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HIGH DIMENSIONAL FRACTIONAL COUPLED SYSTEMS: NEW
EXISTENCE AND UNIQUENESS RESULTS

LOUIZA TABHARIT! AND ZOUBIR DAHMANTI?

ABSTRACT. In this paper, we study a class of high dimensional coupled fractional
differential systems using Caputo approach. We investigate the existence of solutions
using Schaefer fixed point theorem. Moreover, new existence and uniqueness results
are obtained by using the contraction mapping principle. Finally, Some examples
are presented to illustrate our main results.

1. INTRODUCTION AND PRELIMINARIES

Fractional differential equations have gained a great interest because of their many
applications in modeling of physical and chemical processes and in engineering sci-
ences. For the basic theory of fractional differential equations, see [1-10,12-14,17,22].
Moreover, the nonlinear coupled systems involving fractional derivatives are also very
important, since they occur in various problems of applied mathematics. In the litera-
ture, we can find many papers dealing with the existence and uniqueness of solutions.
For more details, we refer the reader to [11,16,18-21] and the references therein.

Motivated by cited coupled systems-papers, in this work, we discuss the existence
and uniqueness of solutions for the following problem:

Key words and phrases. Banach contraction principle, Caputo derivative, fixed point, differential
equation, existence, uniqueness.

2010 Mathematics Subject Classification. 30C45, 39B72, 39B82.

Received: October 12, 2015.

Accepted: December 4, 2015.

224



HIGH DIMENSIONAL FRACTIONAL COUPLED SYSTEMS 225

( l

D¥uy (t) = fH(tur (), um (8), D uy (t),..., D™y, (1), t € J,
l
D*uy (t) = f2(tur ().t (£), Dy (t),..., D™y (1)), t € J,

i=1

l
D™ gy (£) = f (tyua (£) -ty (£), DV g (£) ., D™y (1)), £ €,

=1
Uk (O) = a]éa
W) =0, j=12...,n-2

LV (0) = JMur(m), >0,

where £ = 1,2,...,m. We suppose that n — 1 < ap < n, 1% € [0,n—1[, k =
1,2,...,m,neN"— {1}, m,l € N* 7 €]0,1], J := [0,1]. The derivatives D* D

k=1,2,...,m, are taken in the sense of Caputo. For the functions ( ff)f:lwlm :
J x R*™ — R, we will specify them later.

The paper is organised as follows: We begin by introducing some definitions and
lemmas that will be used in the proof of the main results. Then, in the Main Results
Section, we prove the existence of solutions theorems. At the last section, some
illustrative examples are treated. So, let us now present the basic definitions and

lemmas [15].

Definition 1.1. The Riemann-Liouville fractional integral operator of order o > 0,
for a continuous function f on [0, oo[ is defined as:

1 t a1
(1.2) JOf(t) = m/o (t—s)"" f(s)ds, a>0,t>0,
(), a=0,t>0,

where T' (o) := [~ e "2 dux.

Definition 1.2. The Caputo derivative of order « for a function u : [0,00) — R,
which is at least n-times differentiable can be defined as:

1 t
] / (t — )" u™ (s)ds = J U™ (1),
0

Du(t) = I'n—a«

for n—1<a<n,neN—{1}.

We recall the following lemmas [7,19].
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Lemma 1.1. For a > 0, the general solution of the fractional differential equation
Du(t) =0, is given by

n—1
u(t) = chtj,
=0
where c; € R, j=0,...,n—1, n=|a]+ 1.
Lemma 1.2. Let o« > 0. Then

JeD*u(t) = u(t) + Z 5t

where c; € R, j=0,1,....,n—1, n=[a] + 1.
Lemma 1.3. Let ¢ >p >0, g € L' ([a,b]). Then DPJIf (t) = JTPf (t), t € [a,b].

Lemma 1.4 (Schaefer fixed point Theorem). Let E be Banach space and T : E — E
is a completely continuous operator. If V={u € E:u = puTu,0 < u < 1} is bounded,
then T has a fized point in E.

The proof of the following auxiliary lemma is crucial for the problem (1.1).

Lemma 1.5. Assume that ( f)f:l """ " e C([0,1],R), m,l € N*. And consider the
problem

l
(1.3) Do‘kuk(t):ZQf(t), teJn—1<aoq <n,neN —{1},
associated with the conditions:

uy, (0) = ag,
(1.4) W) =0, j=1,2...,n-2,

u](gnfl) (O) _ JTkUk('rk),

where k =1,2,...,m. Then for all k =1,2,...,m, we have
,

Z 7 k L (re+n)t"!

s)ds + ag +
F Qi (%) " (n—1)! (" =T (ry + 1))
) ! . abTk
1.5 - ds — ——F—
( ) Z/ ak—i—rk QZ (8) iy F(Tk+1)

Proof. Thanks to (1.2) and by (1.3), we have

)ak 1

(1.6) ug(t) = Z / %Qk (8)ds — kb — bt — kit — .. —cF 7t
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Wherecg?ER,j:0,1,2,...,n—1,k:1,2,...,m,m€N*, and n — 1 < ap < n,

n e N* — {1}.
For all k =1,2,...,m, we observe that
uk<0) = _Clga
u0) =gl j=12,...,n-2
u"V0) = —(m—1)k .
The conditions (1.4) will allow us to obtain
R
k .
C; =0, 7=1,2,...,n—2,
(17) <7

T (T’k + n) T * l
Ck_ — ak‘ k _ Jak-H"k k} T ’
ol T (n) (7‘2”"71 — T (rg +n)) ( OT (rp, + 1) Zi:l @ ()

where k= 1,2,...,m. The values of ¢} given by (1.7) replaced in (1.6) imply (1.5).
This completes the proof of Lemma 1.5. U

Now, we consider the space:
S = {(ug,ug,...,u,) rux € C([0,1],R), D"y, € C([0,1],R) bk =1,2,...,m},
endowed with the norm
ICur, 2, um)lls = miax ([l floo s 1Dl ) -
This Banach space will be used in the proof of the theorems.

2. MAIN RESULTS

We impose the following hypotheses:

(H;): There exist nonnegative constants (uf Zszmlm> , such that for all
= b, j=1,2,...2m
t € [0,1] and for all (uy,us, ..., usm), (Vi,Vs,...,Vay) € R*™ we have
2m
|ff (t, w1, U, ..., Ugm) — fF(t 01,09, ... ,'UQm)| < Z (uf)j lu; — ;.
j=1
k=1,2,....m

(H3): The functions (f‘k)i:l S [0,1] x R?™ — R;m, I € N* are continuous,

7

(Hj3): There exist nonnegative functions (wk)fzzl’z"’m € C([0,1]), such that: for all

t € [0,1] and for all (u1, us, ..., us,) € R*™
}flk (t’ul’u27 s 7u2m)‘ § U)lk (t) ,
with

supw? (t) = CF.
te]
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Setting the following quantities:

2m 1
k

Ek_ZZ(uz)J7

=1 i=1

1 [ (ry +n) T,?””“

Fk: + re+n—1 )

[(ap+1)  (n—1)! ‘ —F(rk%—n}f‘ (g + 1+ 1)
[ 1 + L (ry +n) 70c
U T (g =+ 1) T(n—) ) |t F(Tk—l—n)’I‘(Ozk%—rk—1—1)7
and

(r +n) || ¢
e o G T

[ (ry +n) ‘a0|7
rp+n—1 F(Tk—l—n|r(7“k+1)

Wi :F(n—vk ‘7’

We now prove the first main result.
Theorem 2.1. Assume that (Hy) and the following are satisfied
Then, the problem (1.1) has a unique solution on J.

Proof. Let us take the operator P : S — S given by

P (uy,ug, ... yty) (t) := (P (U1, Uy oy Uy) () 5oy By (Ur, Uy oo Uy (B), €,
such that

P (U1,U27-~7Um) (t)

_Z/ (t— )™ (t up (1), ... U (s), D" uy (s),...,D"u ())ds+a§

[ (ry+n)t"!
(n—1)!( T T (g n))

l Tk_Sak+rk 1
(Z/ Rt u (b)), .. um (8), Dy (s), ..., D"™u,, (s))ds

+

Odk—l—rk

agT*
We shall prove that P is contractive: Let (uy,us, ..., upm), (v1,vs,.

forall k=1,2,...,mand t € J, we get:
|Pk (ul,u2,...,um) (t) —Pk (’Ul,Ug,...,’Um) (t)‘

.y Up) € S. Then,
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Supz‘fk S, ul (8)7Dvlu1 (5>7~"7D7mum<8))

ak+ sEJ

_ff(S,vl(s),... U (8), D" 0p () ..., DYy, (5))]
+ [ (rg +n) 7o+

(n— D™ N =T (rp +n) | T (o + 1y, + 1)

X supZ|f s, ug ( U (8), D" g (8) ..., D™y, (s))

seJ

_ff (s,vl (8),. s Um (), D" 01 (), ..., D" vy (5))] -
Using (H,), yields

| P (w1, ua, . . s U) — P (U1,02, .., Um) || o

1 F(?“k—i-n)T,?k—Hk
< +
T\ T (e +1)  (n=D " =T (g +n)| D (o + 15+ 1)
!
> () + () 4+ (1)) max ([lux = vellog s [0 (ur = vi)ll0)

i=1 tsks
Thus,
| P (wr,ug, . .y Um) — P (U1, 02, .., U)o
(2.2) < ERF i ||(ur —v1, oo Uy — U, D7 (wg — 1) oo, D7 (U, — U) || -

On the other hand, we have
| D7 Py (uy, ug, . . um) (t) — D" Py, (v1,v2, ..., 0m) (1)]

tak Tk

supZ|f s ug ( U (8), D" g (8) ..., D™y (s))
—fk (s v1 (), . .,vm(s),D Ul(s),...,DWmvm(s))‘

[(ry+n) t”*V’cflT,?’“”’“

+
F(n—fyk)‘ aatan— o r+n)|F(ak+rk+1)
><supz:‘f’C $,ut (8) s ooyt (), D ug (8), ..., D"y, (5))
seJ

_fik (S,U1 (5)se s (5), D" 01 (8) ..., D™ (5))] -
Then,
| D Py (w1, ug, - .- um) — D™ By (v1,v2, -+, vm) || o

R D(r 4 n) 7™
“ \D(ap —yw+1) F(n—fyk)‘”“”l F(rk+n)|F(Oék+Tk+1)
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2m 1
X Zzufu(ul_Ulw"aum_vm;D’Yl (ul_vl)a'--aD’ym (um_vm))”S'

i=1 i=1
So,

| D™ Py, (uq,ug, . .., Upm) — D7 Py (v1, 02, ..., Um) || o
(2.3) < Bkl (ur — 1, Uy = Y, D (wg — 1) 5o, D7 (U, — V)| g -
Thanks to (2.3) and (2.2), we obtain

P (w1, ug, ... tm) — P (01,02, ..., 0m)||g
(24) < 1IEI?<}Szzk(F’“FZ) | (w1 =01, U=V, D™ (ug —01) 5 oo, D7 (U, —U)) || 5 -

By (2.1) the operator P is contractive. Hence, P has a unique fixed point which is a

solution of the system (1.1). This ends the proof.

O

The following result presents new conditions to the existence of one solution. We

prove the result by using Schaefer theorem:

Theorem 2.2. Let (f )f 1122 ,,,,,,, .

has at least one solution on J.

Proof. First, we prove that P is completely continuous. We consider the set
Qo = {(u1,u2, ..., Up) €5 |[(ur,uz,...,un)|lg <o, 0>0},
and we show that P maps bounded sets into bounded sets in S.
Let (uy,ua,...,Un) € . The hypothesis (H3) implies that
|| P (ul,uQ, o um)H
Oék+1 iggZ‘fk s, ug ( U (8), D"y (s), ..., D" uy, (5))|
[ (rp +n)t" ! |af| 7"
(n— D! =T (g + n)|T (ry +1)
U (ry + n) ¢ tege e

(n—1)! | LT (4 n) |T (o + 7+ 1)

+ |a§] +

xsuIJ)Z‘fk S,u1 (8) - Um (), D" ug (s) ..., D™, (s))]
s€
(2.5)
1 D (ry, +n) ™ SN
< + su wy (s
(F(ak—l—l) (n_1 W™ =T (r + n) | T (o + 75 + 1) 369; 2
(re +n) |a
+ |af] + 1+ n) Jag] o

(n—1)| ,:’“J“" 1—F(m+n )| T (ri+ 1)

satisfied (Hy) and (Hs3). Then, the problem (1.

1)
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Therefore,

| P (w1, ug, .oy um)| o

1 N U (ry +n)7oe
“\I'(ax+1)  (n—1) !T”nl F(rk%—n‘f‘ (g + 1+ 1)

l [ (ry +n) ’a |7'
k k :
X ‘E_ Cz +‘a0|+(n_1)!|7_]:k+n 1_F(7»k_|_n ‘F(Tk—Fl)

l
(26) < Fpy Cf+W

i=1
Furthermore, we get
\|D7 Py (uy, ug, . . . ,um)||oo

tak —Vk

sup Z ‘fk s, uq ( U, (8), D uy (5) ..., D™y, (s))‘

T Tak =+ 1) ses
T (4 +n)t" Wt |af| ok
T'(n—) } rptn-l F(Tk—l—n)’F(rk—l—l)
T (ry + n) oLyt

retn—l F(Tk+n)’F(ozk+rk+1)

+

+

F(”—% }

xsupZ}fk s,uy (), . (s),DﬁU1(8),---,D7mum(5))|

sedJ

1 L (ry + n) ror "
S T _ 1 + . re+n—1
(= +1)  T(n— } F(rk+n)‘F(ak+rk+1)

& [ (rg +n) |a0‘
X w; (t) + — .
; F(n—yk’ Rl F(rk—i—n}F(rk—i—l)
Hence
!
(2.7) 1D Py (wr,ua, )| < FR Y CF+ W

From (2.6) and (2.7), we get

! !
(2.8) HP(UI’W""’U’”)HSS12}?;7(71 (FkECf—i-Wk, FZ;C’?—FWJ) < 00

So, P maps bounded sets into bounded sets in S.
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The hypothesis (Hs) implies that P is continuous on S. Now, let t1,t, € [0,1];

t1 < tg, and (uq,us,...,u,) € S, we have:
||Pk(u17u27"-7um)(t2)_Pk(u17u27“" )(tl)”oo
1
2.9 < ———— 2L —t)™+ (15" —t7%)) ) CF
29 <o @e-n Z

I (re + n) |ak| 7t

+ tn—l _tn—l
(n—l)!‘Tgﬁnl—F(rkjLn!F rk+1)(2 )
T (rp +n) roetre
+ T+n1(k: ) (tnl_tnlz
(n—1)! 7" —F(rk—i-n!F (ag +rp+1) —
and
||D’7kpk (UhUQ, s 7U’m) (t2) - D’YkPk <u17u27 s 7um) (tl)”oo
2 to — ¢ Ok —Vk tak Tk _tak*')’k l
< (ta —t1) + (t5 ) qu
I (o — 7+ 1) P
[ (ry +n) ‘a0| -1  n—mp—1
+ t Yk —t Tk
I‘(n—%)‘rﬁnl F(rk+n|I‘(rk+1)(2 ! )
(2.10)
T ap+TE !
+ — (lrk + n) (tg,—’yk—l _ t?f—’yk—l) Z Czk
I'(n—w) ‘Tk F(Tk+n)|l“(ak+rk~l—1)

The right-hand sides of the above inequalities (2.9) and (2.10) are independent of
(ug,ug, ..., uy) and tend to zero as to — t; — 0. Then the operator P, is equi-
continuous. Hence, the operator P is a completely continuous.

Finally we show that

A= {(ug,ug,y ... um) €8, (ur,ug, ..., Uy) =nP (u,ug, ..., uy,) 0<n<1}

is bounded.
For (u1,ug, ..., uy,) € A, we have (ug, us, ..., uy) (t) = nP (u1,us, ..., uy,) (t), for
all t € [0,1]. Using (2.8), we get
! !
T (D C e o) B

Thus, A is a bounded. By Lemma 1.4, the operator P has a fixed point which is a
solution of (1.1). Theorem 2.2 is thus proved. O

3. EXAMPLES

In this section, we give some examples to illustrate our theorems.
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Fxample 3.1. Consider the following system:
(3.1)

D5y (t) = 127r3(1t+1) (cos (ug (t)) + cos (uz (t)) + <

‘D%ul () + D3 ug (t)’ )
14 ‘Déul (t) + D2 ug (t)D

1 |y (t) + ua (t)] . Di. Dy
e (%(1 @) tup ) oD ) Fsin D2 (t)> !
te|0,1],
19 1 lur (t) + ug (t)] . 8 5
D5 uy(t) = T3t <1 n ]1u1 0 +2u2 0] + sin (D3u1 ) + sin <D2u2 (t)))
N ( ‘sin (u1 (£)) + cos (uz (1)) + cos (D% (t )) + sin (D2u2( ))‘ )
67 \ 1 4 |sin (uq (t)) + cos (ug (t)) — cos <D§u1 (t)) + sin (DiuQ (t))’ 7
te[0,1],
(1) ) 3) 1 (3
ur (0) =3, u’ (0)=u;" (0)=0, u”(0)=J2 (7>7
up (0) =5, ul (0) =ul? (0) =0, u{¥(0)=J3 <$>

For this example, we have: n =4, 1 =2, a; = 11/3, ay = 19/5, 71 = 8/3, 72 = 5/2,
7’1—1/2 7“2—1/3 7'1—3/7 Ty = 6/7 J = [O,l],and

1
1273 (t + 1)
1

f (t Uy, U2, U37U4) (Cos U1 + cosug +

|z + 4] )

(1 + |us + u4l)

f (t, 1, ug, ug, ug) = 1 + + sinug + sinuy |,
64 (t + 1) \ 2w (1 + |ug + usl)
1 U1 + us| . .
f (t, w1, up, uz, ug) = T4 3¢t (1 [ + +sinug +sinwuy |,

N t? |sinuy + cos us + cos ug + sin uy|
I5 (tur, ug, uz, ug) = .

673 \ 1 + |sinwuy + cos uy — cosug + sin uy|

For all t € J and (uy, ug, u3, uy), (v1,v9,v3,v4) € R?, we get:

‘fll (t,U1,U2,U3,U4) - fll (t,Ul,UQ,U3,U4)}

S Jo lm —ul+ 1217TB fuz = val + 12173 s = val + 1217r3 g = val
‘le (t, w1, ug, Uz, Ug) — fo (t,vl,vg,vg,m)}

< L lug —v1| + ! lug — 2]4— ! \ug—v3]~|— |y — vy

— 12872 12872 647 ’
‘ff (t, uy, ug, us, ug) — fi (t, vy, vg,vg,m)}

< L lug — vy |+ —= ! lug — vo| + ! |u3—U3]+L]u4—v4|

— 14m3 1473 1473 1473 ’
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| f3 (s u, ug, ua) — f3 (8, 01, 09,03, 04)

1 1 1
< G 3|u1—vl|—|—6 3]u2—'02\—|—6 3|u3—v3\—|—6 2
We can take:
1
(“%)1 - (“%)2 - (“})3 - ('u})z; = 19753’
1
(), = (), = g0 (D)= (1), =
1
(/‘%)1 - (M%)Q = (M%)s - (M%>4 = 1473
1
(), = (12), = (13)y = (13), = 55
Indeed,
Y1 F1=0.001517, 25 F 5 = 0.001820,
Y1 F 1 =0.022304, XoF 5 = 0.0270009.
Thus,

max (X1F 1, XaoF 2, X1F 1, 8aF 5) < L.
Using Theorem 2.1, system (3.1) has a unique solution on J.

FExample 3.2. We consider the following system:

tﬁn(D%u1@)+nD%u2()+l)4u3(n

1+ |sin (ug (t) + u2 () + ug (1))]
etsin( (t )D2u ))

p
19

Dauy (t) =

+
1+ ‘cos (ug (t) + Diuy (t

)+
D uy () = ¢ sin (u (t) +up (¢ >+)ig

2 — sin (D%ul () + D3uy (t
n sin (ug (t) uw

t €[0,1],

3 (t
(3.2) wu+4)+an( ()Dmm()D

D% us (t) = sin (ug (¢) us () ug

2
N ts7in(u1 (tluQ() ( ) ’ 0.1
eD2u (#)+D3uz(t)+D 4 uz(t)

up (0) =3v2, u” (0) =u® (0) = ul® (0) = 0, u$woy:J§<1>,
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We have: n =51 =2, a0 = 19/4, y = 7/2, ag = 17/4, 75 = 4/3, a3 = 25/6,
V3 = 15/4, rn = 1/8, Ty = 1/2, s = 5/8, T = 1/2, To = 2/3, T3 = 4/57 J = [0,1]
And, for all (uy,us, us, ug, us, ug) € RS, for all t € J, we get

_ tsinug + us + ugl
© 1+ [sin (ug + ug + usg)|
t .
e’ |sin (ujuy)| <cl—e

- 1+ |cos (ug + us + ug + ug)| —

t .
5 9 et [sin (ug + ug + us)|
t < t) =
‘f1 ( ,ul,u2,u3,u4,u5,u6)| < wj (t) Sy ———

<Of =1,

‘ fll <t7u17u27u37u47u57u6)‘ S w% (t)

‘ f21 (t’u17u27u3au47u57u6)‘ S CU; (t)

< CP=e,

sin (ugus)]| -

. = 2 9

7w (t+ 1) + sin (uguqus + ug) T—1
t cos(ua+us+ue) < 03 —

<wp(t) =

‘ f22 (ta Uz, U2, U3, Uyg, Us, UG)

IN

w? (t) = |sin (uyugus)| e

_t |sin (uy (t) ug (t) us (1))

| f7 (t,ua, g, us, wa, us, ug) |

‘fQ?) (t7u17u27u37u47u57u6)| S w% (t) S CS — 1

The functions fF are continuous and bounded on J x R®. Using Theorem 2.2, the
system (3.2) has at least one solution on J.
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