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SINGLE-VALUED NEUTROSOPHIC SET WITH HYBRID
NUMBER INFORMATION: AN INTRODUCTORY STUDY

HASAN GOKBAS!

ABSTRACT. In this paper, we introduce the concept of hybrid single-valued neutro-
sophic number, whose basic units are truth, falsity and indeterminacy memberships,
and their properties are investigated. Then, we give the hybrid single-valued neu-
trosophic whose coefficients are consecutive Fibonacci and Lucas. Especially for
consecutive coefficient Fibonacci and Lucas hybrid single-valued neutrosophic num-
bers, fundamental properties and identities such as Tagiuri, d’Ocagne, Catalan, and
Cassini are given. We obtain the Binet formula and generating function formula for
these numbers. Moreover, we give some sums of the consecutive coefficient Fibonacci
and Lucas hybrid single-valued neutrosophic numbers.

1. INTRODUCTION

Number sequences arise in many different theoretical and applied areas, as well as
in mathematical modeling of all the problems where there is a kind of invariance to
shift in terms of space or of time. As in the computation of spline functions, signal
and image processing, queueing theory, time series, analysis, polynomial and power
series computations and many other areas, typical problems modelled by number
sequences are the numerical solution of certain differential and integral equations. Ide
and Renault [16] investigated integer sequences H satisfying the Fibonacci recurrence
relation H,, = H, 1 + H, o that also have the property that H = a", n € N, for
some modulus m. Sacco [25] investigated the complex relationship between fractal
structures and cultural evolution using the Fibonacci time series model. Bhattacharya
and Kumar [2] took over some of the popular technical analysis methodologies based

Key words and phrases. Fibonacci and Lucas hybrid single-valued neutrosophic number, Fibonacci
and Lucas number, hybrid single-valued neutrosophic number, hybrid number.

2020 Mathematics Subject Classification. Primary: 03B52, 08A72. Secondary: 11B39, 20G20.

DOI

Received: March 24, 2024.

Accepted: July 13, 2024.

957



958 H. GOKBAS

on Fibonacci sequences and also advanced a theoretical rationale as to why security
prices may be seen to follow such sequences. The Fibonacci sequence has delighted
mathematics and scientists alike for centuries because of its beauty and tendency to
appear in unexpected places such as the Pascal triangle, fractal types, graph theory,
computer algorithms, geometry, stock market analysis, and graphic design. Music,
finance, engineering, art, geostatistics, architecture, signaling, physics, and biology
are some of the main fields of study. In Conti’s [6] study, some mathematical and
historical properties of Fibonacci numbers were shown, focused on their applications
in art, music, and geometry. Falcon and Plaza [10] introduced a general Fibonacci
sequence by studying the recursive application of two geometrical transformations
used in the well-known four-triangle longest-edge partition. Kegilioglu and Akkug [19]
obtained the Fibonacci and Lucas octonions and gave the generating function and
Binet formula for these octonions. Vajda [28] brought together in his book some of
the studies on the theory and applications of Fibonacci and Lucas numbers. They
are unique in that they are emerging in other areas as well.
Fibonacci and Lucas numbers are defined by the following recurrence relations

F0:07 F1:17 Fn+2:Fn+1+Fn7 nZO,

LO :27 Ll = 17 Ln+2 = Ln+1 + Lna n = 07
respectively. Besides, the nth Fibonacci and Lucas numbers are formulized as
a — ﬁn

a—p3"
where o = 1%@ and 8 = 1_7‘/5 [20].

Complex numbers, Hyperbolic numbers, Dual numbers and Hybrid numbers arise
in many areas such as velocity analysis, coordinate transformation, displacement
analysis, matrix modeling, rigid body dynamics, static analysis, mechanics, dynamic
analysis, transformation, kinematics, physics, biology, mathematics, and geometry
9,13,15,27].

Horadam [14] introduced the concept, the complex Fibonacci numbers C' = F), +
iF, .1 where F,, € R, 2 = —1 and F),, nth Fibonacci numbers. Fjelstad and Gal
[11] defined the hyperbolic numbers H = a + jb where a,b € R, j2 = 1 and j # F1.
Clifford [5] described the dual numbers D = a + b where a,b € R, e? = 0 and ¢ # 0.
Ozdemir [24] presented the hybrid numbers J = a + ib + ec + jd, where a,b,cd € R,
i?=-1,e2=0,e #0and j2 =1, j # F1. The hybrid numbers are a number system.
The hybrid numbers of the form H = a+1ib+ cc+ jd, where a, b, ¢, d are real numbers
and 1, ¢,j are basic units with the properties form Table 1.

The journey that started with inferring meaning and mathematical results from
uncertainty has continued with intuitive uncertainty, including membership and non-
membership states. It has reached the present day by adding indeterminacy to
its current journey. Neutrosophic Logic is a nascent field of study in which each
proposition is estimated to have a rate of truth in a subset of T', an uncertainty rate

Fn: Ln:an—i_ﬁn? nZOa



NEUTROSOPHIC HYBRID NUMBER 959

TABLE 1. The multiplication properties of basic units.

[T & 1]

-1 14 e+

in a subset of I, and a falsity rate in a subset of F. In [26], M being a space of
points, a single-valued neutrosophic set A on a non-empty set M is characterized
by a truth-membership function 74 : M — [0, 1], an indeterminacy-membership
function 74 : M — [0,1] and a falsity-membership function Fy : M — [0,1]. Thus,
A= {<a;, Ta(z), [4(x), FA(JJ)> |z € M} There is no restriction on the sum of T4 (z),
I4(x) and F4(x) for all z € M. Obviously, every ordinary neutrosophic fuzzy set have
the form

N ={{. Ta(2), La(x). Fa(z) ) | € M},
0 <Ta(z)+ Ia(z) + Fa(z) <1 (or <2o0r <3).

The concept of fuzzy subsets was introduced by Zadeh [30] and later applied in various
branches of mathematics. Zadeh’s expansion principle allowed us to describe arith-
metical operations between fuzzy numbers by expanding classical ones. Kandasamy
and Smarandache [18] defined the standard form of the neutrosophic complex number.
Dubois and Prade [8] drew attention to their arithmetic properties. Buckley [4] took
the first steps from fuzzy real numbers to complex fuzzy numbers. Zhang [12] intro-
duced a new definition for fuzzy complex numbers and obtained some results. Moura
et al. [22] proposed to extend the real fuzzy numbers to quaternions fuzzy numbers
and to investigate their properties. Yormaz et al. [29] defined the basic operations of
fuzzy split quaternions and gave some geometric properties of this fuzzy quaternion.

Fuzzy, intuitionistic, and neutrosophic set to decision-making have been widely
applied in many fields in recent years and receive increasing attention, like engineering,
linguistics, medical treatment, statistics, multicriteria, experimental sciences, and so
on. They [1] investigated the suitability of combining the intuitionistic hesitant fuzzy
set and set pair analysis theories in multi-attribute decision making and obtained
the hybrid model named intuitionistic hesitant fuzzy connection number set. In the
work of Broumi et al. [3] a new concept of complex fermatean neutrosophic graph was
established, and various basic graph ideas such as the order, size, degree, and total
degree of a vertex were introduced. Derrac [7] evaluated the most relevant approaches,
applications, and theoretical studies on fuzzy nearest neighbor classification and
stated various defining features to create a complete taxonomy. In[17], Jian et al.
focused on the global Mittag-Leffler boundedness for fractional-order fuzzy quaternion-
valued neural networks with linear threshold neurons. Liu and Wen [21] gave a
new distance measure based on the distance of interval numbers in interval-valued
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intuitionistic fuzzy sets. Ngan et al. [23] generalized and expanded the utility of
complex intuitionistic fuzzy sets using the space of quaternion numbers. The purposed
study received composite features and conveyed multi-dimensional fuzzy information
via the functions of real membership, imaginary membership, real non-membership,
and imaginary non-membership. In [31], Zulqarnain et al. aimed to develop cosine and
set theoretic similarity measures for the generalized multipolar neutrosophic soft set.
Hybrid single-valued neutrosophic numbers provide a way to extend the neutrosophic
set theory based on number fields. The field of hybrid numbers is another fundamental
number field that we cannot ignore, so we continue to extend the hybrid single-valued
neutrosophic numbers theory based on number fields.

In the following sections, the hybrid single-valued neutrosophic number is defined;
the definition of a number whose basic units contain neutrosophic set elements has not
been studied so far. Hybrid single-valued neutrosophic numbers, whose coefficients
consist of consecutive Fibonacci and Lucas numbers, are defined. In this work, a
variety of algebraic properties of the consecutive coefficient Fibonacci and Lucas
hybrid single-valued neutrosophic numbers are presented in a unified manner. Some
identities will be given for the consecutive coefficient Fibonacci and Lucas hybrid single-
valued neutrosophic numbers such as Binet’s formula, generating function formula,
Tagiuri’s identity, d’Ocagne’s identity, Catalan’s identity, Cassini’s identity, and some
sum formulas.

2. THE HYBRID NEUTROSOPHIC NUMBERS

In this part, analogies with complex numbers, hyperbolic numbers, and dual neu-
trosophic numbers will be used to construct complex fuzzy numbers, hyperbolic
intuitionistic numbers, and dual neutrosophic numbers. Additionally, the definition
of hybrid single-valued neutrosophic numbers, which are created when these three
numbers are combined, will be provided. Neutrosophic numbers, whose constituents
exhibit the characteristics of well-known number sequences, appear to have a variety
of uses.

Definition 2.1. The complex fuzzy numbers are defined by
C =a+ b,
where a, b are real numbers and i? = T4 (z), Ta(z) € [0, 1].
Definition 2.2. The hyperbolic intuitionistic numbers are defined by
H = a + jb,
where a,b are real numbers and j% = Fu(z), j # 1 and Fa(z) € [0,1].
Definition 2.3. The dual neutrosophic numbers are defined by
D =a+eb,

where a,b are real numbers and €% = I4(x), € # 0 and I4(z) € [0, 1].
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TABLE 2. Some properties of complex fuzzy numbers, hyperbolic intu-
itionistic numbers, and dual neutrosophic numbers.

Complex fuzzy num-| Hyperbolic intuitionis- | Dual neutrosophic
bers tic numbers numbers
Property | C=a-+ib, i* = Ty(z) |H=a+jb, j2= Fa(x) |D=a+eb, e? = I4(x)
Conjugate | C=a-ib H=a-jb D=a-cb
Norm Cl=y/a2 — Ta(x)t?| | [H|=\/|a? — Fa(x)?| | |D|=/|a? — L4(x)b?
Geometry | Euclidean geometry Lorentzian geometry | Galilean geometry
Rotation | Elliptic rotation Hyperbolic rotation Parabolic rotation
type

Definition 2.4. The hybrid neutrosophic numbers are defined by
H=a+ib+ec+ jd,

where a, b, ¢, d are real numbers and i, €, j are hybrid number units which satisfy the
equalities

ZQ :TA($)7 52 = IA(:E)u j2 = FA(x)7

87&07 ]#17 Zj:_jZ:€+Za
where Ta(x), I4(z) and Fa(x) € [0,1] are the truth-membership, the indeterminacy-
membership and the falsity-membership values of the single-valued neutrosophic set
and 0 < Ty(x) + Ia(z) + Fa(z) <1 (or <2o0r <3).

The hybrid neutrosophic numbers of the form $ = a + ib + ec + jd, where a,b, ¢, d

are real numbers and 7, ¢, 7 are basic units.

TABLE 3. The multiplication properties of basic units.

I
i [ Ta(z) 1 et

el j+l  Ia(x) -¢

j | -ei e Fa(x)

Definition 2.5. The consecutive coefficient Fibonacci hybrid single-valued neutro-
sophic numbers (%) are defined by

(21) S{’Sn - Fn+iFn+s+5Fn+2s+an+387

where F,, is nth Fibonacci numbers and ¢,¢,j are hybrid units which satisfy the
equalities

2 =Tu(x), *=1Ia(z), j*>=Fal),
53&07 ]#17 Zj:_jZ:€+Z’
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where Ta(x), I4(x) and Fa(x) € [0, 1] are the truth-membership, the indeterminacy-
membership and the falsity-membership values of the single-valued neutrosophic set
and 0 < Ty(x) + Ia(z) + Fa(z) <1 (or <2o0r <3).

Remark 2.1. The consecutive coefficient Fibonacci hybrid single-valued neutrosophic
numbers whose terms are in the form a decreasing sequence are called consecutive
coefficient Gaussian Fibonacci hybrid single-valued neutrosophic numbers. The con-
secutive coefficient Gaussian Fibonacci hybrid single-valued neutrosophic numbers
&%, are defined by

(2.2) &S, = F, +iF, o +eF, o+ jF, 3.
Remark 2.2. Since the Lucas sequence is also obtained from the roots of the charac-

teristic equation of the Fibonacci sequence, similar hybrid numbers can be defined in
the Lucas sequence by

ﬁgn = Ln + iLn+s + 5Ln+25 + jLn+357
6371 = Ln + Z‘Lnfs + €Ln72s + jLnf?)s-
Remark 2.3. The recurrence relation between Fibonacci and Lucas numbers also ap-

plies to consecutive coefficient Fibonacci and Lucas hybrid single-valued neutrosophic
numbers.

9% =941 + 9%,
5% =91 + 9%,
9%, =9%12 — 9%,
%42 =901 + 9%,
598, =91 + H% 1,
595 =954 — H% s
The same equations apply to consecutive coefficient Gaussian Fibonacci and Lucas

hybrid single-valued neutrosophic numbers.

Theorem 2.1. The Binet formula for the consecutive coefficient Fibonacci hybrid
single-valued neutrosophic number is
afa” — B*Bn
2.3 8, = ———
(23) 5 -

where a = 145 3 — 1_2*6, af = 1+ia® +ea + ja3s and B* = 1+1i8° +eB% + j5%.

Proof. We have

an_ﬁn

9, =

‘an—i—s _ An+s an+2s _ An+2s .Oén+3s _ An+3s
+1 & +e b +J b
a—f a—f a—f a—f
Then, some basic calculations are made and the desired result can be easily archieved.
O
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The Binet formula consecutive coefficient Lucas hybrid single-valued neutrosophic
number is verified similarly.

Theorem 2.2. The generating function formula for the consecutive coefficient Fi-
bonacct hybrid single-valued neutrosophic number is

= - 9%+ (9% — H%)t
T -
2 9t 1—t—1¢2 '

(2.4)
=0
Proof. Let h(t) function be the generating function formula of the consecutive coeffi-
cient Fibonacci hybrid single-valued neutrosophic number. We have
+oo
ht) =3 6%t = 9% + 55t + 9%+ + 55" +
i=0
Then, th(t) = S5 9%t and 2h(t) = S5 H%:t7T2. After the necessary calcula-
tions, the statement of the theorem follows
o0 . 5 S AW
Zﬁgltlzﬁo—'_(ﬁl 257.)0). |:|
part 1—t—t

The generating function formula consecutive coefficient Lucas hybrid single-valued
neutrosophic number is verified similarly.

Remark 2.4. Some special sequences well-known for the Fibonacci sequence have
also been calculated for the consecutive coefficient Fibonacci hybrid single-valued
neutrosophic numbers. The proofs of these equations are omitted. $°%, be the nth
consecutive coefficient Fibonacci hybrid single-valued neutrosophic number such that
n > 1 integer. Then, the following equalities hold.

(a) Tagiuri’s Identity:
3 r 9y — 95095, =(—1)"Fo Py + (= 1) FFy o Ta(2)
+ (=)™ EFy I a(2) + (=)™ EF,_ Fa(2)

+i(= )" F [ Fosr + (— 1) Fanea |
+e(=1)" 7‘[ nemi2s—r T (= 1)25Fn_m_25_r}
+ 3 (=) F [ Fomssoms + (—1)* Fusmsacs
{ 1 iiaid 28 NN r}
+ij(=1)""*F, [ M 25— — Fn—m—2s—r}
e[ (=)™ F Fy | 4 63 [ (=)™ F o
+ Ge[(=1) ™ BBy ey

€1

(b) d’Ocagne’s Identity:
ﬁgm—lﬁgn—i—l - ﬁgmﬁ%n :(_1)an—m+1 + (_1>m+s n—m—i—lTA(x)
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+ ()" E i La() + (1) Fy g Fa(x)
+i(=1)" {Fn—m+s+1 + (—1)5Fn—m—s+1]
+ E(_l)m[anerQerl +(=1)* nfm723+1:|
+j(=1)" [Fn—m+3s+1 + (—1)3 n_m_gs_,r]
+ e [(_1)m+an*m+s+l]
+ij(—=1)"** [Fn—m+2s+1 - Fn—m—2s+1:|
i [ (=)™ Pyt + 23] (- 1) P
+ jg{(_l)m+3anfmfs+1]-
(c) Catalan’s Identity:
98 98 — 95,95, =(=1)"F,F_, + (=1)""*F,F_, Tx(z)
+ ()R () + (- 1)"TFEF Fa()
(—1)"F[Fop + (<1 Fy |
(=1)"F, {F2sfr + (_1)2517—2374
(=1)"Fy [ Fop + (1) Fgo | + e[ (-1)" " F.F. |
+ij(= 1) Fy | Faaer — Flguy| +ci[ (1) 2 FF_, ]
+ej[(~)" R + jel (1) RF.

+1
+e€
+J

(d) Cassini’s Identity:

911951 = HTHT0 =(=1)" + (1) Ta(w)

+ (=1 () + (—1)" Fa(x)
+i(=1)" [ Faoy + (=1) Fooy
+&(=1)" [Faact + (—1)* Fa]
+§(=1)" [Faao1 + (—1)*Fge 1] + | (=1)"FF, ]
+ig(= 1) [Fygmy = Foggon| 4 6i[(=1)" 2 L,y
+ef[ (1) E |+ e[ (1) ).

Remark 2.5. The identities Tagiuri, d’Ocagne, Catalan and Cassini can be calcu-

lated by the same method for the consecutive coefficient Lucas hybrid single-valued
neutrosophic numbers.
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3. SUMS OF THE CONSECUTIVE COEFFICIENT FIBONAccCI HYBRID
SINGLE-VALUED NEUTROSOPHIC NUMBERS

In this section, we present some results concercing sums of terms of the consec-
utive coefficient Fibonacci hybrid single-valued neutrosophic number. Some known
equations about Fibonacci numbers will be given in the following lemma.

Lemma 3.1. Let F,,, n > 0, be the Fibonacci number. We have

n
Z Fm+s :Fn+s+2 - Fs—l—l;
m=0

n
Z Fm+23 —I'n42s4+2 — F28+1a

m=0
n

Z Fm+3s —L'n43s4+2 — F3s+17

m=0

n

Z F2m+s :F2n+s+1 - Fs—h

m=0
n

Z F2m+25 :F2n+25+1 - F25—17

m=0
n

Z F2m+3s :F2n+35+1 - Fszla

m=0
n

Z F2m+s+1 :F2n+s+2 — F,
=0

m
n
Z F2m+25+1 :F2n+25+2 - F2S7

m=0
n

F2m+35+1 :F2n+35+2 - FSs-
m=0

Proof. We give
Fo=Fs 1+ Fs o,
Foo1=Fo+ Fy
Fepo = Fop1 + F,
Forn=Fopn1+ Fopno.
Taking the sum of the equalities above, we obtained

n
Z Fm+s = I'nts+2 — Fs+1-

m=0

Two other statements of the theorem are verified similarly. 0J
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Some known equations for Lucas numbers can also be shown in a similar way.

Theorem 3.1. Let $5,, n > 0, be the consecutive coefficient Fibonacci hybrid single-
valued neutrosophic number. Then,

ioﬁgm =(Fpi2 — 1) +i(Fpsro — Fopr) +e(Frrasiaz — Fosia)
+ 7 (Frgss+2 — F3e41),
anoﬁ%m =(Fony1 — 1) +i(Fopgsrr — Foo1) +e(Fonyosi1 — Fas1)
! + J(Fong3s41 — Fas-1),
ioﬁng—i-l =(Fony2 + 1) +i(Fongsro — Fs) + e(Fongasso — Fos) + J(Fonisso — F3s).

Proof. We have
ﬁgOZFO_‘_iFS_FEFQs—{_jFi%sa
9% = Fy +iF s+ eFi 10 + jFiiss,
9% = Fy +iFy, + eFo o, + jFoyss,
ﬁgn = Fn + Z.Fn—&-s + 5Fn+2s + an+3s-

Taking the sum of the equalities above, we obtained
S 9%, = (Fupe — 1) +i(Fupsia — For1) + e(Furasio — Fosi1) + 5 (Foiastz — Fasin).
m=0

Two other statements of the theorem are verified similarly. 0

The sum values in the above theorem can be shown in a similar way for the
consecutive coefficient Lucas hybrid single-valued neutrosophic numbers.

Theorem 3.2. Forn > 0, let $%, and H*, be the consecutive coefficient Fibonacci
and Lucas hybrid single-valued neutrosophic numbers. Then,

n

n . .
Z <m> S/:)Sm - F2n + ZFQn—l—s + €F2?’L+2S + ]F2n+357

m=0

=~ (n , ,
Z ( )ﬁﬂm = Lon + ZLQn—i—s + 5L2n+25 + jL2n+3s~
m=0 \""

Proof. We have

£ (S 0 (e (e

m=0
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and we obtained

n

n . .
Z <m> ﬁgm - F2n + ZFQn—i—s + €F2n+25 + ]F2n+35-

m=0

The other statement of the theorem is verified similarly. 0

4. CONCLUSION

This study presents the hybrid single-valued neutrosophic number, the consecu-
tive coefficient Fibonacci and Lucas hybrid single-valued neutrosophic numbers. We
obtained these new numbers not defined in the literature before. We have given a
comprehensive introductory study of hybrid neutrosophic numbers as a guide. Since
this study includes some new results, it contributes to literature by providing essen-
tial information concerning these new numbers. Hybrid numbers are an excellent
mathematical tool in a number of different fields, and hybrid neutrosophic numbers
may be a new mathematical tool for processing ambiguous information. Therefore,
we hope that these new numbers and properties that we have found will offer a new
perspective to the researches. As a future direction, we plan to study other identities
and properties of number sequences by increasing the diversity of these number se-
quences. Researchers who are far from neutrosophic studies may think at first glance
that the scope of this paper is limited to neutrosophics, but since Neutrosophy is a
nice fuzzy generalization, we offer a working area for all fuzzy types, and we will con-
tinue to work with picture fuzzy, type fuzzy sets, extensions, and algebraic properties.
We think that it would be useful to look at studies such as quaternion-valued fuzzy
(intuitionistic fuzzy) and quaternionic fuzzy (intuitionistic fuzzy) from a hybridistic
studies approach.

Acknowledgements. The authors express their sincere thanks to the anonymous
referees and the associate editor for their careful reading, suggestions, and comments,
which improved the presentation of the results.
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