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SOME RESULTS RELATED TO THE CONTINUOUS WEINSTEIN
WAVELET TRANSFORM

AMGAD RASHED NASR!

ABSTRACT. The aim of this paper is to investigate a variant of the Heisenberg-type
uncertainty principle, Pitt’s inequality, the Benkner-type uncertainty principle and
logarithmic Sobolev inequalities for the Weinstein wavelet transform.

1. INTRODUCTION

The Weinstein operator is the elliptic partial differential operator Ay considered
in the upper half space Ri = R% ! x [0, +00)

.92 2a+1 0 1

AW = Z + , o> ——,
e Ox3 2

Tq 0xg
Aw = Ay 1 + Lo,

where A, is the Laplacian operator on R?! and ¢, is the Bessel operator with

respect to the variable x4 defined by

0% 2a+1 ‘ 0

L, = )
0z g 0xy

The harmonic analysis associated with the Weinstein operator is studied by Nahia and
Ben Salem [3,4]. In particular, the authors introduced and studied the generalized
Fourier transform associated with the Weinstein operator.

The theory of wavelet and continuous wavelet transform has been extended to hy-
pergroups, in particular, to Chébli-Triméche hypergroup see [22]. Recently, there have
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been many studies on wavelet transforms see [12,13,17]. The authors studied uncer-
tainty inequalities for the continuous Weinstein wavelet transform and the deformed

wavelet transform.
In this paper, we introduce some new uncertaint inequalities for the continuous

Weinstein wavelet transform.
Let us now to be more precise and describe our results. To do so, we need to

introduce some notation.
e For 1 < p < +o0, we denote by Lg(Ri) the Lebesgue space consisting of
measurable functions f on RZ = R%! x R, equipped with the norm

1/p
|f($,>$d)|pd#a($,7xd)> )

e = (
where
dpe () = dpe (2, 24) = —= :E;ajl dx'dzry
722" D(a+1)
= xéaﬂ dry - - dxg.

T2t T (a + 1)
e For f € L. (R%), the Weinstein (or Laplace-Bessel) transform is defined by
Fw ()€, &) = / F@,2a)e” ) o (xala) dpa (@', 2a),

d
RY

where j, is the spherical Bessel function:

. o0 _1)k 2\ 2k
‘70‘(2>:F(a+1),§)klr(é+)ff+1) (2> BEAS

e The Weinstein wavelet on R% is a measurable function i on Ri satisfying, for
almost all £ € RY

+o0o zdt
0<Ch :/0 [Fw ()BT < +oc.
e We denote by L? , 1 < p < +oo the space of measurable functions f on
R% x [0, +00] = R, dwa(2,b) = dpta(2) satar=db such that

1

11l ey = (/RH |f (2, 0)[Pdwa(z, b)) <400, 1<p<+o0.

++
e Let h be a Weinstein wavelet on Ri, we define the Weinstein continuous wavelet
transform as follows

Sk (Nb.y) = [, F)hoy@)dpale),  (by) € REL

+

where hy,, () is a determined kernel.
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e We define for s € R?, 1 < p < 2, the H2*(R%) space by
H(RY) = {f € LA(RY) + |61 Fw (f) € LR}

Recently, there are many results for the wavelet transform see [12,17] and [13],
that drove us to concentrate on some uncertainties principles and some results for the
Weinstein wavelet transform.

Our first result is the Heisenberg-type uncertainty principle for the wavelet trans-
form.

Theorem 1.1. Let s,t > 1. Then, for all f € L2(R%), we have

Z? gt (1€ Fw (£ (€)

where Cy q(s,t) = (o + %)?t

s t
rant Z Coals, 081 f g ey,

83 (f) (b, x)

The second result is the Pitt’s inequality for the Weinstein wavelet transform.

Theorem 1.2. For0 <s< a+ % and f in Schwartz space on Ri, the Pitt’s-type
inequality for the wavelet transform is given by

el Tw (Nl 2 mey < €1 Clav, s, |28 (f) (b, 2] g oy

The third is the Benkner-type uncertainty principle for the Weintein wavelet trans-
form.

Theorem 1.3. Let f € S(Ri), the following logarithmic uncertainty principle in-
equality for the Weinstein wavelet transform holds

Lo (ISt (£)(b.2)Pdua (b 2) + €4 [ (1€ IFw (£)(6) Pdpal€)

++

(2a+d+1) )
> <ga+d+1 + In(2 )) Coll flI72 re)-
I(=57) .

Finally, the logarithmic Sobolev inequalities for the Weinstein wavelet transform.

Theorem 1.4. Let s > %, 1 <p <2, and for all f € HE*(RL) there exists a
positive constant (e, d, s, h,p), such that

185 (DI, ety < 2ty 0) (1712 )+ 1S Tl ) -

Theorem 1.5. Let h € L2(R%) be a Weinstein wavelet and for all f € H2', there
exists a positive constant C(«,d), such that

i [ SEOeDL
Lo 8021 (HS% e ))d @

. ,')HLg(Ri

d+1
(a n ;) C /Rd |Fw (£ n [€]dpra(x) — C(a, d)Cll 1172 (ra -
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Theorem 1.6. For all f € L2(RL) NH2!, there exists a positive constant such that

Lo 18500, 1+ ) (b,) + o [

++ R

ze(a,d)@thH%g(Ri)'

L NFw () @)P In(1 + [2]*)dpta ()

The structure of the paper is as follows. In the next section we introduce some
further notations as well as some preliminary results. The section 3 is devoted to
prove some result for the Weinstein wavelet transform.

2. PRELIMINARY

2.1. Generalities. In this section, we fix some notation. We will denote by |z| and
(x,y) the usual norm and scalar product on R%. The unit sphere of R? is denoted by
Sd-1,

If we denote by S4 = S?1n Ri, the area of the sphere S is

Y

d—1
N ez [Na+1)

Ad,a = ‘/dil 273 +1d0'd(l') = —d+1
e (or 1)

where o, is the normalized surface measure on Si’i.
For a radial function f € LL(R?) the function f defined on Ry such that f(x) =

f(lz|l), for all z € R% is integrable with respect to the measure r2**4dr. More
precisely. For a radial function f € L:(R?) the function f defined on Ry such that

f(x) = f(||lz]), for all z € R% is integrable with respect to the measure r2**4dr.
More precisely,

(2.1) /R

where a, = —— Ajfl = — )
7 2 29772 T(a+1) 20772 T(at+44)
For r > 0 we will denote by B, = {z € R% : |z| < r} the ,ball* in R? of center 0

and radius 7 and the characteristic function of a set A will be denoted by x4, so that

f(x)dua(z) = aq /0+OO Fr)r2etidr,

d
+

(2) 1, ifxeA,
€Tr) =
XA 0, otherwise.

2.2. Harmonic analysis associated with the Weinstein operator. We consider
the Weinstein operator (also called Laplace-Bessel operator) (see [3,4]), defined on
R4 x (0, +00) by

090 2a+1 0
(2.2) AW:Zangr o

=1

. , d>2, a>—1/2.
Tq al’d,1 - @ /
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For d > 2, the operator Ay, is the Laplace-Beltrami operator on the Riemanian
space R! x (0, +00) equipped with the metric [3]

d
ds? = TS da?.
i=1

The Weinstein operator has several applications in pure and applied mathematics
especially in fluid mechanics (see e.g. [7,23]). For 1 < p < +o0, we denote by L?(R%)

the Lebesgue space consisting of measurable functions f on Ri = R4 xR, equipped
with the norm

1/p
I guss = ([, 1"l doolets) 1< 4,

+
HfHL;f"O(Ri) =ess sup |f(z)| < +oo,

xeR‘i
where for © = (x1,...,24-1,24) = (2, 24) and
2a+1 2041
T T
dpte(T) = —= d do'dry; = —— d dzry - - dzg.
@) 772 D+ 1) 772 S Do+ 1)

For f € L} (R%), the Weinstein (or Laplace-Bessel) transform is defined by

Fw(f)(E &) = - f@ s wa)e™ @ (vala) dpa(2, 14),

where j, is the spherical Bessel function:

+00 _1\k > 2k
ja(z):F(a+1)Zk!F(( D (> , z€C,

= a+k+1)\2
extends uniquely to an isometric isomorphism on L2(R%), i.e.,
(2.3) ||3rw(f)Lg(Ri) = ||f||Lg(Ri)

and we have
Fur (N = Fw(f) (€. &), &=(¢ &) e R
Moreover if f € L} (R%), then

(2-4) ||SFW(f)||Lg°(Ri) < ||f||L}x(]Ri)'

We recall the generalized translation operator T,, x € Ri, associated with the
d

Weinstein operator Ay, is defined for a continuous function f on RY, even with
respect to the last variable by
F(Oé + 1) ™ . 2«

T, fly) = Jal(a 1 1/2) /o f <$' + \/xﬁ + Y2 + 2x2y32 cos 9) (sinf)* df, y € RY,

where 2’ + ¢ = (x1+y1, ..., Ta1 + Ya_1)-
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For any function f,g € L:(R%), we define the convolution product associated with
the Weinstein operator f xy g by

fow 9(@) = [ F@)T-o(0) (W)dra(v)

+

2.3. The Weinstein wavelet transform. A Weinstein wavelet on ]R‘i is a measur-
able function i on R satisfying, for almost all £ € R%

+o00 2dt
(2.5) 0<Cp= /0 [Fw(h)(B)2F < +oc.
Let b > 0, and let h € L2(R%), we define the dilation of h as follows:
1 Yy
hy(y) = 7b2a+d+1h (b) , forally e Ri.
It easy to see that h, € L2(R%) and
Fw (ho)(€) =Fw (h)(bE),  for all g e RY,

+oo
(26) 0< 0= [T ITwOOPT < +oo
For y € R%, b > 0, ly,, is the Weinstein wavelet on Rd in L2(R%), defined by
(27) hb,y(x) = ba+?(‘]da:hb(_y 7yd)7 for all Yy, xr € Ria

we note that
1yl z ey < 10l z ey, forallb >0,y € RZ.

Also, we denote by L , 1 < p < +oo, the space of measurable functions f on
R% x [0, +00] = R, dw,(2,b) = dpta(2) satar=db such that
1
HfHLZQ(RiT) = (/Rif |f(x,b)|Pdws(x, b)) <400, 1<p<+oo,

1F Nl oo ey =esssup,, yegan|f (2, b)] < +o0.

CC‘7:’Je

Let h be a Weinstein wavelet on R% € L2 (R%). We defined the Weinstein continuous
wavelet

(28) Sk (N0 = [, Fhoy@duale), (b,y) € RE,
and '

(2.9) Sty () (b,y) = b5, Tuhn) ety = b fosay T,
Then,

(2.10) Sty (f)(b,y) = 075 T Fw (£)(©)Fw () (€D)] (1)
and

(2.11) ||Sh (f )||L2 (R < ||f||L2 Rd)||h||L2(R
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Theorem 2.1 (Plancherel’s formula for 8%,). Let h be a Weinstein wavelet. For all
J € LA(RY)

(212 L V@) Pdpa(a) = €7 [, 18 (D0 9)Pdwa(b. ).

+

Corollary 2.1 (Parseval’s formula for 8f,). Let h be a Weinstein wavelet. For all
f17 f? € Li(Ri)

(2.13) /R | fi1(@) o(@)dpa(z) = €7 /R i S (F1) (0, 9)88 (f2) (b, y)dwa (b, ).

++

Proposition 2.1. For all s > 0 and f € L2(R%) we have
QU [T O €)= O [, I 1T Sl (1)) (€) Pl €).
Proof. By (2.10) we have that

[ 1 (S8 D)) P, €

++

:/RM DA | Fwe () (€)1 Fw () (6B) [ dewa (b, €).-

From Fubini’s theorem and (2.6), the result follows. O

3. SOME RESULTS FOR THE WEINSTEIN WAVELET TRANSFORM

In this section, we will establish analogues of Heisenberg-type Uncertainty Principle
for the Weinstein Wavelet Transform, Pitt’s Inequality for the Weinstein Wavelet
Transform, the Beckner-type uncertainty principle for the Weinstein wavelet transform
and the logarithmic Sobolev inequalities for the Weinstein wavelet transform our proof
is inspired by [13], who proved some results for the deformed wavelet transform and
related uncertainty principles.

3.1. Heisenberg-type uncertainty principle for the Weinstein wavelet trans-
form. This is an extension of our study in [5] and there are many studies on the
Heisenberg uncertainty principle inequality for wavelet transforms [13,17]. In this
section, we introduce the uncertainty inequality for the Weinstein wavelet transform.
First, from our study [5, Corollary 3.5], we present the following theorem.

Theorem 3.1. Let s,t > 1. Then, for all f € L2(R%), we have

t

B Ml 8w (N b5 o NEFw (N Ol g = Caals: DT [ Il re)s

where Coq(s,t) = (o + %)ﬁ
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Proof. From [5, (3.10)], we have that for all b > 0

s

</ €T w IS (1) ')](£)|2dua(§>> </R %185 (£) 0, x>\2dua<w>> "
E(Ca,d(s,t))Z /Ri ’8%(]”)(1), x)Pd,Ua(l').

Integrating both sides with respect to the measure bmﬂribdﬁ, we obtain, by Hoélder’s
inequality and Plancherel’s formula,

b </Ri 1 Fw St (£) 0, ->]<s>\2dua<5>) -

B db
x ( f 183 )0 w)|2dua(x)> para
+oo db
>(Coals: )P [ [ 185 (5 b.0)Pdiale) s

Thus, form (2.14), we deduce

s t

o </R €F1Tw () dalb Q) (/R 22|80 () (b, ) Pdewa (b, @) "

++

> (Caals, ) [, 185 (F)(b.2) Pdaa)

++

> (Caals,)€ [ | 1f(@)Pdialc)
> (Coa(,0)°Cll F(2) 3.

O

3.2. Pitt’s inequality for the Weinstein wavelet transform. The Pitt’s inequal-
ity for the Weinstein transform is studied in [1], for all f € S(RZ), (the Schwartz
space of rapidly decreasing functions on ]R‘i, even with respect to the last variable)
and 0 < s < a+ %

(3.2) I Fw (N Oz @e) < Cle s, )2 Fll 1z e
(5

where C(a, 5,d) = 275 2.
r a+ 2 +s

2
The main aim of this section is to formulate an analogue of Pitt’s inequality (3.2)

for the Weinstein wavelet transform.



SOME RESULTS RELATED TO THE CONTINUOUS WEINSTEIN WAVELET TRANSFORMO007

Theorem 3.2. For 0 <s < a+ d+1 and [ € S(RL), the Pitt’s-type inequality for the
wavelet transform is given by

HEPTw (£l me) < € Clan s, d) |28k (£, 2)l| o
Proof. In (3.2), replace f with 8%,(f) and for b > 0, we have
L, €T Sl (£ ()€ dpalw) < Clas.d) [, 28 ()((b2)dualz).

++

By integrating both sides with respect to the measure bmfiibdﬁ, and using Fubini’s
theorem, we have

Lo [ S 0 I i)

<Closid) [, [ 1185 (0.2 e o).

Using (2.10), the last inequality is introduced as follows:

L e g ) @1 (O g i@

. db
<Clavs,d) [, 1285 (N((b. ) o5 T dusala).

++

Lt ([ ot @ ) 13w P €

db
asd// 22185 (1)((5,2) s deoa @)

From (2.6), we obtain

Thus,

db
€1 [, 1615w (DO dhal€) < Clarsd) [, ISl (10 0)P iy (o)

++

This completes the proof. 0

3.3. Beckner-Type uncertainty principle for the Weinstein wavelet trans-
form. In this section, we study the Beckner-type uncertainty principle for the Wein-
stein wavelet transform, as stated in the following theorem.

Theorem 3.3. Let f € S(Ri). The following logarithmic uncertainty principle
inequality for the Weinstein wavelet transform holds

[y (ISt (£) (. 2) (b 2) + €4 [ In(IE)IFw (£)(6) Pdpal€)
T 200+d+1 )
= (F<(2a+4d+l)) + In(2 )) GthHLg(Ri)-
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Proof. From [1, Theorem 4.5], we observe
[, WD) () + [, mEDIFw (£)(E) P (€)

F/(2a+d+1) )
> (T + 902 1

Here we replace f by 8%, (b, ), and we get

L WISl (F) (b 2) Pdpa(@) + [ n(EDIFw 85 (b)) Pdpa(€)
> (Fazr +10) [, )00 ().

Integrating both sides of the last inequality with respect to the measure bgaiiﬁm, and
using Fubini’s theorem, we obtain

f W00 P02+ [ WnEDITin 850 (1) 0O,

++
F/(2a+d+1)
> (1—\(2a+d+1) +1n(2) /
Using (2.10), and Plancherel’s formula, we obtain

fo IS (b 2) Pt ) + [ EDITw (0PI (£ .

++

85 (f) (b, )P dpta ().

+

= (M + 1ﬂ<2>) /R |Fow (1) (b, ) 2|Fw (£)(€)[Pdewa (b, ).

4 ++

Consequently,
[ ISt (F)(6,2) P (b,2) + €4 [ (IEDITw (£)()Pdpa(€)

(2t :
> () + 1)) € [, (O P,

which proves the desired result. U

3.4. Logarithmic Sobolev inequalities for the Weinstein wavelet transform.
First, we introduce the Sobolev space that naturally arise in connection with the
Weinstein transform.

Definition 3.1. Let s € R%, 1 < p < +o0, and T € S'(R%) be a distribution. We
define:

(3.3) HEA(RY) = {T € S(RY) : (1+ [¢[*)> Fu (T) € LR(RY)} .
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Means that for s > 0, T' € H2*(R?%) and Fyy(T') is given by a function in L2(R%), the
norm on H?® is defined by

1T lzee = 111+ )2

It is clear that S(R%) C HE*(R%). Also, as is usually the case, it can be easily shown
that HE*(R%) is dense in S'(R%), see [2] more details.

Here, our interest is in the case p = 2, for T' € H%*(R%), it can be seen that T is
necessary given by a function f € L2(R%) the space H%® can be defined as

(3.4) H2'(RY) = {f € L2(RY) : [§]"Fw(f) € L2(RY)}.

a(RY):

In the following, we give a Sobolev embedding theorem.

Theorem 3.4. Let s > %, 1 <p <2, and for all f € HE*(RYL) there exists a
positive constant (e, d, s, h,p), such that

33) IS DI, e < 2l 0) (1% g, + IIEFTw %, ).
Proof. From Plancherel’s formula,we obtain
183 (NIZ2, @) < Cn /Rd |Fw (NP L+ 1E)° (1 + [E]*) " dpa().
+

Using Holder’s inequality, we get

1/p
IS8 Mz, o) < ([, 19O PP+ €7t

(L

+

1/q
1+ raﬁwqdua(a) .

By (2.1), we have

_ P(sq — (o + F))l(a + 45
2 sqd — 2 2 .
oo A+ €)= = e e

Using the fact that (a + b)® < 2°(a® + b°), we get

/
(sq — (o + )0 (o + 41y ™

(o + HHT(sq)

% 2 (112 ay + 11EFTwl ) -

h
1880 ()12, et <Ch | =

Thus,

e(a,d,s, h,p,q) = Cj

This completes the proof. O
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Corollary 3.1. Let s > 2O‘+d+1. There exists a positive constant e(c,d, s, h,p,q) such
that for f € HE*(R%)
B6) ISk (NI, ey < <o) (151 g NEF T2 )

Proof. Using the dilated D, (f)(z) = A*T5" f(\z) to (3.5), we get

”S’;V(f)H%wa(Ri) §€(Oé, d,s, h,p, q) ()\ (2a4+-d+1) ||f||LP &)

A2 atdtD) | gl ||L2p(Rd )

By minimizing the right-hand side of the last inequality, we obtain

2atdt1-2sp \ 1/2
sp (ps — (a+ L)) >
||S}‘}V(f>||%wa (Ri) Sg(a7 d? S? h7p7 Q)1/2 ( d+1 2a2d+1
(0‘ +5)

HfHsz 2) H|€! 3"wHL2p R)
This is the desired result. O

Now, to describe our next result, we recall Theorem 5.6 in [2]. There exists a
positive constant C(«, d) such that for all f € H2%(R%)

o (1) )
(3.7) L, 1@ ln(H f||La<Ri>)d““( )

+

d
(a n ‘2”) Ly 1B O i) — Elon D

Now, with the same constant C(a, d), we show the following theorem.

Theorem 3.5. Let h € LZ(R?%) be a Weinstein wavelet and for all f € HZ*, there
exists a positive constant C(a, d)

i [ SO Y
oy AN @2 (ns%(f)(b ))d o)

7')||L§(Ri

d
(a " ;1) Ch /Ri [T (£)(E)* I [€]dpa () — €(e, d)Cullf |17z -
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Proof. By replacing 8(f)(b, ) and integrating both sides of (3.7) with respect to
the measure bga‘iibdﬁ we get

()b ln S0 b
AL GIRT (||sev<f><b,->||Lg(Ri))W s
(a+d“) / ~ [ 1Fwisii £ (b)) P €l () i

oo db
—elad) [ 18I (NGB ) s

Now, by Fubini’s theorem and Plancherel’s formula, we get the required result. [

Finally, we give another version of logarithmic uncertainty for the Weinstein wavelet
transform.

Theorem 3.6. For all f € L2(RY) NH2!, there exists a positive constant such that

Lo 18 DG (1 + ol dwa(b2) + Co [ [Fw(£)(@) P In(1 + o) dpaz)

++

>C(a, d)@thH%g(Ri)'

Proof. In the same manner, replacing f with 8, (f) and integrating both sides of the
inequality in [2, Theorem 5.8], we obtain

Lo 185 0,22 (1 + o) (b, 2)

[ Fw Sl (£ (b)) @) P In(1 + o))

>C(a, d) |8y () (b ) 175 -

Applying Proposition 2.1, Plancherel’s formula, we obtain
[ 185 (1) b 2) P i1+ P )b, 2) + € [ 15 (F) )P In(1 + ) a2
+

Ry

ze(a,d)GthHLg(Ri)'
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