KRAGUJEVAC JOURNAL OF MATHEMATICS
VOLUME 46(5) (2022), PAGES 721-732.

STABILITY OF NONLINEAR NEUTRAL MIXED TYPE
LIVEN-NOHEL INTEGRO-DIFFERENTIAL EQUATIONS

KARIMA BESSIOUD!, ABDELOUAHEB ARDJOUNI!, AND AHCENE DJOUDI?

ABSTRACT. In this paper, we use the contraction mapping theorem to obtain as-
ymptotic stability results about the zero solution for a nonlinear neutral mixed type
Levin-Nohel integro-differential equation. An asymptotic stability theorem with a
necessary and sufficient condition is proved. An example is also given to illustrate
our main results.

1. INTRODUCTION

The Lyapunov direct method has been very effective in establishing stability results
and the existence of periodic solutions for wide variety of ordinary, functional and
partial differential equations. Nevertheless, in the application of Lyapunov’s direct
method to problems of stability in delay differential equations, serious difficulties
occur if the delay is unbounded or if the equation has unbounded terms. In recent
years, several investigators have tried stability by using a new technique. Particularly,
Burton, Furumochi, Zhang and others began a study in which they noticed that some
of this difficulties vanish or might be overcome by means of fixed point theory, see
[1-28] and the references therein. The fixed point theory does not only solve the
problems on stability but have other significant advantage over Lyapunov’s direct
method. The conditions of the former are often average but those of the latter are
usually pointwise, see [8] and the references therein.
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In paper, we consider the following nonlinear neutral mixed type Levin-Nohel
integro-differential equation

jtx@):—gjl/:
d

(1.1) +%g(t,x(t—ﬁ(t)),...,x(t—rm(t))),

with an assumed initial condition

r(t)=9¢(t), te[mit),to],
where ¢ € C' ([m (to) ,to],R) and
m; (to) =inf{t —7; ()}, m(to) =min{m; (tx):1<j < m}.
Throughout this chapter, we assume that a; € C ([to, +00) X [m (t),+00),R), b; €
C ([to, +00) X [to, +00) ,R) and 75,0, € C ([to, +o0),RT), with ¢ — 7; (t) — 400 as
t — 400 and t + 0, (t) = +o0 as t — 400, (1 < j <m). The functions g is globally
Lipschitz continuous in x. That is, there are positive constants E;, 1 < j < m, such

that
(1.2)

|g(t,l'1,l’2,...,l'm) _g(taylay277ym)| S ZEJ |xj_y]|ﬂ g(t70770) = 0.
j=1

T tto;(t)
)aj (t,s)x(s)ds—Z/ b; (t,s)x(s)ds
j=1"1

Tj (¢

In this paper, our purpose is to use the contraction mapping theorem [26] to show the
asymptotic stability of the zero solution for (1.1). An asymptotic stability theorem
with a necessary and sufficient condition is proved. In the special case b; (¢,s) = 0,
1<j<mandg(tmr,z,...,0n) = >j-, g;(t,7;), Bessioud, Ardjouni and Djoudi
[5] proved the zero solution of (1.1) is asymptotically stable with a necessary and
sufficient condition by using the contraction mapping theorem. Then, the results
presented in this paper extend the main results in [5]. An example is also given to
illustrate our main results.

2. MAIN RESULTS

For each ty, we denote C () the space of continuous functions on [m (to) ,to] with
the supremum norm ||-||, . For each (to,¢) € [0,+00) x C (ty), denote by x () =
x (t, to, ¢) the unique solution of (1.1).

Definition 2.1. The zero solution of (1.1) is called

(i) stable if for each € > 0 there exists a 6 > 0 such that |z (¢,to,¢)| < € for all
2 1o i [, < 0,

(ii) asymptotically stable if it is stable and tlELn |z (t, 0, ¢)| = 0.

In order to be able to construct a new fixed mapping, we transform the Levin-Nohel
equation into an equivalent equation. For this, we use the variation of parameter
formula and the integration by parts.
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Lemma 2.1. z is a solution of (1.1) if and only if

2 (1) = (6 (o) — G (t0)) ¢ 0P 1 G, (1)

t t t
(2.1) _/ (Lo (5) + A () G ()] e - A5 — [N (5) e Ji A=g
to to
where
(2.2) G.(t)=gt,x(t—711(t)),...,x(t —7n (1)),
I m t t m u d
() = a;(t,s ag (u,v)x (V) dv
=3[ uea ([ (L, nwnre)
m o rutoy(u)
(2.3) + Z/ by (u,v) x (V) du) du+ G, (s) — G, (t)) ds,
k=1""
m t+o;(t) t [ m u
N, (t) = bi (t,s ay (u,v)x (v)dv
0= [ e ([ (L[, mwnee)
m o rutog(u)
(2.4) +3 / b (u, 1) 2 (1) dy) du+ G, (s) — Gy (t)) ds,
k=1""
and
moo t+oj(t)
2. = .
(2.5) Jz::l/tT](t) tsds—l—Z/ s)ds
Proof. Obviously, we have
t
x(s)=z(t) — i 6;11’ (u) du.
Inserting this relation into (1.1), we get
d ot t 0
pr (t) —l—jz:l/t_Tj(t) a;j (t,s) (x (t) — 5t z(u )du) ds
m t+0'j(t) t a d
+§1/t b; (t,5) <:1: )~ [ 5w du> ds = 5. Ga(t) =0,

where G is given by (2.2). Or equivalently

jt (Z/t (t, s ds+2/t+% ds)
_z/”] o (1,5) (/ )ds

m

_Z/tw’ (t,5) (/ )ds—thx(t):O.

Jj=1
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Substituting 2% from (1.1), we obtain

d, d et s)d
a’ Z/trj(t (t.) 8+Z/ °

—gﬁ/ttT_ 0 (4:9) Vt (— 3 /uuw) ax (1, v) x (v) dv

k=1
_ f: /u“”’“(“ ) (v)dv + ;;Gx (u)> du] ds
- ]il /ttw by (0.9 Vt (— é/ﬂum(u) ax (u, ) & (1) dv
26) - Z / T v) (V) du + 6‘1@5 (u)> du] ds — CZ:G“” ) =o.
By performing the integration, we have
(2.7) : ati () du = Gy (£) — G (5).

Substituting (2.7) into (2.6), we have

d
o)+ Az () + Lo () + No () =

where A and L, and N, are given by (2.5) and (2.3) and (2.4) respectively. By the
variation of constants formula, we get

2 (1) =6 (to) ¢ ot = [ (L, (5) 4+ N, ()] e A Ea

to

Gy (1) =0, t>t,

t 2 —ftA(z)dz
(2.8) + A (aSGz (S)) e Js ds.

By using the integration by parts, we obtain

t g fft A(z)dz
/to (asz (s)) e s ds
(2.9) —G () — G (fg) € o / A(s e~ Jo Az g

Finally, we obtain (2.1) by substituting (2.9) in (2.8). Since each step is reversible,
the converse follows easily. This completes the proof. O

Theorem 2.1. Let (1.2) holds and suppose that the following two conditions hold
t

(2.10) lim inf | A(z)dz > —o0,
t——+o0 0
(2.11) sup (Z E; +/ (s) e_fstA(Z)dzds) =a<l,
t>0 =1 0
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where

Z/gwlagsw </ (Z/uwmkumdy

+Z/ Y 1o, u)|du>du+22Ek>dw

+Z/:+ajs </w <Z/u Tk(u)|ak u, v)| dv

+Z/u+ak(u by (u, 1/)|dy) du—l—QZEk) dw + |A (s )‘iEy

k=1 j=1

Then the zero solution of (1.1) is asymptotically stable if and only if

t
(2.12) / A(z)dz — 400 as t— +oo.
0

Proof. Sufficient condition. Suppose that (2.12) holds. Denoted by C' the space
of continuous bounded functions z : [m (tg),+0o0) — R such that = (t) = ¢(t),

t € [m(to),to]. It is known that C' is a complete metric space endowed with a metric
||| = SUPt> (i) |7 (t)]. Define the operator P on C by (Px) (t) = ¢ (t), t € [m (to) , o]
and

(Pz)(t) = (¢ (to) — Gy (to)) € fto (2)d= + G, (1)
[ (2 6+ A(8) G (s)] e A — [, (5) e LA,

to to

Obviously, Px is continuous for each z € C'. Moreover, it is a contraction operator.
Indeed, let z,y € C

(Px) (1) — (Py) (t)]
<16, ()= Gy (O] + [ 122 () = Ly (9)] + N (5) = Ny (5)
+M@MWA$—GA$WfﬁAdW&
Since x (t) = y (t) = ¢ (t) for all t € [m (ty), to], this implies that

Lo (5) = Ly (5)]

<z:1/ST(S laj (s, w) (/w (Z/u Tku]akul/]dz/
u+ak
+Z/

\bk u, V)| dy> du + 2 Z Ek> dw ||z — y|

k=1
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s D (s, w)| (/w (i/ ., law ()] dv

m uto (u)
—i—Z/ b (u, V)| dv | du +22Ek>dw||x—y||

k=1

Consequently, it holds for all ¢ > t, that

|(Pz) () — (Py) (1)]

<ZEH$—y||+/O(Z/8 Tjs|aj s, w) </w( /umu\akuu|dy

+Z/ ]bkuu)]dy>du+22Ek>dw
+;/:+g] b (s (/w (Z/W Jax (u, )| d

u+to m
—i—Z/ ™ |bkuy)|dy>du+QZEk>dw+\A()|ZEj>
k=1 =1
x e~ Jy ARz |z —yll-
Hence, it follows from (2.11) that
((Pz) (t) = (Py) ()] < ellz —yll, ¢ =to.

Thus P is a contraction operator on C'. We now consider a closed subspace S of C
that is defined by
S={zxeC:|x(t) —0ast— +oo}.

We will show that P (S) C S. To do this, we need to point out that for each x € S,
|(Px) (t)] = 0 as t = +o00. Let # € S, by the definition of P we have

(Pa) (1) = (6 (to) — G (t0)) e~ o " 4 G, (1
B /tt Lo (5) + A(5) Gy ()] e A@=qs — [* N, (5) e S A= g

to

:[1 +[2+[3—|—[4

The first term I; tends to 0 by (2.12) and I5 tends to 0 by (1.2) and ¢ — 7; (t) — +o00
as t — +oo, and t + o, (t) = +00 as t — 4o00. For any T € (y,t), we have the



NEUTRAL MIXED TYPE LEVIN-NOHEL INTEGRO-DIFFERENTIAL EQUATIONS 727

following estimate for the third term

|I5] <

/T (L. (s)+ A(s)Gy(s)] e JA@d g g

to

+ /Tt [L:(s)+ A(s) Gy (s)]e” J, Az g

A (i/;w e ([ (§ 1 otuna
+Z/ )
*QEZEde+L4 Iy )‘« @“w]@mwuwmo

k=1 J=1

+/<zln\%sw<é( [ e w2 )
+Z/ b ()| |2 (0 )|du> du
+2Ek]x s — 7k ( ))\—i—g:lEk\x(w—Tk(w))\)dw

k=1

<

’lL+0'k

+ A (s)l i Ejle (s =7 (S))I) e J AR g
j=1

=131 + I32.

Since t — 7; (t) = 400 as t — 400, and ¢t + 0, (t) = +00 as t — +oo, this implies
that v — 7 (u) — 400, and u + oy (u) — +00 as T — +oo. Thus, from the fact
|z (v)] = 0, v — 400, we can infer that for any € > 0 there exists T} = T > ¢, such
that

]32<— ( / |aj S, w) (/ (Z/ lag, (u, V)| dv
Ty s—7i(s) u—Tk(u)

+Z/

and hence, I3, < § for all £ > T;. On the other hand, [|z|| < +o00 because z € S.
This combined with (2.12) yields I3; — 0 as t — 400. As a consequence, there exists
Ty > Ti such that I3, < § for all t > T,. Thus, I3 < € for all £ > T, that is, I3 — 0
as t — +oo. Similarly, I, — 0 as t — 4+00. So, P(S) C S.

By the Contraction Mapping Principle, P has a unique fixed point x in S which
is a solution of (1.1) with x (t) = ¢ (t) on [m (ty),to] and = (t) = x (¢, t0, ) — 0 as

u+top(u) m .
k by (u V)\dy) dU+QZEk> dw + |A (s |ZEJ) o . Az g

k=1 J=1
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t — +o00. To obtain the asymptotic stability, we need to show that the zero solution
of (1.1) is stable. By condition (2.10), we can define

t
(2.13) K =supe JoA@%# < 400
0

Using the formula (2.1) and condition (2.11), we can obtain

=1

= to z)az
1z ()] < K (1+ZEJ-) loll, elo” 2% +a (] + l1¢ll, ), t > to,

which leads us to

7=1

" <1 +3 EJ‘) eh’ 4% 4
]l < -

(2.14) b1, -

1 -«
Thus, for every € > 0, we can find § > 0 such that [|¢[|,, < ¢ implies that ||z < e.
This shows that the zero solution of (1.1) is stable and hence, it is asymptotically
stable.

Necessary condition. Suppose that the zero solution of (1.1) is asymptotically
stable and that the condition (2.12) fails. It follows from (2.10) that there exists a se-
quence {t,}, t, — 400 as n — +oo such that lim,, , |, fi" A (2) dz exists and is finite.
Hence, we can choose a positive constant L satisfying

tn
(2.15) — L < lim A(z)dz < L, foralln>1.

n—+oo /o

Then condition (2.11) gives us

tn s n
Cpn = / w(s) R aedo” AR < oL
0

The sequence {c,} is increasing and bounded, so it has a finite limit. For any dy > 0,
there exists ng > 0 such that

tn S 6
(2.16) / w(s) elo A g « 20 foralln > no,
tng 2K
where K is as in (2.13). We choose dy such that §y < Lo , and consider

K(HZ;;EJ-)(;LH
the solution z (t) = x (¢, t,,, ¢) of (1.1), with the initial data ¢ (¢,,) = dp and |¢ (s)| <
do, § < tp,. It follows from (2.14) that

(2.17) |z (t)] <1—20p, forallt>t,,.
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Applying the fundamental inequality |a — b|] > |a| — |b| and then using (2.17), (2.16)
and (2.15), we get

|z (tn) — G (tn)]

" A(2)dz tn tn
>dpe ft" (=) —/ w(s)e Js A2)dz g g
¢

n0

tn

- z)az n tn K
>e Jtng A(=)d (50 e f; 0 A(Z)dz/ w (S) €f0 A(z)dzds>

tng

t S
w(s) elo A(z)dzds>

tng

>e— t:no A(z)dz (50 K

1 nq 1
25506 tng A% > 5506_2L >0,

which is a contradiction because, then (z (¢,) — Gy (t,)) — 0 as t,, — +o00. The proof
is complete. O

Letting G, (t,) = 0, we get the following result.

Corollary 2.1. Suppose that the following two conditions hold:

t
(2.18) lim mf/ Ay (2)dz > —c0
0

t—+00

and

t | m s
sup / a; (s, w / < / ag (u,v)| dv
t>0 J0 [Z::l s—7j(s) | I | ( w Z u—Tk(u) | |

m utoy(u)
+ Z/ ' bk (u, V)| dl/) du) dw
k=1""
m s+0;(s) s m U
+ |wmm/ S [0 eyl
j=17s =1 Y u—Tk(u
m u+ak(u _ftA (2)d
—i—Z/ K (u,v)|dv | du | dw]| e Js TP ds
(219) =a<1,

where

Then the zero solution of

+Z/ s+ [T ) () ds = 0
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is asymptotically stable if and only if
¢

(2.20) / Ap(z)dz = 400 as t— +oo.
0

FExample 2.1. Consider the following nonlinear neutral mixed type Levin-Nohel integro-
differential equation

(2.21) (jt:v (t) = /ttT(t)a(t, ‘) ds~|—/tt+a(t)b(t,s)x(s) ds+jtg (ta(t—7 (1),

where a (t,s) = ﬁ, T(t) =5, b(t,s) = tzi-l’ o(t)=t, g(t,z) =0.08(xcost+ 3)+
0.09z sin t>. Then the zero solution of (2.21) is asymptotically stable.

Proof. We have

t t+o(t) )
A(t):/tT(t)a(t,s)ds+/t ts)ds—2t2+1 / dz—ln(t _|_1>
()—/S ° / /u 24 +/2ud du+0.34) d
WS—%SQ_i_l %UQ—}—]_V u2 14 u . w
2s s u 2 2u 4
a0 av+ [ dv ) du+0.34 dw+038
w \Je u?+1 u2 241
252+1[

sln (s + 1) +4 arctan% — 2arctan s

2
+ sln (1 + 1> — 2arctan2s — 2s1n (432 + 1) + 5.025]
and

/ (s

z)dzdz

e
ik

+sln (1 + 1) — 2arctan2s — 2sIn (432 + 1) + 5.023] ds

[s ln + 4 arctan g — 2arctan s

1 1/, ) 2 +2 1 , ,
Itzﬂlz(f +3)1In (¢ +1)+2<4—1>ln<4 +1>—4<4t —1)In (4¢* + 1)

t
— 2t arctant + 4t arctan 3~ 2t arctan 2t + 2.51752]

<0.43056.

Then .
sup (E + M +/ w(s) e s A(z)dzdz> < 0.60.
0

>0
It is easy to see that all conditions of Theorem 2.1 hold for @ = 0.60 < 1. Thus,

Theorem 2.1 implies that the zero solution of (2.21) is asymptotically stable. O
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