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STABILITY OF MULTI-ADDITIVE FUNCTIONAL EQUATIONS
ON RESTRICTED DOMAINS

ABASALT BODAGHI' AND ABBAS NAJATI?

ABSTRACT. In the current investigation, we extend some stability results of Bae
et al. (2022) to the case of n variables. In other words, we establish the Hyers-
Ulam stability of multi-additive functional equations on restricted domains. We also
study the asymptotic behavior of these equations. In addition, we extend a stability
result for bilinear equations (as a special case) to multi-additive functional equations
from a linear space to a 2-Banach space. A hyperstability result of multi-additive
functional equations is presented as well.

1. INTRODUCTION AND PRELIMINARIES

A mathematical equation has stability when an approximate solution occurs near to
the correct solution of the equation. The problem concerning the stability of equations
is inspired through the fundamental problem of homomorphisms on groups posed by
Ulam [23]. A foremost positive partial solution was presented by Hyers [14] as follows.
Let V and W be Banach spaces. Assume that ® : V — W with

[P (u +v) = ®(u) — ()| <4,

for all u, v € V and for some § > 0. Then, there exists an additive mapping A : V — W
which is uniquely determined such that ||®(v) — A(v)|| < 6 for all v € V. The
generalized version of Hyers’ result has been obtained by Aoki [2] and Rassias [21]
to approximate linear transformation in Banach spaces when the Cauchy difference
bounded above by the sum of powers of norms. Considering different upper bounds,
there are many interesting and motivating stability results on various functional
equations pertaining to fascinating results are available in many articles and books.
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1064 A. BODAGHI AND A. NAJATI

Assume that (S, +) is a commutative semigroup and F' is a linear space. A mapping
[':S"™ — F is said to be multi-additive if it satisfies A(x +y) = A(x) + A(y) in all
components, i.e.,

F(ﬁlv s 7197;—17 191 + 7%7197}‘1-17 s 77977,)
:F<1917 s a19i—17 19i719i+1a s 71971) + F(’ﬁh s aﬁi—lv 19;7191'4-17 s 71971)7

for all i € {1,...,n}. Cieplinski [8] represented a system of additive functional
equations defining a multi-additive mapping as one unified equation.

Theorem 1.1. ([8, Theorem 2]) A mapping I' : S™ — F' is multi-additive if and only
if

(1.1) T +05) = 3 T Vi),

i1esine{1,2}
where 19?” = Vi1, ..., Vin) € S™ with i € {1,2}.

Equation (1.1) is called the multi-additive functional equation. Regarding to (1.1),
Cieplinski presented the next Gavruta stability result.

Theorem 1.2. Assume that (S,+) is a commutative semigroup with an identity

element and W is a Banach space. Suppose ¢ : S* — W is a mapping such that

1 ) , , ,
¢(8117 5125 - -+ Snl, Snz) = Z ch(?&h 27819, .., 2 51, 2]8712)7
j=0

for all (s11, 812, -+, Sn1, Sn2) € S If f 2 S™ — W is a mapping satisfying

||f(511+5127-‘~75n1+5n2) - Z f(Sjlb---,Sjnn) < ¢(S117512,---,8n1,8n2),
J1yedn€{1,2}
for all (s11, 812, - - -, Sn1, Sn2) € S*™, then there exists a unique multi-additive mapping
A 5" =W for which
I f(s11,- -0y 801) — As11, .-, 801)]| < §Z~5(8117 811y -+ Snl, Snl),

for all (s11...,8n1) € S™. Furthermore, A is given by

1 )
.A(Sll,...78n1): lim ff(QJSH,...,QJSnl),

j——+o0 21
for all (s11...,8,1) € S™.

Note that the solutions, structure and stability results of multi-additive mappings (in
certain types of Banach spaces) were studied as follows: the stability and hyperstability
of a multi-additive functional equation [4], multi-Jensen and multi-Euler-Lagrange
additive mappings [6], the Ulam stability of a generalized for multi-additive functional
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equation [10], approximate multi-additive mappings in 2-Banach spaces [9], the set-
valued multi-additive functional equations [15], approximate multi-Jensen and multi-
Euler-Lagrange additive mappings in n-Banach spaces [24]; for more basic properties
of multi-additive mappings, we refer to [16].

Regarding to the Ulam-Hyers stability of functional equations or inequalities sat-
isfied on restricted domains or fulfills under restricted conditions, we remind that
many authors have been worked on this topic. For example, Rassias et al. [20] proved
the Ulam stability of Jensen and Jensen type mappings on restricted domains. Fur-
thermore, many researchers have studied and proved the stability results of several
interesting functional equations on restricted domains; one can refer to [1] (for some
generalized functional equations on 2-Banach spaces with restricted domains), [7]
(Measure zero stability problem of a quadratic functional equation), [18] (Hyers-Ulam
stability of Davison functional equation on restricted domains) and references therein;
see also [11].

In 2022, Bae et al. [3] studied the Hyers-Ulam stability of bi-linear functional
equations on some restricted unbounded domains, and investigated some asymptotic
behaviors of 2-linear functions. Motivated by the mentioned paper, in the current work,
we establish the Hyers stability of multi-additive functional equations in restricted
domains and then obtain some asymptotic behaviors of such functional equations. In
continuation, we extend a stability result of [3] to multi-additive functional equations
when the domain is a linear space. Indeed, we show that a multi-additive functional
equation can be hyperstable when the range of the corresponding mapping is a 2-
Banach space.

2. STABILITY OF MULTI-ADDITIVE FUNCTIONAL EQUATIONS

In this section, we assume that V is a normed space and W is a Banach space. For
simplicity, throughout the text, for any [ € Ny := NU {0} and n € N, and for any
v = (v1,...,v,) € V" we define the scalar multiple lv := (lvy,...,lv,). Moreover,
for each i € {1,2}, we denote vl["] = (Vi1y .-, U;m) € V" and any element of V™ is
specified by a power [n].

To simplify the calculations involved in our results, we define the difference operator
for a mapping f: V" — W by

Df (v&’”,vgﬂ) =f (Uw +v£”]) - S float, Vi),

for all v, ol € v,

The following theorem concerns the Hyers-Ulam stability of multi-additive func-
tional equations and follows directly from Theorem 1.2.

Theorem 2.1. Assume that (S,+) is a commutative semigroup with an identity
element and W is a Banach space. Suppose that f : S™ — W is a mapping satisfies

o7 (o5 <=
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for all s[ln], 5[2"] € S™, where e > 0. Then, there exists a unique multi-additive mapping
A 8" =W such that
)\ _ A (gl c
|7 () = A ()] < =

for all s" € S™. Furthermore, A is given by

A(s["}) = lim —f (ZJ [”>

j—+oo 21
for all s € S™.

We consider here a version of Theorem 2.1 in the context of a restricted domain.
In other words, we show that the zero property of Theorem 6 from [5] is redundant
and can be removed in the following result.

Theorem 2.2. Given € > 0 and d > 0. Suppose that f : V" — W is a mapping
fulfilling

(21) [Df (o) < <,

for all vl ol € v with, Y Yy vl > d. Then, there exists a unique multi-
additive mapping A : V' — W such that

n+1

I () =4 ()] < e

for all vI"l € Y™,
Proof. Putting v[ - [n] = vl = (uy,...,u,) in (2.1), we obtain
I o) 22y (o) <=

for all v € V™ with 3", ||u;| > d. This leads, through a standard iterative
approach, to the mequahty

Hf (2m+1v[”]) f (2lv[”])

m

Z k+1)n Z ||u]|| > d,
j=1

k=l

2n(m+1) oni

(2.2)

m,[n]
for all m > [ > 0. This inequality implies that the sequence {f(22nm )} is Cauchy

in W for all vI" € V" with Y0, |lu;|| > d. It is straightforward to confirm that
this sequence is indeed Cauchy for all v € V™. Since W is complete, there exists a
mapping A : V" — W defined by
f(2mol
A (o) = mn(X o e vm,

m—+00 onm
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Based on assumption (2.1) and the definition of A, we deduce that DA (vl ,vén]) =0,

n—times

for all v vl € v\ {0,.}, where 0, = (0,...,0). Moreover, we have
A0,) = 1im L0

m——+oo Qnm
Thus
DA (vl ,v2 ) =0, v&”],uén] evn
Consequently, the mapping A satisfies (1.1), and according to Theorem 1.1, it must

be multi-additive. Furthermore, by setting { = 0 and allowing m — +o0 in (2.2), we
obtain the following estimate

2.3 I @) —a (@) < 5y Xlwlza

Assume that v € V™. We choose v} € V" such that |va;ll > d + ||vy;|| for each j €
{1,...,n}. With this choice, it is straightforward to verify that 3-7_; [|v; +vyyl| > d.
Additionally, we have

> [viall + -+ + [vianll = d.

(it ) (Lo 1)
From these inequalities with (2.1) and (2.3), it follows that

f ( [n] + U[n]> Z f(vi117 Ce ,Uinn> S g,
i15e-in€{1,2}
W) = (1 )] < 55
CORFICH| Erre
Z [f (vill,...,vinn) —.A(’Uill,...,’l}inn)] S w
i1y rin€{1,2} 2n—1
(31, in ) #£(1,...,1)

By summing the four inequalities above and applying the fact that DA (vl ,vé"]) =0,

we deduce that ot
4 (@) = £ ()] < 5o
for all vl € V™. This completes the proof. 0

Remark 2.1. It is worth mentioning that the conclusion of Theorem 2.2 remains valid

even if the mapping f satisfies condition (2.1) only for those UE ], "l ¢ V7 where

max{”vij” :@':1,2,j:1,...,n} > d.
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Let us now define the set
Q.= {(v%"],UQ ) € V" |lu|| < d, for alli = 1,2and j = 1,...,n},
where d > 0 is a fixed constant. Clearly, we have the inclusion
{089 v 55t 2 nd v
i=1j5=1

This observation naturally leads us to the following corollary.

Corollary 2.1. Suppose that [ : V" — W satisfies (2.1) for all (Ugn],UQ ) €V Q.
Then, there exists a unique multi-additive mapping A : V" — W such that

on+1
£ (") = A ()] < 7=

for all vI" € Y,

An immediate consequence of Theorem 2.2 is the following description of the as-
ymptotic behavior of the mapping f.

Corollary 2.2. A mapping f : V" — W is multi-additive if and only if
(2.4) |Df (1,25 =0

as Yy > |viz]] = +o0.
Proof. Suppose that the mapping f satisfies condition (2.4). Then, for each m € N,
there exists a constant d,, > 0 such that HDf (vl ,vén]> H < % for all vg ],02 evn

with 337, 37, [|vg;]| > dyp. From Theorem 2.2, it follows that there exists a unique
multi—additive mapping Am :V* — W satisfying

- - 2n+1 2n+1
29 16 = e ()] € 2 <
for all v/ € V. In particular, for m = 1, we also obtain
on+1

I () =4 ()] < ey

for all vl € V™. From (2.5) with the uniqueness of A, we conclude that A,, = A;
for all m € N. Therefore, (2.5) implies

2n+1

| (o) = s (M) | < @ —Dm’

for all m € N. Taking the limit as m — 400, we get f = Ay, i.e., the mapping f is
indeed multi-additive. The reverse implication is straightforward. 0

Theorem 2.3. Let w be a fized element in W. For a mapping f : V' — W the
following assertions are equivalent:
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(i) lim Df (v, 05") = w;
Zz 1 E q lvigll—=+o0
(i) Df (vl ,vzn]) =w for all v} ol € ym,
Proof. (1)=>(ii) Define a mapping ¥ : V" — W by setting
1
n) — [n] - [n] n
\If(v )—f(v )+2n_1w, "™ e V"

Then, for any vﬁ"}, vé”] € V", we have

D (o o) = DF (o, o) — w,
From the assumption in (i), it follows that

lim DY (vﬁ”], vgﬂ) = 0.
Sy 2y vl oo

Applying Corollary 2.2, we conclude that DU (vl ,vé"]) = 0 for all o}l € vn,
This establishes the claim (ii). The implication (ii)=-(i) is trivial. O

The following theorem is a special case of the pointwise stability result for multi-
additive mappings established by Cieplinski [8, Theorem 1].

Theorem 2.4. Assume that (S, +) is a commutative semigroup and W is a Banach
space. Suppose that f : S™ — W satisfies

Hf(sly-'-asj173j+5;'75j+17--'73n)
(26) — f(Sl, <oy 851,55, Sj4+1, - - - ,Sn) - f(Sl, ce ey S5—1, 8;-78j+1, «oey Sn) < g,
forall j € {1,...,n}, all (s1,...,8j-1,5;,55,8j41,---,5n) € S and some € > 0.

Then, for each j € {1,...,n} there exists a multi-additive mapping A; : S™ — W such
that || f(s1,...,80) —Aj(s1,...,80)| < e, forall (s1,...,s,) € S™. Moreover, for any
Jj€A{1,...,n}, the mapping A; is given through
1
Ai(s1,...,8,) = ml_lg_loo Q—mf(sl, 3 8521585,2™85, Sk, -y Sn),s
for all (s1,...,s,) € S™.

By making use of Theorem 2.4, we derive the Hyers-Ulam stability result within
a restricted domain. In fact, we remove the zero property from [5, Theorem 5| and
obtain a more exact approximation.

Theorem 2.5. Given ¢ > 0 and d > 0. Suppose that f : V' — W s a function
satisfying (2.6) for all j € {1,...,n} and all (vi,...,v;-1,05, 0}, Vi1, ..., V) € Yyt
with ||V5]] + 35, [|lvj|l > d, then for any j € {1,...,n} there exists a multi-additive
mapping A; : V" — W such that

||f(U1, e 7Un) —-Aj(vl, - ,Un)H < be,
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for all (vy,...,v,) € V",
Proof. Let j € {1,...,n} be fixed. Assume that |[v}[| + X7, [[vi]| < d. If

151+ > llvill = 0,
i=1
we choose u € V such that ||u|| = d. Otherwise, take u = (1 + i) ug, where

lluoll
up € V\ {0} with [Jug|| >max{||v,||, [[v}}. Obviously, [[ul| > d and

> ol + vy + ull + vy — ul| = d.
ke{1,-nN\{j}

Using (2.6), we get

||f(v17‘"avj—laoavj-f-lv"‘vvn)n
=\f(v1,. 0 V1, U Vjgry ooy V) — Z flor, .01, W, 0541, .., )| < €.
we{u,0}
In addition, we have
f(vlv"'avj—hvj+U;'avj+17'-‘7vn)_ Z f(vlw"avj—lawavj-f-lw‘-avn)
we{v;,v}}
=f(v1,.. ., 01,0 F U+ V) = UV, V)
- Z f(vl,...,Uj_l,w,vj+1,...,vn)
we{vj+u,v;.7u}
+f(U1,...,Uj_1,Uj+U,Uj+1,...,'l)n)— Z f(vl7"'avj—17wavj+17"-avn)
we{v;,u}
+f(vl7"'7vj—1avg'_uavj-f-l:---avn)_ Z f(vla"'7vj—1awavj+17"-7vn>
we{vj,—u}
+ Z f('Ulv"'7Uj—1awavj+17"'7vn)+f(vlv"'vvj—laovvj-i-la"-7vn)
we{u,—u}
— f(v1, .., 0521, 0,001, ..., Up).
It follows from (2.6) and the above relations that
Hf(vl,...,vj_l,vj —|—U;-,Uj+1,...,2}n)
— f(Ul, e ,vjfl,vj,ijrl’ Ce ,/Un) — f(’Ul, RN ,Ujfl,U;-,Uj+1, e ,'Un) S 55,
for all (vi,..., 01,05, V), Vjq1, ..., Un) € V71 Now, Theorem 2.4 implies that there

exists a multi-additive mapping A; : V* — W such that
| f(vr,. .. 0n) —Aj(vr, ... o) < Be,
for all (vy,...,v,) € V™. O
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In the next theorem, we show that a better bound for the obtained approximation
in Theorem 2.5 can be improved through a different proof.

Theorem 2.6. Under the assumptions of Theorem 2.5, for any j € {1,...,n}, there
exists a multi-additive mapping A; : V* — W such that

(2.7) | f(v1,... 00) —Aj(vr, .. o) < 3e,
for all (vy,...,v,) € V"

Proof. Fix an index j € {1,...,n}. Putting v; = vj; = w in (2.6), we arrive at
||f<U1, ey Vi1, 2w,vj+1, - ,Un) - Qf(l}l, ceey U1, Wy Vg1, - - ,Un)H S g,
for all (vi,...,vj_1,w,vj11,...,v,) € V" satisfying ||w|| > d. From this, it follows
that
(2.8)
f(Ul,...,Uj,l,Qmw,Uj+1,...,'Un) f(’l)l,...,Uj,l,ka,’UjJrl,...,/Un) <m71 19
om - ok = £ 9it1’
=k
for all (vy,...,vj_1,w,vj41,...,v,) € V" with |Jw|]| > d and integers m > k > 0.

From (2.8), we deduce that the sequence
{f(vla s Uj—1, 2mwavj+17 s 7/Un) }

2m
is Cauchy, and therefore convergent for all (vy,...,vj_1,w,v41,...,0,) € V™. We
then consider the mapping A; : V* — W defined via
. f(vla'"7Uj—172mw7vj+la"~7vn)
A (1,001, W, Vg, e, V) = mll}l}rloo o )

Clearly, A;(0,) = 0. From (2.6), it follows that A; is multi-additive. Moreover, by
(2.8) we have

(29) H‘A]'(Uh sy Uj—1, Wy Uity - - 7/Un) - f(vla ooy U1, Wy Vg, - - 7Un)H <e,

for all (vy,...,vj_1,w,Vj41,...,0,) € V" with ||w| > d. Let uw € V and choose w € V/
such that min{||w||, ||u + w||} > d. Applying (2.6) together with (2.9) gives

’f(vl,...,vj1,u—|—w,vj+1,...,vn)

— f(’Ul, e ,Uj_l,u,vj+1, e 7Un) — f(Ul, Ce ,vj_l,w,vj+1, Ce ,’Un> S g,

A j(v1, .. vjmg, w4 w041, 0,) — f(U1, -, V1, U W, V4, ., U] <€,
Hf(Ul, ey Vi1, W, Vjga,y - - ,Un> —.Aj(Ul, ey Vi1, W, Vjga,y - - ,’Un)H S E.

By summing these inequalities and using the multi-additivity of A;, we obtain
||Aj(1)1, ce ,vj_l,u, Uj+1, Ce ,Un) — f(?)l, P avj—lv U,Uj+1, Ce 7?Jn)” S 36,

for all (vq,...,vj-1,4,vj11,...,0,) € V™, which establishes (2.7). O
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3. STABILITY RESULTS IN 2-BANACH SPACES

We begin by briefly reviewing some historical background on 2-normed spaces. The
concept of a 2-normed space was first introduced and explored by Géhler [12,13].

Let V be an at least two-dimensional real linear space over R. Let ||-,-]| : VxV — R
be a function satisfying the following conditions for all u,v,w € V and a € R:

(i) ||u,v|| = 0 if and only if u and v are linearly dependent;

(i) [Ju, o] = {lo, ull;

(iii) [|aw, v]| = |alflu,v]];

(iv) [lu, v +wl| < flu, vf| + [u, w][.
The function ||-,-|| is then referred to as a 2-norm on V, and the pair (V,||-,-]|) is
known as a 2-normed space. Obviously, it follows from (ii)-(iv) that ||u,v|| > 0 for
each u,v € V.

Recall that a sequence {u,, }, in a 2-normed space (V/ |-, -||) is said to be 2-Cauchy
if there exist two linearly independent vectors v, w € V such that

i g gl = im0 = 0.

Furthermore, the sequence {u,, }, is said to be 2-convergent if there exists an element
v € V such that lim,, 1 ||tm —v, w|| = 0 for all w € V. This element v is referred to
as the limit of the sequence {u, }m, and is denoted by lim,, 1« ty,. A 2-normed space
(V. |l-,|l) is said to be a 2-Banach space if every 2-Cauchy sequence in V' converges in
the 2-norm sense.

Lemma 3.1 ([19]). Let (V,||-,-]|) be a 2-normed space. Then, the following assertions
hold.

(1) [[[u, ol = Jw, v[l] < [lu = w,v[| for all u,v,we V.
(ii) If ||u,v|| =0 for allv € V, then u = 0.
(iii) For any 2-convergent sequence {umy }m n (V. ||-,-||), we have

Y

i o = | tim w0

forallveV.

Lemma 3.2. ([17]) Suppose that (V,||-,-]|) is a 2-normed space and u,v € V are
linearly independent elements. If x € V and ||x,u|| = ||z, v|| =0, then x = 0.

Remark 3.1. Let (W,]-,-||) be a 2-normed space, and suppose that {w,ws} is a
linearly independent subset of W. According to Theorem 8 in [22], the function
|- |l : W — [0,400) defined by ||w|| = ||w, w:|| + |Jw,ws]], is a norm on W.

Here, we investigate the hyperstability of multi-additive mappings defined from a
Cartesian power of a linear space into a 2-Banach space. It is worth noting that this
result extends Theorem 6 in [3], which was established for linear spaces.
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Theorem 3.1. Let §,e € [0,4+00) and consider a linear space V and a 2-normed
space W. Let {wq,wy} be a fixed linearly independent subset of W. Assume that the
mapping f: V™" — W satisfies the inequality

e 6 +elw|P, p<1,
3 o (o) < { 8™ P
or all vy ,UQ e V" and w € where enotes the norm introduced in
for all v} V" and W\ {0}, wh d h duced

Remark 3.1. Then, f is a multi- addztwe mapping.

Proof. Assume that p < 1. The case p > 1 can be handled in a similar manner. By
replacing w with mw in (3.1), we arrive at

[or (k7)o < 4t

for all UE"], vé"] € V™ and m € N. Letting m — 400 yields

o7 (o, ] =0
[n]  [n]

for all v;",v3" € V™ and w € {w;,ws}. Therefore, by invoking Lemma 3.2, we
conclude that f is multi-additive. 0

A class of the Hyers stability of multi-additive functional equations is given as
follows.

Theorem 3.2. Let §,e € [0,4+00) and consider a linear space V and a 2-Banach
space W. Let {wq,wy} be a fixed linearly independent subset of W. Assume that the
mapping V" — W satisfies the inequality

(3.2) HDf@Wm2>wH<5+dWH

for all o} Wl € V™ and w € W, where | - || denotes the norm introduced in Remark
3.1. Then, there exists a unique multi-additive mapping A : V"™ — W such that

(3.3) I (o) = A (o), ] < 25n||T||17

for allv™ € V™ and w € W.
Proof. Substituting w with mw in inequality (3.2), we obtain
n J
[ (o o) ] < &+ <l
[n] [0l

for all v, vy € V", w € W and m € N. Taking the limit as m — +o0, we get
(3.4) D (01,08 || < el
for all vgn],vgn] € V" and w € W. Putting U[ o= g =yl iy (3.4), we obtain

|7 (2007) —2n 7 (v1) ]| < effull,
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for all v € V" and all w € W. Thus, through a straightforward calculation, one
arrives at the inequality

o) s,

2nm 20

(3.5)

& el
Z

which holds for all v[") € V", w € W, and integers m > [ > 0. This shows that the

m ylnl
sequence {f(22nm ) is 2-Cauchy in W, and hence it converges in the 2-norm for
cach v € V™. Based on this, define the mapping A : V" — W by
f (2myln]
A (v["]) = lim <), ol e vy,
m—+oo onm

By setting [ = 0 and taking the limit as m — 400 in inequality (3.5), and then apply-
ing Lemma 3.1, we arrive at the desired inequality (3.3). Now, replacing (vg ], [n])

by (2mv£”], 2mv£"]> in (3.4) and dividing both sides of the resultant by 2" we get

for all uﬁ”],vg] e V" w e W, and m € N. Taking the limit as m — +oco in the
[n] 0]

above inequality and applying Lemma 3.1, we conclude that DA (vl , Us ) = 0 for

all v ol" € V. Hence, A is a multi-additive mapping.

To establish the uniqueness of A, assume that 2 : V™ — W is another multi-additive

mapping satisfying
I () (o) o = 20

for all v € V™ and w € W. Since 2A (2’”1)[”]) = 2mngY (U[”]) for all v[" € V™ and all
m € N, it follows that

7@f (2nm [n] |2y, [n]) wH < eljw]]

onm — 9omn )

2 (o) = L)

m—+oo onm

. o eym
Hence, A = 2. 0

In the incoming result, we establish the Rassias stability of multi-additive functional
equations when both domain and range of a mapping are 2-normed space.

Theorem 3.3. Let r € (0,400), with r # n, and suppose V' is a 2-normed space, W
is a 2-Banach space, and g : V — W is a surjective mapping. Assume that a mapping
f V™ — W satisfies the inequality

(3:6) 5 () g < 653"l el
i=1 j=1
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for all vﬁ"],vg e V" and uw € V, where 6 > 0 is a constant. Then, there exists a

unique multi-additive mapping A : V" — W such that

37) 17 () = A (1) g(u) < pffmﬁ;nvj,uud

for all vl = (vy,...,v,) €V andu € V.

Proof. Without loss of generality, we may assume that r < n; the argument for r > n
follows in a similar manner. Let us choose v = ol := o[ = (vy,...,v,) in (3.6).
This yields

|7 (207) = 20 (1) g(u)| < 28 ol
j=1
for all v € V™ and v € V. This inequality leads to

f(2myl f (2t m—1
<2n§i ) (QZZ ) _sz( )Z\Iv],uH

(3.8) ,9(u)

et

for all v/ € V" w € V and m > 1 > 0. Hence, the sequence { S forms a

2-Cauchy sequence in W. Since W is 2-complete, this sequence converges (in the
2-norm sense) for every v["! € V™. Define the mapping A : V" — W through

A (UM) = lim 7f (2’”1}["})

m—r+oo onm

. o ey

Putting [ = 0 in (3.8) and taking the limit as m — 400, and then applying Lemma
3.1, we arrive at the inequality stated in (3.7). Now, replacing (vg ],vgn}) with
(2mv£n], 2mv£n]> in (3.6) and then dividing both sides by 2"™, we obtain

o [ (2ol 2k o] <5 (50)" 52 S ol

i=1j5=1

for all o) vl € V™ w € V and m € N. Letting m — +oc in (3.8), we arrive at

[ () .o] =0

for all vg ], levrandu e V. Since g is surjective, it follows that DA (vl ,vén]) =0

for all vg },vgl] € V™. Therefore, A is a multi-additive mapping. From (3.7), the

uniqueness of A can be readily deduced. 0

4. CONCLUSIONS

In this article, we have extended and generalized some stability results of Bae et al.
[On asymptotic behavior of a 2-Linear functional equation, Math. 10 (2022), 1685] to
the case of n variables. We have also established the Hyers-Ulam stability of multi-
additive functional equations on restricted domains. In [5], the first author proposed
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a question as follows: Can we remove the zero property from the approximate multi-
additive mappings and obtain better approximations? The answer is affirmative. In
fact, we have removed the zero property in Theorem 2.2 and Theorem 2.5 and have
found the more exact approximations and less errors. In continuation, the authors
have studied the asymptotic behavior of multi-additive mappings. Furthermore, we
have generalized a stability result for bilinear equations (as a special case) to multi-
additive functional equations from a linear space to a 2-Banach space. Finally, we
have presented a hyperstability result of multi-additive functional equations.

Acknowledgements. The authors are thankful to the anonymous referees for giving
valuable comments and suggestions which helped to improve the final version of this

paper.
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