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GROWTH ESTIMATES FOR CERTAIN CLASS OF
MEROMORPHIC FUNCTIONS

ADIL HUSSAIN

Abstract. In this paper, we establish some lower bound estimates for a certain
class of rational functions on a disk with prescribed poles and restricted zeros. The
results obtained strengthen some known results for rational functions and in turn
produce generalizations of some polynomial inequalities as well.

1. Introduction

Let Pn be the set of all complex polynomials f(z) := ∑n
j=0 ajz

j of degree at most
n. Then it is well known that

max
|z|=1

|f ′(z)| ≤ n max
|z|=1

|f(z)|(1.1)

and
max
|z|=ρ

|f(z)| ≤ ρn max
|z|=1

|f(z)|, ρ ≥ 1.(1.2)

The above inequalities are known as Bernstein inequalities, and have been the start-
ing point for a considerable literature in approximation theory. Several papers and
research monographs have been written on this subject (see, for example, Marden [7],
Rahman and Schmeisser [11], or Milovanović et al. [8]).

If one applies inequality (1.2) to the polynomial f(z) = znf(1
z
) and uses maximum

modulus principle, one easily get
max
|z|=ρ

|f(z)| ≥ ρn max
|z|=1

|f(z)|, 0 < ρ ≤ 1.(1.3)
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It is noted that equality holds in (1.1), (1.2) and (1.3) if and only if f(z) has all its
zeros at the origin. Inequality (1.3) is due to Varga [14], who attributes it to E. H.
Zarantonello. It was shown by Govil, Qazi and Rahman [4] that the inequalities (1.1),
(1.2) and (1.3) are all equivalent in the sense that any of these inequalities can be
derived from the others. In 1960 Rivlin [13] improved inequality (1.3) for a restricted
class of polynomials that do not vanish, in the unit disk |z| < 1. In fact, he proved
that if f(z) ̸= 0 in |z| < 1, then (1.3) can be replaced by

|f(ρz)| ≥
(

1 + ρ

2

)n

|f(z)|, for 0 < ρ < 1.(1.4)

The inequality is best possible and equality holds for f(z) =
(

λ+βz
2

)n
, where |λ| = |β|.

As a generalization of (1.4), Aziz [2] proved that if f(z) ̸= 0 in |z| < 1, then,

|f(ρz)| ≥
(

ρ + k

1 + k

)n

|f(z)|, for k ≥ 1, ρ < 1,(1.5)

and

|f(ρz)| ≥
(

ρ + k

1 + k

)n

|f(z)|, for k ≤ 1, 0 ≤ ρ ≤ k2.(1.6)

The result is sharp and equality holds for f(z) = (z + k)n.
Although the literature on polynomial inequalities is vast and growing, interested

readers can consult the books of Marden [7] and Milovanović et al. [8]. Rather et
al. [12] gave a new perspective to the above inequalities (1.5) and (1.6) and extended
them to rational functions with prescribed poles. Essentially, in these inequalities,
they replaced the polynomial f(z) by a rational function r(z) with poles a1, a2, . . . , an

all lying in |z| > 1 and zn by a Blaschke product B(z). Before proceeding towards
their results, let us introduce the set of rational functions involved.

For aj ∈ C with j = 1, 2, . . . , n, let

W (z) :=
n∏

j=1
(z − aj)

and

B(z) :=
n∏

j=1

(
1 − ajz

z − aj

)
, Rn := Rn(a1, a2, . . . , an) =

{
f(z)
W (z) : f ∈ Pn

}
.

Then, Rn is the set of rational functions with poles a1, a2, . . . , an at most and with
finite limit at +∞. Note that B(z) ∈ Rn and |B(z)| = 1 for |z| = 1. Throughout this
paper, we shall assume that all the poles a1, a2, . . . , an lie in |z| > k.

Very recently, Rather et al. [12] obtained certain growth estimates for rational
functions r ∈ Rn having no zero in |z| < k. In this direction, they first present an
extension of inequality (1.5) to the rational functions. More precisely, they proved
the following result.
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Theorem 1.1. If r ∈ Rn having no zeros of r lie in |z| < k, k ≥ 1, then for every
ρ < 1 and |z| = 1,

|r(ρz)| ≥
(

ρ + k

1 + k

)n n∏
j=1

(
|aj| − 1
|aj| + ρ

)
|r(z)|.(1.7)

Next they proved the following extension of (1.6).

Theorem 1.2. If r ∈ Rn having no zeros in |z| < k, k ≤ 1, then for every 0 ≤ ρ ≤ k2

and |z| = 1,

|r(ρz)| ≥
(

ρ + k

1 + k

)n n∏
j=1

(
|aj| − 1
|aj| + ρ

)
|r(z)|.(1.8)

In this paper, we established some lower bound estimates for the maximal modulus
of a certain class of rational functions on a disk with prescribed poles and restricted
zeros. The results obtained strengthen some known results for rational functions
by using some of the extremal coefficients of the underlying polynomial and in turn
produce generalizations of some polynomial inequalities as well.

2. Main Results

Theorem 2.1. If r ∈ Rn having no zeros of r lie in |z| < k, k ≥ 1, then for every
ρ < 1 and |z| = 1,

|r(ρz)| ≥


(k + ρ

1 + k

)n

+ 1
kn−1

(
|a0| − kn|an|
|a0| + |an|

)(
1 − ρ

1 + k

)n
 n∏

j=1

|aj| − 1
|aj| + ρ

|r(z)|.(2.1)

Remark 2.1. Since r(z) = P (z)
W (z) has all its zeros in |z| ≥ k, therefore P (z) has all its

zeros in |z| ≥ k, we always have the situation

|a0| − kn|an|
|a0| + |an|

≥ 0.(2.2)

Therefore, for all rational functions satisfying the hypothesis of Theorem 2.1 excepting
those satisfying |a0| = kn|an|, the inequality (2.1) sharpens the inequality (1.7).

Remark 2.2. If we take k = 1 in Theorem 2.1, we get the following extension and
refinement of (1.4) to the rational functions.

Corollary 2.1. If r ∈ Rn having no zeros of r lie in |z| < 1, then for every ρ < 1
and |z| = 1,

|r(ρz)| ≥


(1 + ρ

2

)n

+
(

|a0| − |an|
|a0| + |an|

)(
1 − ρ

2

)n
 n∏

j=1

|aj| − 1
|aj| + ρ

|r(z)|.
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Remark 2.3. Taking W (z) = (z − α)n, |α| > 1, in Theorem 2.1, inequality (2.1) then
reduces to the following inequality

|f(ρz)|

≥


(k + ρ

1 + k

)n

+ 1
kn−1

(
|a0| − kn|an|
|a0| + |an|

)(
1 − ρ

1 + k

)n
( |α| − 1

|α| + ρ

)n∣∣∣∣∣ρz − α

z − α

∣∣∣∣∣
n
|f(z)|.

(2.3)

Letting |α| → +∞ in (2.3), we get refinement of (1.5).

Theorem 2.2. If r ∈ Rn having no zeros of r lie in |z| < k, k ≤ 1, then for every
0 ≤ ρ ≤ k2 and |z| = 1,

|r(ρz)| ≥


(k + ρ

1 + k

)n

+
(

|a0| − kn|an|
|a0| + |an|

)(
λ

1 + k

)n
 n∏

j=1

|aj| − 1
|aj| + ρ

|r(z)|,(2.4)

where λ = min{1 − ρ, k + ρ}.

Remark 2.4. As in remark 2.1, inequality (2.4) refines (1.8).

Remark 2.5. Taking W (z) = (z − α)n, |α| > 1, in Theorem 2.2, inequality (2.4) then
reduces to the following inequality

|f(ρz)|

≥


(k + ρ

1 + k

)n

+ 1
kn−1

(
|a0| − kn|an|
|a0| + |an|

)(
λ

1 + k

)n
( |α| − 1

|α| + ρ

)n∣∣∣∣∣ρz − α

z − α

∣∣∣∣∣
n
|f(z)|.

(2.5)

Letting |α| → +∞ in (2.5), we get refinement of (1.6).

3. Lemmas

For the proofs of our results, we shall make use of the following lemmas.

Lemma 3.1. For any 0 ≤ ρ ≤ 1 and ρj ≥ k ≥ 1, 1 ≤ j ≤ n, we have
n∏

j=1

(
ρ + ρj

1 + ρj

)
≥
(

k + ρ

k + 1

)n

+ 1
kn−1

ρ1ρ2 · · · ρn − kn

ρ1ρ2 · · · ρn + 1

(1 − ρ

1 + k

)n

.

Lemma 3.2. For any 0 ≤ ρ ≤ 1 and ρj ≥ k ≥ 1, 1 ≤ j ≤ n, we have
n∏

j=1

(
ρ + ρj

1 + ρj

)
≥
(

k + ρ

k + 1

)n

+ 1
kn−1

ρ1ρ2 · · · ρn − kn

ρ1ρ2 · · · ρn + 1

( λ

1 + k

)n

,

where λ = min{1 − ρ, k + ρ}.

The above two lemmas are due to Kumar and Milovanović [6].
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4. Proof of the Theorems

Proof of Theorem 2.1. By hypothesis, r(z) = P (z)
W (z) ∈ Rn has all its zeros in |z| ≤

k, k ≥ 1. It follows that P (z) has all its zeros in |z| ≤ k, k ≥ 1, therefore if zj = ρje
iθj ,

0 ≤ θ < 2π, 1 ≤ j ≤ n, are zeros of P (z), then we write P (z) = c
∏n

j=1(z − ρje
iθj ),

where ρj ≥ k ≥ 1, j = 1, 2, . . . , n. Hence, for ρ < 1 and 0 ≤ θ < 2π, we have∣∣∣∣∣r(ρeiθ)
r(eiθ)

∣∣∣∣∣ =
∣∣∣∣∣P (ρeiθ)

P (eiθ)

∣∣∣∣∣ ·
∣∣∣∣∣ W (eiθ)
W (ρeiθ)

∣∣∣∣∣ =
n∏

j=1

∣∣∣∣∣ρeiθ − ρje
iθj

eiθ − ρjeiθj

∣∣∣∣∣ ·
n∏

j=1

∣∣∣∣∣ eiθ − aj

ρeiθ − aj

∣∣∣∣∣.(4.1)

Now,

n∏
j=1

∣∣∣∣∣ρeiθ − ρje
iθj

eiθ − ρjeiθj

∣∣∣∣∣ =
n∏

j=1

∣∣∣∣∣ρei(θ−θj) − ρj

ei(θ−θj) − ρj

∣∣∣∣∣ =
n∏

j=1

ρ2 + ρ2
j − 2ρρj cos(θ − θj)

1 + ρ2
j − 2ρj cos(θ − θj)

 1
2

≥
n∏

j=1

ρ + ρj

1 + ρj

as ρ < 1.(4.2)

Using Lemma 3.1 to the right hand side of (4.2), we get
n∏

j=1

∣∣∣∣∣ρeiθ − ρje
iθj

eiθ − ρjeiθj

∣∣∣∣∣ ≥
(

k + ρ

1 + k

)n

+ 1
kn−1

(
ρ1ρ2 · · · ρn − kn

ρ1ρ2 · · · ρn + 1

)(
1 − ρ

1 + k

)n

.

Using the fact that ρ1ρ2 · · · ρn = |a0|
|an| ,

n∏
j=1

∣∣∣∣∣ρeiθ − ρje
iθj

eiθ − ρjeiθj

∣∣∣∣∣ ≥
(

k + ρ

1 + k

)n

+ 1
kn−1

(
|a0| − kn|an|
|a0| + |an|

)(
1 − ρ

1 + k

)n

,(4.3)

also for |aj| > 1, j = 1, 2, . . . , n, we have
n∏

j=1

∣∣∣∣∣ eiθ − aj

ρeiθ − aj

∣∣∣∣∣ ≥
n∏

j=1

|aj| − 1
|aj| + ρ

.(4.4)

Using inequalities (4.3) and (4.4) in (4.1), we get∣∣∣∣∣r(ρeiθ)
r(eiθ)

∣∣∣∣∣ ≥

(k + ρ

1 + k

)n

+ 1
kn−1

(
|a0| − kn|an|
|a0| + |an|

)(
1 − ρ

1 + k

)n
 n∏

j=1

|aj| − 1
|aj| + ρ

.

Thus,

|r(ρz)| ≥


(k + ρ

1 + k

)n

+ 1
kn−1

(
|a0| − kn|an|
|a0| + |an|

)(
1 − ρ

1 + k

)n
 n∏

j=1

|aj| − 1
|aj| + ρ

|r(z)|.

This completes the proof of Theorem 2.1. □

Proof of Theorem 2.2. By hypothesis, r(z) = P (z)
W (z) ∈ Rn has all its zeros in |z| ≤

k, k ≥ 1. It follows that P (z) has all its zeros in |z| ≤ k, k ≥ 1, therefore if
zj = ρje

iθj , 0 ≤ θ < 2π, 1 ≤ j ≤ n, are zeros of P (z), then we write P (z) =
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c
∏n

j=1(z −ρje
iθj ), where ρj ≥ k ≥ 1, j = 1, 2, . . . , n. Hence, for ρ < 1 and 0 ≤ θ < 2π,

we have ∣∣∣∣∣r(ρeiθ)
r(eiθ)

∣∣∣∣∣ =
∣∣∣∣∣P (ρeiθ)

P (eiθ)

∣∣∣∣∣ ·
∣∣∣∣∣ W (eiθ)
W (ρeiθ)

∣∣∣∣∣ =
n∏

j=1

∣∣∣∣∣ρeiθ − ρje
iθj

eiθ − ρjeiθj

∣∣∣∣∣ ·
n∏

j=1

∣∣∣∣∣ eiθ − aj

ρeiθ − aj

∣∣∣∣∣.(4.5)

Now,

n∏
j=1

∣∣∣∣∣ρeiθ − ρje
iθj

eiθ − ρjeiθj

∣∣∣∣∣ =
n∏

j=1

∣∣∣∣∣ρei(θ−θj) − ρj

ei(θ−θj) − ρj

∣∣∣∣∣ =
n∏

j=1

ρ2 + ρ2
j − 2ρρj cos(θ − θj)

1 + ρ2
j − 2ρj cos(θ − θj)

 1
2

≥
n∏

j=1

ρ + ρj

1 + ρj

as 0 ≤ ρ ≤ k2.(4.6)

Using Lemma 3.2 to the right hand side of (4.6), we get
n∏

j=1

∣∣∣∣∣ρeiθ − ρje
iθj

eiθ − ρjeiθj

∣∣∣∣∣ ≥
(

k + ρ

1 + k

)n

+ 1
kn−1

(
ρ1ρ2 · · · ρn − kn

ρ1ρ2 · · · ρn + 1

)(
1 − ρ

1 + k

)n

.

Using the fact that ρ1ρ2 · · · ρn = |a0|
|an| ,

n∏
j=1

∣∣∣∣∣ρeiθ − ρje
iθj

eiθ − ρjeiθj

∣∣∣∣∣ ≥
(

k + ρ

1 + k

)n

+
(

|a0| − kn|an|
|a0| + |an|

)(
λ

1 + k

)n

,(4.7)

also for |aj| > 1, j = 1, 2, . . . , n, we have
n∏

j=1

∣∣∣∣∣ eiθ − aj

ρeiθ − aj

∣∣∣∣∣ ≥
n∏

j=1

|aj| − 1
|aj| + ρ

.(4.8)

Using inequalities (4.7) and (4.8) in (4.5), we get∣∣∣∣∣r(ρeiθ)
r(eiθ)

∣∣∣∣∣ ≥

(k + ρ

1 + k

)n

+
(

|a0| − kn|an|
|a0| + |an|

)(
λ

1 + k

)n
 n∏

j=1

|aj| − 1
|aj| + ρ

.

Thus,

|r(ρz)| ≥


(k + ρ

1 + k

)n

+
(

|a0| − kn|an|
|a0| + |an|

)(
λ

1 + k

)n
 n∏

j=1

|aj| − 1
|aj| + ρ

|r(z)|.

This completes the proof of Theorem 2.2. □

5. Conclusions

A sequence of publications (see, for example [5, 9] and [10]) on inequalities for
rational functions has been published in recent years, and significant progress has
been made. Both mathematics and practical fields are interested in inequalities of
these types. In this work, we continue our investigation of inequalities of this nature
by taking into consideration the location of all the zeros and extremal coefficients of
the underlying polynomial.
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