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THE GLOBAL BEHAVIOR OF A SECOND ORDER
EXPONENTIAL DIFFERENCE EQUATION

VAHIDIN HADZIABDIC!, JASMIN BEKTESEVIC!, AND MIDHAT MEHULJIC!

ABSTRACT. In this paper we present the Julia set and the global behavior of an
exponential second order difference equation of the type

Tp+l = ATp—1 + bxn—l exp (Cajn—l + an) )

where a > 0, b > 0 and ¢ > 0 with non-negative initial conditions.

1. INTRODUCTION

In general, difference equations and systems of difference equations in exponential
forms have numerous applications in biology, more precisely, they can be used to
discuss population model. One of the most simple results on exponential difference
equation have been obtained in [8] for the equation of type

Tpp1 = xpexp (r(1—xz,)),

known as Ricker’s equation, which describes a population with a propensity to simple
exponential growth at low densities and tendency to decrease at high densities. In
[9] the qualitative behavior of the exponential second order difference equation of the
two-dimensional population model

Tpi1 = a+ bx,_1exp(—x,)

is completely investigated and described. In [14] we can find results about boundedness
and asymptotic behavior of the positive solution for the difference equation of type

Tpr1 = a+ br,exp(—z,_1),
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where a and b are positive constants and the initial values x_;, xy are nonnegative
real numbers. In [11] are given the conditions for the global behavior of the positive
solutions for the difference equation

Tpi1 = axy, + bx,_jexp (—x,),

where a and b are positive real numbers with positive initial conditions z_1, xo. The
global stability and bounded nature of the positive solutions of the difference equation

Tpi1 = a+br,_q + cx,_1exp(—x,)

are investigated in [10]. In [7] have been obtained results for the local stability of equi-
libria, parametric conditions for transcritical bifurcation, period-doubling bifurcation
and Neimark-Sacker bifurcation of the following second-order difference equation

Tpt1 = ATy + Prp_1exp (—0x,_1),

where the initial conditions satisfy x_; > 0, g > 0 and «, [ and o are the positive
constants. In this paper we will present very unusual results for exponential second
order difference equations. Our results are based on the theorems which hold for
monotone difference equations. Our principal tool is the theory of monotone maps,
and in particular cooperative maps, which guarantee the existence and uniqueness of
the stable and unstable invariant manifolds for the fixed points and periodic points
(see [5]). Consider the difference equation

(1.1) Tpr1 = f(xn,Tpn_1), n=0,1,...,

where f is a continuous and increasing function in both variables. The following result
has been obtained in [1].

Theorem 1.1. Let I C R and let f € C[I x I,1] be a function which increases
in both variables. Then for every solution of (1.1) the subsequences {xo,}o2, and
{Zons1}52 1 of even and odd terms of the solution do exactly one of the following.

(1) Eventually they are both monotonically increasing.
(17) Eventually they are both monotonically decreasing.
(7i1) One of them is monotonically increasing and the other is monotonically de-
creasing.

As a consequence of Theorem 1.1 every bounded solution of (1.1) approaches
either an equilibrium solution or period-two solution and every unbounded solution
is asymptotic to the point at infinity in a monotonic way. Thus the major problem in
dynamics of (1.1) is the problem how to determine the basins of attraction of three
different types of attractors: the equilibrium solutions, minimal period-two solution(s)
and the point(s) at infinity. The following result can be proved by using the techniques
of proof of Theorem 11 in [5].
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Theorem 1.2. Consider (1.1) where f is increasing function in its arguments and
assume that there is no minimal period-two solution. Assume that FEi(x1,y1) and
Es(x9,y9) are two consecutive equilibrium points in North-FEast ordering that satisfy

(21,Y1) Zne (T2, Y2)

and that Fy is a local attractor and Ey is a saddle point or a non-hyperbolic point
with second characteristic root in interval (—1,1), with the neighborhoods where f is
strictly increasing. Then the basin of attraction B(Ey) of Ey is the region below the
global stable manifold W*(Es). More precisely

‘B(El) = {([L’,y) D extsts Yy 1 Y < Yu, ($7yu) S WS(EQ)}

The basin of attraction B(Ey) = W*(Es) is exactly the global stable manifold of Es.
The global stable manifold extend to the boundary of the domain of (1.1). If there
exists a period-two solution, then the end points of the global stable manifold are exactly
the period-two solution.

Now, the theorems that are applied in [5] provided the two continuous curves
W? (E,) (stable manifold) and 'W* (E,) (unstable manifold), both passing through
the point Es(xs,ys) from Theorem 1.2, such that W* (E,) is a graph of decreasing
function and W (E,) is a graph of an increasing function. The curve W* (Es) splits
the first quadrant of initial conditions into two disjoint regions, but we do not know
the explicit form of the curve W* (E,). In this paper we investigate the following
difference equation

(1.2) Tpi1 = aTp_1 + bx,_1exp (cx,_1 + cxy),

where a > 0, b > 0 and ¢ > 0 with non-negative initial conditions, that has infinitely
many period-two solutions and we expose the explicit form of the curve that separates
the first quadrant into two basins of attraction of a locally stable equilibrium point
and of the point at infinity. One of the major problems in the dynamics of monotonic
maps is determining the basin of attraction of the point at infinity and in particular
the boundary of the that basin known as the Julia set. We precisely determined the
Julia set of (1.2) and we obtained the global dynamics in the interior of the Julia set,
which includes all the points for which solutions are not asymptotic to the point at
infinity. It turned out that the Julia set for (1.2) is the union of the stable manifolds of
some saddle equilibrium points, nonhyperbolic equilibrium points or period-two points.
We first list some results needed for the proofs of our theorems. The main result for
studying local stability of equilibria is linearized stability theorem (see Theorem 1.1
in [12]).

Theorem 1.3 (Linearized stability). Consider the difference equation

(13) Tpy1 = f(l’ml'n—l)
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and let & be an equilibrium point of difference equation (1.3) . Let p = % and
q= % denote the partial derivatives of f(u,v) evaluated at the equilibrium Z. Let
A1 and Xy roots of the quadratic equation \*> — p\ — q = 0.
a) If |[\] <1 and |Xo| < 1, then the equilibrium Z is locally asymptotically stable
(sink).
b) If [A\i| > 1 or |Xo| > 1, then the equilibrium T is unstable.
c) |M| <1and|X| <1< |pl <1—q<2. Equilibrium Z is a sink.
d) M| >1and |Xs] > 1< |g| > 1 and |p| < |1 — q|. Equilibrium Z is a repeller.
e) |\ > 1 and |X2| <1< |p| > |1 —q|. Equilibrium T is a saddle point.
f) Ml=1or|X|=1<|p|=|1—-¢q| orq=—1 and |p| < 2. Fquilibrium x is
called a mon-hyperbolic point.

The next theorem (Theorem 1.4.1. in [6]) is a very useful tool in establishing bounds
for the solutions of nonlinear equations in terms of the solutions of equations with
known behaviour.

Theorem 1.4. Let I be an interval of real numbers, let k be a positive integer, and
let F: I*1 — T be a function which is increasing in all its arguments. Assume that
{20300 i {yn ) and {z,}5° . are sequences of real numbers such that

Tna1 SF(ZL’H,...,‘TTL,]Q), n:O,l,...,

Yn+1 :F(yna"'7yn—k)7 n:()al?"'v

Zni1 2F(zn, oo 2nk), n=0,1,...
and

Tn < Yp < z,, forall —k<n<O0.
Then

Tn < Yp < 2n, foralln > 0.

2. MAIN RESULTS

By using Theorem 1.3, we obtained the following result on local stability of the
zero equilibrium of (1.2).

Proposition 2.1. The zero equilibrium of (1.2) is one of the following:

a) locally asymptotically stable if a +b < 1;
b) non-hyperbolic a +b = 1;
c) unstable if a +b > 1.
Set f(x,y) = ay + byexp (cy + cx) and let p = afgi’f) and ¢ = %@’@ denote the
partial derivatives of f(x,y) evaluated at the equilibrium Z. The linearized equation
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at the positive equilibrium z is

Zn4+1 =PZn + qZn-1,
p =bcx exp (2cx),
qg=a+b(1l+ cx)exp (2cx).
Now, in view of Theorem 1.3 we obtain the following results on local stability of the
positive equilibrium of (1.2).
Proposition 2.2. The positive equilibrium of (1.2) is one of the following:
a) locally asymptotically stable if p+q < 1;
b) non-hyperbolic if p+q=1orq—p=1;
c) unstable if p+q > 1;
d) saddle point if p > |q¢ — 1|;
e) repeller if 1l —qg <p<q—1.
Theorem 2.1. Ifa > 1 orb>1 ora+b > 1, then every solution {x,} of (1.2)
satisfies lim x,, = co.
n—oo
Proof. Let bea>1orb> 1, then a+b> 1. If {x,} is a solution of (1.2), then {z,}
satisfies the inequality
Tpi1 =aT,_1 + bry,_qexp (crp_q + cxy)
>ary,1 +br, 1 =(a+b)z,q, n=01,...,

which in view of the result on difference inequalities, see Theorem 1.4, implies that
Ty > Yn, n > 1, where {y,} is a solution of the initial value problem

Yns1 = (@ +0)yYn—1, y1=z_1andyy=mz9, n=0,1,...
Consequently, if xg,xz_1 > 0, then yo,y_1 > 0, y, > 0 for all n, and

T2 o = MVa+b" + 2 (—Va+b)" =12,

where A1, Ay € R such that y,, > 0 for all n, which implies nlgr&) T, = 00. ]

Theorem 2.2. Consider the difference equation (1.2) in the first quadrant of initial
conditions, where a,b,c > 0 and a +b < 1. Then (1.2) has a zero equilibrium and
a unique positive equilibrium T, = 2% In 177“ The line bexp (cy + cx) = 1 — a is the
Julia set and separates the first quadrant into two regions: the region below the given
line is the basin of attraction of point FEy(0,0), the region above the line is the basin
of attraction of the point at infinity and every point on the line except E, (T, z4) is

a period-two solution of (1.2).

Proof. The equilibrium points of (1.2) are the solutions of equation
z(a+ bexp (2¢cx)) = z,

that is equivalent to

(2.1) z(bexp (2cx) +a—1) =0,
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which implies that (2.1) has two equilibria: zero equilibrium and unique positive
equilibrium Z . Since a+b < 1, then by applying Proposition (2.1) the zero equilibrium
is locally asymptotically stable. Denote by f (z,vy) = ay + by exp (cz + cy) and let p
and ¢ denote the partial derivatives of function f (z,y) at point F . By straightforward
calculation we obtain that the following hold:

p+q=a+b(1l+2cx)exp (2cz)

1—
=a+b(l+2cx) ¢

=14+2c(l—a)x >1,
1—-a
b

Hence, by applying Proposition 2.2 the positive equilibrium is an unstable non-
hyperbolic point. Period-two solution u, v satisfies the system

=1

g—p=a+bexp(2ct)=a+b-

u=(a+bexp (cu+ cv))u,
v=(a+bexp(cu+ cv))w.

Obviously, the point (0,0) is solution of the system above, but it is not minimal
period-two solution. Hence, it has to be v > 0 which implies a + bexp (cu + cv) = 1.
Therefore, every point of the set {(z,y) : a + bexp (cx + cy) = 1} is a period-two
solution of (1.2) except point E,. Clearly, the curve g (z,y) = a+bexp (cx + cy) =1
is a graph of the decreasing function in the first quadrant, more precisely that is line
y=—x+1In15% Let {z,} be a solution of (1.2) for initial condition (29,2 ) which
lies below the line g (x,y) = 1. Then

g(zo,x_1) =a+bexp (crog+cr_q) <1,
Tnt1 = G (Tny Tp—1) Tn1
and
r1 =g (vo,r_1) T 1 < T_1,
Ty =g (21, T0) To < g (71, 0) To = g (To, T-1) To < To.
Thus (x9,21) and (xg,z_1) are two points in North-East ordering (x2,z1) <pe

(20, 2_1) which means that the point (z, ;) is also below the curve g (x,y) = 1 and
also holds

g (xo, 1) < 1.
Similarly we find
x3 =g (T9, 1) X1 < 7,
xy =g (3, 72) T2 < g (1, T2) T2 = g (T2, 71) T2 < To.
Continuing on this way we get
(0,0) <ne -+ <pe (T4, 23) <pe (22, 21) <ne (@0, 2-1),

which implies that both subsequences {xs,} and {x,,1} are monotonically decreasing
and bounded below by 0. Since below the line g (z,y) = 1 there are no period-two
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solutions it must be x5, — 0 and x3,,1 — 0. On the other hand, if we consider solution
{z,} of (1.2) for initial condition (xg,z_;) which lies above the line g (x,y) = 1 then
g (zg,x_1) > 1 and by applying the method shown above we obtain the following
condition:

(-1,20) <ne (21, 72) <pe (3, 24) <pe -+
Therefore, both subsequences {z,} and {xs,1} are monotonically increasing, hence
Zop — 00 and To,11 — 00 as N — 00. O

Figure 1 is visual illustration of Theorem 2.2 obtained by using Mathematica 9.0,
with the boundaries of the basins of attraction obtained by using the software package
Dynamica [6].

an 04 1.0 1.5 20 25

FIGURE 1. Case: a=1—¢ 2 b=e¢3 c=1

Theorem 2.3. Consider the difference equation (1.2), where a +b = 1 and initial
conditions x_y1,z9 > 0 such that 2%, + x2 # 0. Then (1.2) has an unique zero
equilibrium and every solution {x,} of (1.2) satisfies Jim @, = oo.

Proof. Assume that a +b = 1 and {x,} is a solution of (1.2). Since 2%, + z # 0,
then exp (c¢z,_1 + cx,) > 1, which implies exp (c¢z,,—1 + cx,) = 1 + a,, where a;, > 0
for all n € N. Then {z,} satisfies the inequality
Tn+1 = Tn-1 (CL + bexp (an—l + an))
> Ty (a+b(1+ay))
=z, 1(a+b+bay,) =z, 1 (1 + bay,)

> Tn-1,
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which implies that both subsequences {5, } and {xs, 1} are monotonically increasing.
Since there is no positive equilibrium point or period-two solution of (1.2) by applying
Theorem 1.1 the both subsequences {xs,} and {3,,1} approache the point at infinity.

O

Now, consider the difference equation of type
(2.2) Tpr1 = Azp_1 + Br,_1exp (Cz,_1 + Dxy,)

in the first quadrant of initial conditions, where the given parameters satisfy conditions
A>0,B>0,C>0,D>0and A+ B < 1. It is easy to show that (2.2) has two

equilibria: zero equilibrium and unique positive equilibrium z, = CJ%DI %.

Proposition 2.3. The zero equilibrium of (2.2) is always locally asymptotically stable.
The positive equilibrium T, = Cj%D In % of (2.2) is one of the following:

a) non-hyperbolic if C =D (orq—p=1);

b) saddle point if C < D (orp>|q—1]|);

c) repeller if C > D (or p < |1 —ql).

Proof. Denote by g (z,y) = Ay+ By exp (Cy + Dx) and let p and ¢ denote the partial
derivatives of function ¢ (x,y) at equilibrium point T of (2.2). By straightforward
calculation we obtain that the following hold:
p(Z,T) = BDZTexp ((C + D)7T),
q(T,7)=A+B(1+Cx)exp((C+ D)T).
Hence, if 7 = 0, then p(0,0) = 0 and ¢ (0,0) = A+ B € (0,1) which implies |p| <
1 —¢g < 2, so by applying Theorem 1.3 the zero equilibrium is locally asymptotically
stable. If T =z, then p(z,,7,) = (lgf[))D IniA = (1 - A) Dz, >0 and
(1-A)C, 1-A _
1 =1 1—A 1.
Clearly, |p|+ ¢ =p+ q > g > 1, which implies, by applying Theorem 1.3, the positive
equilibrium Z, is an unstable. Since A € (0,1) and

g—p=1+1-A4)(C-D)zy,

q(Z4,24) =1+

which yields
C=D=q-p=lep=qg-1&p =[1-gq,
C>D=qg—p>lep<qg—1<|p<|l—q|,
C<D=qg—p<lep>q-—1&|p>]1—gq|.
The rest of proof following from Theorem 1.3. O

Proposition 2.4. (2.2) has prime period-two solution {P1 (0,%11&%),

Py (é In %,O)}. If C > D, then period-two solution is saddle and if C < D,

then the period-two solution is repeller.
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Proof. Assume that (¢,1) is a prime period-two solution of (2.2) and 0 < ¢ < 9.
Then

(2.3) ¢ = Ap + Boexp (Co + D),
=AY+ Byexp (C + Do) .
If =0, then ¢ = 5 In1Z2. Let ¢ > 0. From system (2.3) we find that
(C=D)(¢p—v)=0,

which implies C'= D (¢ # 1), this case has already been considered. Set w,, = z,,_1
and v, = x, and write (2.2) in the equivalent form:

Un+1 = Un,
Upy1 = Au, + Buy, exp (Cuy, + Duy,) .
Let T be the function on [0, 00) x [0, 00) defined by
T (u,v) = (v, Au + Buexp (Cu + Dv)).
Then (¢, 1)) is a fixed point of T2, the second iterate of T'. Furthermore,
T? (u,v) = T (T (u,v))
= (Au+ Buexp (Cu+ Dv), Av+ Bvexp (Cv + D (Au + Buexp (Cu+ Dv)))),
T? (u,v) = (g (u, ), b (u,v)),

where g (u,v) = Au+ Buexp (Cu+ Dv) and h (u,v) = g (v, g (u,v)). Jacobian matrix
Jr2 (¢, 1) evaluated at (¢, ) = (0, %ln %) is given by

29 (1)) 89<¢,w>>
Tre (6.0) =
= (9:9) <§§<¢,w> B (6,)

- A+B(%)6 0
(=D (A+B(IBA)3)1H1; 14 (1— A)ln 154
and
_A\E _A

det(JT(¢,¢)):(A+B(13> <1+(1—A)lnlB >>0,
tr(Jr (6,0) =1+ A+ B 1;4)C+(1—A)1n1_A>1.

Qo /™~

If C'< D, then —1+ A+ B (Y1) > -1+ A+ B (15*) =0 and

tr (Jr (6,9)) — det (Jp (6,9)) = 1— (1 — A) (—H“B(l_BA)C) ml_BA <1
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which yields

[tr (Jr (¢, 4))] < |1+ det (Jr (¢, ¥))].
Then by applying Theorem 1.3 (p = tr (Jr (¢,v)) and ¢ = —det (Jr (¢,7))), the
minimal period-two solution { Py, Py} is repeller. Similarly, if C' > D, then

1—A\© 1—A
1+ A+B(—2 14+ A+B(——2) =
++(B><++(B)o

and
tr (Jr (¢,9)) — det (Jr (¢, ¢)) > 1,
which implies
[tr (Jr (¢, 4))| > |1+ det (Jr (¢, )]
Now, by applying Theorem 1.3 the minimal period-two solution { Py, P»} is saddle. [

Proposition 2.5. Consider the difference equation (2.2) in the first quadrant of
initial conditions, where the given parameters satisfy conditions A >0, B >0, C > 0,
D>0,C#Dand A+ B < 1. Set m = min{C, D} and M = max{C,D}. Then the

global stable manifold of the positive equilibrium is between two lines

(2.4) p1:Bexp(mz+my)=1-—A
and
(2.5) po: Bexp(Mx+ My) =1— A.

Proof. In a view of Proposition 2.3 the zero equilibrium of (2.2) is always locally
asymptotically stable. The theorems applied in [5] provided existence of global stable
manifold W* through the saddle point. If C' < D, then by applying Proposition 2.3
the positive equilibrium z, = m% In % is a saddle point and there exists a global
stable manifold which contains point F,(z,Z). In this case global behavior of (2.2)
is described by Theorem 1.2 where end points of the global stable manifold W* (E, )
are exactly the period-two solution {P;, P»} from Proposition 2.4. If C' > D, then
by applying Proposition 2.3 the positive equilibrium z, is a repeller and in a view of
Proposition 2.4 there exists a prime period-two solution {P;, P,} which is a saddle
point. There are two global stable manifolds W* (P;) and W* (P,), guaranteed by
Theorems 1 and 4 in [13], which contain points P (¢, ) and Pa(1), ¢). In this case the
global behavior of (2.2) is described by Theorem 10 in [2]. Although the Theorems 9
and 10 in [2] have been applied on a polynomial second order difference equation they
are special cases of general Theorems in [5] applied on function f, where f is increasing
function in its arguments. So, the global dynamics of (2.2) is exactly the same as the
global dynamics of equations decribed by Theorems 9 and 10 in [2]. Furthermore,

Tpt1 = Axp_1 + Brp_yexp (Cxy_y + Dxy,) > Az, g + Bxy_q exp (ma,_1 + maxy,)
and

Tpy1 = Axy_1 + Bx,_qexp (Crpo1 + Dxy,) < Axyy + Bx,_1exp(Mz,_1 + Mz,),
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for all n, by applying Theorem 1.4 for solution {x,} of (2.2) the following inequality
holds

Yn < Tp < Zp,

for all n, where {y,} is a solution of the difference equation
(2.6) Ynt1 = AYn—1 + BYyn_1xp (Myn_1 +my,)
and {z,} is a solution of the difference equation

(2.7) Znt1 = Azp 1+ Bzp_1exp (Mz,_1 + Mz,).

Since (2.6) and (2.7) satisfy all conditions of Theorem 2.2 this implies that the
statement of Proposition 2.5 holds. 0

3. CONCLUSION

In this paper we restrict our attention to certain exponential second order difference
equation (1.2). It is important to mention that we have accurately determined the
Julia set of (1.2) and the basins of attractions for the zero equilibrium and the
positive equilibrium point. In general, all theoretical concepts which are very useful in
proving the results of global attractivity of equilibrium points and period-two solutions
only give us existence of global stable manifold(s) whose computation leads to very
uncomfortable calculus (see [3,4]).

Acknowledgements. The authors are very grateful to anonymous reviewers who
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improved this paper.
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