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SOME ESTIMATES OF THE MODULUS OF CONTINUITY FOR
FUNCTIONS BELONGING TO THE CLASSES Hωp, p ∈ [1,+∞]

SHPETIM REXHEPI1 AND EGZONA ISEINI1

Abstract. In this paper are given conditions when a function, the product of
functions, and the convolution of two functions of different spaces belong to the
classes Hωp

, p ∈ [1, +∞]. The results are obtained by the estimation of the modulus
of continuity for the functions of different spaces belonging to the classes Hωp

,
p ∈ [1, +∞].

1. Introduction and Auxiliary Facts

The main problem in approximation theory is to determine the approximating
properties of a function based on its axiomatic and constructive characteristics. Func-
tions with the same a priori properties are grouped into classes, particularly classes
of periodic functions classified by properties such as the modulus of smoothness, dif-
ferentiability, upper bound, Fourier coefficients, and others. This ensures that results
established for a given class apply to every function within it. This approach also
allows for the formulation of new problems for entire classes of functions. In numerical
methods, the given function is typically replaced by a function from these previously
defined and studied classes, which are more suitable for analysis and computation
[3, 5]. The modulus of continuity is a positive value that measures the continuity
of a function and can be used to study the order of approximation of a function by
polynomials, Fourier sums, or other methods.

In this paper, we present results on estimating the modulus of continuity for func-
tions from various spaces belonging to the class Hωp , where p ∈ [1,+∞]. We also
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provide estimates for the modulus of continuity of the product and convolution of
two functions from this class. We will now introduce some notations and state some
known facts from [2,4, 8–10].

Denote by C the space of all 2π-periodic functions f , continuous on the entire axis
with the norm ∥f∥C = maxx |f(x)|.

Denote by M the space of 2π-periodic essentially bounded functions f with the
norm ∥f∥M = esssupx |f (x)|.

We denote by Lp, p ∈ [1,+∞), the set of 2π-periodic functions f , such that f is
measurable on [0, 2π] for p a fixed number, p ∈ [1,+∞),

∥f∥Lp =
(∫ 2π

0
|f(x)|pdx

) 1
p

< +∞,

and for p = +∞, ∥f∥∞ = ∥f∥M = esssupx∈[0,2π] |f(x)| < +∞. In what follows we
write ∥f∥p instead of ∥f∥Lp .

For p ∈ [1,+∞] we write by ωk(f, t)p the modulus of smoothness of the power k,
of the function f ∈ Lp[0, 2π] given by

ωk(f, t)p = sup
h∈[0,t]

∥∆k
hf∥p, where ∆k

hf(x) =
k∑

m=0
(−1)k−m

(
k
m

)
f(x+mh).

We write by ω(f, t)p instead of ω1(f, t)p, to represent the Lp modulus of continuity
of the function f ∈ Lp[0, 2π]. It is given by

ω(f, t)p =

suph∈[0,t]

(∫ 2π
0 |f(x+ h) − f(x)|p dx

) 1
p , p ∈ [1,+∞),

suph∈[0,t] maxx∈[0,2π] |f(x+ h) − f(x)| , p = +∞.

We write ω(f, t) instead of ω(f, t)∞ and it represents the modulus of continuity of
a function f ∈ C[0, 2π], i.e.,

ω(f, t) = sup
h∈[0,t]

max
x∈[0,2π]

|f(x+ h) − f(x)|

= sup {|f(x1) − f(x2)| , |x1 − x2| ≤ t, x1, x2 ∈ [0, 2π]} .

We say that the function f ∈ C[0, 2π] belongs to the class Hω if its modulus of
continuity satisfies the condition: ω(f, t) ≤ ω(t), t ∈ [0, 2π).

The class Hωp is characterized by the fact that for all functions f ∈ Lp[0, 2π] holds
the relation: ω(f, t)p ≤ ω(t)p, t ∈ [0, 2π], i.e.,

∥f (x+ t1) − f (x+ t2) ∥p ≤ ω1 (|t1 − t2|)p = ω (t)p , |t1 − t2| < t.

Definition 1.1 ([3]). Let f be an element of L(0, 2π) and let am = am(f) and
bm = bm(f), m = 1, 2, . . . be the Fourier coefficients of f , i.e., the Fourier series of f
is defined as follows

S[f ] = a0

2 +
+∞∑
m=1

(am cosmx+ bm sinmx) .
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The nth-order partial sum Sn(f) of the series S[f ] is the trigonometric polynomial
called the nth-order Fourier sum for the function f .

Remark 1.1 ([3]). For any p, q, for 1 < p < q < +∞ it is clear that C = M = L∞ ⊂
Lq ⊂ Lp ⊂ L.

Definition 1.2 ([4]). The function f is called the convolution of two functions φ, ψ ∈
L (0, 2π) if it can be represented in the form f(x) = 1

π

∫ 2π
0 φ(x − u)ψ(u)du and it is

denoted by f = φ ∗ ψ.

Remark 1.2. The relation φ ∗ ψ = ψ ∗ φ is valid.

Proposition 1.1 ([1, 2] Hölder inequality). Let f and g be two measurable functions
in interval (0, 2π). Let 1 < p < +∞ and q ∈ R+ such that 1

p
+ 1

q
= 1. Then,∫ 2π

0
|f(x)g(x)| dx ≤

{∫ 2π

0
|f(x)|p dx

} 1
p
{∫ 2π

0
|g(x)|q dx

} 1
q

.

Proposition 1.2 ([6]). Let 0 < p < q < +∞ and ak ≥ 0, for all k = 1, 2, . . . , n.
Then, the inequality

(
n∑
k=1

aqk

) 1
q

≤
(

n∑
k=1

apk

) 1
p

holds.

2. Main Results

In this section we will give and prove our results.

Theorem 2.1. Let f = φ ∗ ψ such that φ ∈ Lp, ψ ∈ Lq, 1 < p < +∞ and q ∈ R+,
1
p

+ 1
q

= 1. If ω1(φ, t)p ≤ π ω1(t)C

∥ψ∥q
, then f ∈ Hω.

Proof. Using the properties of convolution, properties of modulus of continuity, Hölder
inequality and the conditions in the given theorem for |h| ≤ t, we get

ω1(f, t)1 = sup
|h|<t

∥∆1
hφ ∗ ψ∥1 = sup

|h|<t

∫ 2π

0
|∆1

h(φ ∗ ψ)|dx

≤ sup
|h|<t

(∫ 2π

0

(
∆1
h (φ ∗ ψ) (x)

)2
dx
) 1

2
(∫ 2π

0
dx
) 1

2

≤
√

2π sup
|h|<t

max
y∈R

(∫ 2π

0

(
∆1
h (φ ∗ ψ) (y)

)2
dy
) 1

2

=
√

2πω1 (φ ∗ ψ, t)C
(∫ 2π

0
dy
) 1

2
= 2π sup

|h|<t
|(φ ∗ ψ) (x+ h) − (φ ∗ ψ) (x)|
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=2π sup
|h|<t

( 1
π

∫ 2π

0
|(φ(x+ h− u) − φ(x− u))ψ(u)| du

)

≤2 sup
|h|<t

( 1
π

∫ 2π

0
|φ(x+ h− u) − φ(x− u)|p du

) 1
p
(∫ 2π

0
|ψ (u)|q du

) 1
q

=2ω1 (φ, t)p ∥ψ∥q ≤ 2πω1 (t)C
∥ψ∥q

∥ψ∥q = 2πω1 (t)C .

So, we get ω1 (φ ∗ ψ, t)C ≤ ω1 (t)C , consequently f ∈ Hω. □

Corollary 2.1. Let f = φ ∗ ψ such that φ ∈ Lp, ψ ∈ Lq, 1 < p < +∞ and q ∈ R+,
where 1

p
+ 1

q
= 1. If ω1 (φ, t)p ≤ ω1(t)1

2∥ψ∥q
, then f ∈ Hω1 .

The proof can be inserted from the proof of Theorem 2.1, where we get

ω1 (f, t)1 ≤ 2ω1 (φ, t)p ∥ψ∥q ≤ 2ω1 (t)1
2∥ψ∥q

∥ψ∥q ≤ ω1 (t)1 .

Theorem 2.2. Let f = φ ∗ ψ such that function φ or ψ belongs to the space M . If
ω1(ψ, t)1 ≤ π ω1(t)C

∥φ∥M
, for φ ∈ M or ω1(φ, t)1 ≤ π ω1(t)C

∥ψ∥M
for ψ ∈ M , then f ∈ Hω.

Proof. Assuming that φ ∈ M and |h| ≤ t we get

ω1(f, t)C = sup
|h|<t

∥∆1
hφ ∗ ψ∥C = sup

|h|<t
|(φ ∗ ψ) (x+ h) − (φ ∗ ψ) (x) |

= sup
|h|<t

( 1
π

∫ 2π

0
| (ψ (x+ h− u) − ψ (x− u))φ (u) |du

)

≤ sup
|h|<t

esssupu∈[0,2π]

( 1
π

∫ 2π

0
| (ψ (x+ h− u) − ψ (x− u))φ (u) |du

)

=sup
|h|<t

∥φ∥M
1
π

∫ 2π

0
|(ψ(τ + h) − ψ (τ))| du = 1

π
∥φ∥Mω1 (ψ, t)1

≤ 1
π

∥φ∥Mπ
ω1 (t)C
∥φ∥M

= ω1 (t)C .

So, we get ω1 (f, t)C ≤ ω1 (t)C , consequently f ∈ Hω. The case of ψ ∈ M can be
elaborated similarly. □

Theorem 2.3. Let f ∈ Lp and ω1 (f, t)p be the modulus of continuity of the function
f . If

ω1 (f, t)p ≤

 ω1 (t)p
2

p+1
p2 π

1
p2 ∥f∥

1
p

C


p

p−1

,

then f ∈ Hωp.
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Proof. Using the properties of convolution, properties of modulus of continuity, and
Hölder inequality for |h| ≤ t, we get

(ω1(f, t)p)p = sup
|h|<t

∫ 2π

0
|f(x+ h) − f(x)|pdx

≤ sup
|h|<t

∫ 2π

0
|f (x+ h) − f(x)|p−1 |f (x+ h) − f(x)| dx

≤sup
|h|<t

max
y∈R

∫ 2π

0
|f (x+ h) − f(x)|p−1 (|f (y + h)| + |f(y)|) dx ≤

≤ sup
|h|<t

2∥f∥C
(∫ 2π

0

(
|f (x+ h) − f (x)|p−1

) p
p−1 dx

) p−1
p
(∫ 2π

0
1pdx

) 1
p

=2∥f∥C (2π)
1
p

(
ω1 (f, t)p

)p−1
.

From the conditions in the stated theorem we get

ω1(f, t)p ≤2
p+1
p2 π

1
p2 ∥f∥

1
p

C

(
ω1 (f, t)p

) p−1
p ≤ 2

p+1
p2 π

1
p2 ∥f∥

1
p

C

ω1 (t)p
2

p+1
p2 π

1
p2 ∥f∥

1
p

C

≤ ω1 (t)p .

Consequently, f ∈ Hωp . □

In the following theorem we give the generalization of results obtained in [7].

Theorem 2.4. Let f ∈ Lp and g ∈ C. If ω (g, t) ≤ A
ω1(t)1
∥f∥p

and ω1 (f, t)p ≤ B
ω1(t)1

∥g∥ ,
where A and B are positive constants such that A+B ≤

p√2π
2π , then f, g ∈ Hω1 .

Proof. Using Hölder’s inequality for |h| ≤ t, we see that

ω1(fg, t)1 = sup
|h|<t

∥∆1
hfg∥1 = sup

|h|<t

∫ 2π

0

∣∣∣f (x+ h) g (x+ h) − f (x) g (x)
∣∣∣dx

= sup
|h|<t

∫ 2π

0

∣∣∣f (x+ h) g (x+ h) + f (x+ h) g (x)

− f (x+ h) g (x) − f (x) g (x)
∣∣∣dx

≤ sup
|h|<t

∫ 2π

0

(
|f (x+ h) |(|g(x+ h) − g(x)|) + |g(x)| · |f (x+ h) − f(x)|

)
dx

≤ sup
|h|<t

∫ 2π

0

(
|f(x+ h)| ·

∣∣∣∆1
hg(x)

∣∣∣ )dx+ sup
|h|<t

∫ π

−π

(
|g(x)| ·

∣∣∣∆1
hf(x)

∣∣∣ )dx
≤sup

|h|<t

( ∫ 2π

0

(
|f (x+ h)| ·

∣∣∣∆1
hg (x)

∣∣∣ )pdx) 1
p
( ∫ 2π

0
1

p
p−1dx

) p−1
p

+ sup
|h|<t

( ∫ 2π

0

(
|g (x)| ·

∣∣∣∆1
hf (x)

∣∣∣ )pdx) 1
p
( ∫ 2π

0
1

p
p−1dx

) p−1
p
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≤(2π)
p−1

p

(
sup
|h|<t

max
y∈R

∣∣∣∆1
hg (y)

∣∣∣ (∫ 2π

0
|f (y)|p dy

) 1
p

+ sup
|h|<t

max
y∈R

|g (y)|
(∫ 2π

0

∣∣∣∆1
hf (x)

∣∣∣p dx) 1
p
)

= (2π)
p−1

p

(
∥f∥p ω (g, t) + ∥g∥ω1 (f, t)p

)
≤ (2π)

p−1
p

(
∥f∥pA

ω1 (t)1
∥f∥p

+ ∥g∥Bω1 (t)1
∥g∥

)
≤ ω1 (t)1 .

It follows that ω1 (fg, t)1 ≤ ω1 (t)1. Consequently, fg ∈ Hω1 . □

Theorem 2.5. Let f ∈ Lp and ωk (f, t)p the modulus of smoothness of the power k
of the function f . If ω1 (f, t)p ≤ ωk(t)p

k2k−1 , then f ∈ Hωk
p
.

Proof. Using the properties of the smoothness of continuity, the given conditions of
the stated theorem, and Proposition 1.2, for 1

p
+ 1

q
= 1, q > 1, and |h| ≤ t, we get the

following result

ωk (f, t)p = sup
h∈[0,t]

∥∥∥∆k
hf
∥∥∥
p

= sup
h∈[0,t]

(∫ 2π

0

∣∣∣∆k
hf (x)

∣∣∣p dx) 1
p

= sup
h∈[0,t]

∫ 2π

0

k−1∑
j=0

(
k − 1
j

) ∣∣∣∆1
hf (x+ jh)

∣∣∣
p dx


1
p

≤ sup
h∈[0,t]

∫ 2π

0

k−1∑
j=0

(
k − 1
j

)q
p
q k−1∑
j=0

∣∣∣∆1
hf (x+ jh)

∣∣∣p dx


1
p

dx

≤k2k−1 sup
h∈[0,t]

(∫ 2π

0

∣∣∣∆1
hf (x+ jh)

∣∣∣p dx) 1
p

= k2k−1ω1 (f, t)p

≤k2k−1ωk (t)p
k2k−1 ≤ ωk (t)p .

Finally, ωk (f, t)p ≤ ωk (t)p, i.e., f ∈ Hωk
p
. □

References
[1] A. F. Timan, Theory of Approximation of Functions of a Real Variable, (translated by J. Berry),

Oxford, England, Pergammon Press, 1963.
[2] A. Zygmund, Trigonometric Series, Vol. 1 and 2, Third Edition, Cambridge University Press,

Cambridge, UK, 2002
[3] A. I. Stepanets, Methods of Approximation Theory, De Gruyter, 2011.
[4] N. Bari, A Treatise on Trigonometric Series, Pergamon, 1964.
[5] S. Rexhepi, H. Halimi, S. Kera and E. Iseni, A note on Fourier series of functions belonging

to LipM (α, A), A = {C, L1}, Far East Journal of Mathematical Sciences 123 (2020), 163–167.
http://doi.org/10.17654/MS123020163

http://doi.org/10.17654/MS123020163


ESTIMATES OF THE MODULUS OF CONTINUITY FOR FUNCTIONS TO... 1251

[6] G. H. Hardy, J. E. Littlewood and G. Pólya, Inequalities, Second Edition, Cambridge University
Press, 1952.

[7] S. Rexhepi and E. Iseni, On sufficient conditions for functions belonging to the classes Hω1 ,
Missouri J. Math. Sci. 36(1) (2024), 57–63.

[8] S. Rexhepi, S. Kera and H. Snopce, On estimation of Fourier and quasi-monotone-Fourier
coefficients of functions in Nikolskii classes, Mat. Bilten 43(1) (LXIX) (2019), 79–89. http:
//doi.org/10.37560/matbil1190079r

[9] S. Rexhepi and E. Iseni, Some sufficient conditions for the absolute convergence of Fourier series,
Math. Montisnigri 61 (2024).

[10] S. Rexhepi, I. Demiri, S. Kera and E. Iseni, Estimations of the best approximation of functions
belonging to Lipschitz classes, Far East Journal of Mathematical Sciences (FJMS) 143(4) (2026),
1031–1037. https://doi.org/10.17654/0972087126059

1Department of Mathematics,
Mother Teresa University,
Skopje, North Macedonia
Email address: shpetim.rexhepi@unt.edu.mk
ORCID iD: https://orcid.org/0000-0001-6720-5009
Email address: egzona.iseni@unt.edu.mk
ORCID iD: https://orcid.org/0000-0002-0876-7199

http://doi.org/10.37560/matbil1190079r
http://doi.org/10.37560/matbil1190079r
https://orcid.org/0000-0001-6720-5009
https://orcid.org/0000-0002-0876-7199

	1. Introduction and Auxiliary Facts
	2. Main Results
	References

