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ON THE APPLICATIONS OF
BOCHNER-KODAIRA-MORREY-KOHN IDENTITY

SAYED SABER!?2

ABSTRACT. This paper is devoted to studying some applications of the Bochner-
Kodaira-Morrey-Kohn identity. For this study, we define a condition which is called
(Hy) condition which is related to the Levi form on the complex manifold. Under
the (H,) condition and combining with the basic Bochner-Kodaira-Morrey-Kohn
identity, we study the L? @ Cauchy problems on domains in C", Kihler manifold
and in projective space. Also, we study this problem on a piecewise smooth strongly
pseudoconvex domain in a complex manifold. Furthermore, the weighted L? 0
Cauchy problem is studied under the same condition in a Kéhler manifold with
semi-positive holomorphic bisectional curvature. On the other hand, we study
the global regularity and the L? theory for the d-operator with mixed boundary
conditions on an annulus domain in a Stein manifold between an inner domain which
satisfy (Hn—q—1) and an outer domain which satisfy (Hy).

1. INTRODUCTION

O-equation has been a powerful method in complex geometry and complex algebraic
geometry. The pioneer works of d-equation are due to Kohn and Hérmander on the
existence and boundary regularity of d-equation on pseudoconvex domain. The L2
estimate is a powerful method when solving d-equation. In order to establish the
L? estimate for 0 operator, a crucial step is to obtain a basic identity which is due
to Bochner, Kodaira, Morrey, Kohn and Hormander. Then after imposing some
conditions such as the curvature of the complex vector bundle and the Levi form of
the complex manifold, one can get a priori estimate which we call L? estimate for the
O operator.
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In 1940, Bochner introduced his technique for getting topological information from
the behavior of harmonic forms. In the late of 1950 and early of 1960, the approaches of
Bochner-Kodaira and Oka is very deep approach based in partial differential equations.
In 1966, Spencer defined the &-Neumann problem and Kohn who finally formulated
and solved the d-Neumann problem on strictly pseudoconvex domains. Shortly after
Kohn’s work, Hérmander and Andreotti-Vesentini, independently and almost simul-
taneously, obtained weighted L? estimates for the inhomogeneous Cauchy-Riemann
equations.

The paper consists of two parts. In the first part, we study the Cauchy-Riemann
equations with compact support (L? Cauchy problem) on a domain in C" which
satisfy property (H,). Moreover, we extend this result to the same domain in Kéhler
manifold for vector-valued forms of type (r, q), ¢ = 1. Also, we study this problem on a
piecewise smooth strongly pseudoconvex domain in a complex manifold. Furthermore,
the weighted L? @ Cauchy problem is studied on the same domains in an n-dimensional
Kéahler manifold with semi-positive holomorphic bisectional curvature. In the papers
of Kohn-Rossi [13], Cao-Shaw-Wang [2], Abdelkader-Saber [1] and Saber [18]-[21] such
equations are studying for various domains.

In the second part of this paper, we study the 9 equation on domains with mixed
boundary conditions which was studied by Li and Shaw [16]. We generalize Li-Shaw’s
result to annulus in Stein manifolds under the conditions (H,) defined here. Namely,
we study the global boundary regularity and the L? theory for 9,,;,-operator on
an annulus domain in a Stein manifold between an internal domain which satisfies
condition (H,_,—1) and an external domain which satisfies condition (H,). Making
use of the method developed by Catlin, we study the L?-estimate for the ,,;,-equation
with mixed boundary conditions. This equation with various boundary conditions are
the basic tools to work on analytic problems in several complex variables and complex
geometry or many geometric. In the papers of Catlin [3], Cho [6] and Catlin-Cho
[4], such equations played a crucial role for studying various extension problems for
CR structures. In a paper of Catlin [3], Catlin proved that there is no cohomology
obstruction for solving the 0,,;,-equations. Other related studies for the 9-Dirichlet
problem can be found in the work of Li-Shaw [16] and Huang-Li [11].

2. L? 9 CAucHY PROBLEM IN C"
Let 0 < r,q < n, we can write an arbitrary (r,q)-form f as f = Y/ f;;dz" N dz7,
7

where I = (i1,...,i,) and J = (jy,...,J,) are multiindices and dz! = dz;; A--- Adz;,,
dz’! =dzj, N---Ndz; ,- The notation Y>>’ means the summation over strictly increasing
multiindices. Let © be a relatively compact domain in C" and let C;(C") be the
complex vector space of complex-valued differential (r, ¢)-forms of class C* on C".
Let C2(Q) = {f la: f € C’,E’f;((C")} be the subspace of ;% (€2) whose elements can be

extended smoothly up to the boundary b€). Let ¢ : C" — R* be a plurisubharmonic
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C?-weight function and define the space
L*(Q, ¢) = {f Q) —C: /Q\f\%—%v < oo},

where dV denotes the Lebesgue measure. Denote the inner product and the norm in

L3(2,6) by
(.90 = [ Fgeav and |7y = [ |fPe-eav

Recall that L7 (€, ¢) the space of (r, q)-forms with coefficients in L*(, ¢). If f, g €
L2 ,(Q,¢), the L*-inner product and norms are defined by

(f.gbe= [ FAxge™® and I} = (f. o

where « is the Hodge star operator (for detailed discussions of the Hodge star operator
in the L%-space see [5]).
Let 0 : L2, (,¢) = L2, (Q,¢) be the closed operator which is the maximal

r,q—1 — _ —
extension of the differential operator and 9 be its L?-adjoint. Here the 0 and 9 -
operators are defined as

ar =" zaf”dzﬁ/\ dz' A dZ,

I,J B=1

=11y Zaf“‘Kd A dz"

K a=1
If w e dom 0 and v € domd", then
(Ow, u)y = (Ow, e~ %u) = (w,d (e %u)) = (w,e?d (e~ %u)) 4.

Thus, 52 = ¢%d (e7?). The complex Laplacian on (r, q)-forms is defined as [, =
00 + 00, for ¢ > 1 and the 9-Neumann operator N, rq is - if it exists-the bounded
inverse of [, 4. Following ([12, I, page 127]), we set B, ,(€2) = Cr2(2) N dom 0", Let

B,.4(U) denote the subset of B,.,(Q) consisting of those forms whose support lies in
U N Q. We define the following norms on B,.,(U ):

(2.1 -y [ |2

1,J k=1
D(u) = [|9ul] + [|07ul|* + [|ul|*.

8u1J

dV + |Jul?,

Definition 2.1. A bounded domain 2 with C?-smooth boundary is said to be satisfy
condition (H,) if there exists a deﬁning function 0 for 2 such that the sum s, of any

q eigenvalues of the matrix ( ) of the Levi form 994(z) is semi-positive on (2.

6‘185

Proposition 2.1 (Bochner-Hérmander-Kohn-Morrey formula). Let §2 be a bounded
domain in C™ with defining function é and let 1, ¢ be two real functions that are twice
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continuously differentiable on Q, with 1 > 0. Then, foru € B, ,(Q) with1 < ¢ < n—1,
we have

(2.2) Vo 5u||;+||f ézunz

—Z Z ’LL]aKngKe (de
azaﬁﬁ

TK af=1
/w'a |

¢ % -
+Z Z / ( 320‘8?’ B 8zaazﬂ> s ok Trpr € dV.

IK a,B=1

Remark 2.1. When ¢ = 1 and ¢ = 0, one obtains the classical Kohn-Morrey formula
([12] and [9]).

IJkl

e ?dV + 2Re ZZ diyula;(dz A dzR, Oju
I,K a= 1a ®

Proposition 2.2. Let 2 @ C" be a bounded domain with C?-smooth boundary satis-
fying condition (H,). Then, for u € B, ,(€2), one obtains

(2.3) E(u) < CD(u).

Moreover, there exists a uniquely determined bounded linear operator N,q : L7 (€2) —
L2 ,(Q), such that O,4 0 N.qu = u for any u € L7 ().

Proof. Let i, < Mz < -+ < py, denote the eigenvalues of the matrix ( ajfa‘;ﬁ) and

suppose that ( ) is diagonalized. Then, in a suitable basis,

oz aa s
n—1 2

09
Z Z 92007 BUIaKUI,BK—Z ZMa’UIaK’
1K of=1 LK o=l

/ 2
= > (et pg)lung = slul’.
[I|=r
J=(41,425-13q)
The second equality follows as. For J = (j1, a2, . . ., jq) fixed, |us s|* occurs precisely ¢

times in the second sum, once as |uy j, x|?, once as |us j,x|?, etc. At each occurrence,
it is multiplied by pj; . By fixing (j1, ja, - - ., jq) and set u = dz;, A--- AdZ;,, we obtain

Dl gl >0
A3 ULaKUIBK 2
IK af= , 0z 02007°

Thus, the boundary integral in (2.2) is semi-positive. Also, by taking ¢ = 0 and
replace 1 by 1 — e, where ) is an arbitrary twice continuously differentiable non-
positive function, and after applying the Cauchy-Schwarz inequality to the term in
(2.2) involving first derivatives of v, we find

V1 — e*Oul|?+|[\/1 — e u? > Z Z / 8,2“8 o Wak UK AV —|[e?* 0" u)?.

IK a,f=1
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Since ¢ 4+ e* = 1 and ¢ < 1, it follows that

D)
[DulP + 9" ul* > Y Z e A T AV

ILK o

for every twice continuously dlfferentlable non-positive function A. Let zg be a point

of 2, and set A\(z) = —1 + |z — 29|?/d?, where d = sup |z — 2’| is the diameter of the
z,2'€ Q)
bounded domain 2. The preceding inequality then implies the fundamental estimate

(2.3) which implies the following estimate
o dPe im0
ull® < = (Iull* + [[2"u]?)

Then, a bounded linear operator N, : L7 () — L? () exists, such that 0,4 o
N, qu = u, for any u € L? (). O
Theorem 2.1. Let Q @ C" be a bounded domain with C?-smooth boundary satisfying
condition (Hg). For f € L2, JCM), 1< g<n—1,suppf C Q, satisfying Of = 0 in
the distribution sense in C", there exists u € qu L(C™), suppu C Q such that Ou = f
in the distribution sense in C".

Proof. Let f € L2 (C"), supp f C Q, then f € L2 (Q). From Proposition 1.2,
Ny —pn—q exists for n — ¢ > 1. Since
(2.4) u=—%ONy_ynq*[.

Thus, suppu C € and v vanishes on b). Now, we extend u to C" by defining u = 0
in C"\ . As in Saber [18], the extended form u satisfies the equation Ou = f in the
distribution sense in C". O

3. THE L? 0 CAUCHY PROBLEM FOR VECTOR-VALUED FORMS

Let X be an n-dimensional complex manifold with a Hermitian metric g. We
assume that there is a smooth, real-valued function ¢ defined on a neighborhood U of
b2 in X. Assume that F is a holomorphic vector bundle, of rank p, over X and E* its
dual. An E-valued differential (r, ¢)-form v on X is given locally by a column vector
by = (u',u?, ..., uP), where u®; 1 < a < p, are C-valued differential forms of type
(r,q) on X. For an orthonormal basis e, es,. .., €, on the fiber E, = 771(z2), over z,
a Hermitian metric h along the fibers of E is expressed as h = (h;); bz = h(eq, €p).
Let 6 be the connection of the Hermitian metric A (6 is given locally by the (1, 0)-form
h='0h). The space ijq(ﬂ, E) of square integrable differential forms of type (r,¢) on
() is a Hilbert space under the scalar product

(u,v) = /Qt((h)u)/\*@: i/ﬂ((h)u)“/\*(v)a.

Let ker(0

, {u € dom(9,E) : du = 0} and Range(d, E) = {gu D u €
dom (0, E)

E) =
} be the kernel and the range of d, respectively. Let #p : Cro(X, E) —
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Coo(X, E7) be the operator defined by #pu = hu, which commutes with the Hodge
star operator. The corresponding operator #p- : C2%(X, B*) — C%.(X, E) is de-
fined by #p-u = htu = #5'u. Let I, : L2 (2, E) — ker(0, 4, E) be the
orthogonal projection from the space L? (€2, E) onto the space ker(O,q, E). Let
Cx(QE) = {cp g ue (X, E)} be the subspace of C¢(€2, E) whose elements
can be extended smoothly up to bQ2. As in [12, I, page 127|, that even for vector
bundles, we set B, ,(Q, E) = C(Q, E) N dom (9", E). Let B, (U, E) denote the
subset of B, ,(Q, E) consisting of those forms whose support lies in U N Q. For each
7 > 0, we define the following norms on B, ,(U, E):

(3'1) ||u||72— = <u>67—|6‘u>’
D} (u) = [|0ull? + (|07ull2 + [|ullZ,

By(u) = imum

where . is defined by (2.1) for complex-valued forms.

Theorem 3.1. Let X be an n-dimensional complex manifold and let 2 € X be a
bounded domain with C?-smooth boundary satisfying condition (H,). Let E — X be
a holomorphic vector bundle over X. Then, for all 7 > 0, and u = (u',u?,... uP) €

B, .(U, E), we obtain

P
~ —~ /
EZ(u) + rllullz < C | D2 (u) + 723 > lufll7
a=1|I|=r
neJ
Proof. First, observe that for elements v = (u',u? ... ,u?) € B, (E) which have
support in U, the norms |lu||? and 3°_, ||u®||? are equivalent (independently of 7). If
the metric h is represented by the matrix (hgy), then

||u|]2:/gt((h)u)/\*ﬂ: bil/ghabua/\*(u)b,

where the hy, can be assumed to be C* on U. Now, for u € B, (U, E), u =
(ut,u?, ... uP) € B(U, E) with u* € B, ,(U), a=1,2,...,p. From (2.3), one obtains

~ P p !

(3.2) Bl u) =) B (u") <COY [ Di(u) + 72 [lugyll;
a=1 a=1 [I|=r
neJ

Now, since @ is a C* form on U and ¥,u = Yu — %0 A u, one obtains

p
C Y N9u 12 < [9ull; < 10-ull7 + 110 A xullz < [97ull7 + Cflulf3-
a=1
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Thus,
(1+C)DF(u) 2 [10ul? + [9-ull? + C'llull2 + [[ull?
> O (10 + 19w+ ).
Thus, :
(3.3) (1+C")D(u CZD2
The inequalities (3.2) and (3.3) give the desired result. O

Theorem 3.2. Let X be an n-dimensional complex manifold and let Q2 € X be a
bounded domain with C?-smooth boundary satisfying condition (H,). Let E — X be a
holomorphic vector bundle over X. For q > 1, there exists a bounded linear operator
Nyg: L2 (L E) — L2 (Q,E) such that

( ) Range (N4, E) C dom(03, 4, E), N, ,0,,=1—1I., on dom(0,,, E);

(11) foru € L7 (Q, E), we have u = 09 Nygu ® 0 ON,qu & T, yu;

(i13) Ny q commutes with 3 and 9" , L. Ny = N, 1L, = 0;

(iv) N, (COO(Q E) C Cﬁ‘j](Q E) and Hrq(C"o(Q E)) C Cﬁfl(ﬁ, E).
Proof. Following Theorem 2.1, for 7 = 0 and v € dom([J, 4, E) of degree ¢ > 1, we have
|u]|? < C||O, 4ul|*. Since O, , is one to one on dom(0J, E) from [9, (1.5.3)], then there
exists a unique bounded inverse operator N, , : Range(Od, ,, ) — dom (0,4, E) N

(ker(OJ, E))* such that N, 0, ,u = v on dom([,,, E). Thus, one can establish the

r,q>
existence theorem of the inverse of [J, , the so called 9-Neumann operator N, ,. [

Theorem 3.3. Let X be an n-dimensional complex manifold and let Q2 € X be a
bounded domain with C?-smooth boundary satisfying condition (H,). Let E — X be
a holomorphic vector bundle over X. Then, for f € L? X, E), supp f C Q,1<qg<
n — 1, satisfying Of = 0 in the distribution sense in X there exists u € L2, (X, E),

suppu C Q such that Ou = f in the distribution sense in X.

r,g—1

Proof. Let f € L2 (X,E), supp f C Q, then f € L2 (2, E). From Theorem 2.2,
Nyp—rn—q exists for n — ¢ > 1. Since Npy_ynq = (0n—pn—g) ton Range(d,—y g, E*)
and Range(N,,_, g, £*) C dom(0,,_, g, £¥), then

Nn—r,n—q#E * f € dom (Dn—r,n—qa E*) C L2 (Qa E*)>

n—r,n—q

for ¢ <n —1. Thus, we can define u € L2, (9, E) by

(3.4) U= —% #p: 0 Np_rn_ote * [.

Now, we extend u to X by defining u =0 in X \ Q. As in [1], the extended form u
satisfies the equation Ju = f in the distribution sense in X. O
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4. THE L? O CAUCHY PROBLEM ON PIECEWISE SMOOTH STRONGLY
PSEUDOCONVEX DOMAINS

A relatively compact open subset €2 of X has piecewise strongly pseudoconvex
boundary b€, if 02 is covered by finitely many open subsets {U,}, 1 < j < k, of X
and there are C? strictly plurisubharmonic functions ¢; on {U;}, 1 < j < k, such that
Qn (Uf:1 U,) is the set of all z € U;“:l U; which, for every 1 < j < k, satisty x ¢ U;
or §;(z) < 0.

The boundary b§2 need not be piecewise smooth, so we do not require any further
conditions on the ¢;, 1 < j < k. Following P. W. Darko [7], one have the following
result.

Theorem 4.1. Let X be an n-dimensional complex manifold with a C* Hermitian
metric. Let Q) €@ X be a strongly pseudoconver domain with piecewise smooth boundary.
For f € Lf’q(X), 1 < q < n—1, satisfying Of = 0 in the distribution sense in X, there
exists u € L2, (X), such that du = f in the of distributions and |Ju|® < C|f]?,
where C' depends on 2 and r,q but not on f.

Proposition 4.1. Let X and ) be the same as in Theorem 3.1. Then, there exists a
uniquely bounded linear operator N, 4 : L? () — L7 (), such that 0,40 Ny gu = u
for any u € L7 (Q).

Proof. Following Theorem 3.1 as in [5, Section 4.4], we have 3, ,(Q2) = {0} for ¢ > 0
and for every f € Lqu(Q), 1 < ¢ <n-—1, there exists © € domdnN domd with
9w e domd and du € dom 9, such that

90 u+00u= f and ||lul* < C|If|,
where C' depends on €2 and r, ¢ but not on f. Theorem 3.1 implies the fundamental
estimate
lull> < C (|10u]]* + [10"u]?) -
Then there exists a uniquely determined bounded linear operator N, : L%ﬂq(Q) —
L2 ,(Q), such that O, g o N, qu = u for any u € L7 (€2). O

Theorem 4.2. Let X and Q be the same as in Theorem 3.1. For f € L7 (X),
1<qg<n—1,suppf CQ, satisfying Of = 0 in the distribution sense in X, there

exists u € Lqu_l(X), suppu C Q such that du = f in the distribution sense in X .

Proof. Let f € L2 (X), supp f C Q, then f € L? (). Since Ny_,,_, exists for
n —q > 1. By defining u as in (2.4), then suppu C Q and u vanishes on b§2. As in

Saber [20], one can prove that the extended form u satisfies the equation du = f in
the distribution sense in X. O

5. THE WEIGHTED L2 0 CAUCHY PROBLEM

Let (xg,x1,...,7,) be a (fixed) homogeneous coordinates of P" and let w be
the Fubini-Study metric of the complex projective space of P" determined by
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(xo,Z1,...,x,). If, for example, Uy is the open set in P" defined by zg # 0 and

if (21,29,...,2,), where z; = x;/x¢ is the homogeneous coordinates of Uy, then the
metric w is written in the form
n 2 n = |2
i | dzil | iy zi dzi|

RSP S P

This is well-known standard Kéhler metric of P". Let V be the Levi-Civita connec-
tion of P with the standard Fubini-Study metric w. The Levi-Civita connection,
sometimes also known as the Riemannian connection or covariant derivative. Let
{e;} be an orthonormal basis of vector fields. For any two vector fields u,v, the
curvature operator of the connection V is given by R(u,v) = V,V, = V,Vy — Vi
with R = g(R(e;, ej)ex, e;). We also define the Ricci tensor R;; = - € Rikr; which
turns out to be self-adjoint with respect to w and the scalar curvature © as the trace
of the Ricci tensor

(51) O = ZR“ = Ze’fie’fijﬂij.
i 1,j

Let dist(z,bQ2) be the Fubini distance from z € € to the boundary b2 and let
§ : P" — R be a C? defining function for © normalized by |dd] = 1 on b2 such
that
5= 6(z) = ll‘— dist(z, b2), %f z€Q,
dist(z, b2), if z € P"\Q,

where ¢ is computed with respect to the Kédhler metric w on P".

Proposition 5.1 (Bochner-Hérmander-Kohn-Morrey formula). Let © be a bounded
domain with C*-smooth boundary bQ and C?-defining function §(z). Then, for any
u e C(Q)N dom 5;, with 1 < g <n—1and ¢ € C*(Q), we have

J

(5.2) | 8u||¢ + || 8¢UH¢ =( e~ ?dV + ((i00¢)u, ),

1,J k=1

+Z Z /Q 6zaﬁ5 [OCKU]”BKG_(#C[S.

1K a, =1

Proof. This formula is known (cf. [9]) for some special cases. For the case ¢ = 0, the
stated formula was proved in Siu [22]. O

Proposition 5.2. ([17, Corollary 6.5]). Let Q € P" be a bounded domain with C*-
smooth boundary satisfying condition (H,). Then, the Levi form of the function § has
at least n — q + 1 positive eigenvalues at each point of Q.
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Proposition 5.3. Suppose that © is the curvature term defined in (5.1) with respect
to the Fubini-Study metric w. Then, for any (r,q)-form u of Q € P™ with g > 1,

(Ou, @) = q(2n + 1)|u?, whenuis a(0,q)-form,
(Ou,w) =0, for any(n,q)-formu,
(Ou,w) >0, whenr > 1anduis a(r,q)-form.

In fact, the assertion for (0,q)-forms and (n,q)-forms was computed in [23]. Also,
following Lemma 3.3 of Henkin-lordan [8] and its proof showed that the curvature
operator © acting on LZVQ(Q) 1S a semi-positive operator.

Theorem 5.1. Let Q @ P" be a bounded domain with C?-smooth boundary satisfying
condition (H,). For any 1 < ¢ <n andt > 0, there exists a bounded linear operator
N;fﬂ L2 () —>t L2,(9) satz’fﬁes thte fotllowz'ng propertz'est:

() Range (N ,) C dom([T ), N”v‘LDl;kq =1 on gggl(DT,q),'
(#1) for f € L? (), we have uw =00, N} ,f ® 0,0N],f,
(

iii) ONt, = N! 10, 1< ¢<n—1 and 9, N, = N}

=*
r,q—1 at7 2 < q < n,

i) Nt ON! and 9, N'  are bounded operators with respect to the L2-norms.
7,q T,q t-'rq

Proof. By choosing ¢, = —tlog|d|, t > 0 in Proposition 4.1, and using Proposition
4.2 and Proposition 4.3, the identity (5.2) implies the weighted L*-existence for the J.
Also, for u € dom([J;, ) of degree ¢ > 1, we have for ¢ > 0, ul[, < ||C} ull;. Then, as
in Theorem 2.2 there exists a unique bounded inverse operator N;q : Range(Dfayq) —
dom (O} ) N (ker(C3. )+, such that Nf OO f = f on dom (CJ., ). Therefore, one can
establish the existence theorem of the inverse of [}, , the so called weighted O-Neumann
operator N. O

Theorem 5.2. Let Q @ P be a bounded domain with C*-smooth boundary satisfying
condition (Hy). Then, for f € L2 (67"), 1 < q¢ < n— 1, satisfying df = 0 in the
distribution sense in P and f is supported in §), there exists u € Lf’q_l((;_t) such that
Ou = f in the distribution sense in P™ with u is supported in ) and

/ 20tV < c/ 267 taV,
Q Q
for some C' > 0.

Proof. Following Theorem 4.1, N}, exists for forms in L7 ., (P",6"). Let + denote

the weighted Hodge-star operator with respect to the weighted norm of L2 (P",d").

Then *; = d*x = 6!, where * is the Hodge star operator with the unweighted L? norm.
Thus, we can define u € L2 _(P",67") by

r,q—1
U= —*¢ ganr,nfq *_t ?
Thus suppu C Q and u vanishes on bQ2. Now, we extend u to P* by defining v = 0

in P"\ Q. As in Saber [20], the extended form u satisfies the equation Ou = f in the
distribution sense in P". O
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The above result can be extended easily to the following result.

Theorem 5.3. Let X be an n-dimensional Kdhler manifold with semi-positive holo-
morphic bisectional curvature and let Q @ X be a bounded domain with C*-smooth
boundary satisfying condition (H,). Then, for f € Lf,q(é_t), 1 <qg<n—1, satis-
fying Of = 0 in the distribution sense in X and f is supported in Q, there exists
u e L%q_l(é_t) such that Ou = f in the distribution sense in X with u is supported
in £ and

/ 20tV < 0/ 267 taV,
Q Q
for some C' > 0.

6. GLOBAL BOUNDARY REGULARITY FOR Oyx

In this section, we study the global regularity for the 9,,;,-equation with mixed
boundary conditions. Throughout this section, {2 will denote the annulus in a Stein
manifold X between Q; and Qy with C® boundary. Let § € C3(€),) be the defining
function of . We impose the J-Dirichlet boundary condition on ©; and the O-
Neumann boundary condition on y. We say that U satisfies the d-Dirichlet condition
along €y if Uj|g, = 0 whenever J = (ji,...,J,) with j, # n. We say U satisfies the
O-Neumann condition along Q; if Us|g, = 0 when j, = n.

Definition 6.1. For 0 <r <n,0<¢<nandu € L} (), u € dom O, if and only
if there exists f € L7 ,,,(Q) and a sequence {u,} € L7 () which vanish near b,
such that w, — u in L7 (Q) and du, — w in L? (), then we say u € dom Omix
and Opicu = f.

Let gj,mix be the Hilbert-space adjoint of Omix. Let B2 () denote the space of
(r,q)-forms which are C2-smooth in a neighborhood of © and satisfies d-Dirichlet
condition on b2 and d-Neumann condition on bQ2;. Denote by W7.(Q), m € R, the
Hilbert spaces of (r, q)-forms with W™ (€Q)-coefficients and their norms are denoted
by [Jul[wm.

As in Lemma 6.4 of [3] and Lemma 4.3.2 in [5], the Hormander-Friderichs smooth
lemma also holds in this setting: Let v € dom Omi N dom I, N L2 (9, ¢), there
exists {u, } € L2 (Q, ¢) such that

(6.1) [y, — ul| + [|Omix 0 — O w] + Hg;ixuv - g;kmxu’l — 0.

From now on we fix ¢;(z) = t|z|> near bQ; and ¢;(z) = (|z|> — 70) near bQy,
where ¢ and 7 are positive constants which will be determined later. Let (', =
Omix @mx +aﬁ7mixamix be the complex Laplacian operator and take f € dom(CJE . ) of
degree ¢ > 1, then we have for every t > 0.

The proof of the following proposition follows by using a partition of unity.

Proposition 6.1. Let Q = Q;\Qy be an annulus domain in a Stein manifold X
between an internal domain Qg satisfies condition (H,_,—1) and an external domain
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Qy satisfies condition (H,). There exist a positive constant t, such that for any t > t.,
the harmonic space K" (E) has finite dimension and there exists a positive constant
Cy depending on t such that

(6.2) lull, < Ct(||3mzZU||¢t + 110 mglI?)

for u € dom (i) N dom (9, with q >

t mlz)

Proof. Assume first u is supported in a small neighborhood U of p € b). Since u
satisfies 0-Dirichlet condition on b€y, then *u satisfies O-Neumann condition on b$2,.
Now 1 <n—qg<n-—2 since 2 <qg<n-—1. Thus, forue Bfﬁq(Q), by a similar
argument of Proposition 3.1 in Saber [19], we have

tlx ull 2y <O ully + 110 2,

when ¢ is sufficiently large. Since the Hodge star operator % is an isometry operator
in L?-space, we have

(6.3) tlxe wl?y <[l %o O ul| 4 [ % 07 e 7
Substituting the identity Omix = *0 *; and gzmix = %;0x; to (6.3). Tt follows that

tllull} < 1107 vl + [P wll?,
for all u € B? (Q). Then (6.1) shows that (6.2) holds for all v € dom I N
dom at mix n L72“,q(97 ¢t) O

Theorem 6.1. Let X and ) be the same as in Proposition 5.1. There exists a positive
integer t* such that, fort > t*, r > 0, ¢ > 1, there exists a bounded linear operator

Niw: L7 ,(Q) — L7 () such that

(i) Range(N! )Cdom([lt ), Nt.Ob . =1T—H,, on dom(CI ), );

m'LfE mlﬂ'} mlﬂ'} mll’ m7/$
Nt uw@d o,

(ii) for u € L? (Q), we have u = Oy 8t mialV i 8mwam
(ii1) N . Omiz = OmizNL,, on dom(Opis);

miz _m mix
=0

(iv) Nt a, Nt . on dom@;mix);
(U) mm amzszm and 8

miz~ t,mix t,miz mzx
norms.

u P Hmim uy

t,miz

i mizlVimiz 7€ bounded operators with respect to the L

Proof. Following Proposition 5.1, one obtain that

(6:4) Al < 15 -
Since LI . is a linear closed densely defined operator, then, from [9, Theorem 1.1.1],
Range([0, ;) is closed. Thus, from (1.1.1) in [9] and the fact that [J, , is self adjoint,

we have the Hodge decomposition

L? () = Ornix0; iy dom 0Ly, @ ;1 Orixe dom O

mix*

Since [, is one to one on dom ! ;. from (1.5.3) in [9], then there exists a unique

mix mix

bounded inverse operator Ni. : Range(t. — dom(%, N (ker!. )+ such that
NiixOhsf = f on dom 0, . Thus, we can establish the existence theorem of the
inverse of (I! . the so called weighted 9-Neumann operator Nt . . O
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*

Corollary 6.1. (i) If f € ker Opu, then O

equation Oty = f of minimal u; € Liq_l
(i1) If f € ker 0, .., then DN,

[ of minimal u, € L%7q+1(ﬂ)—n0rm.

NE..f gives the solution u, to the
(Q)-norm.

t,miz

f gives the solution u; to the equation gj,mizut =

Using the elliptic regularization method which was used in [14], one can pass from
the a priori estimates (6.4) to actual estimates and we can prove the following theorem.

Theorem 6.2. For every integer T > 0 and real t > T > 0, NL ..
W (82) into itself.

is bounded from

By Theorem 5.1 (v), Theorem 5.2 and the density of C2%(Q2) in W.(€2), the following
is immediate.

Corollary 6.2. If f € W(Q), m = 0,1,2,3,... satisfies Opuf = 0, where ¢ > 1,
then there exits u € WT_(Q) so that Omuu = [ on Q with estimate ||ullym <
Conllf I

Theorem 6.3. For f € C%(Q), with Omuf =0, ¢ > 1, there exists u € C5_1(Q)
such that Opizu = f.

Proof. From Corollary 5.1, there is u; € Wfq_l(Q) satisfying Omixur = f for each
positive integer k. We shall modify u; to generate a new sequence that converges

to a smooth solution. Since uy — ugiy is in WE, 1 (Q) N ker(Omix), there exists a

Ups1 € WEH(Q) Nker(Opix) such that

||uk—uk+1 _Uk—i-l”Wk S 2_k7 k= 1)2737"‘
Setting Ugy1 = Ugs1 + Vpy1, then g, € Wf;}l(Q) and Opixtz = f. Inductively, we
can choose a new sequence iy, € W¥ (Q) such that Omixtly = f and

r,q—1

ltpyr — nllwe <27, k=1,2,3,...

Set Uos = Ty + 132, (Uk+1 — Ug), t € N. Then uy, is well defined and is in W} _,(Q)
for every k. Thus, by the Sobolev embedding theorem, u,, € C;ff;(ﬁ) and Opixlles = f-
Thus the proof follows. U

Corollary 6.3. We assume that 0 < r < n, 2 < q < n and the boundary of
Q is smooth. Let N! . be the weighted O -Neumann operator. For every k >
0, there exists Sy such that when t > Sy, we have that Nt Omi Nbi Op iV

9, N 9. are exactly reqular on Wﬁfq(Q).

t,miz” ' miz

Proof. When f € Cﬁ’fl(ﬁ) N dom Ok and supp f € U N Q, where U is a special
boundary chart, then from (6.4), we have that

(6.5) tLAIE < %D F1I7-

mix
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When f € C2(§2) with supp f a compact subset in 2, we have the following Garding’s
inequality

(6.6) 11 < Buise FIIF + 10r i FIF + CellFIIE.
Combining (6.5) and (6.6) and with a similar argument as in Kohn [14], the result
follows. O

Corollary 6.4. Suppose that f € Lzyq(Q) Nker Oz, where 2 < g <n—1. Then for
each k > 0, there exists f, € W,]qu(Q) with f, satisfying 0-Dirichlet condition on bS);
such that f, — f in L2 (Q) and Opmy fo = 0.

Corollary 6.5. Suppose that [ € C’;”‘;(ﬁ) Nker Oy, where 0 <p<n, 2< g<n—1.
Then, there exists u € C° (ﬁ) N dom O, satisfying 0-Dirichlet condition on b§s

r,q—1

such that f,, — f in L2 () and Opmiu = f.

7. L? THEORY FOR Oy

We consider an operator Oy, which satisfies Ehat 0, C Omix C 0, where 0 is the
maximal realization of the differential operator 0. As Theorem 2.2 in Li-Shaw [16],
we prove the following theorem.

Theorem 7.1. Let X and ) be the same as in Proposition 5.1. Then, for 0 < r < n,
2 < q < n, the Dolbeault cohomology H;4 () with L*(Q)-coefficients vanishes, i.e.,

{f€L2,(9) ¢ f=0miu, u€ L}, ()} ‘
Proof. Let f € szq(Q) with gmiif = (. Extending f to be zero in Q,, denoted by f°,
we have that f© € L7 (Q) and df° = 0 in Q,. This follows from the assumption that

Q, has C? boundary and the strong 0. and weak 0. are equal. Here we only need
the boundary €25 to be Lipschitz. For a proof of such weak equal strong results, see
e.g. Lemma 2.4 in Laurent-Thiébaut-Shaw [15]. Thus we have from the L? theory

for bounded domains satisfies condition (H,), there exists a solution v € L2 (1)

Hg? ()

such that Ov = f° in ;. From the elliptic regularity in the interior for 9, we can
assume that the form v is in W' _;(€). The form v satisfies dv = 0 on . Since
g > 1 and the boundary of Qy is C%-smooth, there exists a solution w € er’q_l(Qg)
such that Ow = v in Q. This follows from a result of Ho [10] for sufficiently smooth
boundary when the boundary is only C2. Let @ be a W extension of w to Q;. We
set u = v — 0w in Q. Then uis in L2, () with du = f in Q1. But u = 0 on Q.

This implies that v € dom O and Omixu = f. O

Theorem 7.2. Let ) = Ql\ﬁg between two bounded strictly pseudoconver domains
Q1 and Qs in an n-dimensional Stein manifold X such that Qs € Q1. Then

r,1
HgmmLQ(Q) £ 0.
Proof. The proof follows as in Lemma 2.3 in Li and Shaw [16]. O
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