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-LAPLACE TRANSFORM ON QUANTUM INTEGRAL
NECMETTIN ALP! AND MEHMET ZEKI SARIKAYA?

ABSTRACT. In this paper, we present g-Laplace transform by g-integral definition on
quantum analogue. We present some properties and obtain formulaes of g-Laplace
transform with its aplications.

1. INTRODUCTION

Quantum calculus is the modern name for the investigation of calculus without
limits. The quantum calculus or g¢-calculus began with FH Jackson in the early
twentieth century, but this kind of calculus had already been worked out by Euler and
Jacobi. Recently it arose interest due to high demand of mathematics that models
quantum computing. g-calculus appeared as a connection between mathematics and
physics. It has a lot of applications in different mathematical areas such as number
theory, combinatorics, orthogonal polynomials, basic hyper-geometric functions and
other sciences quantum theory, mechanics and the theory of relativity.

There are many of the fundamental aspects of quantum calculus. It has been
shown that quantum calculus is a subfield of the more general mathematical field of
time scales calculus. Time scales provide a unified framework for studying dynamic
equations on both discrete and continuous domains.

In 2017, Alp and Sarikaya [1] gave a new defination of g-integral which is showed
g-integral.

The aim of this paper present Laplace transform on g-integral. In second section we
give notations and preliminaries for g-analogue. In third section we give definition of
Laplace transform on g-integral and obtain some auxiliary results. In fourth section
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154 N. ALP AND M. Z. SARIKAYA

we calculate g-Laplace transforms of functions and some properties of g-Laplace
transform.

Now remember following Laplace transform on classical analysis.

For t > 0 Laplace transform of f(¢) is defined as

00 A
(1.1) L{f(t)} = F(s) :/e—stf(t)dt:ggo e~ f(1)dt.

We say that transform converges if the limit exists, and diverges if not.

2. NOTATIONS AND PRELIMINARIES

In this section, first we give definition and notations of g-analogue with g-derivates
then definition and properties of g-integral. For 0 < ¢ < 1 here and further we use
the following notations [3,4]:

(2.1) [n], = 11__q; =1+4+q+¢+ - +q¢",
(2.2)
(x—a)ZzE(x—qia> =(z—a)(z—qa) (v —¢?a) - (v —¢""a), neZt
(a:q), =1_
(1—a)y =(a:q), = I (1-q'a),
(2.3)
(1-a) =(a:q) =1 (1-ga),
(2.4)
(1—61)”:(1_(1);0 AL )P

©(=qra) (qhaq)y

Notice that, under our assumptions on ¢, the infinite product (2.3) is convergent.
Moreover, the definitions (2.2) and (2.4) are consistent.

Definition 2.1. In [2], for f has D7 f(a), Jackson introduced the following g¢-
counterpart of Taylor series:

I L S e I ICRE SRR

D, is the g-difference operator.
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Here E and e are two g-analogues of the exponential functions and their g-Taylor

series ([4]):

I R N Rl e CRE CE e
e = " _ 1 _ 1
R R A  E N (= ETr

Lemma 2.1 ([4]). The g-ezponential functions satisfy the following properties:
e B =Eje, =1, Ej =€},

For Eq_”” = 6% we have
q

1
lim £, = lim — = 0.
z—oo 4 T—00 @g

Let J :=[a,b] C R, J° := (a,b) be interval and 0 < ¢ < 1 be a constant. Definiton of
g-derivative of a function f:J — R at a point = € J on [a, b] as follows.

Definition 2.2 ([5]). Assume f : J — R is a continuous function and let = € J.

Then the expression
_f@)—flgz+(1—g)a)
(23) Dol () = T

oDy f (a) :}E}%aqu (x),

is called the g-derivative on J of function f at x.

) x%CIﬂ

We say that f is ¢-differentiable on J provided ,D, f (z) exists for all z € J. Note
that if @ = 0 in (2.8), then ,D,f = D, f, where D, is the well-known g-derivative of
the function f (z) defined by

Do)~ L) =S an)

(1-q)x

For more details, see [4].

Lemma 2.2 ([5]). Let a € R, then we have

(2.9) oDy (x —a)* =[a] (z— a)* .

The following definitions and theorems with respect to g-integral were referred in
[1, page 148].

Definition 2.3. Let f : J — R is continuous function. For 0 < ¢ < 1

D= 14 S @+ (-0 - 1),

(2.10) /f(s) s — L=

which second sense quantum integral definition that call g-integral for x € J.
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Moreover, if ¢ € (a,x) then the definite g-integral on J is defined by

x

1) [ F(5) adys

[

Z/zf(s) atlgs — /cf(s) adlgs

0= q)Qéx —9) l(l +9) i ¢"f(@"r+(1—q")a) = f (93)]

<1—q><c—a>[

2q

n=0

(1+4q) iq”f (¢"c+(1—q")a)— f(C)] :

Theorem 2.1 ([1]). Let f : J — R be a continuous function. Then we have the
following properties of G-integral

i)

aDq/f(S)aqu: f(l’)‘f‘f(qu'f—(l—q)a);

i)

a
i)
x

aqu (3) adqs

o @)+ f e+ (= g)a) —f (O — f g+ (1—g)a) |
_ % , force (a,x);

iv)

/x[f (s) + 9 (5)] adgs = ff(S) adq8+/xg(8)adqs;

/x(&f) (s) udgs = &jf(s) odzs, a €R;

vi) partial integration property:

(2.12) [ £(5)aDag (5) ads

_af(8)g(s)+flas+(1—qa)glas+(1—qa)[’
2q

C
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xz

— [ 9las+ (1= 4)a) uDyf (5) uys

c

Vi)

i o 1 1 + qa a+1
— adﬁ pr— — .
a/ (5 =) adgs = 179, ( 2 ) (= =a)

3. AUXILIARY RESULTS

For using in further theorems lets give an example on g-derivative.

FExample 3.1. For s > 0, t € R, we have
(3.1) D, E‘St —sE, ast
_D E qst qu q st

Proof. By using g-derivative and (2.6), we obtain that:

n(n—1)
—8 )nq 2 n
D,E;* =D, (1+ Z il (st)
q’
0o n n(n=1) n
Syt
- q

_ i (-1)"q = s -1

e
— "
n=0 [n]q'
TL n(n 1)
=—35 Z ] (gst)"
q’
=—skE, qSt

and in the same way we have
D, E ast — qu g*st
and the proof is completed. O
Now we present g-Laplace transform on g-integral below.

Definition 3.1. Let s > 0 and f : [0,00) — R be a function. Then the g-Laplace
transform is defined by

(3.2) Lo {f(t)} /f t) B, %t
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Assume f, g are two functions and «, 8 € C by using (3.2) linearity property of
g-Laplace transform is written as follow:

Lgf{af(t) + Bg(t)} = alg {f(t)} + PLg {g(t)}.
4. g-LAPLACE TRANSFORM OF FUNCTIONS

In this section, we proved g-Laplace transform of functions and n degrees of quantum
derivative function. Let’s first calculate the g-Laplace transformation of the constant
function as below.

Theorem 4.1. The G-Laplace transform of function f(t) =1 is

L1} =F(s)= 9.1

29 s
Proof. From definition of g-Laplace transform, it follows that

o0

F(s) = Ly {1} = hOO/E qStdt—/E ast .
0
Then calculate above integral by using the g-integral, we have

[z
o 00 n n(n 1)
/Z (gst)" dgt
0 n=0 q
0o n n(n 1) n «
O
0o n nn—1) n n
S (=D"¢ 7 (g8)"  14¢" i
= T}
00 n n(n—1) n M n o n
S (=D"q = (g8)" n+1+z “D% 7 (99)"4" .
= 2[n+1]! 2[n+1]!
D (U™t LR D
= - — - S
2s = [n+ 1]t 2qs ;= [n+1]) 1
n(n—1) n(n—1)
RN VS BN G L
S BTy s LT (g
S n=1 [n]q qs n=1 [n]q
n(n—1) n(n—1)
_ - (=1)"g > 11 & (—1)"61 2 ny 1
2s nz::() [n]q' (s)" + 25  2gqs ‘= [n],! (gs0)” + 2gs
1 1 1 1
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and by taking the limit the proof is obtained as follows

1 1 1 1 1 1
Lz {1} = F(s) = lim (—E Sa—l——Eqsa—i-) :—i-q_87

a—oo | 2g 1 2s  2qs ¢ 2qs 2q
where
lim £ = lim £ =0. 0
a—r00 a—r00

Theorem 4.2. Forn € R withn > —1, the g-Laplace transform of function f(t) = t™
18

(4.1) L {t"} = ms]qu{t"_l}.

Proof. From definition of g-Laplace transform, it follows that

Ly {t"} = F(s) = lim / t"E " dgt = / t"E 9 dgt.
0
Then, calculate above integral by using (2.12) and (3.1) with the G-integral, we have
67 1 (6
/ B gt = — / £ Dy B dyt
0 0

1

S

n —st n rh—qst |&
qt"E " + (qt)" E°
2q

— [n], / t"—lEq—qstdqt]
0

qa"E% + (qa)” B ase
2qs

[TL] ’ n—1 rp—qst
e / ol st —
0

qa"E;* + (qo)" B %
2qs

S

(P —
:—q/t 'E % dgt —
0
and by taking the limit

Lz {t"} =F(s) = Jim /a t" Ey(—qst)dgt

n]q /tn 1E qstd . qanE;sa + (qa)n E;qa*a
a S 2(]8
0
_lrly mt"—lE—qstdft g {1}
s q = T
0
and the proof is completed. U

Theorem 4.3. Let n € N, then the G-Laplace transform of function f(t) =t" is

n 1+q [n],!
L{t}_ Sn-ic-zl'
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Proof. By using (4.1), it follows that

Lz {t"} :[r;]qu {1}

I P ”qL{tn—a}

:[ns]q' - sl}q - Lz {1}
b, -1, 14g 1
S S 29 s
_l+gq [n]
2g st

Theorem 4.4. The G-Laplace transform of function f(t) = el is

Lq{egt}:liq-sia, s> a.

Proof. From definition of g-Laplace transform, it follows that

a

at | _ 1: at st an n f—qst
La{eq}_ah—%o Eq dt_ah—goloz n]q!/t qu dgt
0

- lim /t"E stgp =3 L m

2 Tl 2l
_i a" '1+q‘[n]q! 1+q§<>” l+q 1
=) 2 s — 2 s—a

and the proof is completed.

Theorem 4.5. The g-Laplace transform of function f(t) = Ej* is

Ly { B2} = Hqiqw (“)n s> 0.

2qs [ S

Proof. From definition of g-Laplace transform, it follows that
Ly { B2} = / B E; "t dgt

n(n—1) CL
2

_Zq
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=77 []q! 2 s

1—|— n(n—1 n
_ qu<2><a> ‘ a

2qs 1 s

Theorem 4.6. The G-Laplace transform of q-cosine, q-sine, q-Cosine, q-Sine func-
tions are that

1+¢q s
L {cos,at} = 20 P

1+q a
Lz {sin,at} = 50 Fia

1+q o0 3 a 2n
L Congoty =15 s ()"
o (Cosyar) =5H 03 (e (4

1 00 2n+1
Lo {Sin, at} :;q (—1)" g+ (‘;) .
n=0

Proof. Consider the following definition of g-cosine, ¢-sine, g-Cosine and ¢-Sine func-
tions:

zat + e—zat wat e—iat
cosgat = 4+——=— and  sinjat = +—1—
2 2
Eiat + E—iat Eiat _ E—iat
Cos, at = % and  Singat = %.
i

Then, by using linearity of g-Laplace transform,

o) )l
1(1+q. 1 +1+q. 1 )

) 29 s—ia 2qg s+ia
1+gq S
2 s2+a?
and in the same way we have
. 1+4q a
Lz {sinjat} = R

Now, we obtain g-Laplace transform of ¢g-Cosine and ¢-Sine functions
iat —iat
qul + E'q a }

L;{Cos,at} =Lz { 5

= (ta{Fi}+ )
1

REr= n(n 1)( > n(n-1) (—ia)”
~ dgs (z:oq Zq i s
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i n(n;l) (z’a)”

4qs = S
1 _I_ q i n n(2n 1) (a>2n
©2gs = s
and
Eiat _ E—iat
Lq {Sinq at} :La {112(1}
1

1 iat —at

=5 (La{ By} = L {E;))
14+q (& n(n=1) ( ) n(n-1) (—z’a)”

= 2 _
4qst <nz:‘f)q Z 1 s
14+q & ny nn=1) (za)

= 1—(—1 2 —
et 2 T (]

:1 +q i qn(2n+1) <m>2n+1
2gqsi 1= s
1+q o0 a 2n+1

— -1 n _n(2n+1) () '
205 ngo( )" q ;

So, the proof is completed. [l

Theorem 4.7. The G-Laplace transform of hyperbolic q-cosine, hyperbolic q-sine
functions are

1+gq S

Lz {cosh, at} = 20 F_a
1

Lz {sinh,at} = tg, _¢

29 82 —a?
Proof. Hyperbolic g-cosine, hyperbolic ¢-sine are defined by
eat + e—at eat _ e—at
cosh, at = % and  sinh,at = —y
Then, by using linearity of g-Laplace transform,

tateodt = 1a{ S5} = i)+ )

1<1+q 1 1+qg 1 )

2\ 2¢g s—a 2¢ s+a
1+g¢ S
2qg s*—a?

and in the same way we have
1+gq a
29 s2—a?

Lz {sinh, at} =
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If f(t) is piecewise continuous on the interval (0,00) and of exponential order c,
then Lz {f(t)} exists for s > ¢. Therefore, we obtain the following theorem.

Theorem 4.8. If f, D, f, Dgf, o ,Dg_lf are continuous and Dy f is piecewise con-
tinuous on (0,00) and are of exponential order then we have

n—1
(12";Q) Z Sn—l—iDéf 0).
i=0

L {Dpf(t)} = "L {f(t)} —

Proof. A function f is said to be of exponential order c if there exist ¢, K > 0 and
T > 0 such that
If(t)] < Ke, forallt <T.

Therefore, we have

(4.2) lim B, % f () =

t—o00

Then, by using (4.2) we write

Lq {D,f (1) /E Dy () dy

o0 [e'e)

/ f (qt) DyE; % dgt

0 0

=— f(0)+gs / flat) B, dgt

GBS () + By (at)
2q

0Dy [y B
0

—sLy () - (QQ) F0).

If we replace f(t) by D,f(t) we have

[e.e]

La{D2F(0)} = [ B D2 (8) dgt

0
qE;CID,f (8) + B, Dy f (qt) |

/Df (qt) Dy E; *dgt

2q .
14+¢ 7 o2
! % )qu(0)+qs/f(qt)qu2 dqt
1
__(I+q +S/qu t) B % dt
2q J
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—sLy (0,0} - Y001 0)
~ssta oy -0 r o] - 4D )
L3 (10} — S (D] 0)+ 51 ).
If we continue with this process, we get
{350} = it - UL S iy o),
and the proof is completed. 0
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