorems
as Darbo, and Sadovskii fixed point theorem, in generalized locally convex spaces.
The obtained results are applied to study the existence of solutions of a system of
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nonlinear integral equations having the form:

(1.1)
{
u = ξ1(u, v),
v = ξ2(u, v),

where ξj : Γ × Γ → Γ , j = 1, 2 are continuous operators defined on a generalized
locally convex space Γ .

First, let us give some notations, and definitions. By R+ we mean the set of positive
real numbers, Mn×n(R+) we mean the set of n × n matrices with positive elements,
and Rn the set of n×1 real matrices. We denote by ⪯, the coordinate-wise ordering on

Rn, that is, for η =


η1
...
ηn

 , κ =


κ1
...
κn

 , η ⪯ κ if and only if ηi ≤ κi for all i = 1, . . . , n.

For η, κ ∈ Rn, we denote by

m̃ax{η, κ} =


max{η1, κ1}
max{η2, κ2}

...
max{ηn, κn}

 .
Let η ∈ Rn, the symbol η ≻ 0 mean that ηi > 0 for each i = 1, . . . , n, and 0 is the

zero n × 1 matrix. By Rn
+, I is the identity in Mn×n(R+) and θ is the zero n × n

matrix. Let us introduce the definition of a vector-valued seminorm as follows.

Definition 1.1. Let Γ be a topological vector space. A mapping µ : Γ → Rn
+ is

called a generalized seminorm (GSN, in short) if it satisfies the following:
(i) µ(u) ⪰ 0, for each u ∈ Γ ;
(ii) µ(αu) = |α|µ(u), u ∈ Γ , α ∈ R;
(iii) µ(u+ v) ⪯ µ(u) + µ(v),

where

µ(u) :=


µ1(u)
µ2(u)

...
µn(u)

 .
Note that µ is a GSN on Γ if and only if µs are seminorms on Γ , for s = 1, . . . , n.

For the generalized family of seminorm Λ = {µi, i ∈ IΓ }, the pair (Γ, µi)i∈IΓ
is said

to be generalized locally convex space (GLCS, in short).

Remark 1.1. We say that the pair (Γ, µi)i∈IΓ
is GLCS if each point of the space

possesses a fundamental system of neighborhoods formed of convex sets with respect
to the topology associated with the generalized family of seminorm Λ.

Definition 1.2. Let Γ and ∆ be two Hausdorff GLCSs, ΛΓ = {µi, i ∈ IΓ } and
Λ∆ = {νj, j ∈ I∆} their families of GSNs. Let S be a subset of Γ and let A be a
mapping from S into ∆. Then, the following hold.
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(i) A is continuous at a point u0 of S if, for all j ∈ I∆ and ε ∈ Rn, ε ≻ 0, there
exist a finite set {i1, . . . , ik} ⊂ IΓ and δ ∈ Rn, δ ≻ 0 such that for u ∈ S

m̃ax
1≤m≤k

µim(u0 − u) = m̃ax {µi1(u0 − u), . . . , µik(u0 − u)} preceqδ,

then νj(Au0 − Au) ⪯ ε.
(ii) We say that A is continuous if it is continuous at any point of S.

Definition 1.3. Let Γ be a GLCS endowed with the family of GSNs ΛΓ = {µi, i ∈
IΓ }. Let S be a subset of Γ . We say that S is bounded if there exists {i1, . . . , ik} ⊂ IΓ

such that for all j = 1, . . . , k, there exist Cj ≻ 0 and for all u ∈ S, we have µij
(u) ⪯ Cj.

For the following, (Γ, µi)i∈IΓ
, is a GLCS endowed with a family Λ := {µi, i ∈ IΓ }

of GSNs. We denote by B(Γ ) the family of all nonempty, bounded subsets of Γ .

Definition 1.4. Let Λ = {µi, i ∈ IΓ } be a family of GSNs on Γ . Let ρΛ be a family
of functions ρµi

: B(Γ ) → Rn
+, µi ∈ Λ such that

ρµi
(S) =


ρ1

µi
(S)

ρ2
µi

(S)
...

ρn
µi

(S)

 , S ⊂ B(Γ ).

ρΛ is called a family of generalized measures of noncompactness (ρΛ-GMNC, in short)
in Γ if for each µi ∈ Λ, i ∈ IΓ it satisfies the following conditions.

(i) ρµi
(conv(S)) ⪯ ρµi

(S), for each S ∈ B(Γ ), where conv(S) is the closure of
the convex hull of S in Γ .

(ii) If S1 ⊂ S2, then ρµi
(S1) ⪯ ρµi

(S2), where S1, S2 ∈ B(Γ ).
(iii) ρµi

(x ∪ S) = ρµi
(S), for each S ∈ B(Γ ) and u ∈ S.

(iv) ρµi
(S) = 0 if and only if S is relatively compact.

(v) If (Sk)k is a sequence of nonempty closed subsets of B(Γ ) such that Sk+1 ⊂ Sk,
k = 1, 2, . . . , n, and limk→+∞ ρµi

(Sk) = 0 for each µi ∈ Λ, i ∈ IΓ , then
S+∞ = ∩+∞

k=1Sk is nonempty relatively compact subset of Γ .

The family ρΛ-GMNC is called:
(vi) semiadditive, if for each µi ∈ Λ, i ∈ IΓ , ρµi

(S1 ∪S2) = m̂ax{ρµi
(S1), ρµi

(S2)},
for every S1,S2 ∈ B(Γ ),

(vii) subadditive, if for each µi ∈ Λ, ρµi
(S1 + S2) ⪯ ρµi

(S1) + ρµi
(S2), where

S1,S2 ∈ B(Γ ).

Remark 1.2. For each µi ∈ Λ, i ∈ IΓ , ρΛ = {ρµi
, µi ∈ Λ} is a generalized family of

measures of noncompactness in X if, and only if, for each s = 1, 2, . . . , n, {ρs
µi

}µi∈Λ is
a family of measures of noncompactness in Γ .

Example 1.1. Let C := C(R+) the set of continuous functions defined on R+ with the
family of seminorms |u|T = sup{u(t), t ∈ [0, T ]} for all T > 0, and u ∈ C. We denote
by {σT , T > 0} the generalized family of seminorms defined from C → R+ × R+
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by σT (u) =
(

|u|T
|u|T

)
, u ∈ C. Then, Γ = (C, σT ) is a generalized locally convex space.

In order to define the generalized family of measure of noncompactness, let us fix a
bounded subset C of Γ and T > 0. For u ∈ C and ε > 0, we define

ωT (u, ε) = sup{|u(t) − u(s)|, t, s ∈ [0, T ], |t− s| ≤ ε}.
Moreover, we set

ωT (C, ε) = sup{ωT (u, ε), u ∈ C}, ωT
0 (C) = lim

ε→0
ωT (C, ε).

It was proved in [4] that {ωT
0 (C), T > 0} is a family of measures of noncompactness in

C, then we can define the generalized family of measures of noncompactness ΦT (C) =
{ρT , T > 0} as follow:

ρT (C) =
(
ωT

0 (C)
ωT

0 (C)

)
.

Definition 1.5. Let n ∈ N\{0}. Let L be a square matrix of real numbers. We say
that L is convergent to zero if limk→+∞ Lk = θ.

Example 1.2. Let u, v and w ∈ R+. In the following examples, L converges to zero.

(i) L =
(
u 0
0 v

)
and max{u, v} < 1 .

(ii) L =
(
u −w
0 v

)
and u+ v < 1, w < 1.

(iii) L =
(
u −u
v −v

)
and |u− v| < 1, u > 1, v > 0.

(iv) L =
(
u u
v v

)
or L =

(
u v
u v

)
, with u+ v < 1.

Definition 1.6. Let Γ be a GLCS, and ΦΛΓ
:= {ρµi

, µi ∈ ΛΓ }i∈IΓ
a generalized

family of measures of noncompactness. Let A : Γ → Γ be an operator.
(i) A is called a generalized contraction operator with respect to ρΛ (for short,

G-ρΛ-contraction) if for µi ∈ Λ, i ∈ IΓ there exists a matrix Lµi
∈ Mn×n(R+)

converging to θ, such that for every S ⊂ Γ , A(S) ⊂ B(Γ ) and for each µi ∈ Λ,
i ∈ IΓ

ρµi
(A(S)) ⪯ Lµi

ρµi
(S).

(ii) A is called generalized condensing operator with respect to ρΛ (for short, G-
ρΛ-condensing) if for any bounded subset S of Γ , A(S) ∈ B(Γ ) and for each
µi ∈ Λ, i ∈ IΓ such that ρµi

(S) ≻ 0, we have
ρµi

(A(S)) ≺ ρµi
(S).

Definition 1.7. A function A of Rn into Rn is nondecreasing, if for all u, v ∈ Rn

such that u ⪯ v, then A(u) ⪯ A(v).
Now, we recall a version of Schauder-Tychonoff fixed point theorem in GLCS [1].
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Theorem 1.1. Let Γ be a Hausdorff GLCS, S be a nonempty convex subset of Γ ,
and let C be a compact subset of Γ with C ⊂ S. If A : S → Γ is a continuous
operator with A(S) ⊂ C ⊂ S, then A has at least one fixed point in S.

2. Fixed Point Theorems via GMNC in GLCS

In this section, we work to give some fixed point results in GLCS using GMNC.
We start by proving some versions of Darbo and Sadovskii’s fixed point theorems.

Theorem 2.1. Let Γ be a Hausdorff GLCS. Let ρΛ := {ρµi
, µi ∈ Λ}i∈IΓ

be a family
of ρΛ-GMNC. Let S be a nonempty bounded, closed, and convex subset of Γ and
A : S → S. If A is a G-ρΛ-contraction continuous mapping, then A has a fixed point
in S.

Proof. We define the sequence (Sk)k by

(2.1)
{

S1 = S,
Sk+1 = conv(A(Sk)), k ∈ N.

It is clear that the sequence (Sk)k consists of decreasing nonempty closed convex
subsets of S. Let µi ∈ Λ, i ∈ IΓ . Then,

ρµi
(conv(A(S1))) ⪯ ρµi

(A(S1)).

Since A is G-ρΛ-contraction, so there exists a converging matrix Lµi
such that

ρµi
(S2) = ρµi

(conv(A(S1))) ⪯ Lµi
ρµi

(S1).

By induction, we get
ρµi

(Sk+1) ⪯ Lk
µi
ρµi

(S1),
then limk→+∞ ρµi

(Sk) = 0, and consequently S∞ = ∩∞
k=1Sk is nonempty convex

compact subset of S such that A(S∞) ⊆ S∞. Hence, by Theorem 1.1, there exists a
point u ∈ S∞ such that u = Au. □

Theorem 2.2. Let Γ be a Hausdorff GLCS, and ρΛ = {µi, i ∈ IΓ } be a family of
GMNC. Let S be a bounded, closed, convex subset of Γ . Assume that A : S → S is
a continuous operator and G-ρΛ-condensing. Then, A has at least a fixed point in S.

Proof. Let u0 be a point in S. We define the set

S = {D ⊂ Γ, u0 ∈ D ⊂ S, D is bounded convex and A(D) ⊂ D}.

It is clear that S ∈ S, so S is nonempty. Denote by C = ⋂
D∈SD. Obviously, u0 ∈ C

and C is a bounded convex subset of Γ , and A(C) ⊂ C. Notice that

(2.2) conv{A(C) ∪ {u0}} ⊂ C.

It follows that A(conv{A(C) ∪ {u0}}) ⊂ A(C) ⊂ conv{A(C) ∪ {u0}}, and so,

conv{A(C) ∪ {u0}} ∈ S.
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Hence,
(2.3) C ⊂ conv{A(C) ∪ {u0}}.
From (2.2) and (2.3), we get C = conv{A(C) ∪ {u0}}. Using the properties (i) and
(ii) of ρΛ-GMNC. We have for µi ∈ Λ, i ∈ IΓ

ρµi
(C) = ρµi

(conv{A(C) ∪ {u0}}) = ρµi
(convA(C))

⪯ ρµi
(A(C)).

If φµi
(C) ≻ 0, then by the ρΛ-condensibility of A, we obtain

ρµi
(C) ⪯ ρµi

(A(C)) ≺ ρµi
(C),

which means that
ρs

µi
(C) < ρs

µi
(C), for all s = 1, . . . , n,

which is a contradiction. Then, ρµi
(C) = 0. Hence, C is relatively compact. Thus,

from Theorem 1.1, there is a fixed point for the mapping A in S. □

In what follows, we prove some versions of fixed point theorems proved by Harjani
and Sadarngani in [6, 7]. Firstly, let us list some definitions needed later.

Definition 2.1. Let A and B be two matrices of the same dimension m × n, the
Hadamard product A ⊙ B is a matrix of the same dimension as the operands, with
elements given by

(A⊙B)ij = (A)ij(B)ij.

For matrices of different dimensions (m × n and p × q, where m ̸= p or n ̸= q), the
Hadamard product is undefined.

We denote by Q the class of functions γ : [0,+∞)n → [0, 1] × · · · × [0, 1]

γ(t) =


γ1(t)

...
γn(t)

 , t =


t1
...
tn

 ∈ [0,+∞],

which satisfies the condition γ(tk) → 1 implies tk → 0, where 1 :=


1
...
1

. Also, we

consider the two functions φ, ψ : [0,+∞)n → [0,+∞)n defined by φ(t) =


φ1(t)

...
φn(t)

,

ψ(t) =


ψ1(t)

...
ψn(t)

 , t ∈ [0,+∞)n, which satisfy

(H1) φ is continuous, nondecreasing, and φ(t) = 0 if and only if t = 0;
(H2) ψ is a continuous function such that φ(t) ≻ ψ(t) for all t ≻ 0.
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Remark 2.1. (i) γ ∈ Q if, and only if, for all s = 1, . . . , n, γs(tk) → 1, implies tk → 0.
(ii) Note that ψ(0) = 0. Indeed, since ψ(t) ≺ φ(t) and φ, ψ are continuous we have

0 ⪯ ψ(0) = limt→0 ψ(t) ⪯ limt→0 φ(t) = φ(0) = 0.

Theorem 2.3. Let Γ be a Hausdorff GLCS. Let ρΛ := {ρµi
, µi ∈ Λ}i∈IΓ

and ρΛ =
{µi, i ∈ IΓ } be a family of GMNC. Let S be a bounded, closed, convex subset of Γ
and A : S → S be a continuous mapping such that for each µi ∈ Λ, i ∈ IΓ , there
exits a function γ ∈ Q, such that

ρµi
(A(C)) ⪯ γ(ρµi

(C)) ⊙ ρµi
(C),(2.4)

for C be a nonempty subset of S. Then A has at least one fixed point.

Proof. Clearly the sequence (Sk)k defined by (2.1) consists of a nonempty closed,
bounded, convex and decreasing subset of S. If there exist an integer N ≥ 0 such
that for each µi ∈ Λ and i ∈ IΓ , ρµi

(SN) = 0. Then, SN is relatively compact. Since
A(SN) ⊆ SN, it follows by Schauder-Tychonoff fixed point theorem 1.1, A has a fixed
point in SN .

If for all k ∈ N, ρµi
(Sk) ̸= 0. Clearly, for s = 1, . . . , n, (ρs

µi
(Sk))k is a positive

decreasing sequence. So, there is rs ≥ 0, s = 1, . . . , n such that limk→+∞ ρs
µi

(Sk) = rs.
Suppose that for all s = 1, . . . , n, rs ̸= 0. By (2.4), we obtain that for µi ∈ Λ and
i ∈ IΓ

ρs
µi

(Sk+1) = ρs
µi

(conv(A(Sk)))
≤ ρs

µi
(A(Sk)) ≤ γs(ρs

µi
(Sk))ρs

µi
(Sk), s = 1, . . . , n.

Hence,
ρs

µi
(Sk+1)

ρs
µi

(Sk) ≤ γs(ρs
µi

(Sk)) ≤ 1, for all s = 1, . . . , n,

which yields limk→+∞ γs(ρs
µi

(Sk)) = 1. Since γ ∈ Q, Remark 2.1 (i) implies that
limk→+∞ ρµi

(Sk) = 0. Then, S+∞ = ∩+∞
k=1Sk is a nonempty convex closed relatively

compact subset of Γ , and A(S+∞) ⊆ S+∞. So by Schauder-Tychonoff fixed point
Theorem 1.1, A has a fixed point in S+∞. □

Theorem 2.4. Let Λ = {µi, i ∈ IΓ } be family of GSNs on a Hausdorff GLCS Γ and
ρΛ = {µi, i ∈ IΓ } be a family of GMNC. Let S be a nonempty bounded closed and
convex subset of Γ . Assume φ : [0,+∞)n → [0,+∞)n be a function verify condition
(H1), and A : S → S be a continuous operator such that for each µi ∈ Λ, i ∈ IΓ

(2.5) ρµi
(A(C)) ⪯ ρµi

(C) − φ(ρµi
(C)),

for any subset C of S. Then, A has at least one fixed point in S.

Proof. As we show in the proof of Theorem 2.3, we can easily prove that the sequence
(Sk)k in (2.1) is nonempty, convex, bounded, closed and nondecreasing subset of S.
Using the properties of family of GMNC we obtain that (ρµi

(Sk))k is also a positive
decreasing sequence. Thus, for all s = 1, . . . , n, there exist an rs ≥ 0 such that
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limk→+∞ ρs
µi

(Sk) = rs, hence there exists r =


r1
...
rn

 ⪰ 0 such that limk→+∞ ρµi
(Sk) =

r. Suppose that r ≻ 0, Then, by (2.5) and for each µi ∈ Λ, i ∈ IΓ , we have

ρµi
(Sk+1) = ρµi

(conv(A(Sk)))
⪯ ρµi

(A(Sk)) ⪯ ρµi
(Sk) − φ(ρµi

(Sk))(2.6)

So, from (2.6), we obtain
r ⪯ r − φ(r),

and consequently φ(r) ⪯ 0. Using properties of function φ, we get r = 0 which is
absurd. Then, limk→+∞ ρµi

(Sk) = 0. Using the same arguments as in Theorem 2.3,
we prove that A has a fixed point in S. □

Now, we prove that Theorem 2.4 is still valid for changing condition (2.5) by the
following one, for each µi ∈ Λ, i ∈ IΓ , we have

(2.7) φ(ρµi
(A(C))) ⪯ φ(ρµi

(C)) − ψ(ρµi
(C)), C ⊂ S.

where φ and ψ verified conditions (H1) and (H2), respectively.

Theorem 2.5. Let Λ = {µi, i ∈ IΓ } be family of GSNs on a Hausdorff GLCS Γ ,
and ρΛ = {µi, i ∈ IΓ } be a family of GMNC. Let S be a nonempty bounded, closed,
convex subset of Γ and A : S → S be a continuous mapping verified conditions (2.7).
Then, A has at least one fixed point in S.

Proof. From (2.7), we have

φ(ρµi
(Sk+1)) = φ(ρµi

(conv(A(Sk))))
⪯ φ(ρµi

(A(Sk))) ⪯ φ(ρµi
(Sk)) − ψ(ρµi

(Sk))
⪯ φ(ρµi

(Sk))

Using the fact that φ is nondecreasing, we obtain ρµi
(Sk+1) ⪯ ρµi

(Sk). Hence, the
sequence (ρµi

(Sk))k is a positive decreasing sequence. So, limk→+∞ ρµi
(Sk) = 0. By

the same arguments as in Theorem 2.3, we prove that A has a fixed point in S. □

In what follows, we will give a generalization of Theorem 2.4.

Theorem 2.6. Let Λ = {µi, i ∈ IΓ } be family of GSNs on a Hausdorff GLCS X,
and ρΛ = {µi, i ∈ IΓ } be a family of GMNC. Let S be a nonempty, bounded, closed,
convex subset of Γ . Assume that φ, ψ : [0,+∞)n → [0,+∞)n two functions verified
conditions (H1) and (H2). A : S → S be a continuous mapping such that for all
p ∈ Λ and i ∈ IΓ we have

(2.8) φ(ρµi
(A(C))) ⪯ ψ(ρµi

(C)),

for C be subset of S. Then, A has at least one fixed point in S.
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Proof. Let (Sk)k the sequence define by (2.1). Using (2.8), we obtain
φ(ρµi

(Sk+1)) = φ(ρµi
(conv(A(Sk))))

⪯ φ(ρµi
(A(Sk))) ⪯ ψ(ρµi

(Sk))
≺ φ(ρµi

(Sk)).(2.9)
Clearly, (φ(ρµi

(Sk)))k is a positive decreasing sequence. Using (H1), we obtain that
ρµi

(Sk)k is also a positive decreasing sequence of real numbers. Thus, for all i ∈ IΓ ,
there exist an r ⪰ 0 such that limk→+∞ ρµi

(Sk) = r. When k → +∞ in (2.9), we get
φ(r) = 0 and so r = 0. This completes the proof. □

3. Coupled Fixed Point via a GMNC in GLCSs

Now, motivated and inspired by the work of Banaś and Gobel [4], we state the
following results.

Lemma 3.1. Let Λ = {µi, i ∈ IΓ } be a family of GSN, and ρΛ = {ρµi
, µi ∈ Λ}i∈IΓ

be a family of GMNC on X. Let C be a bounded subset of Γ × Γ . Consider the
operator ρ̃µi

: B(Γ × Γ ) → Rn
+ defined by

ρ̃µi
(C) = m̃ax{ρµi

(C1), ρµi
(C2)}, for each µi ∈ Λ, i ∈ IΓ ,

where C1 and C2 are the natural projection of C. Then, ρ̃Λ := {ρ̃µi
, µi ∈ Λ} is a

family of GMNC on Γ × Γ .

Proof. (i) Let C be a nonempty bounded subset of Γ × Γ then for µi ∈ Λ, i ∈ IΓ Let
C be a nonempty bounded subset of Γ × Γ . Then, for µi ∈ Λ, i ∈ IΓ

ρ̃µi
(conv(C)) = m̃ax

{
ρµi

(conv(C1)), ρµi
(conv(C2))

}
.

Since {ρµi
}i∈IΓ

is a family of GMNC, and the function max is nondecreasing, then

ρ̃µi
(conv(C)) :=


max

{
ρ1

µi
(conv(C1)), ρ1

µi
(conv(C2))

}
...

max
{
ρn

µi
(conv(C1)), ρn

µi
(conv(C2))

}


⪯


max

{
ρ1

µi
(C1), ρ1

µi
(C2)

}
...

max
{
ρn

µi
(C1), ρn

µi
(C2)

}


= m̃ax
{
ρµi

(C1), ρµi
(C2)

}
= ρ̃µi

(C).
(ii) Let Ca, Cb be two bounded subsets of Γ ×Γ such that Ca ⊂ Cb, then Caj

⊂ Cbj
,

for j = 1, 2. Since {ρµi
}i∈IΓ

is a family of GMNC in Γ , then for all µi ∈ Λ, i ∈ IΓ , we
obtain

ρµi
(Caj

) ⪯ ρµi
(Cbj

), j = 1, 2,
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ρ̃µi
(Ca) = m̃ax

{
ρµi

(Ca1), ρµi
(Ca2)

}

:=


max

{
ρ1

µi
(Ca1), ρ1

µi
(Ca2)

}
...

max
{
ρn

µi
(Ca1), ρn

µi
(Ca2)

}


⪯


max

{
ρ1

µi
(Cb1), ρ1

µi
(Cb2)

}
...

max
{
ρn

µi
(Cb1), ρn

µi
(Cb2)

}


= m̃ax
{
ρµi

(Cb1), ρµi
(Cb2)

}
= ρ̃µi

(Cb).

(iii) Let u = (u1, u2) ∈ Γ × Γ and C ∈ B(Γ × Γ ). For µi ∈ Λ, i ∈ IΓ ,

ρ̃µi

(
u ∪ C

)
= m̃ax

{
ρµi

(u1 ∪ C1), ρµi
(u2 ∪ C2)

}

:=


max

{
ρ1

µi
(u1 ∪ C1), ρ1

µi
(u2 ∪ C2)

}
...

max
{
ρn

µi
(u1 ∪ C1), ρn

µi
(u2 ∪ C2)

}


=


max

{
ρ1

µi
(C1), ρ1

µi
(C2)

}
...

max
{
ρn

µi
(C1), ρn

µi
(C2)

}


= m̃ax
{
ρµi

(C1), ρµi
(C2)

}
= ρ̃µi

(C).

(iv) Let C ∈ B(Γ × Γ ) such that for µi ∈ Λ, i ∈ IΓ ; ρ̃µi
(C) = 0,

ρ̃µi
(C) = m̃ax

{
ρµi

(C1), ρµi
(C2)

}

=


max

{
ρ1

µi
(C1), ρ1

µi
(C2)

}
...

max
{
ρn

µi
(C1), ρn

µi
(C2)

}
 =


0
...
0

 .
It follows that

max
{
ρs

µi
(C1), ρs

µi
(C2)

}
= 0, for all s = 1, . . . , n,

which yields that for all s = 1, . . . , n and j = 1, 2, ρs
µi

(Cj) = 0. Since {ρs
µi

}µi∈Λ is a
family of MNC, then Cj, j = 1, 2 are relatively compact and by Tychonoff product
Theorem [5, p. 19], we obtain that C1 ×C2 is relatively compact and C ⊆ C1 ×C2 so
C is also relatively compact.
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(v) Let (Sk)k = (Vk,Wk) be a sequence of closed subset of B(Γ × Γ ) such that
Sk+1 ⊂ Sk and limk→+∞ ρ̃µi

(Sk) = 0, for µi ∈ Λ, i ∈ IΓ . Hence,

(3.1) Vk+1 ⊂ Vk, Wk+1 ⊂ Wk,

and for µi ∈ Λ, i ∈ IΓ , we have

(3.2) lim
k→+∞

ρµi
(Vk) = lim

k→+∞
ρµi

(Wk) = 0.

Known that {ρµi
}µi∈Λ is a family of GMNC in X, and from (3.1), (3.2), we get

lim
k→+∞

ρµi
(V+∞) = lim

k→+∞
ρµi

(W+∞) = 0.(3.3)

Moreover,

ρ̃µi
(S+∞) = ρ̃µi

(∩+∞
k=1Sk) = m̃ax

{
ρµi

(∩+∞
k=1Vk), ρµi

(∩+∞
k=1Wk)

}
.(3.4)

By (3.3), (3.4), we obtain limk→+∞ ρ̃µi
(S+∞) = 0, and by Definition 1.4 (v), S+∞ is

relatively compact subset of Γ × Γ . Consequently, ρ̃ is a family of GMNC in Γ × Γ .
□

Lemma 3.2. Let Λ = {µi, i ∈ IΓ } be a family of GSN and ρΛ = {ρµi
, µi ∈ Λ}i∈IΓ

be a family of GMNC on Γ . Let C be bounded subset of Γ ×Γ . Consider the operator
ρ̃µi

: B(Γ × Γ ) → Rn
+ defines by

ρ̃µi
(C) = ρµi

(C1) + ρµi
(C2)

2 , for each µi ∈ Λ, i ∈ IΓ ,

where C1 and C2 are the natural projection of C. Then, ρ̃Λ := {ρ̃µi
, µi ∈ Λ} is a

family of GMNC on Γ × Γ .

Proof. We can check the proof easily. □

Example 3.1. For C a nonempty bounded subset of C, T > 0, we have shown in

Example 1.1 that ρT (C) =
(
ω0(C)
ω0(C)

)
defines a family of GMNC in C. Let C be

bounded subset of C × C. Let T > 0,

(i) ρ̃1
T (C) = m̃ax{ρT (C1), ρT (C2)} =

(
max{ω0(C1), ω0(C2)}
max{ω0(C1), ω0(C2)}

)
,

(ii) ρ̃2
T (C) = ρT (C1) + ρT (C2)

2 = 1
2

(
ω0(C1) + ω0(C2)
ω0(C1) + ω0(C2)

)
,

(iii) ρ̃3
T (C) =

(
ω0(C1) + ω0(C2)

max{ω0(C1), ω0(C2)}

)
,

with C1 and C2 are the natural projection of C. Then, for s = 1, 2, 3, ρ̃s
T = {ρ̃s

T , T > 0}
is a family of GMNC in C(R+) × C(R+).

In the same way as the above proofs, we can extend Lemma 3.1 and Lemma 3.2
for Γ n.
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Lemma 3.3. Let Λ = {µi, i ∈ IΓ } be a family of GSN, and ρΛ = {ρµi
, µi ∈ Λ}i∈IΓ

be a family of GMNC on Γ , and let C be a bounded subset of Γ n. For µi ∈ Λ, i ∈ IΓ ,
we define the operator ρ̃µi

: B(Γ n) → Rn
+ by

ρ̃µi
(C) = m̃ax

{
ρµi

(C1), ρµi
(C2), . . . , ρµi

(Cn)
}
,

or
ρ̃µi

(C) = 1
n

(
ρµi

(C1) + ρµi
(C2) + · · · + ρµi

(Cn)
)
,

where Cj, j = 1, . . . , n are the natural projection of C. Then, ρ̃Λ = {ρ̃µi
, µi ∈ Λ}

define a family of GMNC in Γ n.

In what follows we state some results to solve the system (1.1).

Theorem 3.1. Let Λ = {µi, i ∈ IΓ } be family of GSNs on a Hausdorff GLCS X,
and ρΛ = {ρµi

, i ∈ IΓ } be a family of GMNC on Γ . Let S be a nonempty, bounded,
closed, convex subset of Γ . Assume that

(i) ξj : S × S → S, j = 1, 2 are continuous operators,
(ii) ψ : [0,+∞)n → [0,+∞)n be a function verified condition (H2) and ψ(t) ≺ t,

for all t ≻ 0, such that

(3.5) ρµi

(
ξj(C)

)
⪯ ψ

(
m̃ax

{
ρµi

(C1), ρµi
(C2)

})
, j = 1, 2,

where C is a bounded subset of Γ × Γ and Cj, j = 1, 2 denotes the natural
projection of C.

Then, the system (1.1) has at least one solution in S × S.

Proof. Let C be a nonempty subset of Γ × Γ , for µi ∈ Λ, i ∈ IΓ . By Lemma 3.1

ρ̃µi
(C) = m̃ax

{
ρµi

(C1), ρµi
(C2)

}
,

defines a family of GMNC in Γ ×Γ . Let us defines the operator A : S×S → S×S
as

A(x, y) = (ξ1(x, y), ξ2(x, y))
It is clear that A is continuous. From (3.5), and for µi ∈ Λ, i ∈ IΓ , we obtain that

ρ̃µi
(A(C)) ⪯ ρ̃µi

(
ξ1(C) × ξ2(C)

)
:= m̃ax

{
ρµi

(ξ1(C)), ρµi
(ξ2(C))

}
⪯ m̃ax

{
ψ
(
m̃ax

{
ρµi

(C1)
}
, ρµi

(C2)
)}
, ψ
(
m̃ax

{
ρµi

(C1), ρµi
(C2)

})
⪯ ψ

(
m̃ax

{
ρµi

(C1), ρµi
(C2)

})
,

= ψ(ρ̃µi
(C)).

We choose ρ(t) = t, t > 0. Then, by Theorem 2.6, there exists a point (x′, y′) ∈ S×S
such that (x′, y′) = A(x′, y′), which is a solution of the system (1.1). □
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Corollary 3.1. Let Λ = {µi, i ∈ IΓ } be family of GSNs on a Hausdorff GLCS X,
and ρΛ = {ρµi

, i ∈ IΓ } be a family of GMNC on X. Let S be a nonempty, bounded,
closed, convex subset of Γ . Assume that

(i) ξj : S × S → S, j = 1, 2 are continuous operators,
(ii) for all µi ∈ Λ, i ∈ IΓ there exists a convergent matrix Lµi

, such that

(3.6) ρµi

(
ξj(C)

)
⪯ Lµi

(
ρµi

(C1) + ρµi
(C2)

2

)
, j = 1, 2,

where C is a bounded subset of Γ × Γ and Cj, j = 1, 2 denotes the natural projection
of C. Then, the system (1.1) has at least one solution in S × S.

Proof. Let C be a bounded subset of Γ × Γ , then by Lemma 3.2, we have that for
µi ∈ Λ, i ∈ IΓ

ρ̃µi
(C) = ρµi

(C1) + ρµi
(C2)

2 ,

is a family of GMNC in Γ × Γ . Let us defines the operator A : S × S → S × S as
A(u, v) = (ξ1(u, v), ξ2(u, v)).

It is clear that A is continuous. From (3.6), and for µi ∈ Λ, i ∈ IΓ , we get

ρ̃µi
(A(C)) ⪯ ρ̃µi

(
A1(C), ξ2(C)

)
:= 1

2
(
ρµi

(ξ1(C)) + ρµi
(ξ2(C))

)
⪯ Lµi

(
ρµi

(C1) + ρµi
(C2)

2

)
= Lµi

ρ̃µi
(C).

Then, the result follows from Theorem 2.1 □

4. Solving a System of Integral Equations in C × C

In this section, we study the existence of solutions to the following system of integral
equations:

(4.1)


u(t) = f1(t, u(t), v(t),

∫ β1(t)

0
g1(t, s, u(α1(s)), v(α1(s))ds)),

v(t) = f2(t, u(t), v(t),
∫ β2(t)

0
g2(t, s, u(α2(s)), v(α2(s))ds))

such that for j = 1, 2, we have the following hypothesis.
(H1) αj, βj : R+ → R+ are continuous functions.
(H2) fj : R+×R3 → R are continuous. Moreover, there exists function kj ∈ L1

loc(R+)
such that

|fj(t, u1, v1, w1) − fj(t, u2, v2, w2)| ≤ kj(t)
[
|u1 − u2| + |v1 − v2|

]
+ |w1 − w2|,
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and
ηj = sup{|fj(t, 0, 0, 0)|, t ∈ R+} < +∞.

(H3) gj : R+ × R+ × R2 → R are continuous and

|gj(t, s, u(s), v(s))| ≤ max
{
|u(s)|, |v(s)|

}
.

(H4) For j=1,2,
2∥kj∥L1

loc
+ |α|TβT

j < 1,
where βT

j := sup{βj(t), t ∈ [0, T ], T > 0}.

Theorem 4.1. Let the hypothesis (H1)-(H4) hold. Then, the system of equations
(4.1) has at least one solution in C × C.

Proof. (i) Let Γ = C. For j = 1, 2, let us consider the map ξj : Γ ×Γ → Γ defined by

ξj(u, v)(t) = fj

(
t, u(t), v(t),

∫ βj(t)

0
gj(t, s, u(αj(s)), v(αj(s)))

)
ds.

Clearly that for j = 1, 2, ξj is continuous on R+ for all u, v ∈ Γ . Also, for u, v ∈ Γ ,
and by assumption (H2) and (H3), we have

|ξj(u, v)(t)| =
fj

(
t, u(t), v(t),

∫ βj(t)

0
gj(t, s, u(α(s)), v(α(s)))ds

)
− fj(t, 0, 0, 0)


+ |fj(t, 0, 0, 0)|

≤kj(t)[|u(t)| + |v(t)|]+
∫ βj(t)

0
max

{
|u(α(s))|, |v(α(s))|

}
ds+ |fj(t, 0, 0, 0)|.(4.2)

Thus,
|ξj(u, v)|T ≤ ∥kj∥L1

loc
[|u|T + |v|T ] + βT

j |α|T max
{
|u|T , |v|T

}
+ ηj.

Hence, ξj maps Br ×Br into Br for r = max
{

ηj

1−(2∥kj∥
L1

loc
+|α|T βT

j ) , j = 1, 2
}
.

(ii) Let C1, C2 be nonempty subset of Br. Let (u, v) ∈ C1 ×C2, ε ≥ 0 and t1, t2 ∈ R+
such that |t1 − t2| ≤ ε. We assume that t1 ≥ t2. For all j = 1, 2, we have∣∣∣∣∣ξj(u, v)(t1) − ξj(u, v)(t2)

∣∣∣∣∣ ≤
∣∣∣∣∣fj

(
t, u(t), v(t),

∫ βj(t1)

0
gj(t1, s, x(αj(s)), y(αj(s)))ds

)
− fj

(
t, u(t), v(t),

∫ βj(t2)

0
gj(t2, s, u(αj(s)), v(αj(s)))ds

)∣∣∣∣∣
≤∥kj∥L1

loc

[
|u(t1) − v(t2)| + |v(t1) − v(t2)|

]
+
∫ βj(t1)

0

∣∣∣gj(t1, s, u(αj(s)), v(αj(s)))

− gj(t2, s, u(αj(s)), v(αj(s)))
∣∣∣ds

+
∫ βj(t1)

βj(t2)

∣∣∣gj(t2, s, u(αj(s)), v(αj(s)))
∣∣∣ds.
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Hence,

ωT (ξj(u, v), ε) ≤ ∥kj∥L1
loc

[
ωT (u, ε) + ωT (v, ε)

]
+ βTωT (gj, ε) + rωT (βj, ε),

with βT = max
{
βT

j , j = 1, 2
}
,

ωT (gj, ε) = sup
{∣∣∣gj(t1, s, u(αj(s)), v(αj(s))) − gj(t2, s, u(αj(s)), v(αj(s)))

∣∣∣},
t1, t2 ∈ [0, T ], |t1 − t2| ≤ ε, u, v ∈ [−r, r], s ∈ [0, βT ], ωT (βj, ε) = sup{|βj(t1) −
βj(t2)|, t1, t2 ∈ [0, T ], |t1 − t2| ≤ ε}.

By the uniform continuity of gj on [0, T ] × [0, βT ] × [−r, r] × [−r, r], we obtain
limε→0 ω

T (gj, ε) = 0 and also by the uniform continuity of βj on [0, T ], we derive
limε→0 ω

T (βj, ε) = 0. Consequently,

ωT
0 (ξj(C1, C2)) ≤ ∥kj∥L1

loc

[
ωT

0 (C1) + ωT
0 (C2)

]
,

which yields that for j = 1, 2

ρT (ξj(C)) ⪯ LT

(
ρT (C1) + ρT (C2)

2

)
, j = 1, 2,

with LT =
(
k k
k k

)
and k = max

j=1,2
∥kj∥L1

loc
.

From assumption (H4), the matrix LT is convergent and by Corollary 3.1, the
operator A(u, v) = (ξ1(u, v), ξ2(u, v)) has a fixed point in, which is a solution of
system of integral equation (4.1). □
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