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ESSENTIAL NORM OF GENERALIZED INTEGRATION
OPERATOR BETWEEN ZYGMUND TYPE SPACES

MOSTAFA HASSANLOU'* AND FARIBA ALIGHADR?

ABSTRACT. Considering the generalized integration operator

(cm 1) (2) = / T (o(e))g(e) d,

between two Zygmund type spaces, the essential norm of the operator will be
estimated. Here ¢ is an analytic self-map on D, n € N and g € H(D). As a result,
a criteria for the compactness of the above operator is given in the paper.

1. INTRODUCTION

First we bring some notation and information will be used in the paper. A main
problem concerning composition operator or other classical operators is to relate the
function-theoretic properties of the inducing function of the operator and operator-
theoretic properties of it’s own operator while acts on various Banach spaces of analytic
functions. For example, it is well known that the composition operator C,, is bounded
on the classical Hardy, Bergman and Bloch spaces. See the excellent books [2,13] for
complete study on the composition operators and classical spaces of analytic functions.

Throughout the paper D be the unit disk {z € C: |z| < 1} and H(D) be the space
of all analytic functions on D. Every analytic self-map ¢ of the unit disk DD induces
through composition a linear composition operator C,, from H (D) to itself which is
defined as

Key words and phrases. Boundedness, compactness, essential norm, Zygmund type space, integral
type operator.

2020 Mathematics Subject Classification. Primary: 47B38, 30H30.

DOI

Received: September 24, 2023.

Accepted: April 22, 2024.

767
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The above operator is generalized by Li and Stevi¢ in [7] as follows:

(car) 2) = [ £(pleDale) de, € HD),z €D,

where g € H(D). The following operator is a generalization of C' on the unit disk

2= [ 17e(€)gle) dé, [ € H(D),z €D,

where n € N. If n = 1, then we write C7 , = C9. This integral type operator has
been investigated by many authors, see, e.g., [1, 5 8,19, 20].

Some characterizations of the boundedness, compactness and estimating the essen-
tial norm of generalized integration operators or other classical operators on or into
the Zygmund type spaces can be found in [1,4-7,9-12,19-22].

The class of all f € H(D) N C(D) such that

() 1 (#0) 21 ()

171 = sup g < +o0,

where the supremum is taken over all ¢ € 9D and h > 0, is denoted by Z and called
Zygmund space. The Closed Graph Theorem together [3, Theorem 5.3 implies that
f € Z if and only if

(1.1) sup (1= [2%) | £(2)] < +o0.
z€D
The space Z is a Banach space with the following norm

(1.2) 112 = LFO)] 4+ 17'(0) 4 sup (1 = [2[%) 1/"(2)]

Motivated by the above definition, the Zygmund type space Z,, a > 0, is defined as
the space of all analytic functions f on D for which sup,cp (1 — [2[*)" |f”(2)] < +o0
and the norm on this spaces is

£l = 1£O)] + 17(0) 4 sup (1= =) 11" (2)].

The little Zygmund type space of D, denoted by Z, ¢, is the closed subspace of Z,
consisting of functions f with

lim, (1= )" 17" (=) =0,

Zygmund type spaces can be generalized on the set the functions defined on or
the weight function instead of (1 — |2]?)". We refer, for some researches considered
Zygmund type spaces, to [5-8,11,12,15,19-22].

Also, for o« > 0 the Bloch type space B® is the space of the functions f € H (D)
such that

Ifllse = 1£(0)] +sup (1= [2]?)" | £'(2)] < +o0.
z€D
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The essential of the operator T': X — Y between Banach spaces is the distance of
T from the space of compact operators from X to Y. In other words

[T |le.x—y = inf|[T" = S,

where the infimum is taken all over the compact operators S : X — Y and ||.|| is the
operator norm. The operator is compact if and only if || 7|, x—y = 0.

The aim of the paper is to approximate the essential norm of the operator C
between Zygmund type space Z,. Before that, we characterize bounded generalized
integration operators on these spaces. It should be noted that the operator norm can
be computed from boundedness conditions.

In this paper, for real scalars A and B, the notation < means A < ¢B for some
positive constant ¢. Also, the notation A ~ B means A < B and B < A.

2. BOUNDED OPERATOR

In this section, we first state some facts about functions in Zygmund type spaces
and then characterize the bounded operators. If f € Z,, then

/1]
(2.1) 1f"(2)] < G
(1—1z%)
It is known that for f € B
/]| 5

1f®(2)] <

(1 _ |Z’2)a+k—1 )

where k > 2, see for example [17]. So, for f € Z, we get

) 111l
(2:2) PG S o e

For estimating |f(z)| and |f/(z)| the following lemma is applied, see [4].

Lemma 2.1. For every f € Z, where a > 0 we have
@) [F(2)] < 2511 fllza and [f(2)] < 2111z, for every 0 < o < 1
i) [f/(2)] < 2[|fllzlog =7 and [f(2)] < ||fllz for a = 1;
i) |f'(2)] < =% - Mlza for every o > 1;

(
( a1 )T

(iv) |f(z)] < M%Hﬂ]za, for every 1 < a < 2;
(V) [£(2)] < 2l flz, log 175, for a =2;

(

vi) [f(2)] < (071)2(0172) . (1!{!53,2, for every a > 2.

Because of the above estimations, we divide the results for n > 2 and n = 1.

Theorem 2.1. Let n > 2 and 0 < o, < +o00. Then, Cg , : Zo — Zp is bounded if
and only if

1— 25 ! . 1_ 1B 1
My = sup L PO gl oy A= 1) 1)

a+t+n— r— < 400.
en (1= [p(z))™ zed (1= |p(2)[2)* "7
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Proof. Suppose that CJ  : Z, — Zp is bounded. So there exists a positive constant
C such that for every f € Z,,

1CGgFllzs < Cllfllza-

We prove that M; < 4+o00. The proof of the other one is similar. Since any polynomial
belongs to Z,, by taking the function f;(z) = z" in the above inequality, we obtain

B,
(2.3) Ry =sup (1-[2P)" |g'(2)] < +o0.
zeD
Similarly by using fo(z) = 2", we get
B / /
(2.4) sup (1 — [22)" ¢/ (2)g(2) + ¢(2)g'(2)] < +o0.

z€eD

According to (2.3), (2.4) and boundedness of ¢, we obtain that

B
(2.5) Ry =sup (1-[2P)" |¢'(2)] - |g(2)] < +o0.
z€eD
Fix a € D and define the functions F, as follows
(1— o))’ (1 —a]*)*
26 Fa Z) = C - o )
(26) B =Cr e P )

where Cr = =% and Dp = O‘éﬁﬂ”). It can be checked that F, € Z,, F{™(a) = 0 and

ala+1)---(a+n)
(1 lap)y

F(n+1) (a) —

a

Also, SUD1 _jq|<1 | Fu|z, < +oo. Then, using the boundedness of the operator, we have

1

1€y Faallzy = sup (1= 1) | (€20 Fotw) " ()

> (1-[aP)” |¢ (@)g(@) FSD (o(@)] — (1 = laf?)”
_a(a+ 1) (a+n) (1—|aP)’|¢'(a)] - lg(a)]
(1= lp(a))™"

g (@) F, ()]

Hence,
(1—a]>)’ ¢ (a)] - |g(a)|
2.7 sup P < sup C" F < +00.
(27) a<lplal<t (1= Jp(a)2)* 1/2<\<P(a)\<1|| potemllz
On the other hand
(2.8)

B
(1—lal®)” |¢'(a)] - |g(a)] N
sup e = sup (1—|a]?) [¢'(a)]-|g(a)] < Ry < +o0.
i<z (1= |p(a)2)*™ ! Iw(a)ISI/Q( )
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From (2.7) and (2.8), M; < 4o0. In order to prove My < 400 we use the functions
(L~ Jaf?)’ (L~ o)’

(1-—az)* Y1 —a)™

where C = 5 and Dg = 2. Then, G{*™(a) = 0 and

_ ala+l)-(atn—1)

(1 —[a])*™™

In the rest of the proof is used the same method and do not bring here.
Conversely, suppose that M; and M, are finite. Let f € Z,. The equation (2.2)
implies that

1€ fllzs =1F ()] - L9(0)] + sup (1~ |=f2)’

+9,(Z)f(n)(<,0(z))‘
19(0)]
(11— |¢(O)’2)Oé+n—2
(1— [ |g'(2)]
+s '
;elg (1 — |¢<Z)|2)a+n—2 ||f||za
So, C , + Za — Zp is bounded. )

(2.9) Ga(2) = Cq

¢ (2)g(2) f" ) ((2))

(11227 1'(2)] - 19(2)

|
ey

1fllz. + sup
zeD

Theorem 2.2. Letn =1. Then, CJ = C’éﬁg : Zo — Zp 15 bounded if and only if

o L 2P IRl 2)]
R A e

< 400

and

(i) for0 <a <1, g € B

.. -1

(ii) for o =1, sup,ep (1 — [22)7 ¢/ (2)] log (1 — (=) ?) ™ < +oc,
(1-122) 19/ (2)] < oo
(-l T '

Proof. To prove that M3 < 400, we use the same method as in the proof of Theorem
2.1. Also the proof of part (iii) is similar, take n = 1 in the proof of Theorem 2.1.
Moreover the part (ii) comes from [7] with a simple modification for 5 > 0.

Now suppose that M < 400 and g € B?. Then,

G2 fllzy <la(0)7 (2O +sup (1 = =) I (2)a(2) £ ()
+oup (1= |22)" 19/ (2) (¢ (=)

(1 — |27 ¢ (2)] - |9(2)
(1))

(ili) for a> 1, sup,qp

1

2
<= 19(0)] -
<7190l ||f||za+szlelﬂg



772 M. HASSANLOU AND F. ALIGHADR

sup (1= 1212) 1'2)] - /]

+1_0¢z€ﬂ)

So, €Y : Zo — Zg is bounded. Now we assume that the operator is bounded. We just
prove that g € B” and this comes from applying C9 to the function fy(2) = 2. O

3. ESSENTIAL NORM

In the following theorem we bring an approximation for the essential norm, as a
tool for investigate the compactness of € : 2o — Zg.

Theorem 3.1. Letn > 2 and o, > 0. If O : Zo — Zp is bounded, then

1 — |22 By 1 — |22 By
(31) HC;L,gHe ~ max hm Sup ( |Z| ) |802(i)+||ng(12)|,hm sup ( ’Z‘ ) 2|goﬁ(~i)|2 .
lex)l-1 (1= e(2)[?) le()l-1 (1= [p(2)[?)

As a result of this theorem, we can find a characterization for compactness of the
operator: C7  : Zo — Zg is compact if and only if

i L O] 0 R )]

eI (1= e(2)[2)*" p@1-1 (1= [p(2)[)""
Proof of Theorem 3.1. Define the operator K, : Z, — Z, by K, f = f,, where 0 <
r < 1and f.(z) = f(rz). Then, K, is a compact operator. Let {r;} be a sequence
in (0,1) and r; = 1 as j — +00. So Cy Ky, is compact Z, — Zg. Let f € Z, and
| fllz. < 1. Then,

“(O;L,g - Cz,gK’f"]‘)fHZB
=g |(£ = 1) (o(0)

o (1= )

=0.

e (OO 4)" o)
s (1B @I o) (7 - )" (01)
b s (1-BP) @I (- 5,) " )

le(z)|<rn

)

+ s (1= P) G [(F - 1) (o)

le(2)[>rn

where N € N such that r; > 2/3 for j > N. Since f,, — f uniformly on compact
subsets of D, then

timsup g(0)| | ( = £,)" (p(0))] = 0

Jj—+oo
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and also

imsup swp (1= 1) G o (7= 5,) " (0

J—=too |o(2)|<rn

(F= 1) (el =0

<R,limsup sup
j=too [p(2)|<rn

and

limsup sup (1 - ]Z\z)ﬁ 19'(2)] - (f - fq)w (‘P(Z))‘

J=rtoo |p(z)|<rn

<R;limsup sup
J=too fp(z)|<ry

(n)
(7= 1) ()] =0,
where R; and Ry come from equations (2.3) and (2.5). So, we have

limsup [|(C7, — CF Ky, 2,

J—r+too

<limsup sup (1—|z]2)5]90’(2)\ lg(2)] - ‘(f fr;) nH( (2))'

Jj—=+oo |e(2)|>rN

+ limsup sup (1 — ]Z|2)ﬁ 19'(2)] - ‘(f - frj)(n) (SO(Z))‘

J—=+oo |p(2)|>rN

1 — 2\8 / .
<2limsup sup ( |Z‘> ’gp iZan’gl(Z)l
i—too Jez)>rn (1= |@(2)[?)
1 _ 2 B /
+ 2limsup sup ( 12) |g(14(j)_|2
i=too fe(x)>ra (1= |@(2)]?)

Definition of essential norm implies that

1CGglle <limsup [|CZ, — CF Ko |
Jj—+oo

lim sup S (C3g — Coghri) fllzs
DL o L T I U E O LT

el-1 (L= lp(z)H)" w1 (1= [p(2))*"
and the upper bound for the essential norm finds. In order to prove the lower bound,
let {2z} be a sequence in D such that |p(zx)] — 1, & — +o0o. We use the sequence
of functions fi(2) = Fy(:,)(2) as in (2.6). Then, {f;} is bounded and converges to
zero uniformly on compact subsets of D. Moreover, supy || x|z, < +00. So for any
compact operator K : Z, — Zg we have

€2y = K= limsup (€, = K)fel

>hmsup|| ofkllzs — likmiup“kaHZg
— 400

k—+

—tim sup €2, il
k——+o0



774 M. HASSANLOU AND F. ALIGHADR

>timsup (1 - 24/2)” |/ ()| - gz - [ A7 ()|

k——+o0
1 _ 2\8 / .
imsup L 120 lg(e)
k—+o0 (1 - |90(zk)|2>

Hence,

_ NP .
ICm e = infl|C?, — K| = Timsup (L1212 - Jg(z)
" el (1= e(2)]2)

If we use the sequence gi(2) = Gy(.,)(2) as in (2.9), then it can be obtained

(1—12%)71g'(2)|
a+n—2"

ICZ ||e = lim sup
P T e@l-1 (1= e(2)]?)

Now the proof of theorem is completed. O
In the case n = 1, the following theorem can be applied.
Theorem 3.2. Let o, 5> 0. If C9: 2o — Zg is bounded, then the following hold.
(i) If0 < < 1, then

1 — |22 By ‘
€8,  timsup L 1P 9G]
lo(2)|—1 (1 — |QO(Z)| )

(ii) If « =1, then
. B -1
9| lim SUP|p(2)|—1 (T =127 |g'(2)[log (1 = |p(2)])
1CZlle ~ max . (1-1212) 1 ()] | (2)]
T SUP|o(2)| -1 1—[p(2)[?

(ili) If a > 1, then

a—1

1 — 2\8 / A
1CY]le ~ max { lim sup (L= =) e (2)2| a|g(z) , lim sup
lo(z)|—1 (1—le(2)]?) lz)-1 (1= lo(2)]?)

(=17 ly'(2)] } |

Proof. (i) The upper bound can be obtained from the proof of Theorem 3.1 using
Lemma 2.1 and the lower bound can be obtained from the proof of Theorem 3.1.

(ii) The upper bound can be obtained from the proof of Theorem 3.1 using Lemma
2.1 and the lower bound can be obtained from the proof of Theorem 3.1 using the
functions fi(2) = Fy(s,)(2) and

2 -1
o(zr)z — 1 ( 1 1
ge(2) = ——— |(l+log——| +1| |log—F] .
v (21) 1 —p(z)2 1 — Jo(zr)?
(iii) The proof is similar to the proof of Theorem 3.1. O

As a result, we can find a characterization for compactness. The operator C¥ :
Zo — Zp is compact if and only if
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i) 0<a<l:
1— 2\8 / .
e L O )] _
lo()|1 (L= 1le(2)?)
(i) a = 1:
. B -1
limsup (1 — |2[*)" |¢/(2)|log (1 — ¢(2)*) =0,
le(2)|—1
_ 2\B | .
e LV L o]
lp()l 1 1 —J(z)]
which is Theorem 6 of [7], 5 = 1;
(ili)) o > 1:

N € e ) K | e ¢ e 1 D M ]
S T @ s T

Remark 3.1. Let g(2) = ¢/(z). Then, (Cgf) (2) = 5 f(w(&)¢' (&) d¢ = C,f(2), the
composition operator. So, the essential norm and also characterization for compactness
of composition operator C, : Z, — Zs can be obtained which is known in the
literature.

= 0.
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