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Y-HILFER-ATANGANA-BALEANU FRACTIONAL INTEGRAL
OPERATORS AND SOME FRACTIONAL INTEGRAL
INEQUALITIES

SETH KERMAUSUOR!, DAWIT DENU?, AND PETER O. OLANIPEKUN?

ABSTRACT. We present new fractional integral operators known as the left- and
right-sided 1-Hilfer-Atangana-Baleanu fractional integral operators. These frac-
tional integrals generalize the Atangana-Baleanu and the ABK fractional integral
operators. As a practical application, we derive a generalization of the Hermite-
Hadamard inequality for s-convex functions in the second sense, utilizing the newly
defined integral operators. Additionally, we established several Hermite-Hadamard
type fractional integral inequalities for functions whose derivatives in absolute value
raised to some nonnegative powers are s-convex in the second sense, using the -
Hilfer-Atangana-Baleanu fractional integral operator. We also present some specific
cases of our main results.

1. INTRODUCTION

Fractional inequalities have a significant impact in the research of various fields of
mathematics, including mathematical analysis, probability theory, differential equa-
tions, and many more. These inequalities involve fractional derivatives or fractional
integrals of functions, which generalize the concept of differentiation and integration
to non-integer orders. Fractional inequalities are not only theoretical tools but also
have practical applications in fields such as physics, engineering, and biology, where
phenomena are often described by equations involving fractional derivatives. They are
essential for understanding the behavior of solutions to fractional differential equations
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and for establishing the conditions under which such solutions exist and are unique.
Due to their potential applications, many researchers have studied and established
several fractional inequalities involving various fractional derivatives and fractional
integrals over the years. Most of these inequalities are generalizations, extensions or
refinements of the classical inequalities within the framework of fractional calculus. It
is well known that convex functions have a significant impact in the research of inequal-
ities. In the last few decades, many researchers have investigated several inequalities
involving convex functions and their numerous generalizations by employing different
fractional derivatives and/or fractional integral operators. For example, in [33], Tunc
et al. introduced the generalized fractional integrals of a function with respect to
another function and established the Hermite-Hadamard inequality as well as some
Hermite-Hadamard type inequalities involving the newly introduced fractional integral
operators for convex functions. In [29], Rahman et al. established some new fractional
integral inequalities for a certain class of n (n € N) positive continuous functions and
also for decreasing functions by utilizing the fractional proportional integral operators.
Rashid et al. in [30] defined a new fractional integral operator, which is known as
generalized proportional fractional (GPF) integral in the sense of another function,
and proved several fractional inequalities involving the newly defined GPF-integral
with respect to another function. By using some generalized fractional integrals, Du et
al. [9] derived some Bullen-type inequalities where the first derivative of the functions
under consideration are either Lipschitzian, bounded or generalized (s, m)-preinvex.
In [10], Du and Peng established some Hermite-Hadamard type inequalities for multi-
plicatively convex functions via multiplicative Riemann-Liouville fractional integrals.
In [32], Saleh et al. investigated some new Newton-type inequalities for functions
whose first derivatives are a-convex by utilizing the Riemann-Liouville fractional inte-
grals. Recently, Kermausuor and Nwaeze [21] introduced some new fractional integral
operators called the k-Atangana-Baleanu fractional integral operators and established
a generalization of the Hermite-Hadamard inequality as well as several other fractional
integral inequalities for functions whose derivatives are bounded and functions whose
derivative in absolute value is convex. For further details on the results mentioned
above and other related findings, we encourage interested readers to consult the papers
listed in [2-4,6,9,11,14-18,20,21,23-25,27,29-36] and the other related references
cited in this paper.

Motivated by the ongoing research on fractional inequalities and their applications,
this paper seeks to introduce new generalized fractional integral operators called the
left- and right-sided v-Hilfer-Atanga-Baleanu (¢-HAB) fractional integral operators.
We will subsequently establish Hermite-Hadamard type inequalities for functions that
are s-convex in the second sense and functions whose derivative in absolute value to
certain powers are s-convex in the second sense, all using the newly defined fractional
integral operators. In the next section, we present some preliminary definitions and
results, followed by the main results in Section 3 and a conclusion in Section 4.
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2. PRELIMINARIES

We highlight some basic concepts and results in the literature that will be useful
to our work. We start with the definitions of some fractional integrals.

Definition 2.1 ([13,26,28]). The left- and right-sided Riemann-Liouville fractional
integrals of a real-valued function G of order w > 0 are given by

1580) = gy [0 =279

and
w 1 42 w—1
12.5(r) = F(w)/ (2= r)*7'G(2)dz,
where I' is the gamma function given by

MNw) = /oo 2 te7*dz, Re(w) > 0.
0

The following definition is an important generalization of the Riemann-Liouville
fractional integrals known as the 1)-Riemann-Liouville fractional integrals.

Definition 2.2 ([22]). Let (di,ds), —oo < dy < dy < 400, be a finite or infinite
interval of the real line R and w > 0. Also, let @ be an increasing and positive
function on (dy,ds], having a continuous derivative ¢’ on (di,ds). The left and
right-sided Riemann-Liouville fractional integrals of a function § with respect to the
function ¢ on [dy, ds] are defined by

I80) = iy [ (00 = v ) (9 s
and

180) = 5 0 = v 9N

The left- and right-sided Atangana-Baleanu fractional integrals are defined as fol-
lows.

Definition 2.3 ([1,5]). The left- and right-sided Atangana-Baleanu fractional integral
of a real-valued function G of order w € (0,1) are defined by

and
1—w w

IS = B0+ g | ¢S

where B(w) > 0 is a normalization function and satisfies the property B(0) =
B(1) =1.
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In [19], Kashuri introduced the following generalization of the Atangana-Baleanu
fractional integral operators called the ABK-fractional integral operators.

Definition 2.4. The left- and right-sided ABK-fractional integral operators of a
real-valued function G of order w € (0,1) are given by

BKp w _l-w pw ' G
A d'l"]r 9(7’) = mg(r) + B(w)F(w) /dl (’I"p _ Zp)l—w

—1

9(2)dz, r>dy,

and

ABKp qw 1w pw d2 2P
Zfﬁ“*Jm@%”+m@nml (7 i)z T < dy,

where p > 0 and B(w) > 0 satisfies the property B(0) = B(1) = 1.

Recently, Kermausuor and Nwaeze also introduced another generalization of the
Atangana-Baleanu fractional integrals called the k-Atangana-Baleanu fractional inte-
grals as defined below.

Definition 2.5 ([21]). The left- and right-sided k-Atangana-Baleanu fractional inte-
gral operators of a real-valued function G of order w > 0, are defined as

/dr(r — 2)F1G(2)dz,  r>dy,

1

Ml S(r) = 1_;9(0 - kB(wL)UFk(w)

and

w

Pkl S = ;@;9(7”) - /’ﬂB(c:)qu(W) /rdz(z — 1) 71G(2)dz, T < dy,

where k£ > 0 and B(w) > 0 satisfies the property B(0) = B(1) = 1.

As mentioned in the introduction, several fractional integral inequalities have been
established by utilizing the aforementioned fractional integrals. For instance, by uti-
lizing the Atangana-Baleanu fractional integral operators, Fernandez and Mohammed
[12] established the following generalization of the Hermite-Hadamard inequality.

Theorem 2.1. If G : [dy,ds] — R is convezx on [dy,d3] and G € L1([dy,d3]), then the

inequalities

9<%;@>Sm( S (715 5(da) + 71 S(d)]

hold for w € (0,1).

Similarly, Kashuri presented the following generalization of the Hermite-Hadamard
inequality by utilizing the ABK-fractional integrals.
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Theorem 2.2. Let w € (0,1) and p > 0. Let G : [d},d5] — R with 0 < dy < dy be
a conver function. Then, the following inequalities for the ABK-fractional integrals

hold:

2(db — di)” g di + dj
B(w)l'(w+ 1)p?=r 2
<AL L S(ds) + PR TS (dY)

(05— 4 (L= ) (o
< (VAR A=) fg(a) + st

To end this section, we present the definition of s-convex functions in the second
sense.

Definition 2.6 ([7]). Let s € (0,1]. A function §: I C R — R is said to be s-convex
in the second sense on I, if

G(roy + (1 —7)d2) <r°G(d1) + (1 —r)°G(d2),
for all 41,8 € I and r € [0, 1].

1—w o o
) + ey 9t + S(@)

Remark 2.1. If s = 1 in Definition 2.6, then we have the classical definition of a convex
function.

3. MaAIN RESuULTS

We commence by defining the new fractional integrals that generalize the Atangana-
Baleanu fractional integrals.

Definition 3.1. Let di,dy; € R with d; < dy and let ¥ be a strictly increasing and
positive function on [dy, ds], having a continuous derivative ¢’ on (dy,dy). The left-
and right-sided -Hilfer-Atangana-Baleanu (HAB) fractional integral operators of a
real-valued function G of order w > 0, are defined as

1 —w w r

TAB L I2G(r) = m%r} + B@)l(@) /d1 (W(r) = ()W (2)S(2)dz, > di,

and

1l-w w

HEIES() = TS0+ G | ) @SR <

where B(w) > 0 is a normalization function and satisfies the property B(0) =
B(1) =1.
Remark 3.1. If ¢(t) = t in Definition 3.1, then we have the Atangana-Baleanu frac-

tional integral operators, and if ¢(t) = %, p > 0, then we have the ABK-fractional
integral operators.

Next, we investigate the Hermite-Hadamard inequality by utilizing the -Hilfer-
Atangana-Baleanu fractional integral operators. In what follows, we assume that 1
meets the requirements of Definition 3.1.
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Lemma 3.1. For u < v, we have
(3.1)

Dot — T:B(W)F(W) HAB jw o 1w y
[ 9t (1= = B a5, (0 )07 0) - 590
and
(3.2)

[t = = ZE s (0070 50

0 wv —p)« vTe)T B(w) '

Proof. By using change of variables with x = ru + (1 — r)v, we have

1 1 v
3.3 / w=lG(py + dr = / v— ) 'S(x)dz.
(3.3) ; (rp+ (1 —ry) (V—M)“’u( )*75(x)
Since 1) is strictly increasing on [u, ] and hence has an inverse, we deduce that for
any x € [, v], © = (z) for some z € [u, v]. So using change of variables again with
x =1(z) in (3.3) and Definition 3.1, we have
1 1 v

/ ™ 1G(rp+ (1 —r)v)dr = / (v —2)* 'G(x)dx
0 M

(v = p)*
s [ W) — R 9w

_BIw) [HABM;;W@ 0 ) (47 (v))

w(v — p)*
1—w

- Lo nw v

This proves the identity in (3.1). The identity in (3.2) is obtained by using a similar
argument. U

Theorem 3.1. Let 0,¢ € R with § < € and G : [§,e] = R be an s-convex function in
the second sense. Then, the inequalities

2°(e —0) (€46 1—w
st (7)) + e 90+ 50

<TAB LI a5 (S o)W () + TPy Iy (- (S0 ) (w™1(0))

'
w(e—0) (1 1-w
(34) = | B(w)I'(w) <w + s + Blw, s+ 1>) * B(CU)] 50+ 50

it 25 )

<A I (S o)W () + TP ULy (- (S o) (vT1(9))
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W

<[ty (s + B+ 1) + 55| 1560+ 500)

(38:5) B(w)I'w) \w+ s B(w)

hold for w € (0,1), where B(-,-) is the beta function defined by

B(x,y) /tml t)vtdt.

Proof. Under the condition of s-convexity in the second sense of G on [4, €], it follows
that for any pi,ps € [6, €

(3.6) ; >

If we take p; = re+ (1 —r)d and py = (1 —r)e+rd for r € [0,1] in (3.6), then we get

g <p1 +pz> < S(p1) + S(p2)

(3.7) 2°G <€;5> < G(re+ (1 —7r)8) + S((1 —r)e+rd).
Multiply (3.7) by FEIINe] r*~1 and integrate with respect to r over [0,1] to obtain
2° €+9 w Lo B
Bl)T(w) ( 2 ) S BW)Tw) f) 7S e+ (1= sy
w 1
(3.8) + (wF(w)/ r71G((1 = r)e + rd)dr.

Using Lemma 3.1 and the inequality in (3.8), we get
25(e—0)  [e+ 1-—w
st (7)o + sl
(3.9) <HAB LIS 5+ (G o) (7€) + AP LI - (G 0 ) (171(9)).

This proves the first inequality in (3.4). Now, since § is s-convex in the second sense,

we have G (6”) < W. Hence, from (3.9), we have

2°(e—9)*  2°(1 —w) €+0
o w85
<HAB LIS 5y (S o ) (W) + AP LT (- (S o ) (¥H(9)).

This establishes the first inequality in (3.5). To estabhsh the second inequality in both
(3.4) and (3.5), we note that, if G is s-convex in the second sense, then for r € [0, 1],
it follows that

(3.10) G(re+ (1 —r)0) <r°G(e) + (1 —r)°G(0)
and
(3.11) G((1 —r)e+1rd) < (1 —r)*Y(e) +r*3(0).

Adding (3.10) and (3.11), we obtain
(3.12) Gre+(1—=7)0) +G((L —=r)e+70) < (r*+ (1 —1r)*)[5(5) + S(e)].
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Multiply (3.12) by %r“’_l and integrate with respect to r over [0, 1] to get

B(w)'(w
—W[9(5)+9(6)]/0 rL s 4 (1 — ) dr
(3.13)
w 1
90 + 50 (55 + Bles 1),

Using Lemma 3.1, we deduce from (3.13) that
HAB 15 5+ (G o )@ H(€) + TP 4 I5 -1 - (G o ) (¥ 1(0))

w(e—9)~ 1 l—w
By 190) + 8 (G + Bl +1)) + FS1(6) + (0]
(3.14) = [;EZJ)_FZ) (w 1+ -+ B(w,s + 1)) 4 2@‘;] 15(8) + 5(e)].
This proves the second inequality in both (3.4) and (3.5). O

Corollary 3.1. Let 6,e € R with 6 < € and G : [d,¢] — R be a convex function. Then,
the inequalities

20 =090 [e+0 l-—w
mmnm9<2 )*Bwﬂ““+“m
SHAB IS (S o) () + B LI (G 0 ) (6 (8))

(=06  1-w
| B(w)T'(w) * B(w)] [S(7) + S(w)]

(3.15) <

and

o a8 (%)

<HAB LIS 2 5y+ (G o ) (@7 (€)) + APy I5-1 - (S 0 ) (v 1(0))

[ (e—0)* 1—w
| B(w)I'(w) T B(w)] 1G(6) + S(e)]

hold for w € (0,1).
Proof. Take s =1 in Theorem 3.1. O

(3.16) <

Remark 3.2. If we take ¢ (t) =t in Corollary 3.1, then the inequality (3.16) reduces
to the inequality in Theorem 2.1 and if we take ¥(t) = %, p > 0, in Corollary 3.1,
then the inequality (3.15) reduces to the inequality in Theorem 2.2 with some slight
modification to the endpoints of the interval.
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Below, we introduce some new inequalities of the midpoint and trapezoidal types for
functions whose derivatives, in absolute value raised to certain nonnegative powers,
are s-convex in the second sense, using the -Hilfer-Atangana-Baleanu fractional
integrals. To accomplish this, we first establish the following key identities involving
these fractional integrals.

Lemma 3.2. Let §,e € R with § < € and G : [§,w] — R be a function. If G is
differentiable and §' € L1([d, €]), then the equality

(€e—0)“+ (1 —w)l'(w)
(o) lo@+ 5]

TAB I3y (§ 0 V) (WTHE) + TP T - (G 0 ) (7 (6))

(3.17) :%/O [(1—7)* =79 (réd + (1 —r)e)dr

holds for all w > 0.

Proof. Utilizing the technique of integration by parts, change of variables and Lemma 3.1]
we get

/01(1 — )G (8 + (1 — r)e)dr

=500 - P06 + (1 — r)e)dr

:iég(e) _5/0 971G (ke + (1 — £)3)dt

— L5500 - PO (o 0) - s
Thus.

[ = s+ (1= year
318 =550 - (I I L (G0 uw6) - F550)]
Using a similar reasoning, we can conclude that
[ 966+ (1= )

319) == 590) + P [T (S0 )0 - 500

The identity in (3.17) can be achieved by multiplying the identities in (3.18) and
(3.19) by &

Blw )F(+), and then subtracting the resulting equations. 0
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Lemma 3.3. Let §,e € R with § < € and G : [6,¢] — R be a function. If G is
differentiable and §' € Li([d, €]), then the equality

A LT sy (G 0 D)) + AP, sy (G0 ) (67 (6))]

(o (7)o oo+ s

:SBE(;)(SF)Z) l/om PG+ (1 — r)e)dr — /1;(1 )G s+ (1 — r)e)dr]

holds for all w > 0.

(3.20)

Proof. Utilizing the technique of integration by parts, we get

1/2
/0 G (réd + (1 —r)e)dr

w 1/2

=58 (=) = [ (=
1 0+e w 2
:2w(5_6>9< ] >_ (5_6)/0 r1G(r8 4 (1 — 1)e)dr

1 0+e€ w € ot
:2‘“((5—6)9< 2 >+(6_5)w+1 /5;5(6—2’) §(2)dz
1 0+e€
:_2“(6—5)9< 2 )

! m [HABM@W%V(S o) (¥ (€)) - 9(6)] .

So,
(3.21)

/01/2 G (rd + (1 —r)e)dr
T 2“’(61— ) 9 <5 ; E) - i(f);g [HABWEU —1(3ke)) H(Go) (W (e) — 1_;)9(6)] .
Similarly,
(3.22)

[ (=S5 + (1= r)eydr

/2
B 1 0+e B B(w)f‘(w) HAB v ) B - 1_700
= Qw(e — 5)9 ( 2 > (6 — 5>w+1 [ w] CD) (9 ¢)(¢ ((5)) B( )9( )1

The identity in (3.20) can be achieved by multiplying the identities in (3.21) and

(3.22) by % and then taking the difference between the resulting equations. [
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Now, employing Lemma 3.2 and Lemma 3.3, we derive the following Hermite-
Hadamard type inequalities.

Theorem 3.2. If § meets the conditions of Lemma 3.2 and |9'| is s-convex in the
second sense, then the inequality

(i) s +s0)

8 (50 007 + 5T (G0 )60

(e = )< [15'(9)] + 19" (o)
- B(w)l(w)

1 1
3.23 —
(3:23) +w+s+1 2w+8(w+s+1)>

holds for w € (0,1), where B, (-,-) is the incomplete beta function stated as
(3.24) B, (z,y) :/ =11 — )L,
0

(w+1,s+1)

1
2

(IB%; (s+1l,w+1)—B

Proof. Utilizing the identity in (3.17) and the s-convexity in the second sense of ||,
we derive

(2 [s0)+ 500)

— | "B Iy 5y (S0 ) (W (€) + AP L1 - (G o ¢)(¢_1(5))} ‘

(6 - 5)w+1 ! w w s|e! s|e!
(3.25) SB(w)F(w)/o (1= ) = | (]S (0)] + (1= )19 (0)] ) dr
Now, we observed that for r € [0,1],

>
(1= — >0, forrel0,1/2],
<0, forre(1/2,1],

and hence
1

1 1/2
J A e e A (S e Tl N (e (RO WA
0 0 1/2
1/2 1/2
e R e e A (e A (RO
0 0
) 1
205t (w4 54 1)
. 1 1
wt+s+1 29tstl(w+s+1)
:B%(s—i—l,wjtl)—]B% (w+1,s+1)

1
2

—]B%(w%—l,s—l—l)
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(3.26) P !
' wH+s+1 2¢t(w4s+1)
Similarly,
1
/|(1—r)°’—r“’|(1—r)sdr:IB%%(s+1,w+1)—E%(w—i—l,s%—l)
0
1 1
3.27 _ .
(3:27) +w—|—s+1 29ts(w+ s+ 1)

The desired inequality in (3.23) is obtained by substituting (3.26) and (3.27) in
(3.25). O
Corollary 3.2. If G meets the requirements of Lemma 3.2 and |9'| is convezx, then
the following inequality holds:

(e—0)“+ (1 —w)l(w)
(o) lo0+ 5]

— |TAP LI 5y (G o) (U (€) + AP I 1 - (G o w(wl(é))} |
(e =)+ {|9/(5)| + |9/(€)|} 1 1
( ;)

3.28 < _
(3:28) - B(w)l'(w) w1l 29w+1
for w € (0,1).
Proof. Take s =1 in Theorem 3.2. O

Theorem 3.3. If G meets the requirements of Lemma 3.2 and |§'|?, q¢ > 1, is s-convex
in the second sense, then inequality

(e—0)“+ (1 —w)l(w)
(e ) loo+ s

= [ L+ (8 0 )W) + AL - (S 0 ) (7 ()] ]

<<e5>w+1(9'<6>q+9'<e>q)3< S )

- B(w)I'(w) w+1l 2¢w+1)
><(B;(s+1,w—l—1)—B;(w+l,s+1)

3.29 ! ! '

(3:29) +w+s+1_2‘“+5(w—l—s—|—1)>

holds for w € (0,1), where B,(-,-) is the incomplete beta function defined in (3.24).
Proof. Utilizing the identity in (3.17) and the power-mean inequality, we derive

(e—=90)“+ (1 —w)l(w)
( Bl (@) ) 5 +5e)
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A8 (90 967 + 5T G0 )60

sm (/01\(1—7”)“’—7‘“’\(17”) E
(3.30) « (/01 (=) =g/ (5 + (1 = r)e)rar )

Using the s-convexity of |§'|9 and a reasoning similar to the one in the proof of
Theorem 3.3, we can conclude that

[ 1= =158 + (1 = o ar

<(I5@G)1" + '(e)l?) <]B%é (s+Lw+1)—Bi(w+1,s+1)

(3.31) + ! ! )

wHs+1 2 (w4 s+1)

1
2

In addition,

(3.32) /01‘(1—r)“’—r“"dr:2<w_1i_1—2w(w1+ 1)>.

The desired inequality in (3.29) is obtained by substituting (3.31) and (3.32) in (3.30).
U

Corollary 3.3. If G meets the requirements of Lemma 3.2 and |9'|%, ¢ > 1, is conver,
then the inequality

(e—90)+ (1 —w)l(w)
( Bl (@) ) 9 +5(0)

- [HAsz]fZl(w(S o) (¢~ (e)) + AP LIS (- (G0 w><w—1(6>>} |

2175 — 5wt "5\ / q %
cay <9 IS@r+5©1) (1 1
B(w)I'(w) w+1l 2¢w+1)
holds for w € (0,1).
Proof. Take s = 1 in Theorem 3.3. O

Theorem 3.4. If G meets the requirements of Lemma 3.3 and |9'| is s-convex in the
second sense, then the inequality

HAR L s (G0 D)) + AT sy (G0 0)(07(8))]

2

(s () + s+ 00 )
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san < O (1'(0)] + 19 (o)) ( 1

B(w)I'(w) 2utstl(w 4+ s+ 1)
holds for w € (0,1), where B,(-,-) is the incomplete beta function defined in (3.24).

+ B (w+1,3+1)>

Proof. Using Lemma 3.3 and the s-convexity in the second sense of |G|, we obtain

HAR L s (G0 D)) + AT sy (G0 0)(071(6))]

<2w EB( ; o )9<6+5>+;@°;[9<6>+9<e>])|

(6_5)w+1 1/2 w+s| ! s . wlo!
<o L s @l =il

. / (= PRI+ (= =gl

w+1 1
[|9’ ( rtdr + | (11— T)“rsdr>

1/2

1/2 s w ! w—+s
+19'(e (/0 - dr + 1/2(1—7“) dr)]
w+1
[|9/ ( w+sdr+/ tw t)sdt>
+1G'(e (/1/2 (1—r)° ‘”dr+/ t“*sdtﬂ
0

w+1(|91 )+ |/ (e > 1

B
B(w)T () <2w+5+1(w st

N|=

(w+1,s+1)).

O

Corollary 3.4. If G meets the requirements of Lemma 3.3 and |9'| is convezx, then
the inequality

HAR L s (G0 D)) + AT ssey (G0 0)(07(0))]

2

<2w <13<f>;< )9(635) " ;?wj[9<6>+9<e>})|

(=91 (196) + 19/0)1)
- 2t (w+1) Bw)(w)
holds for w € (0,1).

(3.35)

Proof. Take s =1 in Theorem 3.4. O
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Theorem 3.5. If G meets the requirements of Lemma 3.3 and |9'|?, ¢ > 1, is s-convex
in the second sense, then the following inequality holds:

HAR I g (G 0 D)) + AT ssey (S0 0)(07(8))]
B (e —d)” €+ 0 1—w .
(o () Ferlso+se))]

SE@F)Z; <2w+1<c1u T 1>>1_;

(2

205 (w4 54 1) 2

Q=

(wt1s+1) |9’<e>|q)

(336)  + (IB%; (+1,5+1)|9(8) + 2w+s+|15(3$€ﬂq8 : 1)) s ]

forw € (0,1), where B,(-,-) is the incomplete beta function defined in (3.24).

Proof. Utilizing Lemma 3.3, the power-mean inequality and the s-convexity in the
second sense of |§'|?, we derive

HAB LTS sy (G0 )W) + B L s (o) ))}
<2w SB(j;;( )9(6‘2“5) " 2{5[9“)*9(6)})‘
+ (/1;(1 - r)wdr>1}1 (/;2 ((1 — ) ri|g @)1+ (1 - r)“’“!?(e)\") d?") ]
e ) (7 (0 resor)e)

+(ﬂ;(u._m%ﬂgwnw+(1_Tyﬁuﬂdw>m>q]

gwﬁ:i@wwi+nyql<wﬁﬂéll+nfﬁ

T (B (Wt 1s+1)|9@)+ 2+9<fj1 T 1>) E ]

1

(ot 1st1) |9'<e>rq)"

N

N
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Corollary 3.5. If § meets the requirements of Lemma 3.3 and |5'|?,q > 1, is conver,
then the inequality

HARF s (G 0 D)) + AT ssey (S0 0)(07(8))]
(=i (557) + slo 50|

<o (e 1>>11
" K?“E/((j)f ) " <2w+1 (iu 1) e (i, ¥ 2)> I9’<e>IQ>

! 1 , E{CIRY
_ ¢ _J\I1T
S <<2w+1 W+l 27w 2)) SO 1)
holds for w € (0,1).
Proof. Take s =1 in Theorem 3.5. O

Theorem 3.6. If G meets the requirements of Lemma 3.3 and |9'|?, ¢ > 1, is s-convex
in the second sense, then the inequality

HAB I8 s, L(Go) (Wl (e) + 4B, Iy (Soiﬁ)(?ﬁ ())}

<2w (lB<w>>r< & (6—55> + B8O+ M) ‘
(3.38)

Sg(;)ér):;; <2wp+1(i;p+ 1))117 [(?El(f)fl) i (s i 1 28“(i + 1)) ‘9/(€)|q>

1 1 N LGOIk @
+ ((s—l—l - 2s+1(s+1)> 1560)] +25+1(s+1>> ]

holds for w € (0,1) and p > 1 such that % + % =1.

1

1

Proof. Using Lemma 3.3, the Holder’s inequality and the s-convexity in the second
sense of |99, we have
[HAB J®

sy (GO VW) + T ) (G0 0)((0))]
(e —d)” €+0 1 —w
<2w D)l >9< )* B(w) {9“”9(6’}”

([ ) ([ (500 0 i)
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+([ 0 r)Wpdr)’l’ ([, (5@ +a- r>5\9’<e>\q)dr)3]
:g(;)ar):; (2“’1’“(@1019—1— 1)>p [(28‘3/((51(11) " <si1 a 25“(2 + 1)) |9/(6)|q>

(- rremor 5] |

Corollary 3.6. If G meets the requirements of Lemma 3.3 and |9'|?, ¢ > 1, is conver,
then the inequality

Qe

HAR I g (G 0 D)) + AT ssey (S0 0)(07(8))]

<2w SB( e >9<€+5>*2@6;[9(5”9(6)})‘

€e—90 w+1 4 % , , q
AP
a3+ (eI +gr) ]

holds for w € (0,1) and p > 1 such that }% + % =1.

Q=

Proof. Take s = 1 Theorem 3.6. O

4. CONCLUSION

In this study, we first introduced the definitions of some new fractional integral
operators referred to as i-Hilfer-Atangana-Baleanu (¢-HAB) fractional integral op-
erators. As indicated in Remark 3.1, these newly defined fractional integrals are
generalizations of the Atangana-Baleanu and ABK fractional integrals. Next, we es-
tablished a generalized version of the Hermite-Hadamard inequality for functions that
are s-convex in the second sense via the ¥-HAB fractional integral operators. Finally,
we investigated some fractional integral inequalities of the Hermite-Hadamard type
involving the ¢-HAB fractional integrals for functions whose derivatives in absolute
value to some nonnegative powers are s-convex in the second sense. Some particular
cases of the main result were presented.

Acknowledgements. The authors express deep gratitude to the anonymous referees
for the time they took to review this paper. We appreciate your comments and
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manuscript.
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