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SOME GENERALIZED HEISENBERG-TYPE INEQUALITIES
ASSOCIATED WITH THE CONTINUOUS OFFSET LINEAR
CANONICAL WAVELET TRANSFORM

NASRULLAH BACHTIAR!, ANDI TENRI AJENG NUR?**, MUKLAS RIVAIL!,
AND PUTRI ISNAINI CAHYANING BAITT!

ABSTRACT. The Continuous Offset Linear Canonical Wavelet Transform (COL-
CWT) represents a generalized form of the classical wavelet transform established
within the theoretical framework of the offset linear canonical transform. In this
work, a natural correspondence between the COLCWT and the standard wavelet
transform is constructed. This relationship allows alternative derivations of several
fundamental properties of the COLCWT, including the inversion formula, orthog-
onality condition, and the associated reproducing kernel. Moreover, by exploiting
these structural properties and their interconnections, a refined Heisenberg-type un-
certainty inequality is established within the framework of the offset linear canonical
transform.

1. INTRODUCTION

The well-established theory of the classical wavelet transform (WT) provides a
powerful foundation for multiresolution analysis and time frequency localization, at-
tributes that have significantly contributed to its widespread adoption in many sci-
entific and engineering areas. Its versatility has enabled important advances ranging
from the investigation of multiscale behavior in quantum mechanical systems to prac-
tical applications in signal and image processing, where W'T plays a central role in
decomposition, reconstruction, and the identification of relevant structural features
across various scales [1-3].
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In recent years, researchers have shown growing interest in reformulating the wavelet
framework through more general integral transforms that provide enhanced adaptabil-
ity. The offset linear canonical transform (OLCT) represents a significant contribution
to this line of inquiry, as it generalizes the traditional Fourier transform by introducing
a parametric structure that offers greater analytical versatility and accommodates a
wider class of signal representations [4-6]. Along this direction, several extensions of
integral transforms and wavelet frameworks have been proposed to further enhance
flexibility and analytical capabilities, including generalized canonical and wavelet-
type transforms [7-9]. Motivated by this, numerous studies have developed wavelet
transforms based on the OLCT and its variants. In particular, several works [10-13]
introduced a generalized formulation known as the Continuous Offset Linear Canonical
Wavelet Transform (COLCWT), constructed within the framework of the OLCT.

Fundamental properties of this generalized transform, including linearity, orthogo-
nality relations, and reconstruction formulas, have been extensively studied. Moreover,
previous research [6,12] has demonstrated that the OLCT can be reduced to the clas-
sical Fourier transform under specific parameter conditions, allowing many of its
properties to be derived via its relationship with the Fourier domain. In parallel,
uncertainty principles have remained a central topic in time-frequency analysis. Vari-
ous forms of Heisenberg-type inequalities and their extensions have been established
for generalized transforms, including linear canonical transforms and wavelet-type
frameworks [7,14-16].

Furthermore, more advanced extensions of linear canonical transforms, such as
quaternion and biquaternion formulations, have recently attracted attention and led
to the development of new analytical tools in broader settings [8,17-19]. Although
these approaches are beyond the scope of the present work, they suggest promising
directions for future research within generalized transform frameworks.

In this work, we further develop this framework in the setting of the COLCWT.
We establish alternative proofs of key theoretical results, such as the orthogonality
relation and inversion formula, by leveraging the structural correspondence between
the COLCWT and the classical WT. In addition, we construct the reproducing kernel
associated with the COLCWT and employ these results to derive Pitt’s inequality
and its logarithmic variant within the context of the offset linear canonical framework.

The remainder of this paper is organized as follows. Section 2 reviews essential
background on the linear canonical transform. Section 3 introduces the OLCT and its
fundamental properties. Section 4 develops the COLCWT and its analytical features.
Section 5 establishes uncertainty principles for the COLCWT. Finally, Section 6
concludes the paper.

2. PRELIMINARIES

In this section, we review the definition of the fractional Fourier transform (FRFT)
together with several of its fundamental properties (see, [20-22]). We also present the
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fundamental connection between the fractional Fourier transform and the classical
Fourier transform. We begin with the following definitions.

Definition 2.1. Let 1 < p < +o00. The space LP(R) consists of all measurable
functions f on R for which the norm

(2.1) | fllzey = (/R |f ()P dﬂ); < +00.

For the particular case p = 2, the space L?(R) forms a Hilbert space equipped with
the inner product

(f,9) 2m) = /Rf(z‘})mdﬁ.
The corresponding norm is given by

[ fllz2@) = /{fs f)r2m)-

We denote by C*T*°(R) the set of all infinitely differentiable complex-valued functions
on R, and by Z, the set of all non-negative integers.

Definition 2.2. The Schwartz space S(R) is defined as

S(R) = {f e C+(R)

supwapﬁﬂﬁﬂ<eam,&maﬂa43ez+}.

veR

Elements of the dual space 8'(R) are called tempered distributions. For a function
f € LY(R), its Fourier transform is defined by

F()) = F) = [ f@)e av.
3. OFFSET LINIEAR CANONICAL TRANSFORM WITH PROPERTIES

This part introduces the definition of the OLCT along with the key properties
that will be employed in the subsequent sections of the paper. It will be shown that
these properties serve as generalized forms of those of the linear canonical transform
(see [23]).

Definition 3.1. For a given function f € L*(R), the definition of its OLCT with
parameter

is

[ £ kar (9, 0) v, b#0.
Vi eFerm f(d(u— 1)), b=0,

where the kernel function ky (9, u) is

LMD (f) ()

kM(ﬁ, U) — 1 6%19271'%(ufr)fz'%(drfbu)+i%(u2+7.2)

Va2
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The parameters a, b, ¢, d, 7, u, u € R, and satisfy ad — bc = 1.

The direct connection between the Fourier transform (FT) and the OLCT for the
function f € L*(R) is

ff(f) (u> = V2T L(OM’H’T)(f)(u)ei%(debu)fi%(UQJrTQ)’
where f(0) = f(0) ez +igr

Theorem 3.1. For every f € LY(R) and F™™(f) € LY(R), the inverse of the
OFrFT is given by

/L(M’”) w) Tnr (0, ) dy.
Lemma 3.1. For all functions f,h € L*(R), the following relation holds:
L F@R@ a0 = (£57(F)(w), £5"7 (k) (w)),
where
(3.1) 11w = || £6™ 7 () ()

Now, we derive the Heisenberg uncertainty principle for the offset linear canonical
transform (OLCT) using the classical Heisenberg uncertainty principle for the Fourier
transform.

Lemma 3.2 (Heisenberg Uncertainty for OLCT). For any f € L*(R), one has

</R|19|2|f(19)|2d19>1/2(/R|U|Q‘L]g(f)(u)‘2du>l/2 |b|3/2\/’/|f 9 s

Proof. Using the Heisenberg uncertainty principle for the Fourier transform, we have

(Loeiroean) ™ ([ueianea)” =7 [ o)

By replacing f(¢) with f(¥9) in the above equation, we obtain

(Leigoran)” ([wem@mea)” =T [ (7P

Substituting u with u/b, we further get

(/RW‘Q’J%)'QM)W (;3A\Wﬂf)(Wb)P@)m > 2 [1f@)Paw.

Therefore,

([ wpisan)” (,} [l

> [ 1@ av.

2
L2(R)

\/z'27rL(OM’“7T)(f)(U) ot h(dr—bu)—if (u?+72)

1/2
d )
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Or equivalently,

1/2 B 12 |p|3/2
(L1opis@pan) ([ upes o) = LXT [ropa,
which finishes the proof. O

4. CONTINUOUS OFFSET LINIEAR CANONICAL WAVELET TRANSFORM
(COLCWT) AND PROPERTIES

We start this section by briefly reviewing the concept of the wavelet transform (see
[12]). Let b € R denote the translation parameter and v € R the scaling parameter.
The translation and dilation operations applied to a function f are expressed as

) = [0 — ), f,(9) = ‘1/2f< )

respectively. The associated family of wavelets is given by
1

N I
(4.1 r(9) = T2 (0) = ﬁw( - )

which are generated from a mother (or basic) wavelet function ¢ € L*(R).
Consequently, the continuous wavelet transform of a function f € L?*(R) with
respect to the mother wavelet v is defined as

(W) (v, p) = \%/Rf(ﬁ)wdﬁ

Let us now introduce the class of fractional mother wavelets defined by

Py (V) = \% o <0;“> :

Definition 4.1 (COFRWT). The COFRWT of f € L*(R) with respect to a mother
wavelet ¢ € L?(R) associated with the OFRFT is defined by

T _ 1 Y
OUWE™ 1)) = —= [ S0 & D) 0

_ L v—n 55 (02 —p?=1%)
(4.2) _W/wa)% . >e s .

FExample 4.1. Consider the function

f0) = e with k>0,

H(0) = {1, || <1,

0, ¢ otherwise.

and
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So,
L —y+pu<d<vy+up,

U—p\
7 ¥ ~ 10, 9 otherwise.

Based on the (4.2) we have

1 ia
OLWE™ 1)) = [ e et

Therefore,

(.7) = —ﬁ e "~ ler —erf(pu —
(OLW ™ ) (7, 1) NOTES lerf(p + ) — erf(u — )],

erf(z) = % /OZ e~V dt.

where

FIGURE 1. (a) real part and (b) imaginary part of the COLCWT of
Example 4.1 witha=1,b=1,7=0.5,k=1, p=[-3,3], v =[0.1,3].

Lemma 4.1. Let ¢, f € L*(R). Then,
(43) (OLW ) £)(y, 1) = e~ 507 (W, ) (a,b),
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where
(4.4) f@) = f(0)es?”.

Definition 4.2. We say a mother wavelet 1 € L*(R) associated with the OFrFT is
admissible if and only if the following admissibility constant is satisfied:

pu T _ia 2 dfy
(4.5) 0<Clm = /R+ ’LE)M’”’V ){go(y) e 2b’92}(7u) o < +00.

In this case, C’é,‘”) is a real positive constant independent of 7 satisfying |u| = 1.

Lemma 4.2. Let ¢ be a mother wavelet. Then, the family of the fractional mother
wavelets can be expressed in terms of the OLCT as

M T 1 da 20 02y (o
% o= B (dr—bu)+ 2 (uP+72)+ 2 (dym)—b(yu) — 2 (wy)?+(r7)?)

(4.6) x L™ [io(y) e 5] (yu).
Proof. By direct computation, we have
]\,47 \T T
LG (@ ) ()

_ /R &g (9) bear (9, ) d9

1 (79 - /JJ> e—%(192—;;2—72)6;—‘2192—%(11—7')—%‘(dT—bu)+%(u2+T2) A

1
:/R\/ﬂﬁsp v

_ 21 \/_/ @(19 - M) 6%(/,L2+7—2)6—¥(u—7)—%(d7—bu)+%(u2+7'2) do.
V2w /vy Jr v

Now, substituting y = 19%“ (i.e., ¥ = yy + u), we obtain

M,
L™
1

a2
1

Va2

¥ e~ B(u=T) o /R [Sp(y)e—%lﬂ e 502 (ru=ym) =B () =blru) + () +()?) gy,

05 ) (W)
ﬁ/R () e 02 +70) o= O ) b ) g

7 BT b ) () —b) () ()

Therefore,
T 1 iu i iu i
L(OM,Ma )(@;,“,M)(u) — \/,76—7(d’r—bu)—i—;d(u2+7—2)+7(d(77)—b(7u))—Td((uy)ﬂr(ry)z)

Vi2m
x e WHT?) = (u=) o M) [90(3/)67%192} (yu),

which finishes the proof. U
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Lemma 4.3. Suppose that the admissibility condition in classical wavelet transform
18

|F () (yu)l”
4.7 C, = / ————dy < :
(4.7) ® - ~ 7 < +00
The relationship between (4.7) and (4.10) is described by
(4.8) Cp =21 CY7).
Proof. Based on Lemma 4.6, we get
) / o (b (a7 2) 4 5 (A7) b))~ B ()2 (7))
v R+ \/@27rﬁ
2
da (20 02) (g _r Myt _da g2 Zd’}/
x es (e | LG {p(y)em 5 (qu) el
Since the exponential terms have modulus one, it follows that
1 ia 2d
(1) — (M, py7) 92 ay
(4.9) cn = o [ 167 [ew)e 7] () T
The proof is complete. [l
Remark 4.1. If p =7 =10, (4.9) becomes
1 M _iag2 2 dy
(4.10) Co = 5= [ |8 [etwe 8] ()| <.

Note that the Fourier transform of (3.1) takes the form
Py = ﬁeiwu ?(90) (VU)

Lemma 4.4. Let ¢» € L*(R). Then, the COFRWT (4.2) has a fractional Fourier
representation form

LG (OLWE) £) (u) =/ (Vi) e =4 om=bom)+ () +())
(4.11) x Ly [p(y)e 5] (qu) LG (f) (u).
Proof. By direct computation, we get

L8 (OLWU) £) (u) = / (OLWY £) (v, 1) ar (9, w) )

ko ()

(02 —p2=72) L5397 = (u—7) = G (dr—bu)+ 5 (u? +72) dp do

x e~

~Jv bk ()

x @5 (W) = (wmm) = R Ar—bu) b (W 7%) 1)y g
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Substituting y = ’9%“, ¥ = yy + p, yields

o(y)em i)

LW%”PDWVUMM=¢%%E4AJW)

e U ) b ) g

Therefore,
L(OM’“’T) [OLWEOM,T)f} (u) =/~ (« /9 )6;?,72—ﬂ( (v7)=b(yu)+E (wr)?+(77)%)
x L™ [p(y)e™ 57 (yu) Lo () (w),
which finishes the proof. U

The following discussion is aimed at deriving the inversion formula and establishing
the orthogonality relation for the COLCW'T by employing the direct correspondence
between the offset linear canonical wavelet transform and the standard wavelet trans-
form.

Theorem 4.1. Let ¢ € L*(R) satisfy the admissibility condition defined in (4.5).
Then, for any f € L*(R), the inversion formula is given by

1 i dud
- - —§(z2—b2—m2) (m,7) pay
£(9) me@k @w@@W¢MwO%-

Proof. Since f (1 ) € L*(R), the inversion formula for the WFT can be expressed as

dud
QWCw/w/%” f)( 2 l;ﬂ'

The expression above equals to

F9)es?” = WC /W/SOW (Wef ) (v, )
We can rewrite this equation in the form
_ dp dry
> = 9) e~ W) (W )
= m o LET @) B (W) )

Using (4.3) and (4.5), we can see that

1 (32 p2 2 dp dry
- - 5(22=b°—m?) T
f@—W@mA46 P00 () (OTWE £) (,0) 7

which finishes the proof. 0

dp dry
R

Theorem 4.2. Let the basic wavelet ¢» € L*(R), associated with the Offset Fractional
Fourier Transform (OFrFT), satisfy the admissibility condition given in (22). Then,
for any functions f,g € L*(R), the following orthogonality relations hold:

/]R+ /R(OLWEOW)f) (7, 1) (OLWSP#’T)@ (7, 1) dizd,y = 47° Cpr) (f:9)12(w)
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and

. dydry .
L, Llomwen p)iy wf 5 = 4m2 € | )
R+ JR ~?2

Proof. Because f(19) and h(?)) defined by (4.4) are in L*(R), then the orthogonality
for the classical wavelet transform implies that

. —_— dry -
L (L OVaF) ) OV 1) die) 5 = 20 € (R,
R+ \JR 2
where C,, is given by (4.7). The above identity can be written in the form
_ 72 a2 2 = d”}/
L (LB fre e 80 Wby ) due)
=2 (CSO <f~7 iL>L2 R

which gives
T T d d
L. LOWED 1)1 OLWEDg) ) T = 27 €, [ () 9(2)

= 4n* CEDW) (f, g)LQ(R)a
which finishes the proof. 0

5. UNCERTAINTY PRINCIPLE FOR CONTINUOUS OFFSET LINEAR CANONICAL
WAVELET TRANSFORM (COLCWT)

In this section, our attention is directed toward formulating several uncertainty
principles linked to the offset fractional Fourier transform. We further establish a
Heisenberg-type uncertainty principle for the COLCWT.

5.1. Heisenberg-Type Uncertainty Principle of the COLCWT. In this part,
we derive an analogue of Heisenberg-type uncertainty principle for the COFRFT. For
this purpose, we need to introduce the following lemma.

Lemma 5.1 (Heisenberg Uncertainty Principle for COFRFT). Suppose that the
functions f, € L*(R). Then, we have

r 2d dv ; ) 2
/R+/I[{|U|Q\L(OM’“’ OLWED py(u)[ T < 4n? >/y eS80 (f) ()| du.
Proof. In fact, we have
o r 2dp dy
f. [ 1ePl8" o p] <3

2 (Mv 77_) ( ,7’) (]\47 7’7‘) ( 77—) dlU/ d'.}/
S\/R+~/]R|U| ’CO K (OLW;L f)(u) LO " (OLW@# f)(u)T
The use of (4.11), (4.5), and (3.1) gives
ST - 2du d’y
/]R+ /]R |u|2‘L(OMM )(OLW&#’ )f)(u>’

,7/2
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<or [ [ FEE ol B ) 237 (1)

O (Mo s dpdry
x LOTET () (u) L5 (o(y)e 157 ) (yu) ==

v
Hence,
2| p (M,pu,7) (17 2dpdy
Jo f P18 O ] g
T 2 T — 2d/7
§27/1u|2\L§JM’“’)(f)(U)\ (/ ‘%M’“’”(sO(y)e 7) (yu) ) du.
R R+ ¥
Finally,

o . 2dpdy . o 2
/R+/R|U|Q‘L(OMM )(OLW((;L’ )f)(u)’ 7 §4772(C£0M7 )/R|u|2’L(OMM )(f)(u)’ du,

which is the desired result. [l

Theorem 5.1. Suppose that the functions f,p € LQ(]R). Then, one has

! dfy T 1/2
b3/271'2 -
Z%W 1£ 1l 2g-

Proof. With the aid of the Heisenberg uncertainty principle for the OLCT in Equa-
tion (3.2), we have

1) (Lwrora)” ([ ueleso ) = LT [ opa

Integrating both sides of (5.1) with respect to the measure dvy / %, we immediately

obtain
/R+{(/ \19|2!f(19)|2f119)1/2 (/ \u|2’£gM’“’T)(f)(u)‘zduy/Q}iz
|b|3/2\/_/]R+/|f !261?9

Therefore,

(L 4 'ﬁ'Q'f”)'”ﬁdeﬂ (1. [ wrfesm it ats)”

62 AT [ [lrora s
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Now, replacing the function f(-) by (OLWEO“’T)f)(% ) on both sides of (5.2), we get

1/2
(/R+ |l 26 OLWED 1), ) ()] C”)

72
2 (u.7) 2w
x ( L. LR omwe pyiy. pf av 72)
|br3/2f

1/2

T 2 d
(5.3) /w/ (OLWED £) (7, )| dﬁﬁg.

Using (4.11) and (4.8) into equation (5.3), we get

</R+ /]R |19|2‘<OLW<(pu’T)f)(% ,u)‘ dv dW)

(17) 2| p (M,p,7) 12
x (%@g /Ryu\ £817)(f) ) du)

]b‘3/27r5/2

ZT

This equation is equivalent to

</ /WH(OLW(”’TV)(V u)rdﬁmym
R+ JR A ’ 72

o 1/2
(/]u| ‘L #47) ’du)
1b]3/272 -
ET\/ cy | £l 2(w)

Thus, the proof is complete. 0

CE| fllz2w)

A simple modification of theorem yields the following variant.

Lemma 5.2. For any f € L*(R) and any p,q > 1, one has

([, e gy an) ™ ([ opsoean)™ = (7).

Proof. 1t follows from Hoélder inequality and Plancherel theorem for OFRFT (4.1)
that

/ |U| |L M/M' )( |2du / |u| |L (M,p,7) ( )(u>|2/p|L(OM,u,7-)(f)<u)|2_2/,pdu
1/p
< (/R(\u|2|LOM’“’T (f)(w)[/P)P d??)
(p—1)/p
X (/R(|LE)M’“’T)(f)(u)‘22/p)p/(p1) dn)
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= ([ Pz () an)

([ e an)
- (/RIUPp!LE)M,u,T)(f)(u )2 du) (/ FO)? d19> p—1)/p

1/p
= ([ Pz ey an)

Hence,
ooy i) g vz g\ S fuPILS™ D () () du
R N T R
In a similar way, we get
ol ponz g\ 1 T OPLFO)P o
(5.5) (L |f(19)|d> 2

By combining (5.4) and (5.5) we obtain

(/ |u’2p|L(M’“’T)(f)(U)\2du>1/p (/R|19]2‘1\f(19)|2d19>1/q

e laP L™ () (W) du Jy [9P1f (0) do.

2 1 +2 1
“fHLng) )/p)+2((¢—1)/q)

(5.6)

Applying (2.1) in the right-hand side of equation (5.6), we immediately get

(Ibl V) /32 (Ju | (9)2d0)*
||f||2( p—1)/p)+2((¢—1)/q)

|b|\/_ (g1
_ Hf” ((e-1)/a)

Therefore,

T Y b pTq pq
([ e an)” ([ e = Ty s

Or, equivalently,

([, e gy an) ™ ([ opsoean)™ = () g,

Thus, the proof is complete. O
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The author in [20] introduced a Heisenberg-type certainty principle formulated
within the framework of the shearlet transform. The following theorem provides an
analogous result for the case of the COLCWT.

Theorem 5.2. Let ¢ € L*(R) be an offset fractional admissible wavelet. Then, for
every f € L*(R) and for all p € [1,2], the following inequality holds:

T 2 ﬁ 2 T 2 d
( | 2857 () w) du) ( L. [ oPIoLwyD .l dﬁg)

b p+q r q+p
> (M) (e ) ™ e

Proof. Based on (3.2), we have

p
q+p

P p

( / |u|2p\LéM’“”<f><u>|2du)q ( / wﬁqrfwn?dﬁ)q p

(5.7) _<|b| f)”/ ()2 do.

Replacing the function f(-) by (OLWJ’T f)(7, i) on both sides of Equation (5.7), we
get

( [ a8 (OLWED £) ) () du)

Qip
2q (1,7) 2
x (/RM (OLWE) )3, cw)

3 /7 \ pra
59 > (MY [ wonwen e mpas

Integrating both sides of equation (5.8) with respect to the measure dy/v%, we obtain

|b|3ﬁ % (p,7) 2 dl
(") L Liomwenne,mp

9

<) { ([ 1aPLE (O LW Py ) ) ) 7

< ([ 1oPnOLWeD £ o)™ }d”.

,)/2

Therefore,

b2 /7 7 - s
( 32 /R+/R|(OLWso ICAN] dﬁ%
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< (e ([, 126" omwen R 5 ) ) ™

8 (/R+/R!19\2q!(OLW£“’ O, u)!QdﬁCh)

Using (4.11) and (4.8) into the above, we get
b3 /) 740 &
o <| |3;/%> CEDH’T)HJCHLQ(R) < (27T(C<(P;m)/ |u|2p|L§3M’“’T)(f)(u)|2 du) +
R

dry
2q (1.7) 2
X (/W/RIT?\ [(OLWZF T f) (7, )] dﬁ,yQ

q+p

N———

Hence,
2p| 7 (M,p,7) 2 2 5 1Y "
/R|u|p|Lo’ () (w)? du / L PPNOLIED ), ) 0
VTN gy
‘( 32 (2 CLO) Nl
This completes the proof. O

6. CONCLUSION

In this work, we have investigated some fundamental properties of the offset linear
canonical transform like the orthogonality relation and the inversion formula using
direct interaction between the COLCW'T and the WT. Based on some Heisenberg
uncertainty principle related to the OLCT we have derived the Heisenberg uncertainty
principle in context of the COLCWT.
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