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A COMPARISON OF CONSERVATION LAWS OF THE
BOUSSINESQ SYSTEM

ELAHEH SABERI' AND S. REZA HEJAZI?

ABSTRACT. In this work we study the Boussinesq system, which is a natural model
for the propagation of long waves on the surface of water with a small amplitude and
is used to compute a complete set of local conservation laws of the model through
the direct method. In this method, some local multipliers are found to construct the
fluxes of the conservation law. These multipliers are used to find new conservation
laws via another method such as Noether’s theorem, Boyer’s formulation, Homotopy
operator method and Ibragimov’s theorem. It is noteworthy that this paper reviews
these methods to compare all obtained fluxes and local conservation laws.

1. INTRODUCTION

Russell’s discovery of solitary waves in 1840 [6], raised a challenge: to devise a
mathematical theory for water waves that would admit a wave solution that did not
disperse with time. In 1870, the French hydrodynamicist Joseph Boussinesq proposed
what he believed was a suitable model by assuming that the wave amplitude was
small compared to the canal depth; he arrived at the Boussinesq equation,

(11) Uy = (u_u2+ua:x)$$7

posed for x € R and ¢ > 0. This equation plays a vital part in fluid mechanics [34],
and is completely integrable and admits multiple soliton solutions. It also arises in
one-dimensional lattice waves (Zabusky [35]) and ion-acoustic solitons (Kako and
Yajima [21]). In recent years, considerable attention has been given to new forms of
Boussinesq equations (Madsen et al. [26]) dealing with water wave propagation and to
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modified Boussinesq equations [10,31] in terms of a velocity potential on an arbitrary
elevation and free surface displacement of water.
The (2 + 1)-dimensional Boussinesq equation

(1.2) Uy = (u —u? 4 um)m + Uy,

which describes the propagation of gravity waves on the surface of water, has been
extensively studied by several authors [12,20, 25, 33].
The (3 + 1)-dimensional Boussinesq equation given by

(1.3) Uy = (u —u+ um)m + Uyy + Uz,

has been extensively studied by several authors [7,8,13,29]. Also in [27,28] the authors
obtained conservation laws for (1.2) and (1.3) respectively.
In this paper, we study the system of evolutionary equations

(14) { U = Vgy, )

Ut = Ugy — U — U,

which obviously is covering the Boussinesq equation (1.1).

The goal of this paper is to review and illustrate available methods of flux construc-
tion for equation (1.4). For this purpose five different methods are applied includ-
ing Direct method, Noether’s theorem, Boyer’s generalization of Noether’s theorem,
Herman-Poole method and Ibragimov’s theorem.

The paper is outlined as follows. Section 2 discusses the Lie symmetry analysis of
the Boussinesq system (SNLB). Then in Section 3, the similarity method is applied to
reduce the Boussinesq system into two ordinary differential equations. In Section 4.1,
we present the direct construction method to find conservation laws. We briefly give
the preliminaries concerning the Noether’s theorem approach in Section 4.3 to find
an exact Lagrangian of equation (1.4), which allows us to construct conservation laws
by Noether’s theorem. The next method [16] employs integral formulas, related to
homotopy operators, to compute the fluxes in Section 4.4. In Section 4.5, we utilize
the new conservation theorem which does not require the existence of a Lagrangian
and is based on a concept of an adjoint equation for non-linear equations suggested
recently by Ibragimov. Finally, a correspondence between the variational symmetry
components and local conservation laws following from Noether’s first theorem is
outlined. Also, we present comparisons of these methods for computing conservation
laws in the last section.

In the symmetry and conservation law computations the use of computer algebra
systems such as Mathematica and Maple is needed.

2. LIE SYMMETRY ANALYSIS OF THE SYSTEM

In this section we obtain the Lie point symmetries of the Boussinesq system (1.4),
which we exploit in Subsection 4.3.4.
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First of all, let us consider a one-parameter Lie group of infinitesimal transforma-
tions:

t—t+er(t,z,u,v),
x> x+ €€ (t,z,u,v),
uru+ep(t,r,u,v),
v v+ etz u,v),
with a small parameter € < 1. The vector field associated with the above group of

transformations can be written as

0 0 0
X—T(t,l’,u,v)a %+¢(t,$,u,v)%+w<t,l’,u,v>%-

Applying the second prolongation X ? to equation (1.4), we find the following system
of Lie equations

(2.1) +&(t @, u,0)

¢t - Wm = 07
(2.2) Y — 6" + ¢ + 2ug = 0.
Solving this system we obtain the following five Lie point symmetries:
0 0 0 0
Xi=—, Xo=—, Xsg=—, Xy=2—
1 8t Y 2 ax 9 3 8/(] ? 4 x a/v 9

0 x\ 0 1\ 0 t 0
2.3 Xy =t— e =] = ——v) =—.
(2:3) i 8t+<2> Ox <u+2> 8u+<2 U) v
The commutator relations between these operators are given in Table 1.

TABLE 1. Lie algebra

[ ) ] Xl X2 X3 X4 X5
Xi 0 0 0 0 Xi+3;X;
X 0 0 X3 O 1X5
X 0 -X; 0 0 -—3Xx,
X, 0 0 0 0  —Xj
X5 | —-X1—3X; —1X, 3X, X; 0

The table shows that they obviously construct a finite-dimensional Lie algebra of
symmetries

Gi: (e+t,z,u,v),

Gy : (t,e+ x,u,v),

Gs: (t,x,u,e +v),

Gy (t,x,u,ex +v),

Gs : tee,xe%,—l#—e_e <u+1> ,ltee+ (—t+v> 6_€>.
2 24 4
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The corresponding action on solutions of the Boussinesq system says that if u = f (¢, x)
and v = g (t,x) are solutions, so are

U(l):f(t—€,$>7 v(l):g(t—e,m),

U(2):f<t,l’—€>, ’U(2):g(t,$—€),

u® = f (t,x), v®) =g (t,z) + €,

W = f(t,1), oW =g (t,x) + ex,

u® = <f (e_et e‘éx) + 1) e — ! v® = (g (e‘gt 6_5:,5) - 1t> e+ 1te_ﬁ.
’ 2 2’ ’ 4 4

3. CLASSICAL SIMILARITY SOLUTIONS

The first advantage of the symmetry group method is to construct new solutions
from known solutions. To do this, the infinitesimals are considered and their cor-
responding invariants are determined. The Boussinesq system is expressed in the
coordinates (t,x,u,v), in order to reduce this system allowing us to search for its
form in specific coordinates. Those coordinates will be constructed by searching for
independent invariants (y, U, V') corresponding to an infinitesimal generator. So using
the chain rule, the expression of the system in the new coordinates allows us to reduce
the system. Since the original system of partial differential equations has two inde-
pendent variables, then this system transforms into a system of ordinary differential
equations after reduction. Here we will compute some invariant solutions with respect
to symmetries. First we obtain the similarity variables for each term of the Lie algebra
g, of symmetries; they can be obtained by integrating the characteristic equations.
Then we use this method to reduce the system and find the invariant solutions.

3.1. Time translation invariance X;. The classical similarity solution of (1.4) for
this symmetry is obtained by integrating the group trajectories

dt
i
where € is a parameter along the trajectories. Integration of (3.1) yields the invariant
transformation

(3:2) y=x, Uly) =ultz), V(y)=vtz)),
thus the reduced system with respect to invariants (3.2) is

=V'"(y) =0, =U"(y+U(y) +U*(y) =0,
and the similarity solution for v (¢, x) is

v(t,x) = 03$+ 04,

(3.1) 1.

and u(t,z) can be calculated in the following integrative form:

/“(z) =3 da+z+Cy=0
V6a3+9a2+90C; ?
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3.2. Space translation invariance X5. The classical similarity solution of (1.4) is
obtained by integrating the group trajectories

dz
: — =1
(3.3) o
Integration of (3.3) yields the invariant transformation
(3:4) y=t Uly)=ultz), V() =v(z),

thus the reduced system with respect to invariants (3.4) is
U'(y) =0, V'(y)+U(y)+U*(y)=0;
and the similarity solution is

u(t,z) =C;, v(t,x) :t(—Q — 012) + Cy.

3.3. Solution translation invariance X3, X,. For these symmetries every trans-
lated solution with any constant is a similarity solution.

3.4. Solution translation invariance X;. The classical similarity solution of (1.4)
for the last symmetry is obtained by integrating the group trajectories

(3.5) d_, de_z du_ 1 dv_t
' de 7 de 2 de . "T2 @ 2"
Integration of (3.5) yields the invariant transformation
x t 1
(3.6) y="p U =ulta)t+g, Vi) =-7E-dvlto)t,

thus the reduced system with respect to invariants (3.6) is
2V7 (y) +yU' (y) +2U (y) =
20" (y) +yV' (y) =20 (y) +2V (y) =
It easy to see that one has a particular solution
22 23 ot 5 26
u(t,r) =14+ - ——+ - — "1+ 0(%],
(t,) 20 At\/t o 612 4012/t <t3>
r 2 z? x° 20
tr)=—F%— — — Of—=1.
v(t,2) Vioo2t 124 * 3212/t * <t3>

4. LocAL CONSERVATION LAwS

Y

0
0

A conservation law of a given DE system is a divergence expression that vanishes
on all solutions of the DE system. In the study of systems of DEs, the concept of a
conservation law plays an very important role in the analysis of essential properties
of the solutions, particularly, investigation of existence, uniqueness and stability of
solutions [22,23]. They have also been used in the development of numerical methods
[14,24].
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4.1. Direct method. A more general systematic method of constructing local con-
servation laws, called the direct method, was suggested in [1,2]. When employing
this method, one seeks a set of local multipliers (also called factors or characteristics)
depending on independent and dependent variables of a given PDE system and deriva-
tives of dependent variables up to some fixed order, such that a linear combination
of the PDEs of the system taken with these multipliers yields a divergence expres-
sion. Families of multipliers that yield conservation laws are found from determining
equations that follow from Euler differential operators. After finding sets of local
conservation law multipliers, one needs to derive expressions for the corresponding
conservation law fluxes.

Consider a system A (J;, u(k)) = 0 of N DEs of order k£ with n—independent variables

x = (z',...,2") and m—dependent variables v = (u',...,u™), given by

(4.1) Ag[u]:A"<x,u,@u,...,0ku>:O, c=1,...,N.
A local conservation law of the system (4.1) is a divergence expression
(4.2) D;®" [u] = D@ [u],...,D,®" [u] =0,

holding on all solutions of the system (4.1). In (4.2), D; are the total derivatives
with respect to z; and @' [u] = &' (z,u,du,...,0™u), i = 1,...,n, are the fluxes of
conservation laws.

In general, for a given non-degenerate DE system (4.1), nontrivial local conservation
laws arise from seeking scalar products that involve linear combinations of the equa-
tions of the DE system (4.1) with multipliers (factors) that yield nontrivial divergence
expressions. In seeking such expressions, the dependent variables and each of their
derivatives that appear in the DE system (4.1) or in the multipliers, are replaced by
arbitrary functions. Such divergence expressions vanish on all solutions of the DE
system (4.1) provided the multipliers are non-singular.

In particular a set of multipliers {A, [U ]}N_ = {AU (x, U,ou,...,0U )} yields

o=1

a divergence expression for the DE system A (m, u(k)) if the identity
A, [U]A°[U] = D;®' [U],

holds for arbitrary functions U (z). Then on the solutions U (z) = u (z) of the DE
system (4.1), if A, [u] is non-singular, one has the local conservation laws

Ay [u] A%Tu] = D;®" [u] = 0.
Definition 4.1. The Euler operator with respect to U* is the operator defined by
4] > 0
D, ---D;
g 8Uﬂ 2 (=) Di e Di g

Q11

(4.3) By =
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By direct calculation, one can show that the Euler operators (4.3) annihilate any
divergence expression D;® (z,U, U, ... ,0"U) for any r. In particular, the following
identity holds for arbitrary U (z):

Eyu (Diq)"(x,UﬁU,...,arU)) =0, pu=1,...,m.

It is straightforward to show that the converse also holds. Namely, the only scalar
expressions annihilated by Euler operators are divergence expressions. This establishes
the following theorem.

Theorem 4.1. The equations EyuF (x,U,0U,...,0°U) =0, p=1,...,m, hold for
arbitrary U (x) if and only if F (z,U,0U,...,0°U) = D,V (z,U,dU,...,0*7'U) for
some functions V' (z,U,0U,...,0°7'U),i=1,...,n.

From Theorem (4.1), the proof of the following theorem that connects local multi-
pliers and local conservation laws is immediate.

Theorem 4.2. A set of non-singular local multipliers {AU (x, U,ou,... ,an) }ivzl

yields a divergence expression for a DE system (4.1) if and only if the set of equations
(4.4)  Buu (Ao (2,0,0U0,...,0U) A" (2,U,0U,...,0"U)) =0, p=1,...,m,
holds for arbitrary functions U (z).

The set of equations (4.4) yields the set of linear determining equations to find
all sets of local conservation law multipliers of a given DE system (4.1) by letting
¢ =1,2,...in (4.4). Since the equations in (4.1) hold for arbitrary U (z), it follows
that they also hold for each derivative of U (z) replaced by an arbitrary function.
In particular, since derivatives of U (z) of orders higher than ¢ can be replaced
by arbitrary functions, it follows that the linear PDE system (4.1) splits into an

over-determined linear system of determining equations whose solutions are the sets
N
of local multipliers {Ag (m, U,ou,...,0U )} of the differential equation system

o=1
A° (x, u(k)).
The direct method to obtain local conservation laws is now illustrated through (1.4).

4.1.1. Local conservation law multipliers of first order for DE system (1.4). We seek
all local conservation law multipliers of the form

(45) Al :g(t% Uv‘/th‘/;aUx;‘/x)a A2 :¢(ta$> U"/’Ut"/t’ULL"VZ‘)
of the PDE system (1.4). In terms of the Euler operators

0 0 0 , 0
(4.6) Ey = U D”’*’TUI - DtﬁiUt + Dmanxa
Ey 0 Dzi—Dti+D2 4

oV oV, av, oV,
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the determining equations (4.4) for the multipliers (4.5) become
MﬂZQK@QMHWWMM—K@+¢@LMHWWNW—UM+U+WNEQ
(4.8) Ev[€(t,a,U,..., Vo) (U = Via) + @ (t,2,U,..., V) (Vi = Upe + U + U?)] =0,

where U (t,z) and V (¢, z) are arbitrary functions. The determining equations (4.7)
and (4.8) yield the solutions

1
(4.9) Alzgcl (=7tVi =52V, +2t = V) — Cy Vy + Cox — C5V, + Cs,

1
Ay = SOJ (TtUy + 52U, +4U +2) + CsU, + C, Uy,

where C7, Cy, C3, Cy and C5 are arbitrary constants. As a result, one obtains linearly
independent conservation laws, arising from the multipliers

(§1> 901) = (_V;f? Ut) )

(527 (102) = (_‘/wa Uz) )
(537 903> = (170)7
(547904) = (IIZ',O),
7 2 1.7 4 2
(& 5) = <—5tVt—xVx+5t— 5‘/75tUt+$Ux+5U+5>.

Each set (£, ¢) determines a non-trivial local conservation law
D,® (t,x,U,V,U, Vi, Uy, Vi) + DV (¢, 2, U, V, Uy, Vi, Uy, V) = 0,
with the characteristic form
(4.10) D, (t,z,U, V.U, V;, Uy, Vo) + DU (8,2, U, V, Uy, Vi, Uy, Vi)
=¢(t,U,..., Vo) (Uy = Vi) + 0 (62,0, V) (Vi = U + U + U?).

The integration of the equations (4.10) for each set of multipliers yields the corre-
sponding density-flux pairs.

1 1 2
(I)l = 5 (utux — VUp — Uy + 'thz) ) ‘Ill = 5 <UU$I — Ve — U2 N 311,3) ’
P? = 613 (—3u2 — 2u® + 3u? — 31}.’3) — Uy, U? = uy,
CI)3 = —u,, \113 = u,

Pt = v — a0, Ut = zu.

To calculate the conserved quantities ® and W corresponding to (&5, ¢5), we need to
invert the total divergence operator. This requires the integration (by parts) of an
expression in multi-dimensions involving arbitrary functions and its derivatives, which
is a difficult and cumbersome task. In Subsection 4.4 and Subsection 4.5, we will
obtain these conserved quantities for (&5, ).
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4.1.2. Local conservation law multipliers of fourth order for DE system (1.4). In
[5], local multipliers of the form A[U, V] = A(t,z,U,V,U,, Vy,...,Uss, Vi) of the
Boussinesq system (1.4) given by

3 1 2
(4.11) MU V] =Ugp — 3U +1)Upy — 5Uj — 5v;f +3

1
U3+§U2,

The set multiplier (4.11) determines a non-trivial local conservation law with the
characteristic form

qu)(taxaUa‘/a"'vU4xavzlx)_'_Dt\I!(t;I?Ua‘/au'vU%ca‘/zlw)
=My (6,2, U, Vi) (Uy = Viw) + Aa (82,0, Vi) (Vi = Upe + U+ U?)

One can determine the flux and density using integration by parts as follows:

1 1
v :Eu (2u2 + 2u® — 6v,2 — Uy, — QUly, + 6u4x) — VU4,

2
1 1 1 1 .
d :§u2vx -+ gu?’vx — 5%2% + évx‘s + UpVgy + 2UULVpy — VppUsy

1
2
— UV3p — U V3p + UgyVU3y — iuzut — iuuxut + §u3xut + ULV

1 1 3, 1 1
- 5,03:1:7]75 + §uutx + Zu Uty — §u:cxutx + ivxxvtx + iuzut:cx
1

1 1
— FUzVtze — ZUU3 + 55 VV3z-

2 2 24
4.2. Linearizing operators and adjoint equations. Consider a given DE system
A ([B,U(k)) = 0 (4.1). The linearizing operator L[U] associated with the DE system
(4.1) is given by
(4.12)
OA°[U]  0A°[U]
ous " Taur

7

A°
Di+...+8[U]Dil...Dik] VB, o=1,...,N,

oul

11..‘ik

Lo[U)V* = [

in terms of an arbitrary function V(z) = (V(z),...,V™(x)). The adjoint operator
L*[U] associated with the DE system (4.1) is given by

(4.13)
LZU [U] W, = 8?(][;5]]

where = 1,...,m, in terms of an arbitrary function W(x) = (Wy(z),..., Wx(x)).

0A° U] N ‘ 0A° (U]
8sz‘ Wg>+...+( 1) D;, ---D;, (aUH Wy,

11...0)

w, -,

4.2.1. Self-adjoint DE systems. An especially interesting situation arises when the
linearizing operator (Fréchet derivative) L[U] of a given DE system (4.1) is self-adjoint.

Definition 4.2. Let L[U], with its components L7[U] given by (4.12), be the lineariz-
ing operator associated with a DE system (4.1). The adjoint operator of L[U] is L*[U],
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with its components Ly?[U] given by (4.13). L[U] is a self-adjoint operator if and only
if LIU] = L*[U], ie., LU = LU}, o, p=1,...,m.

Most importantly, one can show that a given DE system, as written, has a variational
formulation (Lagrangian) if and only if its associated linearizing operator is self-
adjoint [32].

If the linearizing operator associated with a given DE system is self-adjoint, then
each set of local conservation law multipliers yields a local symmetry of the given DE
system. In particular, one has the following theorem.

Theorem 4.3. Consider a given DE system (4.1) with N = m. Suppose its as-
sociated linearizing operator L[U|, with components (4.12), is self-adjoint. Suppose

{AU(:E, U,ou,... ,GZU)}W_1 is a set of local conservation law multipliers of the DE
system (4.1). Let n°(z,u,0u,...,0%) = Ay (z,u,0u,...,0%), o = 1,...,m, where
U(z) = u(x) is any solution of the DE system (4.1). Then

0

0 (z,u,0u,...,0%) S

is a local symmetry of the DE system (4.1).

4.2.2. Self-adjointness of SNLB. Here we note that the system (1.1) does not admit
a Lagrangian. Nevertheless, the linearized PDE system for (1.4) is given by

Dyt — D, =0,
Dy — D% + (1 + 2u)d' =0,

holding for any solution of PDE system (1.4), whereas the adjoint linearized system
is given by

—Dyw' — D,*w* + (1 + 2u)w® = 0,
—Dy® — D20t =0,

1 1

holding for any solution of PDE system (1.4). In general, for substitution @' = ©
and w? = ©%, for the solutions v = u (¢,x) and v = v (¢,z) of the NLB system (1.4),
the PDE system (1.4) is not self-adjoint. But if we set @w! = 9% and w? = o' the
adjoint linearized system coincides with the orginal linearized PDE system. Further,
equations (1.4) are the Euler-Lagrange equations determined by the action [ Ldtdx
with Lagrangian [11]:

Loy, o Ly 1,
(4.14) L= —(uj+ v +ovu —uvy) — -u’ — -u’.

2 3 2
4.3. Noether’s Theorem. There are many methods of constructing conservation
laws for DEs. One of the most well-known systematic methods is due to Emmy
Noether (1918), who demonstrated that for self-adjoint (variational) PDE systems,
conservation laws arise from variational symmetries, i.e., symmetries that preserve
the action integral [30]. However, the applicability of Noether’s theorem is severely
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limited, since the majority of PDE systems arising in applications are not self-adjoint

14].

4.3.1. Preliminaries on the Noether’s symmetry. Consider a functional 7 [U] in terms
of n independent variables x = (z',...,2") and m arbitrary functions U =
(U'(x),...,U™(z)) and their derivatives up to order k, defined on a domain 2An),

j[U]:/Q.C[U]dx:/Q.c(x,U,aU,...,a’fU) dr.

The function L[U] = L (x, U,ou,... ,8’“U) is called a Lagrangian and the func-
tional J [U] is called an action integral.

Suppose A is the universal space of all differential functions of finite orders, clearly
it is a vector space and forms an algebra. Consider The Lie-Backlund operator or
generalized operator

;0 0
4.1 X =&— v E o
( 5) £ axz + ?7 an' _'_ CZIJQ :::: 157

s>1

where £,1° € A and the additional coefficients are determined uniquely by the
prolongation formulas

¢ =Di (") — U7Di (¢7),
itiznis = Dis ( ﬁ,z‘z,...,z‘s_1> ~ Ujisiginma Di (fj) , s>1,

which D; is the total derivatives with respect to z;. A vector C = (C*,C?,...,C"),
Cie A i=1,2,...,n, associated with (4.1) is called a conserved vector if D;C* = 0
holds for all solutions of (4.1).

4.3.2. Noether’s formulation of Noether’s theorem.

Definition 4.3. A Lie-Backlund operator X, of the form (4.15), is called a Noether
operator corresponding to a Lagrangian £ [U] of equation (4.1) if

(4.16) ;UEU =0, o=1,....m
and
(4.17) X (L) +LD; (&) =D; (B'),

for some gauge functions B! [U] = B (x,U,0U,...,0°U) € A,i=1,...,n.
The effectiveness of an available Noether operator resides in the following theorem.

Theorem 4.4 (Noether [30]). If X, as given in (4.15), is a Noether point symmetry

generator corresponding to a given Lagrangian L [U], then the vector C = (C', ..., C"),
defined by

(4.18) C'=N'(L)-DB', i=1,...,n,
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is a conserved vector associated with the operator X, and the Noether operator associ-
ated with X is

. . )
N' =&+ W° D ---D;, (W) ———, 1=1,...,n,
g + 5UZO- + ; 1 s ( ) 5U‘%1’i27“_7is ¢ n
where W7 =7° =n° — U7, 0 = 1,...,m, is the Lie characteristics function.

4.3.3. Boyer’s formulation of Noether’s theorem. Boyer [9] extended Noether’s theo-
rem in order to construct conservation laws arising from invariance under generalized
symmetries [32], i.e., symmetries with infinitesimals depending on higher-order deriva-
tives by generalizing Noether’s definition of invariance of an action integral J (see
[5]). In particular, under the following definition, an action integral J is invariant
under a one-parameter higher-order transformation if its integrand L[U] is invariant
to within a divergence under such a transformation.

Definition 4.4. Let

(4.19) X:ﬁa(x,U,aU,...,asU)aga
be the infinitesimal generator of a one-parameter higher-order local transformation
with its extension X given by

. 0 0 0
Xoo — ﬁ”@ + ﬁgl)ﬂ R ﬁ(P)M

oul Ul

11...0p

(4.20)

which means

AOr =Dy, 4% =Dyt p=1,.m, ddi =10, p=2,3,....

2. ipnil...ip_17
Let 7* [U] = 7%(x,U,0U,...,0°U). The above transformation is a local symmetry
of J if and only if
(4.21) X®L[U] = D;A* U]
holds for some set of functions A* [U] = AY(x,U,0U,...,0"U),i=1,...,n.

Definition 4.5. A local transformation with infinitesimal generator (4.19) that is, a
local symmetry of 7, is called a variational symmetry of 7.

The following theorem generalizes Noether’s formulation of her theorem.

Theorem 4.5 (Boyer’s generalization of Noether’s theorem). Suppose a given DE
system A(z,U,0U, . ..,08U) = 0 (4.1) is derivable from a variational principle, i.e.,
a system of the Euler-Lagrange equations whose solutions are extrema of an action
integral J [z, U] with Lagrangian L[z, U]. Suppose a local transformation with infini-
tesimal generator (4.19) yields a variational symmetry of J. Let R'[U,w)] be defined

by

R Yetcs . LU
RIU, w) =w ( guz T DT Do D e
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OL[U] k-2 OL[U]
i (6% tot )T s Daa e
oL »
(122) bt oL ey e
aU@Jl Jk—1

for arbitrary functions U(z),w(z). Then
(a) the identity
(4.23) " Eyn (L[U]) = D (AZ[U] R'U7[U])
holds for arbitrary functions ( ), @
6);

the Euler-Lagrange system (4.1
(b) the local conservation law

(4.24) Dy (R'[u, flu]] — A'[u]) =
holds for any solution w = ©(x) of the Euler-Lagrange system (4.16).

MMU],-, is a set of local multipliers of

4.3.4. Construction of conservation laws for equations (1.4) via Noether’s formulation.
In what follows, we apply Noether’s theorem on the SNLB and obtain its conservation
laws. Recall that PDE system (1.4) is a variational system arising from a classical
variational principle, with the Lagrangian having the form [11]:

1 1 1
(4.25) L=+ V2 VU —UV;) = 2U° = JU%
Recall that (1.4) admits the following five Lie point symmetry generators:
0 0 0 0
0 x\ 0 1\ 0 t 0
4.2 Xs=t—+ (=) — — 9.
(4.27) =t (5) o (0 3) 3t (G0

The actions of the extensions of the generators (4.26) are summarized in Table 2.
To apply this theorem, the generators (4.26) must satisfy the following invariance
condition

(4.28) XM (L) + LD () =

where X is the first order prolongation of X.
The invariance condition (4.28) can be replaced by the divergence condition

(4.29) XM (L) + LD, (&) = D; (BY).

Calculatlons show that X ) and X2 satisfy the invariance condition (4.28) while
X3 and X" satisfy the divergence condition (4.29) as follows:

1 1
X (£) + £[0) = 5V = D, <2U> ,

XMLy + Lo = ;mUt +V, =D, (?U) +D, (V).
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TABLE 2. Point symmetry X;, first prolongation of X;, local symmetry
X; and prolongation of X;

1 ~ N
X; xW X X
X1 815 —utﬁu — Ut&) X1 — Utta,Mt + ...
X5 Oy —UpOy — V30, Xo—Upz Oy, + - ..
X3 81) av av
X4 ZL’aU + (9% x&, X4 + 8%

X5 — 2ut Oy, + (—u — %) Ou — X5 — (2ut + tust) O, +
X5 (% - 2”) Do, — 1tz Ou, — (t’U«t + %xuz) Oy + (% —2vs — t““) O, +

%vz&, (lt—v—tv—l 0,
Ed 3 t 2xvz) v

The prolongation X 5()1) did not satisfy any of the two conditions above, hence X5 does
not generate a variational symmetry group of £. Using X, X5, X5 and X, respectively
in the vector field (4.18), we obtain the conservation law

D, (C") + D, (C?) =0,
with components of the conserved vector C' = (C*, C?) given by

1 1 1 1
12\ (e e Lo Lo _
(cl, c2) = <2vx U = U= SUS, —ULU VTVt> ,
1 1 2

(b c2) = (Uvm — VU, VU= UV, = U = U — V2 - U§> ,

(02%7 Cg) = <_U7 ‘/I>7

(C1, C}) = (=al, 2V, = V).
4.3.5. Construction of conservation laws for equation (1.4) via Boyer’s formulation.

In particular, the actions of the extensions of the generators (4.26) on the Lagrangian
(4.25) yield the divergence expressions:

i !
XL =D, (2U2 +3U% 4 20U,y + 2V Vi — 2VU, + 2th)
! | | |
D, (=5 Ul = 5VaVi = SUV = 5V )

. 1
(4.30) XL =D, (2th LU 43U — 2V — 202 — 2VUt> ,
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. 1
XL =D, <2U> ,

i 1 1
XL =D, (Qw> +D, (21/) .

Hence through Boyer’s formulation of Noether’s theorem [Theorem (4.5)], the four
symmetries (4.26) yield four conservation laws with eight multipliers given by

MU, V] = iU, V] = -U,, AU, V] = iU, V] = =V,
MU, V] =i [U, V] = U, MU, V] =i [U, V] = =V,
AslU, V] = i[U, VI =0, MU, VI =[0, V] =1,
MU, V] =i[U, VI =0, AU VI =ii[U, V] =

In this example, due to the simplicity of the form of multipliers and the given PDE,
fluxes of the four conservation laws are readily found through integration by parts.
However, in more complicated practical situations when Noether’s theorem is used, one
would normally compute fluxes using the formula (4.24) which involves no integration.
Here we illustrate the use of this formula. Denoting x! = ¢, 2% = z, we first compute
the quantities R’ [U, V, w', w?] (4.22), i = 1,2, using the Lagrangian (4.25):
1 A 1 ~ A A~
R U, V,w',w?] = g1V = 51PU, R U, V,w', w?| = n'U, + n?Vs.
Then for the four conservation laws, from (4.30), we identify

1
(A}, A}) =(2U” + BU® + 2U U,y + 2V Vi — 2VU, + SUVe

1 1 1 1
— Ul = VeV = SUV — §VVm~),

(A;, Ag) = (o, ;th +20U% 4+ 3U°% —2V2 — 2U? — 2VUt) ,
(AL A7) = (;U 0) ,
(A},43) = (;xU ;v) .

Therefore from (4.24), the four conservation laws of PDE (1.4) corresponding to
variational symmetries (4.26) have the form

D, (=U) + D, (Va) =0,

!
Dy (0) + ( 2v> 0,

!
VU, + UV) +D, <—UIUt FVE = UV, =20 - 3U° 4202 + VUt> 0,

1 1
VU, + SUV; = 20% = 30° = 20U — 2V Vi + 2V, — 2th)

D,

g
o (-

[\D\r—\[\:) —



188

E. SABERI AND S. REZA HEJAZI

| | | 1
4Dy (=50l = SVaVik UV + 3V Vie ) =0,

One can check that the symmetry (4.27) does not yield a variational symmetry of
the action functional J [U, V] with Lagrangian (4.25). This is considered from three
points of view: Noether’s formulation of Noether’s theorem, Boyer’s formulation of
Noether’s theorem and, finally, the direct method.

(1)

(4.31)

Noether’s formulation of Noether’s theorem. First of all, in terms of using

Noether’s formulation, the additional infinitesimal generator (4.27) corresponds

to the scaling symmetry t* = \t, z* = )\%x, u* =\t (u + %) — % and v* =

A1 (v — i) + i)\t. Now one checks whether the scaling transformation t* = \t,

xt = /\%:p, U=\t (U + %) — % and V* = \71 (V — ﬁ) + i)\t is a symmetry

of the action functional J [U,V]. In particular,
TV = /E[U*,V*] dt*da* = A3 /[,[U*,V*] dtdz,

but L[U*,V*] = A3L[U,V]. Hence J [U*,V*] = A’%j[U, V] # JIU,V].
Thus, using Noether’s formulation of Noether’s theorem, the scaling symme-
try (4.27) does not yield an additional conservation law of the Boussinesq
system (1.4).

Boyer’s formulation of Noether’s theorem. Secondly, in terms of the more
general Boyer’s formulation of Noether’s theorem, using the extension of the
infinitesimal generator (4.27) with u (z) replaced by an arbitrary function U (),
one obtains the expression

A 1 3 1 1 3 3 1
XLV = U+ U+ U+ ga U, + o2l Uy = SUZ = SV 4 Ve
1 1 1 3
1 3 1 1 1

The right-hand side of (4.31) can not be expressed as a divergence expression.
To show this, it is best to directly apply the Euler operator (4.3) with respect
to U and V to this expression. In particular, one obtains

By (XeL[U,V]) = i (246U + 6U% + 10U, + 7V;) # 0,

D 7
g Vae = 3 Ui # 0,

which means that Xg°£ [U, V] is not a divergence expression, and hence Xj
does not yield a variational symmetry of the action functional. Thus this
scaling symmetry does not yield a conservation law multiplier in terms of using
Boyer’s formulation of Noether’s theorem.
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(3) Direct method Finally, it is easy to show that the scaling symmetry (4.27) does

not yield a variational symmetry through using the direct method. In section
(4.1), we have checked whether (&5, 5) is a set of multipliers for a conservation
law. In particular, one merely applies the Euler operator (4.3) with respect to
U, V,ie., Ey, Ey given by (4.3), to the expression

2 1
EA + PA2 =7 (—;tVt A 5v) (U, = Vi)
4 9
+<;tUt+xUz+5U+5) (Vi— Usa + U +U?),

to show that
—6
By [€A + @A =0, By [€A + A% = U 0,

for arbitrary functions U (¢, z) and V (¢, ). The right-hand side of the above
expression is not equivalent to 0, which means that X5 does not yield a varia-
tional symmetry.

The conserved densities and fluxes corresponding to the symmetry (4.27) can be
computed using the following approaches: Homotopy operator method and Ibragi-
mov’s theorem.

4.4. Homotopy operator method. In the case of complicated forms of multipliers
and/or equations, for the inversion of divergence operators, one can use homotopy
operators that arise in differential geometry and reduce the problem of finding fluxes
to a problem of integration in single-variable calculus. We begin this part by a brief
definition of a homotopy operator [15].

Definition 4.6. Let f (t,x,u(M) (t,x)) be an exact differential function involving

two independent variables (¢, x). The second homotopy operator is a vector operator
with two components

(4.32)

where

(4.33)

(4.34)

(M) (F) oy ()

il(t ) / (g: tx) ) [Au] d;

lxl(tm / (Z tx) ) )‘u]d;\-

The t-integrand, Izj(m) (f), is defined as

(4.35) TV

M} M} (k-1 ke R o af
tIE) Z Z Z Z Bt zltZQz Dt) 1 (—Dz) 272 j77

k1=1ko=0 \21=0 i3=0 aukltkgx
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with combinatorial coefficient B' = B (iy, ia, k1, k2) defined as

i1+i2) (k1tke—i1—iz—1
(4.36) B (i1, iz, k1, ko) = ( o 2) ((;1;’52)@1112 ) .

Similarly, the x—integrand, Zy; , ., (f), is given by

k1=0 ko=1 \1i1=0 i2=0
where B* = B (’ig, il, k’g, kl)
The homotopy with Ay = 0 is used, except when singularities at A = 0 occur. Using
homotopy operator Div™', we have the following theorem [15,17].

O by yeiat)| _Of
(437) 53 t,x) Z Z Z Z BI 11t12x D) e (_DI) e j )

Theorem 4.6. Let f = f (t,x,u(M) (t,z)) be exact, i.e., f = DivF for some F =
F(t,z,u™ D (t,2)). Then F =Div" (f) = (Hy. () Hipa ().

Theorem (4.6) helps us to find the flux and density of the equation (1.4) by using
the multipliers (4.9) and (4.11). Once we have one component of the conservation
law, e.g., the density or a component of the flux, we can compute the remaining
components using the homotopy operator.

4.4.1. Flux and density of the set of multipliers (4.9). For example, one can show that
PDE (1.4) has a local conservation law arising from the multiplier (&3, 1) = (—v, uy)
ie.,

f=—v (up — vap) + uy (vt —um%—u%—uz),
is a divergence expression. We now reconstruct the corresponding density ¥ and flux
®. Using (4.35), we obtain

1 2 k1i—1 ko o . af
Z Z Z Z B pie (—Dg) " 1<_Dx) 2—i2

)
k1=1ko=0 11=0 122=0 auk‘lt kox
L0
=U— —UU gy —|—u +u
8
2 k1—1 ko ] 8f
k1—i1—1 ko—1
Z Z D2 2 Bl (=D T (D) ) o
k1=1 ko= 11=0 i9=0 Uk’1tk:2x
of
=V— =V

Likewise, using (4.37), we have

LS o kel oy —i ko—io—1 of
f) = Z Z Z Z Bzuiltiﬂ (_Dt) e (_D:v> e 67
k1=0 ko=1 \i1=0 i2=0 Uyt kox

of of

=u(=D,) + Uy

= Uy — Utly,

Uy OUgy
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2 b el ki—i ko—in—1 of
U(tﬂ? Z Z Z Z vailtizx (_Dt) e <_Dx) e

=0ko=1 \i1=0 ip=0 8vk1tk2x

of of
Oy Tl Oy

Then, using (4.33) and (4.34), yields

= v (—D,)

= VUt — VV¢gp.

Hiiny (1) = [ (T (V] + Ty (1) ]) 5

_ 1 2 1 3
= §(vvm—uum+u ) —|—§u ,
s (N = [ (Tl (N + Ty (D) T
1
=5 (Uy — Uty — Vi + ViU -

Thus, the homotopy operator gives the vector

1 . 2 2,3
F:lef:2<””” A )

UlUpy — Uy — VUi + ViU

Similarly, we have computed the densities and fluxes corresponding to the other
multipliers. The results are presented in Table 3.

4.4.2. Fluzx and dentity of the set of multipliers (4.11). For equation (1.4), we found
out that (A, Ag) are the set of multipliers and are candidates for reconstructing the
flux and density. For the homotopy operator (4.32) and for (4.11) with u = (u,v) the
differential function f is defined as

f:AlAl_I_AQAQ
= (—Upp + uy) (—um (Bu+1) —3/2u> —1/2v2 +2/3u* + 1/2u? —I—u4x>
+ (—um—l—vt—i—u—i—uQ) (Vppth + VUl — Vag) -

Thus, the t—integrand (4.37) is given by

1 4 k1—1 ko o p af
(4.38) Z Z ZBtui1ti2x(_Dt>kl i1 1<—Dx)k2 i | Y

k1=1 ko=0 1= 022 0 8uk1tk2x
3 S S S
—UUgy 9 UU 9 UU U Uy 5 u UUgy 3 —U
4.39 It = ; - R Bt D k1—i1—1 D ko—i2 af
( : ) ’U(t7x)(f) - Z Z Z Z UiltiQI(_ t) (_ x) 877
k1=1ko=0 \121=0 i2=0 Uk‘ltkzl‘

= FUVVyy + VVULUL — VU
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TABLE 3. Flux and density with multipliers (4.9) of the Boussinesq
system (1.4).

Multiplier Flux and Density

Hi‘(t@) (f) % (UULU.T Ul gy + u2) + %u?)’

(517 801) = <_Ut7 U’t)
u(t,z) (f) % (U’LLm; — Uy — VVpp + Uﬂ}x)

Hfl(t,x) (f) = % (v — uvy) ,

(&2, p2) = (=2, uz) Hit) (f) =
3 (uvt —vuy +u? —ud + 0 + %ug)

fl(t,x) (f) =4,
Hﬁ(t,z) (f) =—vs
Hf;(t,x) (f) = zu,

Hﬁ(t,x) (f) =V = TV

(537903) = (LO)

(€4, 04) = (,0)

(557 ¢5) = ’H’;(t,z) )= %vut — %uvx + %tu + llotu2 + ll5tu3 + l%uv +
7 7 7 2 7 1 7
7 s 9, 1 5Vt — 5tUt — jgtutize + 5V — jgtous + TvUs + {5tV
{5 t — XUy + £t — 50,
u@ o ()=

5Vt
Dtug + aug + u+ 2)
%muz =+ %mus =+ %xuvt =+ uuT — %ur — %xu% — %tutum =+

7 _2 1.2 l _1 _ 7
16 tuuge, 5tv1 + 5TU; 500z 5TVUL lotvvm —+ 16 tvzve

Substituiting (4.38) and (4.39) in the first component of the homotopy operator (4.32)

yields
(140) M (D) = [ (T (DD + Zh(P0]) 5

1 1 1 1
= —gUler — §uui — éuvi L R 6“3
n 1 n 1, n 1 n 1 1
“Ulgg + U+ UV + S VVUy — =V,
26 T3 3 2 !

which is a flux corresponding to (A;, As). Similarly the x—integrand (4.35) is given
by

1 4 k1 ko—1 4 ' 8f
(441) T =3 > | 20 D0 Buitae(—=Dy)" T (=Dy) Mt oy
1tkox

k1=0ko=1 \21=0i2=0
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= — Butty + DUUL Ve — UV Uy + UV, + U0, + ©B0, + wtiyy
— Ullyze — UV3e — 20PV3T — Ul Vpy + Ul Uy + 30U — Uptly
+ Uz Vs + UgVgy — Uzui — U3 Vg + U3z Uyt + Ugz U3z — UggUts
— Utz V4 + Uz Uz,

1 4 ki ko—1 s i1 af
(442)  Zjuo () =D > | X0 Do B itisa(=De)" " (=Dy)" 7"

k1=0 ko=1 \i1=0 ix=0 3Uk1tk2x

1. 1 1
= —VVUs + —v3 + —u?’vx + —u2vx — VUgpUgy + UVVp — UV Vg

27 3 2
2
— 3VUL Uy + UpzpVUsy — ViU3p — UV3T — U V3, + 20Ul Vg + UgUss
1 2
+ Vpz Utz — U3z Vzyp + VpUsy — ivxu;p — Uz Vtzy + VV¢3z + 3vuxumz-

Substituiting (4.46) and (4.47) in the second component of the homotopy operator
(4.37),, yields a density for equation (1.4) corresponding to (Ag, As):

(D) = [ (T 0] + T (1) ))&

B +2 1 +2 n 1, n 14
= — UULUs Suuxvm 3uvxum 3uvtvx 2u Uy 3u Vg

1 9 1 9 1 1
+ §uum — V3, — UV3T + guumvx + U U — UL U + = UgVsy

2 2

+ Lo 1 i1 +
UgVgy — ZVUzU FUUL Vg — U3z VUgy FU3LU FUggV3g
2 T 3 3 9 3x Ut 2 3

1 1 1 1 1 1,
— ZUgap Uty — ZUU3y — Z Ut V4n + “UgUtgy — ZVVLUL + évz

2 2 2 2 3
1 1 1 1 1

— FUVV — ZUiU3g + S VUza Utz — Z U2Vt + S VU3 + Uz Ugy -

3 2 2 2 2 2

Setting ® = H, . (f) and ¥ = H, ,(f), conservation laws corresponding to
multipliers (4.11) for the system of equations (1.4) is given by

DWW+ D,P =0.

4.5. Ibragimov’s theorem. In this section we obtain conservation laws for the
(1 4+ 1)-dimensional Boussinesq system (1.4) using Ibragimov theorem [19], but first
we give some definitions and notations which we will utilize later.

We begin with nonlinear self-adjointness introduced by Ibragimov [18], whose main
idea is first to turn the system of PDEs into Lagrangian equations by artificially
adding new variables, and then applying the theorem proved in [19] to construct local
and nonlocal conservation laws.

Let £ be the formal Lagrangian of system (4.1) written as

(4.43) L=19°A° (x, u,ou, . .., 8ku> ,
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where 97 is the new introduced dependent variable, then the adjoint equations of
system (4.1) are defined by

(4.44) (A%)" (x, w, 9, 0u, ..., 0%, 8’“19) _ ok =0,

0w
where ¢ = (9',...,9™) and §/6u’ is the Euler operator defined as (4.3).
Then the definition of nonlinear self-adjointness of system (4.1) is given as follows.

Definition 4.7. The system (4.1) is said to be nonlinearly self-adjoint if the adjoint
system (4.44) is satisfied for all solutions u of system (4.1) upon a substitution
Y = ¢ (z,u) such that ¢ (x,u) # 0.

Here, ¢ (z,u) = (¢ (z,u),..., o™ (z,u)) and ¥ = ¢ (z,u) means ¥ = ' (x,u),
¢ (z,u) # 0 means that not all elements of ¢ (x, u) equal zero and is called a nontrivial
substitution. Definition (4.7) is equivalent to the following identities holding for the
undetermined functions \? = \? (x, u, 0u, . .. ,8'%)

(A7) (2,u,0,0u,...,0",0%0) = \JAP,

lo=¢
which is applicable in the proofs and computations.

Nonlinear self-adjointness contains three subclasses. In particular, if the substitution
¥ = ¢ (x,u) becomes ¥ = u, then system (4.1) is called strictly self-adjointness. If
¥ = @ (u), then it is termed quasi self-adjointness. If ¥ = ¢ (z,u) involving = and
u, then it is called weakly self-adjointness. As an extension of the substitution, if
Y = ¢(x,u,u,...,0%), then it is called nonlinearly self-adjoint with differential
substitution.

Let us now assume the system (4.1) admits the symmetry generator

;0 9,
4.45 X=&—+1n .
(4.45) Eoi g
Then the system of adjoint equations (4.44) admits the operator
0 0 0
4.46 Y=¢—+7 .
( ) 5 8{1:1 +77 aua- +77* 8190,

ng = — [\07 + 97D, (€7)]
where the operator (4.46) is an extension of (4.45) to the variable 9% and the \? are

obtainable from X (A7) = M\JAF.
We now state the following theorem.

Theorem 4.7 (see [19]). Every Lie point, Lie-Bdicklund, and nonlocal symmetry
(4.45) admitted by the system of (4.1) leads to a conservation law D; (T*) = 0, where
the components T" constructed by the formula

i e s | OL oL oL .
(4.47) T =L+ W [8ug—Dj<augj>+DjDk<%>—~-]+Dj(W)
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oL oL Joc
o o)+ Jromemn g -

where W7 =n? — Sju? and L is the formal Lagrangian (4.43) which is written in the
symmetric form about the mized derivatives.

4.5.1. Construction of Conservation Laws for (1.4) via Ibragimov’s theorem. In Sec-
tion 2, we derived five Lie point symmetries (2.3) of SNLB (1.4).

Corresponding to each of these five Lie point symmetries we shall construct five
conserved vectors. The adjoint equations of (1.4), by invoking (4.44), are

J

(4.48) o [Pt = vea) + Q0 — e+ u+ 0)| = 0,
o [p ) =0
%[ (ut_vxa:)—l—Q(vt_u:cx_’_u—f_u)}_ )
where P = P(t,z) and Q = Q(t,x) are new dependent variables and (4.48) gives
4.49 A =4 ) ’

Clearly, (1.4) is not self-adjoint. By recalling (4.43), we get the following Lagrangian
for the system of equations (1.4) and (4.49):
(4.50) L = P(uy — vgg) + Qv — Upy + u + u?).

(i) We first consider the Lie point symmetry generator X; = % . It can be verified
from (4.46) that the operator Y; is the same as X; and the Lie characteristic
functions are Wy = —u;, Wy = —uv;. Thus, by using (4.47), the components T%,
i = 1,2, of the conserved vector T = (T, T?) are given by

T' = Q(u + u* — Uypy) — PUyg,
T2 = Qutx + PUm; - qut - vat-
Remark 4.1. The conserved vector T' contains the arbitrary solutions P, () of

the adjoint equation (4.49) and hence gives an infinite number of conservation
laws.

The same remark applies to all the following four cases.

(ii) Now for the second symmetry generator X, = a%, we have Wi = —u,,
Wy = —v,. Hence, by invoking (4.47), the symmetry generator X, gives
rise to the following components of the conserved vector:

T' = —Pu, — Quy,
T? = Pu, + Q(u + u?® + v;) — Quuy — Pov,.

(iii) For the third symmetry X3 = %, we have Wi = 0, Wy = 1 and the correspond-
ing components of the conserved vector are:

T'=Q, T*=P,.
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(iv) The fourth symmetry X, = x(%, gives W1 = 0, Wy = x and the corresponding
components of the conserved vector are:

T =2Q, T?=zP,—P.
(v) Finally, for the symmetry
X _ta+<x>a_< +1>a+<t_ )a
o \2)ar \"T2) a2 ) v

the value of Y is not the same as X5 and in fact is given by

1 1 1
)g:ta4—Cjé9—<u+2>é)+<t—v)69+P69+ Qa

ot ' \2) ox ou ' \2 dv 27 9P ' 2°0Q
In this case the Lie characteristic functions are W7, = —u — % — tuy — %xux,
Wy =—v+ % —tv, — %xvx. So using (4.47), one can obtain the conserved vector

T whose components are given by

1 1 t 1
T' =tQ(u + u® — Uyy) — tPvyy — P <u+ -+ :vux) +Q <—v+ - — 2931)95) ,

2 2 2
3 3
T° :gQ(u +u® — ) + gPut - P <2vx + tvm> +Q <2ux + tum>
Q@ ( +1 +1+1 >+P( +E fvp — )
z (Ut tu 5+ Sau w |~V g o - S )

CONCLUSION

In this paper a comprehensive analysis of the symmetries and conservation laws
of the Boussinesq system of PDEs (SNLB), is presented. The classical symmetries
of the SNLB are computed by applying the criterion of invariance of the equations
under the infinitesimal prolonged infinitesimal generators. The one parameter groups
and symmetry transformations associated to infinitesimal symmetries are determined.
Meanwhile, the Lie invariants and the similarity reduced equations associated to
infinitesimal symmetry generators are computed. Finally, the conservation laws of
the SNLB are determined via five different methods.

(a) Noether’s theorem. We have found an exact Lagrangian of equation (1.4),
then have obtained local variational symmetries. There is a one-to-one corre-
spondence between local symmetries X, in Table 2 and local conservation law
multipliers which were presented in Table 4.

(b) Boyer’s generalization of Noether’s theorem. We outline a generalization of
Noether’s theorem which includes higher-order symmetries due to Boyer’s
formulation. It is straightforward to apply Noether’s theorem to obtain a
conservation law for any one-parameter higher-order transformation leaving
invariant the action functional to within a divergence term.

(c¢) Direct method. We present the direct (multiplier) method of local conservation
law construction, which is applicable to both variational and non-variational
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TABLE 4. Comparison of Lie point symmetries (2.3) in the evolution-
ary form Table 2 and local conservation law multipliers (4.9) of the
Boussinesq system (1.4).

] Symmetry generator \ Conservation law multipliers \
X1 = —u 0, — 0, A = vy, Ay = —uy
Xy = —u0y — 0,0, A = v, Ay = —u,
X3 =0, A =1, Ay=0
X, = 20, Ay =z, Ay =0

X5:(—u—%—tut—%xu$)8u Ay =5ty + zv, —t — v,
+ (%t —v —ty — %xvx) Oy Ay = =Bty —xuy, — 1 — 2u

PDE systems. This method yields the multipliers for conservation laws as well
as an integral formula for corresponding conserved densities.

(d) Homotopy operator method. After the multipliers are computed, fluxes and
densities of the corresponding divergence expression can be reconstructed, here
we are applying the homotopy operator.

(e) Ibragimov’s theorem. The conservation laws for the Boussinesq system were
also derived by using the new conservation theorem due to Ibragimov in order to
find formal Lagrangians of the Boussinesq system without variational structure.

All five of these methods have some limitations in their use.

On comparing (a): we note that there are several limitations to Noether’s theorem.
It is restricted to variational systems. Consequently, to be applicable to a given system
as written, the given system must be of even order, have the same number of dependent
variables as the number of equations in the system and have no dissipation. There is
also the difficulty of finding symmetries admitted by the action functional. Moreover,
the use of Noether’s theorem to find conservation laws is coordinate-dependent.

On comparing (b): this method is generalises Noether’s definition of invariance of
an action integral. Note that the four conservation laws which we have obtained by
Boyer’s formulation, have been also resulted from the celebrated Noether’s theorem.
Also, it is restricted to variational systems and one must find an explicit Lagrangian.

In comparing the direct method (c) with Noether’s theorem, it is important to
reiterate that conservation laws arise from multipliers for both approaches. But unlike
Noether’s theorem (also, Ibragimov’s theorem), the direct method is not limited to
PDE systems arising from some variational principle (i.e., self-adjoint PDE systems).
None of these complications arise when one computes conservation law multipliers
through the direct method. Indeed, the multiplier determining equations are solved
off the solution space of the given PDEs.

On comparing (d): as was observed the major weakness of the direct method is in
calculating the fluxes and the densities of the conservation law. Whereas when one
employs the Homotopy operator method either shall be one is able to find in a very
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direct fashion two polynomials in terms of the dependent variables and their derivatives.
These may then be expressed as a divergence expression via using special formulas
which usually include the integration of multiple sentences. While in complicated cases
where the system of PDEs includes higher-order derivatives, integration is seldom
possible. This problem can be resolved by combining Noether’s theorem and the
direct method but as previously mentioned, Noether’s theorem has several limitation.
In the case of complicated forms of multipliers and/or equations, for the inversion of
divergence operators, one can use homotopy operators.

On comparing (e) with Noether’s theorem: we find that this method is similar
to Noether’s theorem which requires a Lagrangian to exist, however, Lagrangians
exists only for very special types of DEs within the construct of Noether’s theorem.
Ibragimov has attempted to overcome this difficulty by defining an adjoint equation for
non-linear DEs and constructing a Lagrangian for an arbitrary (linear and non-linear)
equation considered together with its adjoint equation. Comparing the conservation
laws obtained in Subsection 4.3.4 by the exact Lagrangian to thoese in Subsection
4.5.1 obtained from Ibragimov’s theorem, we can see that they are equivalent.

Finally, we find that there are only two means by which one may obtain all fluxes
and densities: the Homotopy operator method and Ibragimov’s theorem.
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