KRAGUJEVAC JOURNAL OF MATHEMATICS
VOLUME 50(3) (2026), PAGES 479-489.

A STUDY OF THE SCATTERING PROPERTIES OF
EIGENPARAMETER-DEPENDENT MATRIX DIFFERENCE
OPERATOR WITH TRANSMISSION CONDITION

GULER BASAK OZNUR! AND YELDA AYGAR?

ABSTRACT. In this paper, we set a transmission boundary value problem for a
matrix valued difference equation on the semi axis. The main purpose of this study
is to examine the properties of scattering solutions and scattering functions of this
problem. Firstly, by giving the Jost solution and scattering solutions of this problem,
we obtain the Jost function and the scattering function of the problem. We also
investigate eigenvalues, spectral singularities, resolvent operator and continuous
spectrum of this problem.

1. INTRODUCTION

In daily life, boundary value or initial value problems are used in the functional
analysis, applied mathematics, spectral analysis and scattering analysis modeling of
many problems encountered in the fields of physics, mathematics and engineering.
For solving these problems in spectral and scattering theory, operator theory is an
important tool. For many years, many scientists have used it to analyse the spectral
and scattering properties of differential and difference operators in physics, quantum
mechanics and applied mathematics. The Sturm-Liouville operator, which is a one-
dimensional Schrédinger operator, has an important one in the literature [23,25,
27,31] for this analysis. On the other hand, the state of the process can suddenly
change during some physical and chemical events, including natural problems. Both
differential equations and difference equations theory could not answer this situation.
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Therefore, a new theory was needed. Sudden and sharp changes can be encountered at
same stages of scientific processes. Compared to the whole process, the duration of this
sudden and sharp change is negligible, but the functioning of this system still changes.
These short-term effects are called impulse effects, and to deal with these effects,
the conditions called transmission condition, point interaction, impulsive condition,
jump condition and interface condition are applied to the value problem [1,21,26,
28,29]. Non-stationary biological systems such as heart rhythm beats, blood flows,
population dynamics; physical phenomena with variable structure such as theoretical
physics, atomic physics, radiophysics, phormacokinetics, and many other such as
mathematical economy, chemical technology, electrical technology, metallurgy, ecology,
industrial robotics, medicine contain impulse effects. Therefore, as a natural response
to the developing technology, interest in differential equations with transmission
condition has increased and these equations have been the subject of both theoretical
and experimental researches. The problems for the differential equation systems
with transmission condition were examined in detail by Samoilenko and Perestyuk,
Perestyuk et al. and Lakshmikantham et al. and important results were obtained
[22,32,33]. There are many studies in the literature examining the spectral and
scattering analysis of transmission boundary value problems [7,10-15,18,34]. On the
other hand, although there are many studies investigating the spectral and scattering
theory of various matrix-valued operators without transmission condition [2-5,9,17,30],
there are few studies examining the spectral and scattering theory of transmission
boundary value problem with matrix coefficients [6,8,16]. In this study, our aim is
to examine some spectral and scattering properties of a matrix difference operator
with transmission conditions. The difference from [8] is that the spectral parameter
A is included in both the matrix coefficient difference equation and the boundary
condition. This gives a different perspective to the problem and so this paper becomes
the general form of [§].

Let £ denote the matrix difference operator generated in the Hilbert space I (N, CH)
given by

b (N, C) = {Y — Wb Yo €T VI = 3 IIYall? < +oo} ,
neN

where C* is a p-dimensional (4 < oo) Euclidian space, ||-|| denotes the matrix norm
in C*. We shall consider that the operator £ is created by the following difference
expression

(11) Y.+ DY, + Yn+1 = )\Yn, n e N\{mo —1,mg, mg + 1},

with the boundary condition

(1-2) (70 + 71>\) Y+ (Vo + Vl)‘) Yo=0, ~ri —mW 7& 0,
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and the transmission conditions

(13) Ym0+1 = KYmo—la
Ym0+2 - MYm0—27
where A = 2cosz is a spectral parameter, for ¢ = 0,1, 7;,v; are real numbers,
D :={D,},y is a selfadjoint matrix acting in C* satisfying
(1.4) > n||Dy]] < +oo0,

neN

and my is an arbitrary natural number. Throughout this paper, we assume that E
and M are selfadjoint diagonal matrices in C* such that all eigenvalues of K and M
are different and nonzero. Since D is a selfadjoint matrix, it is clear that if Y,,(z2)
is a solution of (1.1), then Y,7(z) is a solution of (1.1), where "T* is the transpose
operator.

The set of this paper is summarized as follows. In Section 2, we give the basic
solutions and properties of equation of (1.1) without the transmission condition. In
Section 3, we obtain basic results and theorems for Jost solution, Jost function and
scattering function of this problem. In Section 4, we find resolvent operator and
Green function of the operator £. We also get the sets of eigenvalues and spectral
singularities of this problem. Then, we obtain the asymptotic representation of the
Jost function and continuous spectrum of (1.1)-(1.3).

2. PRELIMINARIES AND AUXILIARY RESULTS

In this section, we first give useful information and results for matrix difference
equation with a general boundary condition that we use throughout the study. We
remark that Wronskian of any two solutions U = {U,(2)} and V' = {V,,(2)} of the
equation (1.1) is known as

(2.1) WU V] (n) = VL Up = Vi Uy,
Now, let us define two semi-strips
T 3m T 3
B = = — < — By:=1B
{zeCz x+y,y >0, — 5 = x_Q}, U{Q 2]
)} and Q( ) = {Q.(2)} are the fundamental solutions of
1,.. — 1, fulfilling the initial conditions

Assume that P(z) = {P,(z
(1.1) for z € By and n = 0,

Po(z) =0, Pi(2)=1,
Qo(z) =1, Qi1(2)=0

The solutions P,(z) and @, (z) are entire functions of z.
Furthermore, for z € C, := {A € C : Imz > 0}, the bounded solution
E(z) ={E.(2)} of (1.1) which is represented by

+oo
E.(z) =" [I + > Knme"”Z] , n=mo+1,mg+2,...,

m=1
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where K, is expressed in terms of {D,}. E(z) is called the Jost solution of the
equation (1.1) and provides the following asymptotic equalities for z € C, [20]

E,(2) =™ [ +0(1)], n— +oo,
(2.2) E,(2) =™ [I+0(1)], Imz— +oo.

~

Additionally, equation (1.1) has an unbounded solution, denoted by E(z) = {E’n(z)} :
which satisfies the following asymptotic equation

E.(z) =™ [I+0(1)], z€Cy, n— +oo.

3. JOST SOLUTION, JOST FUNCTION AND SCATTERING MATRIX

For z € By, let us define the following solution of (1.1)—(1.3) by using P(z), Q(z)
and E(z)
Jo(z) = Po(2)01(2) + Qn(2)02(2), ifne{0,1,...,mg—1},
) Ea(2), ifne{my+1,my+2,...},

here 0; and 0y are z-dependent coefficients. By the help of (1.3), we can obtain the
following equalities

(3.1) K Eng1(2) = Pog-1(2)01(2) + Qmy-1(2)02(2)
and
(3.2) M Epg11(2) = Pog—2(2)01(2) + Quo—2(2)02(2).

From (2.1), it can be easily found that W {P(z), PT(Z)} =0, W [Q(z), QT(Z)} =0
and W {P(z), QT(z)} = I for all z € C,. Using these Wronskian equalities, (3.1) and
(3.2), 01(2) and 0(z) must be as follows:

61(z) = K~ M~ [MQ, _5(2) Emgi1(2) = KQpy 1 (2) Emgra(2)]

mo—2 mo—1
h(2) = K51 (R, (2)Byyea(2) = BTPE, () By (2)]

respectively. The function J,(z) is called the Jost solution of (1.1)—(1.3). We define
the Jost function of (1.1)—(1.3) by applying the boundary condition (1.2) to the Jost
solution J,(z) of the operator £

J(2) = (Yo +mA) J1(2) + (o + 11A) Jo(2) = (90 + 11A) 01(2) + (vo + 11\) 0o (2).

It is casily seen that the function J is analytic in C and continuous up to the real
axis.

For z € [—g, 37“} \{0, 7}, (1.1) has another solution F(z) := {F,(z)} represented
by

Fo(z) = Un(2), if ne{0,1,...,mg—1},
n En(z)93(2)+En<_Z)04<Z), ifn € {m0—|—1’m0+2,'”}.
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By using the transmission conditions (1.3), it is easy to write

(3.3) Erng1(2)03(2) + Bgr1(—2)04(2) = Kthyny—1(2)
and
(3.4) Erng2(2)03(2) + Emgra(—2)04(2) = Mtpyny—2(2).

Since W {E(z), ET(z)] =0and W {E(—z), ET(Z)} = —2sin 2z, by making some calcu-
lations in equations (3.3) and (3.4), we find

05(2) = = s [REl s 2)img 1 (2) = ML, 1 (=2 by 2(2)]
0a(2) =5 | KBy a(2)mem1(2) = MEg 41 (2)Umo2(2)]

for all z € [—g —} \ {0, 7}.

72

Corollary 3.1. The coefficients 03 and 04 have the following relation between the Jost
function J

KM -~
(35) 0(2) = 08(—) =~ T(), ze |57 oa
Theorem 3.1. For all z € {—g,7} \{0, 7}, det J(z) # 0.

Proof. We assume that there exists a zy € {—g, 37”] \{0, 7}, such that det J(z) = 0.

In accordance with (3.5), we get

det 0] (20) = det 02 (—z) = det K det M det J(2)

4sin? 2
and

det 94 (Z()) = det 93 (Zo) = 0.
It follows from that F,,(zy) = 0, that is, F'is a trivial solution of (1.1)—(1.3). This gives
a contradiction with our assumption, i.e., for all z € [—g, 7} \{0, 7}, det.J(2) # 0.
The proof is completed. 0

Theorem 3.1 says that the inverse of the function J exists and we give the following
definition.

Definition 3.1. The matrix function
L 3
S(2) =TI, 2 e [-3 5] Mo,
is called the scattering matrix of (1.1)—(1.3).

Theorem 3.2. For all z € {—g, 7} \{0, 7}, the matriz function S(z) satisfies

S(=2) = 87'(z) = §"(2),

9k

and it is an uniter matriz, where denotes the adjoint operator.
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Proof. By the help of definition of scattering matrix, for all z € {—g, 37"] \{0, 7}, we
obtain

and it concludes
T 31
S(2)S(=z2) = S(=2)S(z) = I, =€ [—2, 2] \{0, 7).

From the last equality, we find
3
S(—2) = 57(2), ze [—g 2”] \{0, 7).
Now, let us consider the solutions J,,(z), J,(—z) and F,(z), to prove S*(z) = S(—z).
Hence, we write
Fo(2) =Jn(2)n + Ju(—2),
(3.6) Foi1(2) =Jni1(2)n + Jnsa(—2)a,

where 1 and « are matrices not depending on n. By making some calculations in (3.6),
1 and « are obtained as follows:

n=W (=), T (@] {2 Falz) = () Faia(2)]
and N N
o =W J(=2), ' (=2)| {J51(=2) Fu(2) = Ji(=2) Fara ()},
respectively. Because of the characteristic features of the transmission conditional
equations, we find that W=t [J(z2),J*(2)] = —W ™1 [J(—=2),J*(—=2)]. Then, letting
n =0 in n and «, the following expressions are obtained

n=WTI(2), ()] T(2), a=-WT[J(2), ] (2)] J*(~2).
When we substitute  and « in (3.6), we get
Fo(z) = W[ (2), J*(2)[{Ja(2) ] (2) = Ju(=2)J"(=2)} -
By taking n = 0 and n = 1 in last equation, we find the following equations
B7) (ot mN) =W (), T ()] {Je(2) T (2) — Jo(=2) " (=2)},
(3.8) (o + 1A) = — WL J(2), J*(2)] {J1(2) J*(2) — Ji(=2)J*(—2)} .
By making some calculations in (3.7) and (3.8), we obtain
(3.9) J(2)J*(2) = J(=2)J*(=2).
Using (3.9), we easily find
T (2) = T H(2)J (=2) (=)
and
) [F(=2)] = T @) (-=).
Finally, it is clear that S*S = SS* =1, ||S|| = I, i.e., S is unitary. O
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Lemma 3.1. For all z € {—g, 37”] \{0, 7}, the following equation holds

{j(z), ifne{0,1,...,my—1},

W[J(2), FT(2)](n) —KMJ(2), ifné€{mo+1,mo+2,...}.

Proof. From (2.1), we obtain
W [J(2), FT(2)] () = F'(2)1(2) = T (2) Jo(2),

forn =0,1,...,my — 1. Since it is known that Py(z) =0, Pi(z) = I, Qo(z) = I and
Q1(z) = 0, the following Wronskian is easily found

W[J(z),FT(2)](n) = J(z), n=0,1,...,mo— 1.

Similarly, for n = mg + 1,mo + 2,..., we find W[J(2), FT(2)](n) = 2isin 20} (2). In
view of (3.5), the Wronskian can be arranged

WI[J(2), FT(2)](n) = —KMJ(z), n=mo+1,mo+2,...
The proof is completed. U

4. RESOLVENT OPERATOR, EIGENVALUES, SPECTRAL SINGULARITIES AND
CONTINUOUS SPECTRUM

In the following, we will define the other solution of (1.1)—(1.3) for all z € B,
Pn(2), iftne{0,1,...,mo—1},
Gn(z) = ~ .
E.(2)05(2) + En(2)06(2), ifne{mo+1,mo+2,...}.
By using the transmission condition (1.3) to G,(z), we get
Ermy+1(2)05(2) 4+ Emg1(2)06(2) = Ktbmg1(2),

Ermy12(2)05(2) + Enmg12(2)05(2) = M, (2).
To get the coefficients 05(z) and g(z), we will use same way as finding 0;(z) and
0(z). Since

W E(2), E"(2)] =0, W[E(2), E"(2)] = —2isinz

and
W E(2), E"()| =0, W [E(2), E"(2)| = 2isinz,

05(z) and 0g(z) must be as follows:

05(2) = g | KEp pa(2mo-1(2) = MET 1 (2)my—a(2)]
and ) N B
05(2) = 5 [K By sa(2)mg1(2) = MEj 1 (2)thme-2(2)]
Note that o
0s(z) = KM J(2).

27 sin z
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Similar to Lemma 3.1, the following Wronskian equation is obtained

J(2), it ne{0,1,...,mog— 1},

C(Z) = W[J(z))GT(z)](TL) = {—%MJJ(Z) ifne {mo + 1, mp+ 2 }

for z € B,.

Theorem 4.1. The resolvent operator of L has the representation
(R (L)), 1= 3 Han(pk), 9= {u} € b (N,CY),
k=0

where B
Ju(2)C7H(2)GE(2), if k <n,
g{n k= ~ T .
Gu(2) [C7' ()] I (2), ik =,
is the Green function of £ for z € By and k,n 7& my.

Proof. To obtain the resolvent operator and Green function of £, we need to find the
solutions of the following equation

(4.1) v (AY,) + MY, — \Y,, = ¢,

where M,, = 2I,, + D,,. Using J(z) and G(z), we can write the general solution of
(4.1) as

Y, (2) = Ju(2) Ry + Gu(2)T,
where R := {Ry}, g and T := {7}, are self-adjoint diagonal matrices in C*. By
the help of the method of variation of parameters, the coefficients R and 7" can be
written

n GT [ee]

R _R0+Z () (Z)’ T _<+ Z (Z)’

k=1 C’(z) k=n+1 (Z)

where Ry and ( are self-adjoint diagonal matrices in C*. Since the solution Y, (2) in
Iy (N, CH), ( is zero. By the help of the boundary condition (1.2), we find that Ry is

equal to zero. It completes the proof of Theorem 4.1. O

Now, from Theorem 4.1, we define the sets of eigenvalues and spectral singularities
of £ as follows:

o4 (L) :{)\:2cosz:z€D,detj( ):0}
}\{o r}.det J(z) = 0}

(e

JSS(L):{)\ZQCOSZZZG[ 53

respectively.

Theorem 4.2. Assume (1.4). Then the Jost function J satisfies the following asymp-
totic equation

J(z)=w (KM) (K = M) (1 +0(1)] (¥ + %),z € By, |2] = +o.



SCATTERING PROPERTIES OF MATRIX DIFFERENCE OPERATOR 487

Proof. Since the polynomial function P,(z) is of (n —1). degree and polynomial
function Q,(z) is of (n — 2). degree with respect to A, we get

(4.2) (vo + 1 \) PT(2)e/® V% =y [T 4+ 0(1)], |2| = 400, 2 € By.

It is clear that

j(z) =K 'M! (vo + 11 M) [IA(/PTO_I(z)ei(mo_mze_i(mo_szmoJrg(z)e_i(m‘)“)zei(m()“)z

m

_MPWT;O_2(Z)ei(mo—?))ze—i(mo—?))z S (Z)e—i(mo—i-l)zei(mo-‘rl)z} ]

By using (2.2) and (4.2), we write the following asymptotic equation

J(z) =1 (/IZM)_I (IA(/ - ]\7) [I +o(1)] (efm + 63i2> , 2 € By, |z| = +o0.

Theorem 4.3. If the condition (1.4) satisfies, then o.(L) = [—2,2], where o, (L)
denotes the continuous spectrum of L.

Proof. Let us introduce the operators £; and £, generated by the following difference
expression in Iy (N, C*) with (1.2) and (1.3)

(Loy),, =Yn-1+ Yoy, neN\{mg—1,mo+ 1},

(Lly)n :DnYn; n & N\{mo},

respectively. Under the condition (1.4), it is clear to see the compactness of £ [24].
On the other hand, we write £L = £} + L2 + £, where L} is a selfadjoint operator

with o, (£}) = [-2,2] and L% is a finite dimensional operator in I, (N,C*). Then,

by the help of Weyl theorem of a compact perturbation [19], we find the continuous

spectrum of L. O
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