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SOME ESTIMATES OF THE MODULUS OF CONTINUITY FOR
FUNCTIONS BELONGING TO THE CLASSES H,, p € [1,+]

SHPETIM REXHEPI! AND EGZONA ISEINT!

ABSTRACT. In this paper are given conditions when a function, the product of
functions, and the convolution of two functions of different spaces belong to the
classes H,,, p € [1,+00]. The results are obtained by the estimation of the modulus
of continuity for the functions of different spaces belonging to the classes H,,,
p € [1,+o0].

1. INTRODUCTION AND AUXILIARY FACTS

The main problem in approximation theory is to determine the approximating
properties of a function based on its axiomatic and constructive characteristics. Func-
tions with the same a priori properties are grouped into classes, particularly classes
of periodic functions classified by properties such as the modulus of smoothness, dif-
ferentiability, upper bound, Fourier coefficients, and others. This ensures that results
established for a given class apply to every function within it. This approach also
allows for the formulation of new problems for entire classes of functions. In numerical
methods, the given function is typically replaced by a function from these previously
defined and studied classes, which are more suitable for analysis and computation
[3,5]. The modulus of continuity is a positive value that measures the continuity
of a function and can be used to study the order of approximation of a function by
polynomials, Fourier sums, or other methods.

In this paper, we present results on estimating the modulus of continuity for func-
tions from various spaces belonging to the class H, , where p € [1,+00]. We also
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provide estimates for the modulus of continuity of the product and convolution of
two functions from this class. We will now introduce some notations and state some
known facts from [2,4,8-10].

Denote by C' the space of all 27-periodic functions f, continuous on the entire axis
with the norm || f||c = max, |f(z)].

Denote by M the space of 2m-periodic essentially bounded functions f with the
norm || f||,, = esssup, [f (z)].

We denote by L,, p € [1,400), the set of 2m-periodic functions f, such that f is
measurable on [0, 27| for p a fixed number, p € [1, +00),

£, = ([ 1) < +oc

and for p = +o0, | fllee = [ fllar = esssup,epon [f(2)| < +00. In what follows we
write || f]|, instead of || f||z,-

For p € [1,4+o00] we write by wy(f,t), the modulus of smoothness of the power £,
of the function f € L,[0,27] given by

k
“m [k
.0y = sup [A5Fl,,  whore A a) = 3 (<1 ) e+ un)
he(o0,t] m=0
We write by w(f,t), instead of w;(f,t),, to represent the L, modulus of continuity
of the function f € L,[0,2x]. It is given by

1
(1), = {suphe[o,ﬂ (& 1 £ (x4 h) = f(2)Pdz)” . p e [1,+00),
SUPpe(o,y) MaXze[0,27] |f(x+h) = f(z)|, p=+too.
We write w(f, ) instead of w(f,t)s and it represents the modulus of continuity of
a function f € C|0,27], i.e.,
w(f,t) = sup max |f(z+h)— f(x)]

hel0,¢] #€[0,27]
=sup {|f(z1) — f(22)|, 21 — 22| < t, 21,39 € [0,27]}.

We say that the function f € C[0, 27| belongs to the class H,, if its modulus of
continuity satisfies the condition: w(f,t) < w(t), t € [0, 2m).

The class H,, is characterized by the fact that for all functions f € L,[0,27] holds
the relation: w(f,t), <w(t),, t € [0,27], i.e.,

[f(x+t) = fla+ta) |, Swi ([t —ta]), =w(?t),, [t—tf <t

Definition 1.1 ([3]). Let f be an element of L(0,27) and let a, = a,(f) and
b = b(f), m=1,2,... be the Fourier coefficients of f, i.e., the Fourier series of f
is defined as follows

S[f] = 5 > (am cosma + by, sinmaz) .

m=1
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The nth-order partial sum S,,(f) of the series S[f] is the trigonometric polynomial
called the nth-order Fourier sum for the function f.

Remark 1.1 ([3]). For any p,q, for 1 < p < ¢ < o0 it is clear that C' = M = L, C
L,CL,CL.

Definition 1.2 ([4]). The function f is called the convolution of two functions ¢, €
L (0,2m) if it can be represented in the form f(z) = 1 T oz — u)h(u)du and it is
denoted by f = px 1.

Remark 1.2. The relation ¢ %) = 1 * @ is valid.

Proposition 1.1 ([1,2] Holder inequality). Let f and g be two measurable functions
in interval (0,2m). Let 1 < p < 400 and g € RT such that zl) + % = 1. Then,

[ wtas < { [ 1repas)” { [l as)

Proposition 1.2 ([6]). Let 0 < p < ¢ < +o00 and ax > 0, for all k = 1,2,...,n.
Then, the inequality

1 1

(1) = (%)

2. MAIN RESULTS

holds.

In this section we will give and prove our results.

Theorem 2.1. Let f = @ * v such that p € L,, ¥ € L;, 1 < p < 400 and ¢ € RT,
;1) + % =1. Ifwi(p,t), < W“J“lg‘/‘)f, then f € H,,.

Proof. Using the properties of convolution, properties of modulus of continuity, Holder
inequality and the conditions in the given theorem for |h| < ¢, we get

2
(.0, =sup 1AL < il = sup [ AL+ v)lda
[h|<t |n|<t /0

<sup ([T (8o x) <:c>)2doc)é (/j”dxf

|h|<t

<varsuwpmax ([ (8} (05 0) ()’ dy)é

|h|<t YER

B (%, 1), (/[)%dy)Z = 2msup |(p ) ( + h) — (9 ¥) ()]

|h|<t
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=2msup (= [l + = ) — oo = w) ()| du)

|n|<t \TC

<2sup (L [ ota+ h—0) = ola =) ([ 1)

|n|<t \T0
_ wi (t)o _
=2w1 (¢, 1), lvllg < 2m [¥llq = 2mws (£)c -
1¥lg
So, we get wy (@ x ¥, 1), < wi (t),, consequently f € H,,. O

Corollary 2.1. Let f = ¢ * ) such that ¢ € L,, p € L,, 1 < p < +00 and g € RY,
where 1%4— % =1 Ifw (p,t), < %, then f € H,,.

The proof can be inserted from the proof of Theorem 2.1, where we get

! (t>1
219l

Theorem 2.2. Let f = p %1 such that function ¢ or ¢ belongs to the space M. If

wi (1, ) < ﬂ“"‘jp(ﬁf, for o € M or wi(p,t); < ﬂ‘]’@fﬁf for € M, then f € H,,.

wi (f,8); < 2w (9, 1), [19]lg < 2 [l < w1 (), -

Proof. Assuming that ¢ € M and |h| <t we get

alf e =50 840 # Yl = s1p (9 ) (1) = () ()]
= sup (= [T @+ h =) = o = 0) o ) )

|h|<t \T0

< sup esssb,cqan ([ 10 (4 h—w) = (o = ) o (u) |du)

|h|<t ™J0
=sup gl [ 106+ B) 2 (7)) du = lglfasen (6,1
|h|<Pt ¥ M, - Pllmwr (P, 1)y

1 w1 (t)
< lpllum 2 =y (1)
a Il ‘

So, we get wy (f,t)p < wi (t)s, consequently f € H,. The case of 1) € M can be
elaborated similarly. 0

Theorem 2.3. Let f € L, and w; (f,t), be the modulus of continuity of the function
f1f

then f € H,,.
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Proof. Using the properties of convolution, properties of modulus of continuity, and
Holder inequality for |h| < ¢, we get

(.0, = sup [ 1S+ b) = f@)Pd
<swp [TIf Gt h) = F@P7S (4 B) - @)
<o 17 (040 = £GP 0 G+ 0]+ 7)) <
< s 2|l ([T (r@em=r@p) ) " ([ 1)

p—1

=2l|fle (2m)7 (w1 (£.1),)

From the conditions in the stated theorem we get

—1

ptl 1 1 b= pl L 1
() <207 72 || fll&(wn (£:1),) T <27 77| flle—

Consequently, f € H,,. O

In the following theorem we give the generalization of results obtained in [7].

Theorem 2.4. Let f € L, and g € C. Ifw(g,t) < Aul)llf(ﬁll and w (f, t)p < BwﬁétH)l;

where A and B are positive constants such that A+ B < %, then f,g € H,,.

Proof. Using Holder’s inequality for |h| < ¢, we see that
2m
w1(Fg.0), =sup 1AL fgll, = sup [ |f (@) g (@ +h) = [ (@) g (@) |da
|h|<t |h|<t /0

" i< o27r‘f(fc+h)g(:c+h)+f(x+h)9(33)

~f@+h)g@) — f(@)g(x)|de

<swp [ (If (@ +0) g+ 1) = g@)) + lg@)| - 1f (@ + ) — f(2)])de

|h|<t /0
<swp [ (1fte-+ 1)1 [ako(e)] o + s [ (lo(o)]- [2s(w)] )
gm(/o”(\f(g;+h)|-\A,ﬁg(m)\)pd@p(/oﬁﬂdx)p

p—1

+sup ([ " (lg @) |AL )] )pdx)zl’( 1#idr) ”

|h|<t
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<o) (supmax Ao ()] ([ £ P )

|h|<t YER

+ sup max |g (y) (/ ‘Ahf ‘pdx )

|h|<t YER

=m)'7 (Ifll,w (9.0 + lgllw (f,0),)

: (1), (1),
< (2m)"5" (”fHAHfH + gl B HgH) w1 (0),.

It follows that wq (fg,t); < wi (t),. Consequently, fg € H,,. O

Theorem 2.5. Let f € L, and wk (f t) the modulus of smoothness of the power k
of the function f. If wi (f,t), <Z Qk 1, then f € H,y.

Proof. Using the properties of the smoothness of continuity, the given conditions of
the stated theorem, and Proposition 1.2, for %D + % =1,¢>1,and |h| <t, we get the
following result

wi (f,1), = sup [ALf] = M(/ Aff (@) d )

hel0,t]
o (K101 o ALY
= sup / Z( : )’Ahf(:v+]h)‘ dx
he(0,t] 0 =0 J
1
or (k=1 /1 1 \¢ ko1 » P
< sup / Z( : > Z‘A}Lf(x—l—jh)‘ dx | dx
helot] \ /0 §=0 J j=0
21 %
<k2F' sup (/ ‘A,llf (z +jh)’p dx) = k2" 1w (f, t),
hel0,t] \JO
k-1 k()
Sk’? k2k—1p S Wi (t)p
Finally, wy (f,1), < wg (t),, ie., f € Hy. O
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