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THE WEIGHTED HOLOMORPHIC INTERPOLATIVE IDEAL
M. G. CABRERA-PADILLA, E. DAHIA, AND A. JIMENEZ-VARGAS

ABSTRACT. Building upon the interpolative ideal procedure of Matter [13] for linear
operators, we introduce the concept of interpolative ideals of a weighted holomorphic
ideal 37", For o € [0,1), we prove that the resulting ideal (J7¢7), is an injective
weighted holomorphic ideal which is located between the injective hull and the
closed injective hull of 770", We apply this interpolation procedure to weighted
holomorphic ideals generated by the methods of composition and dual. In particular,
a domination theorem of Pietsch type is established for weighted holomorphic ideals
induced by composition with p-summing operators ideals.

1. INTRODUCTION

Let £ and F be complex Banach spaces and let U be an open subset of E. Let
H(U, F) be the space of all holomorphic mappings from U into F. A weight v on
U is a (strictly) positive continuous function. The space of weighted holomorphic
mappings, denoted by H°(U, F'), is the Banach space of all mappings f € H(U, F)
such that

11, = sup{o(@)[[f(2)]| : . € U} < +o0,
under the weighted supremum norm || - ||,. For simplicity, we write H°(U) instead
of H°(U,C). For complete information about these function spaces, the interested
reader can consult the survey by Bonet [2] and the references therein.

Recently, the study of weighted holomorphic ideals was initiated in [4] (see also [5]
for the special case of bounded holomorphic ideals). This research was continued in
[9] with the introduction of the so-called injective procedure to generate new weighted
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holomorphic ideals, embodied in the concepts of the injective hull and the closed
injective hull of an ideal of weighted holomorphic mappings.

These studies find their motivation in the extensive literature on operator ideals, the
starting point of which is the famous monograph [16] by Pietsch. Another procedure
for generating operator ideals, closely related to the previous one, is the so-called
interpolative procedure, which was introduced by Matter [13,14] and later further
developed by Jarchow and Matter [8]. This method has also proven to be very
productive in other contexts to generate new function ideals, such as in [17] by Saleh
and [18] by Achour, Dahia and Yahi for spaces of Lipschitz functions, in [10] by
Manzano, Rueda and Sanchez-Pérez for spaces of multilinear operators and in [11] by
Mastyto and [12] by Mastylto and Szwedek for Banach operator ideals.

Our aim in this paper is to extend Matter’s interpolative procedure to the setting of
Fe-spaces. We now describe the content of this paper. Given a weighted holomorphic
ideal J%" and o € [0,1), we find that the interpolative ideal (J7¢7), is an injective
weighted holomorphic ideal that lies between the injective hull and the closed injective
hull of J7&°. This fact requires the application of a version for weighted holomorphic
mappings, stated in [9], of a well-known description of the closed injective hull of
an operator ideal in terms of an Ehrling-type inequality [6], given by Jarchow and
Pelezynski in [7].

We describe the form of interpolative ideals of weighted holomorphic ideals gen-
erated by composition with an operator ideal. Using this description, we can also
determine the form of the interpolative ideals of the dual weighted holomorphic ideal
of an operator ideal J. Interpolative ideals of weighted holomorphic ideals, induced by
composition with the classical ideal of p-summing operators [15,16], deserve special at-
tention, since such interpolative ideals are characterized by a Pietsch-type domination

property.

2. RESULTS

By [4, Definition 2.4], a Banach weighted holomorphic ideal is an assignment
377 ||+ ||y2c= | associating every pair (U, F'), where E is a complex Banach space, U is an
open subset of E and F is a complex Banach space, with a set 3°% (U, F') C H>(U, F)
equipped with a function || - ||y : 7% (U, F) — R that satisfies the following con-
ditions.

(P1) (3% (U, F),|| - |lge=) is a Banach space with ||f|l, < ||f]lyoc for all f €
T (U, F).

(P2) Given h € H°(U) and y € F, the map h-y: 2z € U — h(z)y € F is in
U, F), with [|B-yllpee = [[B]lu ]yl

(P3) [The ideal property] If V' is an open subset of £ such that V' C U, h € H(V,U),
with ¢,(h) := sup,ey (v(z)/v(h(z))) < +o0, f € (U, F) and T € L(F,G),
where G is a complex Banach space, then T o f o h € J°%°(V, @), with
[T f o hlljoee < T [[f lgeee co(R)-
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A Banach weighted holomorphic ideal [J7%°, || - || ;] is said to be:

(I) injective if for any map f € HP(U, F), any complex Banach space G and
any into linear isometry t: ' — G, one has f € 7% (U, F), with || f| g =
|l o fllyse whenever vo f € 7% (U, G).
We now introduce the method of interpolation in the setting of weighted holomor-
phic mappings.

Definition 2.1. Let U be an open subset of a complex Banach space F, let v be a
weight on U and let F' be a complex Banach space. For a Banach weighted holomorphic
ideal [J7%7, || - ||l 9] and 0 < o < 1, a map f € H°(U, F) belongs to (%), (U, F) if
there exists a complex Banach space G and a map g € 7% (U, G) such that

Z Aiv(w;) f ()

l1—0o n o
)
i=1 i=1

forallm € N, \,...,\, € Cand z1,...,2, € U. For each f € (J%%"),(U, F), denote
1f llgocsey, = inf {Ilgllye }

where the infimum is taken over all complex Banach spaces G and all maps g €
I (U, Q) satisfying the inequality above.

n n

> Aw(xi)g(x)

=1

<

In the following, unless otherwise specified, ' denotes a complex Banach space, U
an open subset of E, v a weight on U and F' a complex Banach space.

In this paper we will use the standard Banach space notation. The symbol £L(E, F)
denotes the Banach space of all bounded linear operators from E to F', equipped with
the canonical norm of the operator. E* and Bg represent the dual space and the
closed unit ball of F, respectively.

Given Banach weighted holomorphic ideals {Jf}fgo - HJC}C1C)’°:| and [39{30 -l Hacgo}, we
write

[T e | <[5 11 o
to indicate that for any complex Banach space F, any open set U C E and any
complex Banach space F, we have 7% (U, F) C 3% (U, F) with || f|l e < || f o
for f € 3% (U, F).

Proposition 2.1. Let {3%30, | - ||j}cgo} be a Banach weighted holomorphic ideal and

0 <o < 1. Then, [(3%30)0, l| - ”(3“50)0] is an injective Banach weighted holomorphic
itdeal such that

ER R R G R

Proof. Through this proof, let f € (°%"), (U, F). Then, we can take a complex Banach
space G and a map g € I (U, G) such that
l1-o n o
g
i=1

n

> () g(zs)

=1

<

f:lAz-vm)f(xi)
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foralln e N, Aq,..., A\, € Cand z1,...,2, € U.
(P1) In particular, we have

v(@) [1f (@)l < (@) lg@)ID)"™ < Hlgll,™ < llgllyac

for all z € U. Hence, f € H°(U, F) with || f]|, < HgH;{(go, and taking the infimum
over all such G’s and g’s, we conclude that || f[[, < || f[[ o),

IE || fllgoesey, = 0, then | f[|, = 0 by the preceding inequality, and thus f = 0.
We will now prove the triangle inequality for || - [y, . For j = 1,2, take a map

n

fi € (3°%7),(U, F), a complex Banach space G;, and a map g; € 3% (U, G;) satisfying
> Aw(a) f(i)

l1-0o n o
(Z |Ai|)
=1 i=1

forall n € N, Ay,...,\, € Cand zy,...,2, € U. Let G = (G; ® Ga)y,, and let
I;: G; — G be the canonical injection. Clearly, g = Y7, ||g;llpte (Ij 0 g;) is in

n

> (i) gs(a:)

=1

<

F(U, G) with [|glpee < X7, | gj||;§§o. An application of Hélder’s inequality yields

o[

> ot (3 1)

=1

l—0o

2 il Aiv(wi)g; (i)

lg; 7=
GJ

l-0o
Gj>

n o l1-0o 2 g
(ZM |) (z ||gj||;;§o) |
=1 ¢\l

forallm e N, A,...,\, € Cand xy,...,x, € U. Thus, Z?:l f; € (3°%7),(U, F) with

-

195|350 Aiv (i) g (s)
1

> I |)U (Z

X
PR
e
S
=
i
g9
~—
Q -~
I

n

> Aw(ai)g(a:)

=1

‘ (Z ||gj||37f°°) lglljoct < Z 19l goc5 -
(17%)o
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Passing to the infimum over all such G, G5 and ¢, g» gives

2
> f;

J=1

2
< Z Hfj“(g?f%")(, :
j=1

@,

Let A € C. Clearly,

n

o dv(@) (Af)(:)

i=1

n

3 No(a) (A7 g) ()

i=1

< - (f:|>\i|>o

i=1

and since )\ﬁg € I (U, G), we have \f € (0°%7),(U, F), with

1 jl-e l1—0o
Mgy, < A0l = AT gl

For A = 0, we obtain |[Af|ge) = 0 = [A] || f][gpee),. For A # 0, we deduce that
1
MUy, < A Ifllgoeey,- Hence, |[fllgoesy, < AT IAfllgoese),,  so,
RY ||f||(j?f8°)[, < ||>‘f||(39f5°)57 and thus, ||)‘f||(39f8°)[, = [Al ||f||(39f$°)(,- Therefore,
(375, (U, F), || - |7y, ) 1s @ normed space.
To prove its completeness, let (f,)m>1 be a sequence in (J%7), (U, F) for which

+o0
> Ml goeey, < +oo.
m=1

Since || - [lo < || - [} goee, on (P, (U, F) and (H2(U, F), || - ||,) is a Banach space,
there exists fo € H®(U, F) such that > f,. = fo for || - ||,. We will prove that
Sk fn = fo for || - |50y, - Let € >0, and for each m € N, we can take a complex
Banach space G, and a map g,, € 3% (U, G,,) for which

- (i: ’M)”’

i=1

n

D) fn(:)

i=1

n

> i) gm ()

i=1

<

foralln e N, A\q,...,\, € Cand x4,...,2, € U, with

£

l1—0o
||9m||g?f8° < ||fm||(3”f8°)a + om”

Then,

+oo ) too
Y Ngmllised < D2 M fmll gy, +e
m=1 m=1
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Let g = 02 || gmlpstee (Imogm) € 7% (U, G), where G = (6,,2,Gyp)p, and Iy 0 Gy —
G is the natural inclusion. Hence, we have

i)\ﬂ)(% (Z fm> )| = ii)\iv(xi)fm(xi)

S A1) ()

=1

Z)\ (1) g (1) - (an \M)J

i=1

“+o0o
<2

m=1

=<i e

o)

n l1-0o

DI N gmllstee Aiv(w) g (25)

=1

Gm

1-0o
Gm)

o0 g
(z ||gm|\;;§o) |
m=1

X Nl gmll5aee

<(smi) (f

=1 m=1

ey 1—0 7
. (Z ||gm||f,mo)

- (xm)

forallm € N, Ay,...,\, € Cand zy,...,z, € U. This implies that fo = >+ f. €
(3%, (U, F) with

n

> N gmllgstee Ao (@) gm ()

i=1

1—0o

Z v(w;)g(7;)

=1

G

+oo
< (Z ||gm||;;§o> lolling < z lomllg < Z ll ey, + ¢,
m=1

(075,

and by letting ¢ approach zero, we obtain HZ;OOI me 0, <3Sk ] fm||(39cgo)

Moreover, we have

m +oo “+o00
fO_ka Z fk < Z ”fk“(j?f%")(,a
k=1 (jﬂfv Vo k=m+1 (jﬂcgo)a k=m+1

for all m € N, and thus 3% f,, = fo for || - [[goeze, -
(P2) Let h € H*(U) and y € F. Clearly, h-y € H°(U, F) with ||h-yll, = [|h]]|]y]]-
Assume h # 0. By the ideal property of I the function g := h/||hl|, = k- (1/||h]|,)
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is in J°%°(U,C). For alln € N, A\,...,\, € C and z1,..., 2, € U, it holds that

n l1—-0o o

> Aw(i)(h-y) ()| =

=1

g(z;)

i Aiv(x)g(x

()

and so h-y € (377)o (U, F) with [[h -y goce), < [ 2llu]lyl]. Since [2flo[lyl] = 7 yll, <
17 Yl goczey,» by (P1), we have that [[A - yl| o), = [[Allo]ly]-

(P3) Let V' be an open subset of E such that V' C U, h € H(V,U) with ¢,(h) < 400
and T' € L(F, H), where H is a complex Banach space. We have

[ (S ><xi>)\|

<|IT| Z:l/\zv z;)(f o h)(w;)

(i)

Z)\v z;)(T o foh)(x;)

=1

_ -~ v(i) , |
T [ A h(x»)f(h(az»)”

i=1

l1-0o

<[5 N o) h)

e >>
CE)

(
|Ai
<Z (:))
Z)\ v(x;)(goh)(x;)
i=1
forallm € N, \j,...,\, € Cand x1,...,7, € V. Note that go h € 7 (V, @), with
g 0 Al < HgHchoc c,(h) due to the ideal property of %", Therefore, T o foh €
(357) o (V, H), with

<7l eu(h

IT 0 f o hll ey, S| Tl eo(R)” llg © hllacE < 1Tl eo(R)” gl co(R)'
=Tl llglljoc co(h)-

Passing to the infimum over all such G’s and g¢’s, we deduce that |70 f o hl| guge) <

||T|| Hf” (996°), € v( )
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(I) Let t: I — G be an into linear isometry. Assume that to f € (I°%7), (U, G).
Hence, there is a complex Banach space H and a map h € 7% (U, H) such that

= b(gkiv(ﬂﬁi)f(xi))‘
- iwmuof)(m
< g)\iv(mi)h(xi) - (élM)g,

for all n € N, A\j,...,\, € C and 4,...,2, € U, and thus f € (%), (U, F)
with || f[] ooy, < ||h||;§f§o By taking the infimum over all such H’s and h’s yields

n

> Al f (i)

i=1

[fllgreeey, < [leo fllgoeze), - The reverse inequality can be obtained by applying (P3).
Finally, we prove the last inequality in the statement. Let f € J%% (U, F). Given
neN, A,....\, € Cand xy,...,2, € U, we have

> Ao f ()

n l1—0o o

> Aiv(w) f ()

i=1

n

> () f ()

i=1

T (Z w) |

=1

<

lexivm)fm)

Hence, [ € (I"7),(U, F) with [|[fl|gee), < 171, and thus [[f]gee), <

1/ llgocze 0

Let Pg{go, IE ||39f;30} be a Banach weighted holomorphic ideal. By [9, Proposition 2.1],
there exists a unique smallest injective Banach weighted holomorphic ideal, called the
injective hull of [Jmo, |- ||jf7{8°:| and denoted by [(Jﬁgc)mj, | - ||(jycgo)mj}, satisfying that

T ] < [ e o

Note that for ¢ = 0, we have [(J7%7)" || - (o5 yins] = [(T7%),, ]| - [z, ] by [9,
Theorem 2.1].

Given a weighted holomorphic ideal 3% a map f € HX(U, F) is said to belong to
the closure of %7 (U, F) in (H(U, F), || - ||»), and it is denoted by f € I (U, F') if
there exists a sequence (f,),>1 in 7% (U, F') such that lim,,_, 1o || fn — fllo = 0. By [9,
Proposition 2.4], J7¢ is a weighted holomorphic ideal containing J°%". The injective
hull of the ideal J7& is denoted by (J7¢)" and is called the closed injective hull
of J77,

We now present a variant of a well-known result in the linear setting, attributed to
Matter (see [13, Proposition 3.3]), adapted for weighted holomorphic mappings. We
need to recall some facts about the linearization of weighted holomorphic maps.

Following [1, 3], 9°(U) is the space of all linear functionals on H°(U) whose
restriction to By (ry is continuous for the compact-open topology.




THE WEIGHTED HOLOMORPHIC INTERPOLATIVE IDEAL 87

Theorem 2.1 ([1,3]). Let U be an open set of a complex Banach space E and v be a
weight on U.

(1) 9°(U) is a closed subspace of H°(U)* and the mapping J,: HP(U) —
XU, given by J(F)(6) = 6(f) for & € G(U) and f € (), is
an isometric isomorphism.

(17) For each x € U, the functional 6,: HX(U) — C, defined by 0.(f) = f(z) for
feHXW), is in §°(U).

(7ii) The mapping A,: U — G°(U) given by A,(x) = 6, is in H°(U, G3°(U)) with
1A, < 1.
(iv) G3°(U) = lin(Atgee (1)) C H°(U)*, where Atgeowy = {v(2)dy: x € U}.
(v) For each ¢ € lin(Atge (1)), we have

n

o) = mf{zw b= ;wxi)(sﬁ}.

i=1
(vi) For every complex Banach space F and every mapping f € H°(U, F), there
ezists a unique operator Ty € L(G°(U), F) such that Ty o A, = f. Further-
more, Ty = 7],
(vii) For each f € HX(U, F), the mapping f': F* — H°(U), defined by f*(y*) =
y*o f for ally* € F*, is in L(F*, HX(U)) with || f]| = || fI,- O
Theorem 2.2. Let [59{307 |- ”ngo] be a Banach weighted holomorphic ideal.
(1) If 0 < 01 < 09 < 1, then

[(3%50)017 || ’ ||(39{80)01:| < [(j}cgo)az’ || ’ ||(j%go)02]
(17) If 0 <o < 1, then
[(j}fgo)mj, || . ||(3}(3°)mj} < [(Jg{go)m H ’ ||(3}cgo)a] < [(jg{iﬁo)mj’ H ' ||(39{50)mj}'

(ZZZ) If0 < oy,09 <1, then

01+U2*U102} ’

<

{((3%30)01)027 || ) ||((J“3°)01)02} < {(j%3c>01+02701027 || ) H(J“%o)

Proof. (i) Let f € (°%7),, (U, F). Take a complex Banach space G and a map
g € %" (U,G) so that

n n 1—01 n o1

> div(wi) f (i) > Aw(zi)g(zi) <Z |/\z|> ;

i=1 i=1 i—1
foralln e N, A\q,..., A\, € Cand x4,...,2, € U. Since

1—01

n l—o9+02—01

; Aiv(zi)g(xi)

> Aiw(xi)g(w:)

i=1

ﬁ:l)\iv(%)g(%)

1—
<

o2 n 02—01
lgllz" (Zw) |
=1
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it follows that

n 1—o09

;)\z‘v(wi)g(%) lglly>" (i |/\i|>

Hence, f € (I%)oy (U F) and |fllpoeey,, < Nl gl < Ngllind. Taking
infimum over all such G’s and g’s, we conclude that || f|| ey < ||fl| oy,

<

(#7) The first inequality follows from Proposition 2.1 and [9, Proposition 2.1]. For
the second, we will develop an argument used in the proof of [13, Proposition 3.3].
Firstly, if o = 0, then the first inequality is in fact an equality by [9, Theorem 2.1],
and the second follows from [9, Proposition 2.2 (2)].

Secondly, assume 0 < o < 1 and let f € (J%7),(U, F). Hence there is a complex
Banach space G and a map g € J°% (U, G) such that

-0 / n o
SPIEVIEN] ) SEVIERES) IO 9IPY)

foralln € N, A\j,...,\, € Cand zy,...,2, € U. Fixn €N, A\,...,\, € C and
x1,...,2T, € U and suppose that \; # 0 for some ¢ € {1,...,n} (otherwise, there is
nothing to prove as we will see at once), and define the function ¢: R™ — R* by

f:lxivm)g(x

n n

<

dle) =e 1

W+ed Nl e>0.
=1

Clearly, ¢ is derivable and

n

> No(z

i=1

(&)=~

)|+ D[N, e>0.

Moreover, ¢'(g1) = 0, and given £ > 0, it is easy to show that ¢'(¢) < 0 if and only if
€ < &1, where

[ = ( oIS, Aw(a:i)g(xi)H)l
l—0o ity Al

Therefore, ¢(e1) < ¢(¢e) for all € > 0. An easy calculation gives

l1-0o n o
Z Aiv(x;)g (Z |>\z‘> )
=1

z": Xiv(z;)g(x

=1

¢(e1) = (1 — o)l

and thus,

l1-0o n o
Z)\U x;)g <Z|)\Z|> <e Te
=1

for all € > 0. Since 0°(1 — 0)'77 < 1, it follows that

z": Aiv(x;)g(x

=1

) +€Z|)‘Z|7
=1

0‘7(1—01 4

< g 1o

)| eIl
i=1
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for all € > 0. Now, by applying [9, Corollary 2.11], we deduce that f € (J7)"m,
Moreover, we claim that || f|| Ty S HgHj}coo and taking the infimum over all such

inj

| Fying < < [[fllgeey, - In order to prove our claim,

- (i |M>U

i=1

G’s and g’s, we conclude that | f
note that

n

> () f ()

i=1

n

> Aiw(xi)g(w)

i=1

gmﬁ%iu@HKiMQU
=1 =1

n

< llgllgocg > Al -

=1

<

Taking the infimum over all representations of Y. ; A\;v(x;)d,,, Theorem 2.1 (v) yields

n

> dv(as) f ()

i=1

n

Z Aiv ()0, | -

=1

< [lglljocf

In light of Theorem 2.1 (i) and Property (P2) in the definition of a weighted holo-
morphic ideal, the Hahn-Banach theorem now provides a function h € H*(U) =
977U, C) with ||h||gce = [|h]], < 1 such that

h) (; )\Z-v(:ci)dxi> | -

Z/\ v(x;)h(x;)] .

=1

n

i=1

n

i=1

)

hence

Z)\v () f

)| < glltz
Thus, [9, Theorem 2.1] gives ||l size .., < 913 [hllpuse < llglli  as required.

(i) Let f € ((3°%7),,)s, (U, F). Hence, there is a complex Banach space G' and a
map g € (I°%7),, (U, G) so that
1—09 n o9

=1

i Aiv(z;) f(x

< i)\iv(:vi)g(:v

foralln € N, A\q,...,\, € Cand z,...,2, € U. Choose a complex Banach space H
and a map h € 3% (U, H) such that
1—01 n o1
)
i=1

n

> dv(z)g(ws)

=1

n

=1

<
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foralln e N, Ay,... ;A\, € Cand xy,...,2, € U. We have

n (1-01)(1-02) / n (1-o2)o1 / n o2
3 Aol h(e) () ()
=1

i=1 =1

1—(o14+02—0102) / n o1+02—0102
) () .

=1

n

Z Ao () f(x

=1

= zn:l)\iv(xi)h(x

Hence, f € (I7%) g, 400010, (U, F') and

||h||1 (o14+02—0102) _ ||hH(1 o1)(1— 0'2) .

Il gy, o< s

First, taking the infimum over all H’s and h’s, we obtain

1—
1 llgeeey,, s o < ol

Next, passing to the infimum over all G’s and g¢’s, we conclude that
||fH(J%8°) < Hf”((ﬁC

o1+o2—0103

O

According to [4, Definition 2.5], given a Banach operator ideal [J, || - ||5], a map
f € HX(U, F) belongs to the composition ideal J o H°(U, F) if there exist a complex
Banach space G, an operator 7' € J(G,F) and a map g € HX(U,G) such that
f=Tog. For f € ToHX(U, F), we set

1 Fllgoscze = LTl [lgll, 3 »

by taking the infimum over all factorizations of f. By [4, Corollary 2.8],
[J o || - ||gog{5<>} is a Banach weighted holomorphic ideal.

Our next purpose is to apply the interpolative procedure to the weighted holomor-
phic ideals of composition type.

Theorem 2.3. Let [J, || - Hg} be a Banach operator ideal and 0 < o < 1. Then,

(90 HX)o | Nlgoreze). | = [T 0 HZ - llayoncse .

Proof. Let f € (JoH),(U, F). Take a complex Banach space G and a map g €
Z Aiv(z;) f (i) Z Aiv(z;)g ()

Jo HP (U, G) such that
l1-0o n o
=1 =1 =1

foralln € Ny Aq,...,\, € Cand z4,...,2, € U. In the light of Theorem 2.1 (vi),

this means that
i=1

i=1
for all Y7 4 Av(2)0,, € lin(Atge(y). Since §°(U) = lin(Atge(ry) € HZ(U)*, by
Theorem 2.1 (iv), we deduce that ||Ty(@)|| < || T,(#)||'7 |6]|” for all ¢ € G°(U).

<

l1-0 o

Y
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Taking into account that T, € J(§3°(U), G) with ||Ty||; = ||glljos¢ by [4, Theorem 2.7],
we obtain that T}y € J,(5°(U), F) with [|Ty[, < HTQH;*‘7 = ||gllsorre- Hence, f €
Jo 0 H(U, F) and | fll, ogee = 1 Tll5, < 1 fllgogcse, by taking infimum over all such
G’s and g’s.

Conversely, let f € I, 0o H°(U, F). Hence, there exists a complex Banach space G,
a map g € HX(U,G) and an operator T' € J,(G, F') such that f =T o g. Moreover,
by [13, Definition 3.1], we can find a complex Banach space H and an operator
S € J(G, H) such that [|T)| < [|SW)|I"7 |ly||” for all y € G. We have

> o) )| = |7 (S vwwiaten )|

S (;ng /\iv(:vi)g(xi)>

1—0o o

<

f:l%v(%)g(fi)
7 (Z w) |

i=1

n

D Aw(i)(S o g)(w:)

i=1

foralln € N, Aq,...,\, € Cand zy,...,2, € U. Since Sog € Jo HX(U, H), it
follows that f € (Jo H®), (U, F) and

1F lgesczey, < Ngl7 1S © gllsogte < Nlgll, 1511377

Now, taking the infimum over all such H’s and S’s, we deduce that ||f|| josec), <

< g7

1gll, I T[]y, Finally, [ £l geges), < Ifll5, 03 Py taking the infimum over all factoriza-

tions of f as above. O
In view of Sections 4.4 and 8.2 in [16], given a Banach operator ideal [J, | - [|5], the
components

Jual(p F) .= {T € L(E,F): T* € J(F*,E")},
for any Banach spaces F and F', under the norm
[T llgawar = [T*[ly, T € I"NE, F),

define a Banach operator ideal denoted by [J4u! || - ||;4] and called dual ideal of J.
Similarly, according to [9, Definition 2.2] and using Theorem 2.1 (vii), the compo-
nents

jﬂ{f}o-dualaj’ F) — {f c j—(?([j} F) ft € j(F*,j‘fio}O(U))}a

where E and F' are complex Banach spaces, U is an open subset of F and v is a weight
on U, under the norm

£ llgpeze-auar = 11/ 15, f € FE0N(U, F),

jf}(fjo-dual, ||

generate a Banach weighted holomorphic ideal, [ . ||jf}f8°-dual:|7 known as the

dual weighted holomorphic ideal of [3, | - M
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Corollary 2.1. Let {J, | - ||CJ] be a Banach operator ideal and 0 < o < 1. Assume

that (3%, = (J,)%al (for sufficient conditions under which this equality holds, see
8, p. 48]). Then,

[(jﬂ{g"—dual)m H . H(J&C%O-dual)d} _ [(ja>9f2°—dual’ H . H(JU)“?)O'd“al}‘

Proof. Applying [9, Theorem 2.4], Theorem 2.3, and [9, Theorem 2.4] again, we obtain,
respectively, that

Rﬁ*wm»w-mﬁpme::@@mowwkmrMWMﬁwg
= (0% 0 3T | gy, o5 |
= [(0) ™ 0T, |+l youmonese |
- ( U)wc dual || ||(jd)9{g°'d“al}- O

Let us recall [15,16] that an operator T € L(E, F) is p-summing with 1 < p < 400
if there exists a constant C' > 0 such that

S irelr) <c sp ()
(Bimeor) =c oy (Swcor)

meE*zl

foralln € Nand zy,...,2, € E. The infimum of such constants C', denoted by 7,(T)
induces a complete norm on the linear space, IL,(E, F'), of all p-summing operators
from FE into F.

Since H°(U) is a dual Banach space by Theorem 2.1 (i), it can be equipped with
its weak™® topology. We denote by P(Bs (1)) the set of all Borel regular probability
measures ft on (B, w*).

We now characterize the members of the interpolative hull of the composition ideal
IT,,0H;° in terms of a domination inequality of Pietsch type and an inequality involved
summability.

Corollary 2.2. Let p € [1,4+00) and o € [0,1). For f € HX(U, F), the following are
equivalent.

(i) £ € (T, 0 32, (U, F).

(i1) (Pietsch domination). There are a constant C° > 0 and a measure |1 €

P (Bj{go(y)) such that

n
<C /
Byezo )

; Aiv(zi)g(xi)

p l1—0o
p

- (i; !M)g) N du(g) |

foralln e N, \,.... N\, €Cand x4,...,z, € U.
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(i13) There exists a constant C > 0 such that

m | n 2N\
(E: Do Av(zi) f () )
j=11li=1
m | n l1-0o n o % I_TU
<C'| sup (Z > div(wi)g(x;) (Zl&'ﬂ)) ;
9€Bycow) \j=1li=1 i=1

forallneN,1<i:<n,1<j5<m, \; €Canduz;; €U.
Furthermore, HfH(Hpof}-C‘X’)J is the infimum of the constants C' > 0 for which, respec-
tively, (i1) and (iii) hold.

Proof. An application of Theorem 2.3 and [4, Theorem 2.7] yields, respectively, that
fe (o HF) (U F) & f e (lly)y o HZ(U F) < Ty € (1), (5°(U), F),
with || £l ea¢e), = 1/ llm,), 0900 = HTfH(H,,)(,' Now, [13, Theorem 4.1] gives
Ty € () (5°(U), F) < (i) < (uii),
with ||Tf||(np)0 = inf {C' > 0 satisfying (ii)} = inf {C' > 0 satisfying (ii7)}. O
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