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EXISTENCE RESULTS FOR DOUBLE PHASE PROBLEM
INVOLVING FRACTIONAL OPERATORS AND SINGULAR

NONLINEARITY

RYM CHAMMEM1, ABDELJABBAR GHANMI2, AND MAHFOUDH MECHERGUI1

Abstract. The purpose of this paper is to extend some existing results related
to the fractional Laplacian operator to a more general fractional operator. More
precisely, we combine the variational method with the min-max problem, to study
the existence of solutions for some singular problems with double-phase nonlocal
operators. To validate our main results an illustrative example is presented.

1. Introduction

One of the key operators in the field of harmonic analysis and partial differential
equations is the fractional Laplace operator which may be defined as

(1.1) −(−∆)su(x) = 1
2

∫
RN

u(x + y) + u(x − y) − 2u(x)
|y|N+2s

dy,

where N > 2s and s ∈ (0, 1). Indeed, the elliptic partial differential equations
approach in a nonlocal framework has recently been used very often in Ambrosetti et
al. [2], Ghanmi [19], Nezza et al. [28], Saoudi et al. [31], Servadei [32], Servadei and
Valdinoci [33] and Servadei et al. [34]. Also, we note that the interest in this operator
has increased considerably, given its importance and its rigorous applications in several
fields including, in particular, the mechanics of continuous media, phase transition
phenomena, population dynamics, for more applications, financial mathematics, see
for example Autuori and Pucci [3], Barrios et al. [5], Cabre and Tan [7], Caffarelli and
Silvestre [8], Capella [9], Dong and Kim [15], Servadei [32] and references therein.

Key words and phrases. Elliptic equation, variational method, min-max, nonlocal operator, sin-
gular problem.
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Many authors use several methods to study problems of the type:(−∆)su = f(x, u), in Ω,

u = 0, in RN\Ω,
(1.2)

where N > 2s, 0 < s < 1, Ω ⊂ RN is a bounded smooth domain, we refer the inter-
ested readers to the papers of Teng [35] (Critical point theory for non-differentiable
functionals), [36] (Extending three-critical-points theorem), Wu et al. [38](Stampac-
chia truncation method and the Leray-Schauder fixed point theorem).

Recently, several researchers have been concentrated on the generalization of the
fractional Laplace operator Servadei and Valdinoci [33] use a more general non-local
operator LK to study the following elliptic problemLKu = f(x, u), in Ω,

u = 0, in RN\Ω,
(1.3)

where K : RN \ Ω → (0, +∞) is a function satisfying some appropriate assumptions,
f ∈ C1(Ω×R), and LK is a nonlocal operator which generalizes the fractional Laplacian
one and defined as follows:

(1.4) LKu(x) = 1
2

∫
RN

(u(x + y) + u(x − y) − 2u(x)) K(y)dy.

By using the Mountain Pass Theorem they showed the existence of a non-trivial
solution.

We note that the operator LK is a generalization of the operator −(−∆)s in the
sense that if K(x) = |x|−(N+2s) then LK = −(−∆)s.

Next, many authors developed some problems like (1.3), we mention the works of
Caffarelli and Silvestre [8], Chammem et al. [10, 11], Saoudi et al. [31], Servadei [32].

Very recently, Ghanmi and Saoudi [21] studied the following singular problemLKu = a(x)
uγ + λf(x, u), in Ω,

u = 0, in RN\Ω,
(1.5)

where 0 < γ < 1, λ > 0, a ∈ C(Ω) and h ∈ C1(Ω̄ × R). They showed (using the
method of Nehari manifold) the existence of λ0 such that for all λ ∈ (0, λ0), the
problem (1.5) admits two nontrivial weak solutions. For the interested readers, other
singular problems like (1.5) can be found in [12,16,17,20–23,27,37].

In recent years, problems involving mixed mixed-fractional Laplacian (double phase
problems) operators attracted the attention of several researchers. In particular,
Huyuan et al. [25] considered the following problem(−∆)s1u = λ ((−∆)s2u + µu) , in Ω,

u = 0, in RN\Ω,

where 0 < s2 < s1 < 1 and N > 2s1. They proved that the above problem admits a
sequence of nontrivial solutions. More recently, Giacomoni et al. [24] developed the
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following interesting problem

(1.6)

(−∆)s1
p u + (−∆)s2

q u = f(x), in Ω,

u = 0, in RN\Ω,

where 1 < q ≤ p < +∞, 0 < s2 ≤ s1 < 1 and f ∈ L∞
loc(Ω). The fractional p-Laplace

operator (−∆)s
p is defined as

(−∆)s
pu(x) = 2 lim

ϵ→0

∫
RN \Bϵ(x)

|u(x) − u(y)|p−2(u(x) − u(y))
|x − y|N+ps

dy.

They study the Hölder continuity results and maximum principle for weak solutions
to the problems (1.6).

We note that in general, double phase differential operators and corresponding
energy functionals appear in several physical applications for example in the elasticity
theory see Zhikov [39] and in other applications which can be found in the works of
Bahroumi et al. [4]. Also, we note that double-phase problems appear in rigorous
journals, we cite for example the papers [14,18,29,30,40], and the references therein.

Inspired by the above-mentioned works, in this paper we study the following problem

(Qλ)

LK1u + LK2u = b(x)
uγ − λh(x, u), in Ω,

u = 0, in RN\Ω,

where Ω ⊂ RN , N > 2, is a bounded smooth domain, h ∈ C1(Ω̄ × R), λ ∈ R and
0 < γ < 1.

In the rest of this paper, the letter i will denote the integers one or two and we
suppose that the function Ki : RN \ {0} → (0, +∞) satisfies the following hypotheses:

(N1) min{|x|, 1}Ki ∈ L1(RN);
(N2) there exists µi > 0 such that for all x ∈ RN\{0} we have

Ki(x) > µi|x|−(N+2si), si ∈ (0, 1);

(N3) Ki(x) = Ki(−x), for any x ∈ RN\{0}.
We mentioned that the function Ki(x) = |x|−(N+2si) satisfies the above conditions.
Also, we mentioned that the problem (Qλ) is studied by M. Chhetri et al. [13] in the
case when LK1 = LK2 = |x|−(N+2s), b = 0 and λ < 0.

Hereafter, we put s = min{s1, s2} and we assume that the function b satisfies:

(1.7) 0 < b ∈ L
β

β+γ−1 (Ω), 1 ≤ β < 2∗ := 2N

N − 2s
.

The double-phase problem (Qλ) is inspired by various models in mathematical physics.
For example, consider the fourth-order relativistic operator

φ 7→ div
(

|∇φ|2

(1 − |∇φ|4) 3
4
∇φ

)
,
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which characterizes a wide range of phenomena in relativistic quantum mechanics. If
we apply Taylor’s formula to the function y2(1 − y4)− 3

4 , then we can approximate the
last operator by the following double-phase operator

φ 7→ ∆4φ + 3
4∆8φ.

The main body of the paper is organized as follows. In Section 2, we recall some basic
definitions and collect some variational settings. Next, we study the existence and
the multiplicity of solutions of problem Qλ, in Section 3 for the case λ < 0, and in
Section 4 for the case λ ≥ 0. To illustrate the validity of the main results, an example
is given in Section 5.

2. Preliminaries and Variational Setting

In this section, we collect and introduce some results related to the variational
setting for the problem (Qλ). First, we introduce the fractional Sobolev space

Hs(Ω) =
{
u ∈ L2(Ω) : [u]s,2 < +∞

}
,

with the norm
||u||Hs(Ω) = |u|L2(Ω) + [u]s,2,

where

[u]s,2 =
(∫

Ω

∫
Ω

|u(x) − u(y)|2
|x − y|N+2s

dxdy

) 1
2

is the Gagliardo norm. For a detailed account on the properties of Hs, we refer the
reader to [1, 28].

Denote T = R2N \ D, with D = (Ωc) × (Ωc) ⊂ R2N , such as : (Ωc) = RN \ Ω. We
denote by O = {u : RN → R Lebesgue measurable}. We define the space

Xi =
{

u ∈ O : u\Ω ∈ L2(Ω) and (u(x) − u(y))
√

Ki(x − y) ∈ L2(T)
}

,

with the norm

||u||Xi
= ||u||L2(Ω) +

(∫
T

|u(x) − u(y)|2Ki(x − y)dxdy
) 1

2
.

We consider the following space:
Fi = {u ∈ Xi : u = 0 a.e. in RN \ {Ω}},

with the norm
||u||Fi

=
(∫

T
|u(x) − u(y)|2Ki(x − y)dxdy

) 1
2

.

We stress that (Fi, || · ||Fi
) is a Hilbert space [33]. Also, C2

0 (Ω) ⊂ Fi, Xi ⊂ Hs(Ω) and
Fi ⊂ Hs(RN).

Theorem 2.1. For all 1 ≤ β < 2∗, the injection Fi ↪→ Lβ(Ω) is continuous and
compact.
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Put F = F1 ∩ F2. Then, we obviously have that (F, || · ||F ) is a Hilbert space, with
||u||F = ||u||F1 + ||u||F2 .

Moreover, for 1 ≤ β < 2∗, the embedding
(2.1) F ↪→ Lβ(Ω) is continuous and compact.

Remark 2.1. Let u ∈ F . Then, we have
(i) ||u||Fi

≤ ||u||F ;
(ii) 1

2 ||u||2F ≤ ||u||2F1 + ||u||2F2 ≤ ||u||2F ;
(iii) according to 2.1, if we note that Sβ is the best Sobolev constant, then we have∫

Ω
|u|βdx ≤ Sβ||u||βF .

To use the variational method to prove the existence of solutions in F , we define
the energy functional ϕλ : F → R associated to problem (Qλ) by:

(2.2) ϕλ(u) = 1
2 ||u||2F1 + 1

2 ||u||2F2 + λ
∫

Ω
H(x, u)dx − 1

1 − γ

∫
Ω

b(x)|u|1−γdx,

where
(2.3) H(x, u) =

∫ u

0
h(x, s)ds.

We say that u ∈ F is a weak solution of problem (Qλ), for every v ∈ F , we have∫
T

(u(x) − u(y))(v(x) − v(y))(K1(x − y) + K2(x − y))dxdy

=
∫

Ω
b(x)u−γv(x)dx − λ

∫
Ω

h(x, u(x))v(x)dx.

Now, we aim to study the existence and the multiplicity of solutions to problem (Qλ)
by using variational methods [6, 26].

3. Existence Result for λ < 0

In this section, we will present and prove the first main result of this paper. For
this aim, we shall consider the following hypotheses.
(M1) There exist f ∈ Lr(Ω) continuous function and 1 < q < 2 < N

s
< r such that

h(x, t) ≤ Cf(x)|t|q−2t, a.e. x ∈ Ω, t ∈ R,

where C is a positive constant.
(M2) There exists Ω′ ⊂ Ω with |Ω′| > 0 such that

h(x, t), f(x) > 0, in Ω′.

The first main result of this paper is the following theorem.

Theorem 3.1. Assume that (M1) and (M2) hold. If λ < 0, then problem (Qλ) has
at least one nontrivial weak solution with negative energy.

To prove Theorem 3.1, we need to prove several lemmas.
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Lemma 3.1. Let λ < 0 and under assumption (M1), the functional ϕλ is coercive
and bounded below on F .

Proof. Let u ∈ F . Then, using (1.7) and (2.1) and Hölders inequality, we obtain∫
Ω

b(x)u1−γdx ≤ ||b|| β
β+γ−1

||u||1−γ
β ≤ S1−γ

β ||b|| β
β+γ−1

||u||1−γ
F .(3.1)

Consequently, from (3.1), we have

ϕλ(u) ≥ 1
2 ||u||2F1 + 1

2 ||u||2F2 + λ
∫

Ω
H(x, u)dx − S1−γ

β ||b|| β
β+γ−1

||u||1−γ
F

≥ 1
4 ||u||2F + λ

∫
Ω

H(x, u)dx − S1−γ
β ||b|| β

β+γ−1
||u||1−γ

F .(3.2)

On the other hand, from (M1) and Hölders inequality, we get∫
Ω

H(x, u)dx ≤ C

q

∫
Ω

f(x)|u|q(x)dx ≤ C

q
||f ||r||u||qqr′ ,(3.3)

where r′ is such that 1
r

+ 1
r′ = 1.

Note that, from (M1), we have

(3.4) 2∗ − qr′ = Nr(2 − q) + 2(qrs − N)
(N − 2s)(r − 1) > 0.

From (3.3), applying (2.1), we get

(3.5)
∫

Ω
H(x, u)dx ≤ C1||f ||r||u||qF ,

for some positive constant C1.
Finally, combining (3.2) and (3.5) and since λ < 0, we get

ϕλ(u) ≥ 1
4 ||u||2F + λC1||f ||r||u||qF − S1−γ

β ||b|| β
β+γ−1

||u||1−γ
F .

Since, 2 > q > 1 − γ, we infer that ϕλ → +∞ if ||u||F → +∞. So, the functional ϕλ

is coercive and bounded from below on F . That gives the proof of Lemma 3.1. □

Lemma 3.2. Let λ < 0 and assume that assumption (M2) holds, then there exists
e ∈ E with e > 0 such that ϕλ(te) < 0 for all t > 0 small enough.

Proof. Let e ∈ C∞
0 such that supp(e) ⊂ Ω′ ⊂ Ω, e = 1 in a subset Ω′′ ⊂ supp(e) and

0 ≤ e ≤ 1 in Ω′. Using assumption (M2), Remark 2.1 and the fact that λ < 0, we get

ϕλ(te) = 1
2 ||te||2F1 + 1

2 ||te||2F2 + λ
∫

Ω
H(x, te)dx − 1

1 − γ

∫
Ω

b(x)|te|1−γdx

≤ 1
2t2||e||2F + λ

∫
Ω

H(x, te)dx − 1
1 − γ

t1−γ
∫

Ω
b(x)|e|1−γdx

≤ 1
2t2||e||2F + λ

∫
Ω′

H(x, te)dx − 1
1 − γ

t1−γ
∫

Ω
b(x)|e|1−γdx.
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Therefore, we obtain

ϕλ(te) ≤ t2 1
2 ||e||2F − t1−γ 1

1 − γ

∫
Ω

b(x)|e|1−γdx

≤ t1−γ

(
t2+γ−1 1

2 ||e||2F − 1
1 − γ

∫
Ω

b(x)|e|1−γdx

)
.(3.6)

Since ||e||2F > 0 (if ||e||2F = 0, then e = 0 in Ω, which is a contradiction). Finally, if t
is such that 0 < t < min{1, t0}, then from equation (3.6), we get ϕλ(te) < 0, where t0
is given by

t0 =
 1

1−γ

∫
Ω b(x)|e|1−γdx

1
2 ||e||2F

 1
2+γ−1

.

□

In the sequel, we put
(3.7) mλ = inf

u∈F
ϕλ(u).

Lemma 3.3. Let λ < 0. Under assertions (1.7) and (M1)-(M2), the function ϕλ

reaches its global minimizer in F , that is, there exists vλ ∈ F such that
ϕλ(vλ) = mλ < 0.

Proof. Let {vn} be a minimizing sequence, then ϕλ(vn) → mλ. We claim that {vn} is
bounded in F .

Indeed, if {vn} is not bounded in F , so ||vn||F → +∞ as n → +∞. Since ϕλ is
coercive,

ϕλ(vn) → +∞, as ||vn||F → +∞.

This contradicts the fact that {vn} is a minimizing sequence. Therefore, {vn} is
bounded in the reflexive space Fi. Then, from Theorem 2.1, up to a subsequence, still
denoted by {vn} there exists vλ ∈ Fi, such that

vn ⇀ vλ weakly in Fi,

vn → vλ strongly in Lβ(Ω),
vn → vλ a.e in Ω.

We begin by proving that ϕλ is weakly lower semi-continuous on F . So, we begin by
remarking that from the fact that vn ⇀ vλ weakly in Fi, then we have
(3.8) ||vλ||Fi

≤ lim inf
n→+∞

||vn||Fi
.

Next, by Vitali’s Theorem [39], we can claim that

(3.9) lim
n→+∞

∫
Ω

b(x)|vn|1−γdx =
∫

Ω
b(x)|vλ|1−γdx.

Indeed, we only need to prove that{∫
Ω

b(x)|vn|1−γdx : n ∈ N
}

,
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is equi-absolutely-continuous.
Let ε > 0. Then, by the absolutely-continuity of

∫
Ω |b(x)|

β
β+γ−1 dx, there exists α > 0

such that ∫
Ω3

|b(x)|
β

β+γ−1 dx < ε
β

β+γ−1 , for every Ω3 ⊂ Ω, with |Ω3| < α.

Note that {vn} is bounded, by the Sobolev embedding theorem, there exists a constant
A > 0, such that ||vn||F ≤ A.

Consequently, by Hölder’s inequality, we have
∫

Ω3
b(x)|vn|1−γdx ≤ ||vn||1−γ

F

(∫
Ω3

|b(x)|
β

β+γ−1 dx
)β+γ−1

β

≤ A1−γε.

Finally, we will prove that

(3.10) lim
n→+∞

∫
Ω

H(x, vn)dx =
∫

Ω
H(x, vλ)dx.

Let ϵ > 0. Then, from (M1), there exists Cϵ > 0 such that

H(x, vn(x)) ≤ Cϵ

q
|f(x)| · |vn|q.

Since vn ⇀ vλ in F and from (3.4), we obtain the strong convergence for a sub-
sequence of {vn} in Lr′q(Ω), still denoted by {vn}. Therefore, we get vn → vλ a.e.
in Ω, from [6, Theorem IV-9] there exists l ∈ Lr′q(Ω) such that

(3.11) |vn(x)| ≤ l(x).

Then, assumption (M1), equations (2.3), (3.11) and Hölder’s inequality imply that∫
Ω

H(x, vn)dx ≤ Cϵ

q

∫
Ω

f(x)|vn|qdx ≤ Cϵ

q

∫
Ω

f(x)lq(x)dx

≤ Cϵ

q
||f ||r||l||qqr′ ≤ C3||f ||r||l||qF .

Hence, by the dominated convergence theorem, (3.10) holds.
Finally, by combining (2.2), (3.9), (3.8) with (3.10), we get ϕλ is weakly lower

semi-continuous on F . Therefore,

(3.12) ϕλ(vλ) ≤ lim inf
n→+∞

ϕλ(vn) = mλ.

On the other hand, from (3.7), we have

(3.13) ϕλ(vλ) ≥ mλ.

Combining (3.12) and (3.13), we conclude that ϕλ(vλ) = mλ. □
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Proof of Theorem 3.1. From Lemma 3.3, vλ is a global minimum for ϕλ. Let φ ∈ F ,
then, for sufficiently small t > 0, we have

0 ≤ϕλ(vλ + tφ) − ϕλ(vλ)

=1
2
(
||vλ + tφ||2F1 − ||vλ||2F1 + ||vλ + tφ||2F2 − ||vλ||2F2

)
+ λ

∫
Ω

H(x, vλ + tφ) − H(x, vλ)dx − 1
1 − γ

∫
Ω

b(x)
(
|vλ + tφ|1−γ − |vλ|1−γ

)
dx,

dividing this by t > 0 and letting t → 0+, we obtain

0 ≤
∫

Ω
(vλ(x) − vλ(y))(φ(x) − φ(y))(K1(x − y) + K2(x − y))dxdy

−
∫

Ω
b(x)|vλ|−γφ(x)dx + λ

∫
Ω

h(x, vλ(x))φ(x)dx.

Since φ is arbitrary in F , we can replace φ by −φ. Thus, the equality holds for all
φ ∈ F , which means that vλ is a weak solution of problem (Qλ). Moreover, the fact
that ϕλ(vλ) < 0 implies that vλ is nontrivial. □

4. Existence Result for λ > 0

In this section, we will present and prove the second main result of this paper. For
this aim, we shall consider the following hypothesis.
(M3) There exist Ω2 ⊂ Ω with |Ω2| > 0 and a nonnegative function f1 on Ω2 such

that f1 ∈ Lr1(Ω) with

lim
|t|→0

h(x, t)
f1(x)|t|p−1 = 0, for x ∈ Ω uniformly.

(M4) There exists a nonnegative function f2 on Ω such that f2 ∈ Lr2(Ω) and

lim
|t|→+∞

h(x, t)
f2(x)|t|p′−1 = 0, for x ∈ Ω uniformly,

where

(4.1) 1 < max{p, p′} < 2 <
N

s
< min{r1, r2}.

(M5) There exists B > 0 such that∫
Ω

H(x, t)dx ≥ 0, for any t > B.

The second main result of this paper is the following theorem.

Theorem 4.1. Assume that (M3), (M4) and (M5) hold. If λ > 0, then problem (Qλ)
has at least one nontrivial weak solution with negative energy.

To prove Theorem 4.1, we need to prove several lemmas.

Lemma 4.1. Under assumption (M5) and the fact that λ > 0, the functional ϕλ is
coercive and bounded below on F .
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Proof. Let u ∈ F and λ > 0. Then, using (M5), (2.1) and (3.1) for any ||u|| >
max{1, B}, we get

ϕλ(u) = 1
2 ||u||2F1 + 1

2 ||u||2F2 + λ
∫

Ω
H(x, u)dx − 1

1 − γ

∫
Ω

b(x)|u|1−γdx

≥ 1
4 ||u||2F + λ

∫
Ω

H(x, u)dx − S1−γ
β ||b|| β

β+γ−1
||u||1−γ

F

≥ 1
4 ||u||2F − S1−γ

β ||b|| β
β+γ−1

||u||1−γ
F .

Now, since 2 > 1 − γ, we have

lim
||u||F →+∞

1
4 ||u||2F − S1−γ

β ||b|| β
β+γ−1

||u||1−γ
F = +∞.

So, the functional ϕλ is coercive and bounded from below on F which gives the proof
of Lemma 4.1. □

Lemma 4.2. Under assumption (M3) and for λ > 0, there exists ζ ∈ F with ζ > 0
such that ϕλ(tζ) < 0 for all sufficiently small t > 0.

Proof. Let ζ ∈ C∞
0 (Ω) such that supp(ζ) ⊂ Ω2 ⊂ Ω, ζ = 1 in subset Ω′

2 ⊂ supp(ζ)
and 0 < ζ ≤ 1 in Ω2. Using (2.3) and assumption (M3), there exists C2 > 0 such that

(4.2)
∫

Ω
H(x, tζ)dx ≤ C2|t|p

∫
Ω2

f1(x)|ζ(x)|pdx.

Assume that 0 < t < 1, then by (4.2) and Remark 2.1, we get

ϕλ(tζ) = 1
2 ||tζ||2F1 + 1

2 ||tζ||2F2 + λ
∫

Ω
H(x, tζ)dx − 1

1 − γ

∫
Ω

b(x)|tζ|1−γdx

≤ 1
2t2||ζ||2F + λC2|t|p

∫
Ω2

f1(x)|ζ(x)|pdx − 1
1 − γ

t1−γ
∫

Ω
b(x)|ζ|1−γdx

≤ tmin{2,p}
[1
2 ||ζ||2F + λC2

∫
Ω2

f1(x)|ζ|pdx
]

− t1−γ 1
1 − γ

∫
Ω

b(x)|ζ|1−γdx

≤ t1−γ
(1

2 ||ζ||2F + λC2

∫
Ω2

f1(x)|ζ|pdx
) (

tmin{2,p}+γ−1 − t
min{2,p}+γ−1
0 dx

)
,(4.3)

where

t0 =
 1

1−γ

∫
Ω b(x)|ζ|1−γdx

1
2 ||ζ||2F + λC2

∫
Ω2

f1(x)|ζ|pdx

 1
min{2,p}+γ−1

.

Since λ > 0, ζ ̸= 0 and f1(x) ≥ 0, then
1
2 ||ζ||2F + λC2

∫
Ω2

f1(x)ζpdx > 0.

We see from (4.3), that if 0 < t < min{1, t0}, then ϕλ(tζ) < 0, which gives the proof
of Lemma 4.2. □
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In the sequel, we put

(4.4) m′
λ = inf

u∈F
ϕλ(u).

Lemma 4.3. Let λ > 0. Under assertions (1.7) and (M3)-(M5), the function ϕλ

reaches its global minimizer in F , that is, there exists νλ ∈ F such that

ϕλ(νλ) = m′
λ < 0.

Proof. Let {νn} be a minimizing sequence, then, ϕλ(νn) → m′
λ. {νn} is bounded in F .

Indeed, if {νn} is not bounded in F , so ||νn||F → +∞ as n → +∞. Since ϕλ is
coercive

ϕλ(νn) → +∞, as ||νn||F → +∞.

This contradicts the fact that {νn} is a minimizing sequence. Therefore, {νn} is
bounded in the reflexive space Fi. Then from Theorem 2.1, up to a subsequence, still
denoted by {νn} there exists νλ ∈ Fi such that


νn ⇀ νλ weakly in Fi,

νn → νλ strongly in Lβ(Ω),
νn → νλ a.e in Ω.

We will prove that

(4.5) lim
n→+∞

∫
Ω

H(x, νn)dx =
∫

Ω
H(x, νλ)dx.

Assume that (M3), (M4) and (2.3), that for all δ > 0 there exists Aδ such that

|H(x, νn)| ≤ δ
C3

p

∫
Ω

f1(x)|νn|pdx + Aδ
C ′

3
p′

∫
Ω

f2(x)|νn|p′
dx.

Since νn → νλ strongly in Lβ(Ω), 1 ≤ β < 2∗, from [6, Theorem IV-9] there exists
l1 ∈ Lβ(Ω) such that

(4.6) |νn(x)| ≤ l1(x), a.e in Ω.
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Then, by Hölder’s inequality, we obtain

|H(x, νn)| ≤δ
C3

p

∫
Ω

f1(x)|νn|pdx + Aδ
C ′

3
p′

∫
Ω

f2(x)|νn|p′
dx

≤δ
C3

p

(∫
Ω

|f1(x)|r1dx
) 1

r1
(∫

Ω
|νn|pr′

1dx
) 1

r1

+ Aδ
C ′

3
p′

(∫
Ω

|f2(x)|r2dx
) 1

r2
(∫

Ω
|νn|p′r′

2dx
) 1

r′
2

≤δ
C3

p

(∫
Ω

|f1(x)|r1dx
) 1

r1
(∫

Ω
|l1|pr′

1dx
) 1

r1

+ Aδ
C ′

3
p′

(∫
Ω

|f2(x)|r2dx
) 1

r2
(∫

Ω
|l1|p

′r′
2dx

) 1
r′

2

≤δ
C3

p
||f1||r1||l1||ppr′

1
+ Aδ

C ′
3

p′ ||f2||r2 ||l1||p
′

p′r′
2
,(4.7)

where 1
r1

+ 1
r′

1
= 1 and 1

r2
+ 1

r′
2

= 1.
Note that, from (4.1), we get

(4.8) 2∗ − pr′
1 = Nr1(2 − p) + 2(pr1s − N)

(N − 2s)(r1 − 1) > 0

and

2∗ − p′r′
2 = Nr2(2 − p′) + 2(p′r2s − N)

(N − 2s)(r2 − 1) > 0.

From (4.7) applying (2.1), we get

|H(x, νn)| ≤ δ
C3

p
||f1||r1 ||l1||pF + Aδ

C ′
3

p′ ||f2||r2||l1||p
′

F .

Hence, by the dominated convergence theorem, (4.5) holds.
By combining (2.2), (3.9), (3.8) and (4.5), we get that ϕλ is weakly lower semi-

continuous. Therefore,

(4.9) ϕλ(νλ) ≤ lim inf
n→+∞

ϕλ(νn) = m′
λ.

On the other hand, from the definition of m′
λ, we have

(4.10) Iλ(νλ) ≥ m′
λ.

Combining (4.9) and (4.10), we conclude that ϕλ(νλ) = mλ. □
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Proof of Theorem 4.1. Let λ > 0 and from Lemma 4.3, νλ is a global minimum for
ϕλ. Let φ ∈ F , then, for sufficiently small t > 0,
0 ≤ϕλ(νλ + tφ) − ϕλ(νλ)

=1
2
(
||νλ + tφ||2F1 − ||νλ||2F1 + ||νλ + tφ||2F2 − ||νλ||2F2

)
+ λ

∫
Ω
(H(x, νλ + tφ) − H(x, νλ))dx − 1

1 − γ

∫
Ω

b(x)
(
|νλ + tφ|1−γ − |νλ|1−γ

)
dx,

dividing this by t > 0 and letting t → 0+, we obtain

0 ≤
∫

T
(νλ(x) − νλ(y))(φ(x) − φ(y))(K1(x − y) + K2(x − y))dxdy

−
∫

Ω
b(x)|νλ|−γφ(x)dx + λ

∫
Ω

h(x, νλ(x))φ(x)dx.

Since φ is arbitrary in F , we can replace φ by −φ. Thus, the equality holds for all
φ ∈ F , which means that νλ is a weak solution of problem (Qλ). Moreover, the fact
that ϕλ < 0, implies that νλ is nontrivial. □

Remark 4.1. Let λ = 0, Lemmas 3.1 and 3.2 are true, then by Lemma 3.3 the function
ϕ0 reaches its global minimizer in F , that is, there exists v0 ∈ F such that

ϕ0(vλ) = m0 < 0.

We follow the same proof of Theorem 3.1 for λ = 0, we conclude that v0 is a weak
solution of problem (Qλ). Moreover, the fact that ϕ0(v0) < 0 implies that v0 is
nontrivial.

5. An Example

In this section, we give an example to illustrate our main result.

Example 5.1. Let Ω ⊂ RN , N > 2, be a bounded domain. We consider the following
problem:

(Qλ)

L1u + L2u = b(x)
uγ − λh(x, u), in Ω,

u = 0, in RN\Ω,

where λ is a parameter, b is a function that is almost everywhere positive in Ω provided
that

b ∈ L
β

β+γ−1 (Ω), 1 ≤ β < 2∗, with 2∗ = 2N

N − 2s
.

Case 1. Let λ < 0 and let h be the function defined respectively by:
h(x, t) = Cf(x)|t|q−2t, for all x ∈ Ω, t ∈ R,

where, f ∈ Lr(Ω) is a continuous function and 1 < q < 2 < N
s

< r.
Then, assumptions (M1) and (M2) hold. So, for any λ < 0 problem (Qλ) has at

least one nontrivial weak solution in F with negative energy.
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Case 2. Let λ > 0 and let h be the function defined respectively by:

h(x, t) =

f1(x)|t|p−1, |t| ≤ 1,

f2(x)|t|p′−1, |t| > 1,

where f1 ∈ Lr1(Ω) and f2 ∈ Lr2(Ω) are nonnegative functions with

1 < max{p, p′} < 2 <
N

s
< min{r1, r2}.

Then, assumptions (M3), (M4) and (M5) hold. So for all λ > 0, problem (Qλ) has at
least one nontrivial weak solution in F with negative energy.

References
[1] R. A. Adams, Sobolev Spaces, Academic Press, New York, 1975.
[2] A. Ambrosetti, H. Brezis and G. Cerami, Combined effects of concave and convex nonlinearities

in some elliptic problems, J. Funct. Anal. 122(2) (1994), 519–543. https://doi.org/10.1006/
jfan.1994.1078

[3] G. Autuori and P. Pucci, Elliptic problems involving the fractional Laplacian in RN , J. Differ.
Equ. 255(8) (2013), 2340–2362. https://doi.org/10.1016/j.jde.2013.06.016
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