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RESULTS ON (ENGEL, SOLVABLE, NILPOTENT) FUZZY
SUBPOLYGROUPS

ELAHE MOHAMMADZADEH! AND RAJAB ALI BORZOOEI?

ABSTRACT. In this paper, first we define the notion of an Engel polygroup, to
get further properties on Engel fuzzy subpolygroups. Moreover, we prove that
every normal fuzzy subpolygroup of an Engel polygroup is Engel. Furthermore,
we introduce the notions of solvable and nilpotent fuzzy subpolygroups and we get
some of their properties. Finally we investigate the relations among solvable and
nilpotent fuzzy subpolygroups with Engel fuzzy subpolygroups.

1. INTRODUCTION

Researches on Engel groups have centered mainly on the question, whether n-Engel
groups are nilpotents. Clearly every 1-Engel group is Abelian. Levi [14] proved that
2-Engel groups are nilpotent of class at most 3. Heineken in [12] showed that every
3-Engel group G is nilpotent of class at most 4 if G has no element of order 2 or
5. L. Kappe and W. Kappe [13] gave a characterization of 3-Engel groups which is
analogous to Levi’'s theorem on 2-Engel groups. Moreover, the study of fuzzy Engel
groups was investigated in [2,16,17].

On the other hand, hyperstructure theory was first initiated by Marty [15] in 1934
when he defined hypergroups and started to analyze their properties. Since there are
extensive applications in many branches of mathematics and applied sciences, the
theory of algebraic hyperstructures has nowadays become a well-established branch
in algebraic theory. Fuzzy subsets have been introduced in (1965) by L. A. Zadeh
[22] as an extension of the classical notion of set. With appropriate definitions in the
fuzzy setting most of the elementary results of group theory have been superseded
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with a starling generalized effect. Specially, the study of fuzzy hyperstructures is an
interesting research topic of fuzzy sets. There is a considerable amount of work on
the connections between fuzzy sets and hyperstructures. Fuzzy hyperstructures is a
direct extension of the concept of fuzzy algebras. This approach can be extended to
fuzzy hypergroups. In [23], the concept of a fuzzy subpolygroup is introduced. In [7],
Borzooei and et. al introduced the notion of Engel (nilpotent) fuzzy subpolygroups
and various properties of Engel fuzzy subpolygroups were proved.

Now, in this paper, first we introduce and study Engel polygroups and solvable
fuzzy subpolygroups. Then, we investigate the important properties of such fuzzy
hyperstructure. Moreover, we obtain a necessary and sufficient condition between
solvable fuzzy subpolygroups and the solvable group P/ ~, the group of equivalence
classes derived from a fuzzy subpolygroup of P. Finally, by the relation between these
notions we get some interesting results on Engel fuzzy subpolygroups.

2. PRELIMINARY

Let X, X5,..., X, be non-empty subsets of group G. Define the commutator
subgroup of X; and Xy by

(X1, Xo] = ([r1, 2] | 1 € X7, 72 € Xy).
More generally, define
[Xla s 7XTL] = HX17 s 7Xn—1]7 Xn]7

where n > 2 and [X;] = (X;). Also, recall that X;*> = (272 | 21 € X1, 2, € X5) [19].
Let G be any group and z,y € G. Define the n-commutator [z,, y|, for any n € N and
z,y € G, by [v0y] = 2, [v1y] = 2zya~y~" and [z,, y] = [[2,n19], y]. Now, a group
G is called an Engel group if for each z,y € G, there is a positive integer n = n(z,y),
such that [z,, y] = e, where e is the identity of the group G. Suppose n = n(z,y) can
be chosen independently of any z,y € G, then we say that G is an n-Engel group.
We recall the notion of a nilpotent group. Let G be a group. Lower central series of
G is defined by G = [1(G) > I3(G) > - - -, where [;(G) = G and for each integer n > 1,
I(G) = [l,—1(G),G]. Then G is called nilpotent if there exists a non-negative integer
m, such that ,,(G) = {e}. The smallest such integer is called the class of G. Also,
derived series of G is defined by --- C G" C --- C G° = G; where for each integer
n>1, G" = [G"!,G"!. Now, G is called solvable if there exists a non-negative
integer m, such that G™ = {e}. The smallest such integer is called the class of G (see

[19]).
Definition 2.1 ([9]). A polygroup is an algebraic structure (P,-,~! ¢), where ” -7 is
a hyperoperation on P, "~!” is an unitary operation on P and e € P, such that the
following axioms hold:
() (@-y)-z=z-(y-2);
(i) ecx=x-e=u;
i) rey-2=>ycx-zt=zey ! 1
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for any x,y,z € P.

A non-empty subset K of a polygroup P is called a subpolygroup of P, if a,b € K
implies a - b € K and a € K implies a=! € K. A subpolygroup N of a polygroup
P is called normal, if a='Na C N, for any a € P (see [9]). The commutator of two
elements in a polygroup (P, -, e,”!), is defined by [z,y| ={t |t €z -y -z~ -y 1} If
AC P, then [Ajy|={t|te€e A-y- A1 -y '}. Therefore,

[[x,y],y] = {t ’ te [‘Tay] Y- [xay]_l ’ y_l}
and, inductively, we define
(@0 y] = (@1 gyl = {t [t € [ y] ¥ [wnayl™ -y}
Also, A*={t|tex-A- -z} (see [3]).

Definition 2.2 ([1,3]). Let P be a polygroup. For any s € P and k > 0, we define:

(i) Los(P) = P;

((11) Lkzrlsj( J={he€ePlx-sNh-s-x#¢,x € Lps(P)};

iii P,

(EV Livi(P)={h|x-yNh-y-x+# ¢,x € Ly(P) and y € P};

) L
)
v) los(P) = P;
(vi) ls1s(P) = ({h € P h € [2,5], 2 € La(P)});
(vii) lo(P) = P;

iii) lea (P )_<{h€P|h€[l‘y]$€lk(P)7?J€P}>%

(ix) io(P) = P, ixr1(P) = ({h € P h € [z,y], 2,y € in(P)}).

Theorem 2.1 ([3]). Let P be a polygroup. Then for any s € P and k >0
Li1s(P)={heP|helzs|,ze Lgs(P)}.

Let P be a polygroup and p C P x P be an equivalence relation on P. For non-
empty subsets A and B of P, we define ApB < (for all @ € A and for all b € B we
get apb). Then the relation p is called a strongly regular on the left (on the right) if
xpy = a-zpa-y(z-apy-a) for any x,y,a € P. Moreover, p is called strongly regular
if it is strongly regular on the right and on the left.

Theorem 2.2 ([8]). If P is a polyrgroup and p is a strongly regular relation on P,
then (P/p,®) is a group, where p(x) ® p(y) = p(z) for any z € x - y.

For any n > 1, we define the relation 3, on a polygroup P, as follows:

aBub < (Azy,...,x,) € P") {a,b} C H T
i=1
and we let 8 = U,>1/3,. Suppose that §* is the transitive closure of 5. Then 3* is a
strongly regular relation on P [8].
Let (H,:) and (H',*) be two polygroups. A function f : H — H' is called a
homomorphism if f(a-b) C f(a)* f(b) for any a,b € H. We say that f is a good
homomorphism if f(a-b) = f(a) f(b) for any a,b € H.
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Definition 2.3 (]9]). A polygroup P is said to be nilpotent if there exists n € N such
that 1,(P) C w or equivalently [,,(P).w = w, where w is the kernel of f : P — ﬂ%.
The smallest integer n such that [,(P).w = w is called the nilpotency class or for
simplicity the class of P. Also, a polygroup P is said to be solvable if there exists

n € N such that i, (P) C w. The smallest such integer is called the class of P.

A fuzzy subset p of X is a function p: X — [0, 1]. Let f be a function from X into
Y, and pu, v be two fuzzy subsets of X, Y, respectively. Defined the fuzzy subset f(u)
of Y, by

Vo), ) # ¢,
(f(u)(y) = { aer @
0, otherwise,

for any y € Y, and fuzzy subset f~'(v) of X by (f~'(v))(z) = v(f(x)) for any
x € X. The intersection py N pue of fuzzy subsets p; and py of X, is defined by
(1 N p2)(x) = min{p(x), po(x)} for any x € X. (Note that py N pe, is the largest
fuzzy subset of X contained in the both of p; and ps). Also g X s is a fuzzy subset of
X x X, which is defined by (g1 X pio) (21, x2) = min{py (z1), po(z2)} for any x1, 2 € X
(see [20,22]).

Definition 2.4 ([20]). Let u be a fuzzy subset of a group G. Then p is called a fuzzy
subgroup of G, if u(zy) > p(x) A p(y) and p(x=t) > u(x) for any z,y € G. A fuzzy
subgroup p of G is called normal if p(xy) = p(yx) for any z,y € G.

Definition 2.5 ([23]). Let (P,-) be a polygroup and p be a fuzzy subset of P. Then
wis called a fuzzy subpolygroup of P, when z € x -y implies p(z) > min{u(z), u(y)}
and p(x~1) > u(z) for any x,y € P. Moreover, a fuzzy subpolygroup u of P is called
normal if z € x -y and z° € y -z, then p(z) = (') for any z,y € P.

Theorem 2.3 ([23]). Let p be a fuzzy subpolygroup of polygroup P. Then u(e) > u(x)
and p(x=) = p(x), for any x € P. Moreover, p is a normal fuzzy subpolygroup of P
if and only if py = {x | p(x) >t} is a normal subpolygroup of P for any t € [0, u(e)].

Theorem 2.4 ([10]). Let u be a fuzzy subpolygroup of a polygroup P. Then the
following conditions are equivalent, for any x,y € P:

(i) p is a normal fuzzy subpolygroup of P;

(i) for any z €y -2 -y, ulz) = p(z);

(i) for any 2 € y- -y~ ) u(z) > pla);

(iv) for any z €y~ o -y 7, p(z) > pu(a).
Theorem 2.5 ([10]). Let P and P be two polygroups, ju be a fuzzy subpolygroup of
P, X\ be a fuzzy subpolygroup of P and f : P — P’ be a function. If f is a good
homomorphism, then f~Y(A)(f()) is a fuzzy subpolygroup of P(P').
Theorem 2.6 ([10]). Let P, and P, be two polygroups and p and v be two fuzzy

subpolygroups of Py and Py, respectively. If u(e;) = v(es) =1 and p X v is a fuzzy
subpolygroup of Py X Py, then p and v are fuzzy subpolygroups of Py and Ps, respectively.
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Notation. From now on, in this paper we let (P,-,~! e) be a polygroup and n € N.
For simplicity of notations, sometimes we may write xy instead of z.y.

3. ENGEL POLYGROUPS

In this section, we introduce the notion of Engel polygroup and we obtain some
results on Engel polygroups that are used in the other sections.

Definition 3.1. A polygroup P is said to be n-Engelln € N) if [, (P) C w or
equivalently [, s(P).w = w for any s € P, where w is the heart of P and
lo.s(P) =P,
liv1s(P) =({h € P|h€[z,s],z €l s(P)}).

FExample 3.1. Let P be a polygroup by the following table:

‘ e a b
ele a b
ala e b
blb b {ea,b}

Then [e,a] = e, [a,a] = e, [b,a] = P and so, l; ,(P) = {h € P | h € [x,a],z €
P}) = P. Similarly, we see that [, ,(P) = P = [; .(P). Therefore, for any s € P,
l1s(P) = P =w. Consequently, P is an 1-Engel polygroup.

Theorem 3.1. Every polygroup of order less than 7 is 1-Engel.

Proof. Suppose that P is a proper polygroup of order less than 7. Then % is an
Abelian group of order less than 6. Now, let h € [; ((P) where s € P. Then there
exists x € P such that h € [z, s]. Thus,

g (h) = B*(lz, s]) = [8"(2), 8°(s)] = " (e),
which implies that h € w. Therefore, P is 1-Engel. OJ

Theorem 3.2 ([9]). Let (G,-) be a group and Po = G U {a}, where a ¢ G. Then

(Pg, o) is a polygroup, where operation ” o ” is defined as follows
(1) aca=c¢;

(2) eox =x0e=ux for every x € Pg;

(3

(4

rox ' ={e a}, for every x € Pg\ {e,a};
(5) xoy=x-y, for every (z,y) € G* such that y # x71.

— — —

aoxr=xoa=uz foreveryx € Pg\{e, a};

Theorem 3.3. Let G be an 1-Engel group. Then (Pg,o,e,—1) is an 1-Engel poly-
group.

Proof. Let G be an 1-Engel group. By (1), [a,a] = {t |t Eacaoatoa™! = e}.
Then e € [a,a]. Using (3) and (4), we have e € [a,y] in which a # y € Ps\{e,a}.
Hence, e € [a,y] for any y € GU {a}.

(I) Also, by hypotheses, for any z,y € G in which y # z =1

, we have e = [z,y].
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(IT) So, by (I) and (II), e € [z,y] for any z,y € GU {a}.

(IIT) Now, let h € Iy s(P) where s € Pg. Then h € [z, s for some © € Pg and so by
(III), g*(h) = [B*(x), B*(s)] = [*(e), which implies that h € w. Therefore, Py is an
1-Engel polygroup. 0

Now, in the following theorem we give a method to construct a 1-Engel polygroup
of order n € N.

Theorem 3.4. For every n € N, there is a nontrivial 1-Engel polygroup of order
n—+ 1.

Proof. For n € N, consider the Abelian group Z,. Clearly, Z, is 1-Engel. Then by
Theorem 3.3, (Py,,0) is an 1-Engel polygroup of order n + 1. O
Theorem 3.5. Let P, and Py be two polygroups. Then for any k > 0

Zk(Pl X PQ) = Zk(Pl) X 'lk(Pz)

Proof. We prove our claim by induction on k. For k£ = 0, the proof is obvious. Now
suppose that (a,b) € ixr1(P; X Py). Then there exist (u,v), (s,t) € ix(P; X Py) such

that

(a,b) € [(u,v), (s,t)] = [u,s] x [v,].
By using the hypotheses of induction, we conclude that (u,v), (s,t) € ix(Py) X ix(P).
Thus for any u, s € i,(P1), we get a € [u, s] and for any v, t € ix(P,), we get b € [v,t].
Hence (a,b) € igy1(P1) X ige1(FP2). Similarly, we obtain the converse. Therefore,

Zk(Pl XPQ):ik(Pl) XZk(Pz) U

Theorem 3.6. Let P be a polygroup, s € P and N be a normal subpolygroup of P.
Then

. <P) _ lns(P)N p <P> i (P)N

AN N 7 "\N N

£) € Bl and 1,0 (5) 2 B,
For n = 0, the inclusions are obvious. Now, suppose that yN € [, SN( ). Hence,
there exists aN € l, v(%) such that yN € [aN sN]. By hypotheses of induction,
we have aN € %. Hence, there exists a € I, ,(P) such that aN = a'N. Thus,
yN € [ 'N,sN] = [d',s]N. So, there exist a € I,,(P) and y € [a’,s] such that
yN =14 N . Hence, yN € "“j\fp Conversely, if yN € L(P)N then there exists
Y € lhy1.s(P) such that yN =y N. Therefore, y € [a, 5], for some a € I,, ,(P). Thus,

by hypotheses of induction, aN &€ w =1, SN( ) and yN =y ‘N € [aN, sN]|

Proof. By induction on n we show that [, sn (

implies that yN € [, 41 sn (%) Therefore, 1, sn (%) = w. Similarly, we can
prove that i,(%) = i”(%. O

Corollary 3.1. (i) If P is an n-Engel polygroup and N is a normal subpolygroup of
P, then % is n-Engel.
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.. . . P -
l(zz%) 7 P is a solvable polygroup and N is a normal subpolygroup of P, then % is
solvabel.

Theorem 3.7. Let P, and Py be two polygroups and ¢ : P, — P be a good homo-
morphism. If ¢ is one to one and K is an n- Engel subpolygroup of Py, then ¢(K) is
an n-Engel subpolygroup of Ps.

Proof. By induction on n, we show that l,, ,(¢(K)) = ¢(1,4(K)), where ¢(b) = y and
b,y are fix elements of K and ¢(K), respectively. For n = 0, the proof is obvious.
Now, let z € l,,41,(¢(K)). Then there exists z € l,,,(¢(K)) such that z € [z,y]. By
hypotheses of induction, z € ¢(l,,5(K)). Also there exist ¢,a € K such that z = ¢(c)
and z = ¢(a). Hence,

¢(c) = z € [#(a), p(b)] = ¢la,b], = = ¢(a) € G(lnp(K)).

Thus for a € 1,,,(K), we get ¢ € [a,b] that implies that ¢ € [,,41,(K). Conversely,
let z € ¢(lhr14(K)). Then for some ¢ € l,414(K), 2 = ¢(c). Using hypotheses
of induction, z = ¢(c) € ¢la,b] = [p(a),d(b)], where a € 1,,,(K), y = ¢(b) and
o(a) € lyy(¢(K)). Therefore, z € 1,11 ,4(p(K)). O

4. RESULTS ON ENGEL Fuzzy SUBPOLYGROUPS

In this section, by considering the notion of Engel fuzzy subpolygroup, which is
defined in [7], we state and prove some new related results.

Definition 4.1 ([7]). Let u be a fuzzy subpolygroup of P and n € N. If for any
x,y € P and z € [x,,y], we have u(z) = u(e), then p is called an n-Engel fuzzy
subpolygroup of P.

Theorem 4.1 ([7]). Let P and P’ be two polygroups with the identity elements e, and
ey, respectively, p and X be two n-Engel fuzzy subpolygroup of P and P', respectively,
and f : P — P’ be a function.

(i) If f is a good homomorphism, then f~1()\) is an n-Engel fuzzy subpolygroup
of P.

(i7) If f is an onto good homomorphism, then f(u) is an n-Engel fuzzy subpolygroup
of P'.

Proposition 4.1 ([7]). Let p be a normal fuzzy subpolygroup of P and relation ~ on
P is defined as follows:

r~ye (Facay) st oula) = ple).
Then ~ is a strongly reqular relation on P.

Suppose that for any « € P, u[z] is the equivalence class containing = with respect
to strongly regular relation ~ on P and £ denoted the set of all equivalence classes

ulal, e, £ = {ule] |« € P).
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Theorem 4.2 ([7]). (g, ©," ,,u[e]) is a group, where

ple] ™ = ple™), pla] © ply) = {ulz] | 2 € 2y},
for any x,y € P.

Theorem 4.3 ([7]). Let p be a normal fuzzy subpolygroup of a polygroup P. Then p
is a n-Engel fuzzy subpolygroup of P if and only if £ is a n-Engel group.

Let p be a normal fuzzy subpolygroup of P. Then {u(z) | x € P} is called the
order of .

Theorem 4.4. Any normal fuzzy subpolygroup of order less than 6, is an 1-Engel
fuzzy subpolygroup of P.

Proof. Let ju be a normal fuzzy subpolygroup of order less than 6. Then £ is a group
of order less than 6. Hence it is Abelian, which implies that % is an 1-Engel group.
Now, by Theorem 4.3, u is a 1-Engel fuzzy subpolygroup of P. 0

Let p, = {z | u(x) = pu(e)}. Clearly, u, is a normal subpolygroup of P.

Theorem 4.5. If P is an n-Engel polygroup, then any normal fuzzy subpolygroups of
P is n-Engel.

Proof. Let P be n-Engel and p be a normal fuzzy subpolygroup of P. First we show
that £ ~ ;TIZ' Define

Fi D= by fule]) = s,z P

If plz] = wply] for z,y € P, then x ~ y and so there exists r € xy~! such that
wu(r) = u(e), where e is the identity element of P. Now, we show that for any z,y € P,
if z ~ vy, then u(r) = u(e) for any r € xy~!. If 2 ~ y, then by the definition of
~, there exists a € zy~! such that u(a) = p(e). Now, let r € zy~! be an arbitrary
element of P. Since p is normal, we have p(e) = p(a) = u(r) which implies that for
any r € xy~ 1, u(e) = u(r). Hence, xy~ C p,. Thus, p.z = i.y.

Conversely, if g,z = p.y, then xy~ C p, and so for any r € xy~t, u(e) = p(r),
which implies that = ~ y. Consequently, f is an isomorphism by the fact that

per © oy = {pz | 2 € zyt,  pla] © ply] = {ulz] | 2 € zy}.

Hence, £ ~ f. Since P is n-Engel, by Corollary 3.1, —* is n-Engel and so £ is
n-Engel. Therefore, by Theorem 4.3, i is n-Engel. 0

Ezample 4.1. Let P = {e,a,b,c,d, f,g}. Then P with the following hyperoperation
is a polygroup
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e a b c d f g
ele a b c d f g
ala e b c d f g
b|b b {ea} g f d c
cle ¢ f AHeal g b d
did d g f A{ea} ¢ b
f1f f c d b g {e,a}
glg g d b c Afeat f

Now, we define the fuzzy set p on P, by
0.75, x €{e,a,f, g},
() = { { fr9}

0, otherwise.

Clearly, P is not an n-Engel polygroup. But, we show that p is a normal n-Engel
fuzzy subpolygroup of P. Since, for any t € [0,1], u: = {z | p(x) > t} is equal to
{e,a, f, g} or P, hence, by Theorem 2.3, i is a normal fuzzy subpolygroup of P. Now,
for any z € [z,, s| where z,s € P we get z € [,,(P) = {e,a, f,g} and so u(z) = u(e),
which implies that p is a normal n-Engel fuzzy subpolygroup of P.

Theorem 4.6. Let p be a normal fuzzy subpolygroup of (P,-,"%,e;). Then

(;TP*’ T 62) is an n-Engel polygroup if and only if p is an n-Engel fuzzy subpolygroup

of P.

Proof. Let ;TP* be an n-Engel polygroup and 7 : P — /TP* be the natural epimorphism.
Since z € 7} (w(x)), we get w(2) = m(x) and so w(e;) € m(27'-2) = w(271-x) . Thus,
there exists 7 € 27! - z such that e; = m(e;) = 7m(r), which implies that r € ker 7 = p,.
Therefore, pu(r) = p(e;) and so z ~ x. Hence, for any x € P

i (m(p) (@) =a(w) (@) =\ w) =V uz) = @),

zen—1(n(z)) z~T

and so 7~ Y(m(n)) 2 p. Now, since uﬁ is an n-Engel polygroup and m(u) is a fuzzy

subpolygroup of TP*’ by Theorem 4.5, 7(u) is n-Engel and by Theorem 4.1, 7~ (7(u))
is an n-Engel. Now, we show that p is n-Engel. For this, let © € [t,, s], where
teP,s€Pand f: £ — #—P* be as in the proof of Theorem 4.5. Since 7 !(7 (1))
is an n-Engel fuzzy subpolygroup of P, so 7~ (w(u))(x) = 7 ' (w(u))(e1). Hence,
Vima 4(2) = p(er). Then o ~ ey and so pl[z] = pler]. Hence by f(ulz]) = p.x we
have p.x = p.e;. Thus, x € p,, which implies that pu(z) = p(ey). Therefore, p is an
n-Engel fuzzy subpolygroup of P.

Conversely, let 1 be a normal n-Engel fuzzy subpolygroup of P. By Theorem 4.3,

is an n-Engel group also, £ = u% and so /TP* is an n-Engel group. U

P
Example 4.2. Let D3 = (a,b;a® = b*> = e,ba = a®b) be the dihedral group with six
elements and tg,t; € [0, 1] such that ¢, > t;. Define a fuzzy subgroup u of Dj as



676 E. MOHAMMADZADEH AND R. A. BORZOOEI

follows:
(z) = to, ifxe<a>,
MET=N 4 it g<a>.
Then p(e) = to and so pu, = {x | u(x) = p(e)} = (a). Thus, u, is a normal subgroup
of Ds3. Also, % ~ 7. Since Zs is Abelian, hence it is 1-Engel and so by Theorem

4.6, p is an 1-Engel fuzzy subpolygroup of Dj.

Theorem 4.7. Let p and v be two fuzzy subpolygroups of P such that p C v and
wu(e) =wv(e). If p is an n-Engel fuzzy subpolygroup of P, then v is an n-Engel fuzzy
subpolygroup of P, too.

Proof. Let p and v be two fuzzy subgroups of P, where u C v and pu(e) = v(e). Now
let 1 be an n-Engel and x € [h,, s], where h € P and s € P. Then, p(x) = u(e) = v(e)
and so by hypotheses v(e) = pu(z) < v(z). Thus, v(x) = v(e), which implies that v is
an n-Engel fuzzy subpolygroup of P. O

Definition 4.2 ([6]). Let u be a fuzzy set on P. Then the lower level subset of y is
defined by,
m, ={x € P;u(x) <t}, wherete]l0,1].
Now the fuzzy set Ay, is defined by
A-

e

_ ) ul@), ifzen,
() = { 0, otherwise.

Clearly, Az, C p.

Corollary 4.1. Let Az, be an n-Engel fuzzy subpolygroup of P. Then p is an n-Engel
fuzzy subpolygroup of P, too.

Proof. Let pu be an Engel fuzzy subpolygroup of P. Clearly, Ay, is a fuzzy supolygroup
of P. Since Az, C p, by Theorem 4.7, Ay, is Engel fuzzy subpolygroup of P. U

Suppose that u is a fuzzy subset of P. Support of p is defined by supp(u) =
{z € P | pu(z) > 0}.

Definition 4.3 ([4]). Let p and v be fuzzy subpolygroups of P and H, respectively.
Then a good isomorphism f : supp(u) — supp(v) is called a fuzzy good isomorphism
from p to v, if there exists a positive real number k such that p(z) = kv(f(x)) for
any x € supp(u) \ {e}. In this case we write u ~ v.

Theorem 4.8. Let ji and v be two fuzzy subpolygroups of (P,-,"1 jey) and (H,-, 7', es),
respectively, and p ~ v. If u is n-Engel, then v is an Engel fuzzy subpolygroup of
supp(v).

Proof. Let z € [x,,y], where z,y € supp(v). Since p ~ v, then there exists a
positive real number k such that p(z) = kv(f(x)) for any = € supp(u) \ {e1} and

x = f(a), y = f(b) for some a,b € supp(u). So, z € [x,ny] = [f(a)m [(b)] = flanb].
Therefore, z = f(c), for some ¢ € [a,, b] and so, by hypotheses p(c) = p(e;). Thus,
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kv(z) = kv(f(c)) = p(c) = uler) = kv(f(e1)) = kv(ez) and so, v(z) = v(eq), which
implies that v is n-Engel. 0

5. NILPOTENT Fuzzy SUBPOLYGROUPS

In this section, by considering the notion of nilpotent fuzzy subpolygroup, we state
and prove some results on this structure.

Definition 5.1 ([7]). Let p be a fuzzy subpolygroup of P. Then p is called a nilpotent
fuzzy subpolygroup of class n (n € N), if z € [,,(P) implies that p(z) = u(e).

Theorem 5.1. Any nilpotent fuzzy subpolygroup of class n = 1 is a normal fuzzy
subpolygroup.

Proof. Let p be a nilpotent fuzzy subpolygroup of class n = 1. Then for any z € [;(P),
w(e) = u(z). Now, the proof follows by Theorem 2.4. d

By the following example we see that the converse of Theorem 5.1, is not true in
general.

Ezample 5.1. Let P = {e,a,b,c,d, f,g}. Then P with the following hyperoperation
is a polygroup

b c d f g

b c d f g

b c d f g
{e.al g f d c
g b d

c b

Q v QA O 9 -

e a
e a
a e
b b
c ¢
d d
I
g g
t 1o

[ Aea}
g [ Aea}
c d b g {ea}
d b c H{ea} f
We define the fuzzy set p on P, by
0.75, x € {e,a},
p(xr) =4 05, xe€{f, g},
0, otherwise.

We show that, p is a normal fuzzy subpolygroup of P which is not nilpotent of
class n = 1. First for any t € [0, 1], i = {z | u(x) >t} is equal to {e, a, f, g}, {e,a}
or P and since for any x € P, x7'{e,a}x C {e,a}, by Theorem 2.3, ;1 is a normal

fuzzy subpolygroup of P. But for g = [¢, f] € l1(P) = {e,a, f,g} we get u(g) # p(e)
which implies that p is not nilpotent of class n = 1.

Theorem 5.2. Let P, and Py be two polygroups with the identity elements e, and es,
respectively. Suppose that p and A be two nilpotent fuzzy subpolygroups of Py and P,
respectively, and ¢ : Pi — P, be a function.
(i) If ¢ is a good homomorphism, then ¢—1(\) is a nilpotent fuzzy subpolygroup
Of Pl.
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(ii) If ¢ is an isohomomorphism, then ¢(u) is a nilpotent fuzzy subpolygroup of Ps.

Proof. (i) The proof is clear. (ii) First note that {,,(¢(Py)) = ¢(l.(P1)) (see [9]). Now,
let 11 be a nilpotent fuzzy subpolygroup of P, and y € [,, (P). Then,

and so there exists z € [,,(P;) such that y = ¢(z). By hypotheses, p(z) = u(ey). Thus,

o()(y) =\ wlx) = p(z) = pler) = ¢(u)(e2).

z€P(y)
Hence, ¢(11)(y) = ¢(p)(e2), which implies that ¢(u) is nilpotent. O

Theorem 5.3 ([7]). Let u be a fuzzy subpolygroup of P. Then u is a nilpotent fuzzy
subpolygroup of P if and only if £ is a nilpotent group.

Note that if P is a nilpotent polygroup and N is a normal subpolygroup of P, then

% is nilpotent (see [9]).

Theorem 5.4. If P is a nilpotent polygroup, then any normal fuzzy subpolygroup of
P is nilpotent.

Proof. Let P be a nilpotent of class n and p be a fuzzy subpolygroup of P. Since
P~ P and P is nilpotent, uﬂ* is nilpotent and so £ is nilpotent. Therefore, by

Theorem 5.3, p is nilpotent. 0

Example 5.2. Let u be as Example 4.1. We show that, P is not nilpotent and p is a
nilpotent normal fuzzy subpolygroup of P. First note that [,,(P) = {e,a, f, g} (see
[9]) and so P is not nilpotent. Also, for any ¢ € [0,1], iy = {x | u(x) >t} is equal to
{e,a, f,g} or P. Therefore, by Theorem 2.3, p is a normal fuzzy subpolygroup of P.
But for any z € [,(P), u(z) = u(e), which implies that y is nilpotent.

Theorem 5.5. Let p be a normal fuzzy subpolygroup of (P,-,"%,e1). Then
(;TP*’ ',_1,62) is a nilpotent polygroup if and only if u is a nilpotent fuzzy subpoly-
group of P.

Proof. Let Mﬂ* be a nilpoten polygroup and 7 : P — Mﬂ* be the natural epimomorphism.
Since z € (7 (x)), we have 7(z) = 7(z) and so 7(e1) € w(27'-2) = (27 ). Then,
there exists 7 € 27! -z such that ey = 7(e;) = 7m(r), which implies that r € ker = p,.
Thus, u(r) = p(er) and so z ~ z. Hence, for any = € P

i (m() (@) =m()(r(@) =\ )=\ ulz) = ),
zen—1(w(z)) T

;TP* is a nilpotent polygroup and m(u) is a fuzzy

and so 7 }(m(u)) D p. Now since
subpolygroup of ;TF:’ then by Theorem 5.4, 7(u) is nilpotent and by Theorem 5.2,

7 (m(p)) is nilpotent. Now, we show that g is nilpotent. For this, let x € I,(p)
and f: £ — u% be as in the proof of Theorem 4.5. Since 7 (7 (p)) is nilpotent,

so 7 Hmw(p))(z) = 7 H(w(n))(er). Hence, V,., u(z) = u(e;) and so & ~ e;. Then
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wlx] = pler] and by f(pl[z]) = pex, we have p.x = p.eq. Thus, x € u,, which implies
that p(xz) = u(ey). Therefore, p is a nilpotent fuzzy subpolygroup of P.
Conversely, let © be a normal nilpotent fuzzy subpolygroup of P. By Theorem 5.3,

P~ P and so ;TP* is nilpotent. [l

L is nilpotent. Also, £ = -

Ezxample 5.3. In Example 4.2, p(e) = to and so p. = {z | pu(z) = p(e)} = (a). Thus u,
is a normal subgroup of Dj. Also % ~ Zs. Since Zs is Abelian, hence it is nilpotent
and so by Theorem 5.5, p is a nilpotent fuzzy subpolygroup.

Theorem 5.6. Let p and v be two fuzzy subpolygroups of P such that u C v and
wu(e) = v(e). If p is a nilpotent fuzzy subpolygroup of class n, then v is a nilpotent
fuzzy subpolygroup of class n.

Proof. Let p and v be two fuzzy subgroups of P such that p C v and p(e) = v(e).
Now let p be nilpotent of class n and z € [,,(P). Therefore, u(x) = p(e) = v(e) and
so by hypotheses v(e) = u(x) < v(z). Thus, v(z) = v(e), which implies that v is
nilpotent of class at most n. U

Corollary 5.1. Let Az, be a nilpotent fuzzy subpolygroup of P. Then p is nilpotent,
too.

Proof. Let Ay, be a nilpotent fuzzy subpolygroup of P. Since Az C p, by Theorem
5.6, p is nilpotent. U

6. SOLVABLE Fuzzy SUBPOLYGROUPS

In this section, we introduce the notion of solvable fuzzy subpolygroup on a poly-
group and we state and prove some new results on it. Specially, we get the relation
between solvable fuzzy subpolygroups and Engel fuzzy subpolygroups (nilpotent fuzzy
subpolygroups).

Definition 6.1. Let p be a fuzzy subpolygroup of P. Then pu is called a solvable
fuzzy subpolygroup of P if there exists n € N such that for any z € i,,(P), u(z) = u(e).

In the following example we have a solvable fuzzy subpolygroup.

Ezample 6.1. Let P = {e,a,b,c,d}. Then P with the following hyperoperation is a
polygroup

e a b ¢ d
ele a b ¢ d
ala e b ¢ d
b|b b {ea} d c
cle ¢ d {ea} b
djd d c b {ea}

We define the fuzzy subset p on P, by
0.75, = €{e,a},

wx) =14 0.5, x=0b,
0, otherwise.
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Then we show that, p is a solvable fuzzy subpolygroup. First for any ¢ € [0, 1],
we = {z | p(z) >t} is equal to {e, a,b}, {e,a} or P. Hence, by Theorem 2.3, u is a
normal fuzzy subpolygroup of P. Since for any x,y € P, [x,y] = e or {e,a} then for
any z € i1(P), u(z) = u(e) and so, p is solvable.

In the following, we are ready to obtain a necessary and sufficient condition between
solvable fuzzy subpolygroups and the solvable group P/ ~, the group of equivalence
classes derived from the fuzzy subpolygroup of P. Now, we use notation i, (H) instead
of derived series G*, where k € N and H is a group. Also, for simplity we write

plz]ply] instead of plz] © plyl.
Lemma 6.1. For any 0 < k

i (2) = uid £ € (P

Proof. We do the proof by induction on k. For k£ = 0, we have
(P P .
o (Z) == = uld | € io(P) = PY).

Now, let it is true for k. We claim that

et (2) 2 (ld | € inna(P))

For this, suppose that pla] € ({pft] | t € ik+1(P)}). Then a € i1 (P) and so there
exist z,s € ix(P) such that a € [z,s]. By hypotheses of induction we conclude
that plz], uls] € ix(£). Thus, pla] = [u[z], u[s]] in which u[z], p[s] € ix(£). Hence,

pla) € ik (%) Also,

i (2) € uld] | £ € ina(P)D)

Since for pla] € £ € iy 1(L£), we have pla] = [u[z], u[s]] in which p[x], u[s] € i (g)
Using hypotheses of induction z, s € ix(P) (1). Thus ula] = p[z|u[s](ux]) = (u]s]) 7!,
which implies that plx|p[s] = pla]u[s]p[z]. Thus, there exist ¢ € xs and d € asx
such that plc] = p[d]. Since P is a polygroup, then there exists u € P such that
c € zsNusz (2). Then

plalplslplz] = pld] = ple] = plzlpls] = ple] = plulplsulz].

Hence, pla] = plu] (3). By (2) and (1), we have u € ix41(P). Now, using (3) and
previous relation we have

pla) = plu] € {plt] |1 € ik (P)}). 0

Theorem 6.1. Let p be a normal fuzzy subpolygroup of a polygroup P. Then u is a
solvable fuzzy subpolygroup if and only if £ is a solvable group.
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Proof. (=) Suppose that p is a solvable fuzzy subpolygroup of P and k& € N. Then by
Lemmas 6.1, it is enough to show that ({u[t] | t € ix(P)}) = {ule]}. If t € ix(P), then
by hypotheses y(t) = uu(e) and so t ~ e, which implies that p[t] = ule]. Therefore, £
is a solvable group.

(«=) Let £ is solvable. We show that if z € ix(P), then u(z) = u(e). If z € ir(P),
then z € [z, s] where x, s € ix_1(P). Hence, p[z] = [u[x], u[s]], which by hypotheses
implies that u[z] = ple] and so z ~ e. Then there exists r € ze~! such that u(r) = u(e)
and so p(z) = p(r) = p(e). Therefore, u is an a solvable fuzzy subpolygroup. O

Theorem 6.2. Let P be a solvable polygroup. Then any normal fuzzy subpolygroup
of P is solvable.

P

Proof. Let P be solvable polygroup and p be a fuzzy subpolygroup of P. Since £ ~

*

and P is solvable, by Corollary 3.1, ﬁ is solvable and so % is solvable, too. Therefore,
by Theorem 6.1, p is solvable. 0

Ezample 6.2. Let As be the alternating group of degree 5 and P = A5 U {a} be a
polygroup as Theorem 3.2. We define the fuzzy subset u on P, by p(z) = 1, for
any x € P. It is clear that P is not solvable (see [9]). But, for any ¢ € [0,1],
e = {x | p(x) > t} is equal to P. Hence, by Theorem 2.3, u is a normal fuzzy
subpolygroup of P. Now, since for any z € P, u(z) = p(e), we get that u is solvable.

By the same manipulation of Theorem 5.2, we have the following theorem.

Theorem 6.3. Let P, and P, be two polygroups with the identity elements e; and e,
respectively. Suppose that p and X\ be two solvable fuzzy subpolygroup of Py and P,
respectively, and ¢ : Pp — Py be a function.
(i) If ¢ is a good homomorphism, then ¢~ (\) is a solvable fuzzy subpolygroup of
P.
(ii) If ¢ is an isohomomorphism, then ¢(u) is a solvable fuzzy subpolygroup of Ps.

Theorem 6.4. Let i be a normal fuzzy subpolygroup of (P,-,~' ,e1). Then (#—P*, S es)
s a solvable polygroup if and only if 1 is a solvable fuzzy subpolygroup.

Proof. Let #ﬂ* be a solvable polygroup and 7 : P — #—P* be the natural epimorphism.
Since z € 7~ !(7(x)), we have (z) = 7(z) and so 7(e;) € (27! 2) = w(27'-z). Thus,
there exists r € 271 - z such that e; = 7(e;) = m(r) which implies that r € ker m = p,.
Hence, p(r) = p(ey) and so z ~ x. Then, for any = € P,
i (mp)@) =a(w)(r@) =\ uz) =\ uz) = @),
zeén—1(n(z)) zZw

and so 7 (w(u)) 2 u. Now, since #ﬁ

- is a solvable polygroup and m(u) is a fuzzy
subpolygroup of 5, by Theorem 6.2, 7(p) is solvable and by Theorem 6.3, 7 (7 (1))
is solvable. Now, we show that p is solvable. For this let z € i,,(p) and f: £ —

P
s
be as in the proof of Theorem 4.5. Since 7~ !(7w(u)) is solvable, so 7 (7 (u))(x) =
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7 (m(u))(er). Then V,_, u(z) = p(ey) and so x ~ e;. Hence, u[x] = ple;]. Now, by
f(pnlz]) = pex we have p.x = pwey. Thus x € p, which implies that p(z) = u(ey).
Therefore, y is a solvable fuzzy subpolygroup.

Conversely, let p be a normal solvable fuzzy subpolygroup of P. By Theorem 6.1,

P~P and so #ﬂ is solvable. O
*

P is solvable also, £ = ™
~ *

Ezample 6.3. In Example 4.2, u(e) =ty and so p. = {x | u(x) = p(e)} = (a). Thus
14+ is a normal subgroup of Dj. Also, % ~ Zo. Since Zg is Abelian, it is solvable and
so by Theorem 6.4, p is a solvable fuzzy subgroup.

Theorem 6.5. Let p and v be two fuzzy subpolygroups of P such that p C v and
wu(e) =wv(e). If u is a solvable fuzzy subpolygroup, then v is a solvable fuzzy subpoly-

group.

Proof. Let p and v be two fuzzy subgroups of P such that p C v and pu(e) = v(e).
Now let u be solvable and z € 4, (P). Hence, pu(z) = u(e) = v(e) and so by hypotheses
v(e) = p(x) < v(x). Therefore, v(x) = v(e), which implies that v is solvable. O

Corollary 6.1. If A, is a solvable fuzzy subpolygroup of P, then u is solvable, too.

Proof. Let Ay, be a solvable fuzzy subpolygroup of P. Since Az, C p, by Theorem
6.5, u is solvable. O

Theorem 6.6. Let i be a nilpotent fuzzy subpolygroup of P. Then u is a solvable
fuzzy subpolygroup.

Proof. First we prove that i;(P) C [;(P), for any non negative integer j. We do the
proof by induction on j. The proof is clear for j = 0. Now let i;(P) C [,;(P), for
any j <nand z € i,(P). Then x € [a, b], for some a,b € i,,_;(P). By hypotheses of
induction, a € l,_;(P) and b € P. Thus, z € [,,(P). Hence i;(P) C [;(P), for any
non negative integer j. Now, let x € i,(P) and p be a nilpotnt fuzzy subpolygroup
of class n € N. Since = € i,(P) C [,,(P) so by hypotheses p(z) = pu(e). Therefore, p
is solvable. O

We recall that if G is a group and a € G, then the order of a is the least positive
integer n such that a” = e. Also, a group G is of exponent n ( n € N), if the order of
any ¢ € G is n.

Definition 6.2. If y is a fuzzy subpolygroup of P and a € P, then the order of a
with respect to p is the least positive integer n such that for any r € a”, u(r) = u(e).
We denote the order of a with respect to p by o(u(a)). Also, p is of exponent n, if
the order of any a € P is n.

Theorem 6.7. Let i be a fuzzy polygroup of P and x € P. If for any r € x™ we
have p(r) = u(e) for some integer m, then o(u(a)) | m.

Proof. Let o(u(a)) = n. By the Euclidean algorithm, there exist integers s and ¢
such that m = ns +t, where 0 < ¢t < n. Then for r € z' = 2™ - (2")~%, there exist
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h € ™ and g € (2™)~*® such that r € hg and so pu(r) > u(h) A pu(g) > ple) A u(g) =
w(g). Since g € (z")% = (z")~' - (™)t (a™)7!) we get g € p1.p2. .. ps, in which
P, P2, - -5 Ds € (2™)71 and so by hypotheses 1(g) > p(e). Consequently, u(r) = u(e).
Hence, t = 0, by the minimality of n. O

Theorem 6.8 ([11,14]). (i) Every 3-Engel group of exponent 4, is solvable.
(ii) Each group of exponent 3 is 2-Engel.

Theorem 6.9. (i) Let pu be a 3-Engel normal fuzzy subpolygroup of exponent 4. Then
1 1s solvable.
(ii) Each normal fuzzy subpolygroup of exponent 3 is 2-Engel.

Proof. (i) Let p be a 3-Engel normal fuzzy subpolygroup on P such that for any z € 2%,
u(z) = p(e). Then, by Theorem 4.3, £ is a 3-Engel group and pule] = p[z] = (u[z])*.
Therefore, by Theorem 6.8 (i), £ is solvable and so, by Theorem 6.1, p is solvable.
(ii) By Theorem 4.2, ule] = p[z] = (u[z])®. Thus, £ is of exponent 3 and so by
Theorem 6.8(ii), £ is 2-Engel. Therefore, by Theorem 4.3, 11 is 2-Engel. O

Theorem 6.10 ([18]). Every 3-Engel solvable group with no element of order 2, is
nilpotent.

Theorem 6.11. Let p be a 3-Engel solvabel normal fuzzy subpolygroup on P such
that for any z € z%, u(z) # u(e). Then u is nilpotent.

Proof. Let u be a 3-Engel solvable normal fuzzy subpolygroup of P such that for any
z € 2%, u(z) # p(e). Then, by Theorems 4.3 and 6.1 £ is a 3-Engel solvabel group
and ju(e) # u(z) = (u(z))? Therefore, by Theorem 6.10, £ is nilpotent and so, by
Theorem 5.3, pu is nilpotent. 0J

7. CONCLUSIONS

In this paper, we defined the notion of Engel polygroups. This help us to get usefull
results on Engel fuzzy subpolygroups. On the other hand, we prove that every normal
fuzzy subpolygroup of an Engel polygroup is Engel. Also, some connections between
Engel (nilpotent, solvable) fuzzy subpolygroups and Engel (nilpotent, solvable) groups
are stablished and studied. Finally, we prove some results on 3-Engel fuzzy subpoly-
groups. Specially, we prove that every 3-Engel normal fuzzy subpolygroup of exponent
4, is solvable.
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