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SOME REMARKS ON FIXED POINT THEOREMS FOR
GENERALIZED NON-EXPANSIVE MAPPINGS

RADHOWANE CHAIB'*, ZAHIR MOUHOUBI?, AND FAYCEL MERGHADI!

ABSTRACT. The results of this paper concern the existence of fixed points for
generalized non-expansive mappings, that is,

o(Tx,Ty) < ao(x,y) + fo(x, Tx) +yo(y, Ty) + do(x, Ty) + Lo(y, Tx),

where a + 8 4+ v+ 2smin{d, L} = 1, in the setting of complete b-metric spaces. In
particular, we obtain interesting results in complete metric spaces that generalize
those of: J. Bogin, A generalization of a fized point theorem of Goebel, Kirk and
Shimi, Canad. Math. Bull 19(1) (1976), 7-12 and J. S. Bae, Fized point theorems
of generalized non-expansive maps, J. Korean Math. Soc. 21(2) (1984), 233-248,
without assuming the compactness of the space. Moreover, the provided examples
demonstrate the applicability of our results, while various well-known contraction
conditions fail to apply.

1. INTRODUCTION

In [16], the author obtained a fixed point theorem concerning a class of generalized
contraction mappings, that is, mappings satisfying the following inequality for all
x,y € B

(1.1)  d(Tz,Ty) < ad(z,y) + Bd(z,Tz) +~vd(y, Ty) + d d(z, Ty) + Ld(y, Tx),

under the conditions o + 5+ v+ + L < 1, where (£, d) is a complete metric space.
Such mappings are also known as Hardy-Rogers type contraction mappings.
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metric space.

2020 Mathematics Subject Classification. Primary 47H10, 54E50.

DOI

Received: November 27, 2025.

Accepted: February 05, 2026.

983



984 R. CHAIB, Z. MOUHOUBI, AND F. MERGHADI

In the case a + 3 +v+ 90 + L = 1, we say that T is a generalized non-expansive
mapping. For such mappings, we cannot deduce the existence or uniqueness of a fixed
point without imposing additional conditions.

One of the celebrated theorems concerning generalized non-expansive mappings is
due to [7, Theorem 1]. We recall this theorem here for comparison purposes.

Theorem 1.1. Let (E,d) be a complete metric space and a mapping T : E — E
satisfying for all x,y € E:

(1.2)  d(Tz,Ty) < ad(z,y) +bld(x, Tx) + d(y, Ty)] + c|d(x, Ty) + d(y, Tx)] .
If the following conditions hold

(B) a+2b+2c=1, b>0, c¢>0,

then T has a unique fixed point.

We observe that Bogin assumed all coefficients are nonzero. From this observation,
one may naturally ask whether some results can still be obtained if one of these
coefficients vanishes. In [4], the author provided a partial positive answer to this
question in the particular case b = 0, under the stronger assumption that the space is
compact.

Theorem 1.2. ([4, Theorem 2.3]). Let (E,d) be a compact metric space and T : E —
E a self-mapping satisfying

(1.3) d(Tz, Ty) < ad(z,y) + cld(z, Ty) + d(y, Tz)],
where
(1.4) a+2c=1, c#0.

Then, T" has a unique fixed point.

The aim of this work is to investigate the existence of fixed points for generalized non-
expansive mappings under weaker conditions imposed on the associated coefficients,
within the framework of complete b-metric spaces. The notion of a b-metric space
(referred to in some references as a quasi-metric space) was introduced by Bakhtin [5],
and later studied by Czerwik in the particular case s = 2 in [11], and in full generality
in [12]. This concept represents a natural extension of classical metric spaces, obtained
by relaxing the triangle inequality by a constant factor s > 1, thereby offering greater
flexibility. For a concise historical account of this class of spaces, we refer the reader
to [6]. For completeness, we recall below the formal definition of these spaces.

Definition 1.1. Let F be a nonempty set, and s > 1 be a given real number. A
mapping o : E'x £ — [0, +00) is called a b-metric if the following conditions hold for
every x,y,z € -

(b1) o(x,y) = 0 if and only if z = y;

(b2) O'(I‘, y) = U(ya 1’);

(bs) o(x,y) < slo(x, 2) +o(z,y)].
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The pair (E,0) is called a b-metric space with constant s.

Some basic properties and examples of b-metric spaces may be found in several
papers, see for example [1-3].

Recently, M. Cvetkovi¢ in [10] proved that any Hardy-Rogers contraction in a metric
space can be viewed as a Banach contraction by modifying the metric as follows.

Theorem 1.3. Let (E,d) be a metric space, and let T : E — E be a mapping
satisfying the Hardy-Rogers contraction:
(1.5)  d(Tw, Ty) < ad(z,y) +b(d(x, Tx) + d(y, Ty)) + c(d(z, Ty) + d(y, Tz)),
where a + 2b+ 2c¢ < 1. Then, the following hold.
(a) The mapping D : E x E — [0,400) defined by D(z,x) =0 and
D(z,y) = d(z,Tx) + d(y,Ty), = #vy,
s a metric on E.
(b) If (E,d) is complete, then (E, D) is also complete.
(c) For all z,y € E, we have
(1.6) D(Tz,Ty) < qD(x,y),
where q = 4E0E¢
to the metric D.

< 1. This means that T' is a Banach contraction with respect

When a + 2b+ 2c¢ = 1, we obtain that 7" becomes a non-expansive mapping, and D
may not be a metric on £ in this case.
The authors in [8] prove the following theorems.

Theorem 1.4. Let (E,0) be a complete b-metric space with constant s > 1, and a
mapping T : E — E satisfying

(1.7)  o(Tz,Ty) < ac(z,y) + Bo(x,Tz) + vo(y, Ty) + do(x, Ty) + Lo(y, Tx).
Moreover, we assume the following condition is fulfilled
(R) a+B8+v+2smin{o, L} < 1.

If sB+ s?L < 1 or sy + s20 < 1 holds, then T has at least a fized point in E. If
moreover o + 0 + L < 1 is fulfilled, then T has a unique fized point z* € E.

If (E,d) is a complete metric space, we get the following corollary.

Corollary 1.1. Let (E,d) be a complete metric space, and a mapping T : E — E
satisfying

(1.8)  d(Tz,Ty) < ad(z,y) + pd(xz, Tx) + vd(y, Ty) + dd(z, Ty) + Ld(y, Tx),
where
(M) a+8+y+2min{d, L} < 1.

Then, T has at least a fized point in E. If moreover o+ 6 + L < 1 is fulfilled, then T
has a unique fized point z* € E.
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Remark 1.1. The condition (My) is weaker than the condition
a+fB+v+d+L <1

Moreover, the function D defined in Theorem 1.3 may not be a metric on E, because
D(z,y) = 0 implies that d(xz,Tz) = d(y,Ty) = 0, which does not necessarily mean
that x = y. In other words, the fixed point is not necessarily unique.

For the case of generalized non-expansive mappings, we have the following theorem.

Theorem 1.5 ([8]). Let (E,0) be a complete b-metric space with constant s > 1, and
T : E — FE a self- mapping satisfying

(1.9)  o(Tz,Ty) < ao(z,y) + Bo(z, Tx) + vo(y, Ty) + do(x, Ty) + Lo(y, Tx),
where
(Ro) a+B4+y+s0+L)=1, B+v#0, §+L#0.

If T is continuous or s + s>L < 1 or sy + 525 < 1, then T has a unique fived point
e b.

If s=1,5=vand ) =L, then we get Theorem 1.1.
In order to prove the above theorems, the authors use the following basic lemma.

Lemma 1.1. Let (E,0) be a complete b-metric space with constant s > 1, and (x,,)
be a sequence in E. Assume that there exist A € [0,1) and a positive number M, such
that

(1.10) 0(Tps1, ) < MA",  for alln € N,

Then, (z,) converges to some element x* € E. In addition, for alln € N and for every
fized integer N such that s \N < 1, we have the evaluation of order of convergence is
given as follows

$2AN

* 2

where | x| means the integer part of x and A = M Y8 ' s* + sV 1.

In the next section, we need the following lemma.

Theorem 1.6 ([19]). Let (E,0) be a b-metric space with constant s > 1 and (x,,) is
a convergent sequence with lim, . x, = x. Then, for ally € £

1
(1.12) ga(x,y) <liminfo(x,,y) <limsupo(x,,y) < so(z,y).

n—+00 n——+00
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2. MAIN RESULTS
First, we state the main theorem.

Theorem 2.1. Let (E,0) be a complete b-metric space with constant s > 1, and
T : E — FE a self-mapping satisfying

(2.1)  o(Tz,Ty) < ao(z,y) + Bo(z, Tx) + vo(y, Ty) + do(x, Ty) + Lo(y, Tx),
where (Ry) or (Ry) holds with

(R)) a+f+7+2s0=1,0#0 and L<s(2s—1)0+(2s—1)8+ (2s—1)7,
(Ry) a+p+v+2sL=1,L#0 and 06<s(2s—1)L+(2s—1)0+ (2s—1)7.

If s+ sL <1 or sy+ sé <1, then T has at least a fixed point in E. If moreover
a+d+ L <1, thenT has a unique fized point.

In order to prove this theorem we need some lemmas, where the key ideas are
borrowed from [7], and used in [8] to prove similar lemmas in the setting of b-metric
spaces.

Lemma 2.1. Let (E,0) be a b-metric space with constant s > 1 and a self-mapping
T : E — E such that (2.1) holds for all x,y € E where o+ +~v+2s6 =1,0 #0 or
a+pB+v+2sL=1, L#0 . Then, we have for all x € E

(2.2) o(Tx, T?r) < o(z, Tx).
Proof. Assume that a + 8 + v 4+ 2s6 = 1 holds. By substituting y = Tz in the
contraction condition (2.1), we get
o(Tx, T?z) < ao(z,Tz) + fo(x, Tx) + vo(Tx, T?x) + do(z, T?z).
Using (b3), we derive
(1—~—s8)o(Tz, T*r) < (a+ B+ s0)o(x, Tx).

Since 1 —v —s6 = a+ + 50 # 0, then o(Tz,T?z) < o(x, Tx).
If a4+ 5+ ~+2sL =1 holds, we put z =Ty

(1 =B —sL)a(Ty,T%y) < (a+~ +sL)o(y, Ty),
which implies that o(Ty, T?%y) < o(y, Ty) for all y € E. O

Lemma 2.2. Let (E,0) be a b-metric space with constant s > 1 and a self-mapping
T : E — E satisfying (2.1), and either (Ry) or (Ry) holds, then there exists 0 < k < 2s
such that for all x € B

(2.3) o(Tz,T°r) < ko(z,Tx).

Proof. Assume that (R;) holds. Putting y = T2 in the contraction condition (2.1),
we obtain

o(Tz, T°r) < ao(x, T?*x) + Bo(x, Tx) + vyo(T?x, T?x) + do (v, T°x) + Lo(Tx, T?z).
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Using (2.2), we get the following inequalities:
oz, T?z) <so(z,Tx) + so(Tx, T?r) < 2s0(x, Tx),
o(T?z, T°z) <o(Tx,T*x) < o(x,Tx),
o(x,T%r) <so(z,Tz) + so(Tx, T ).
Combining these three inequalities, we conclude that
o(Tx, T?z) <2aso(x, Tx) + Bo(x, Tx) + vyo(z, Tx) + séo(x, Tx) + sdo(Tx, T x)
+ Lo(x,Tx).

We derive (T2, T%z) < kyo(z, Tx), where k; = 20st5trts0tl
Now we prove that k; < 2s. We have

2 S+ L
ki —2s = as+p+y+so+ — 2s
1—s6
2as + B +v+ 50+ L
= —2s
a+B+v+so
_ 2as+fB4+y+s0+L—2s(a+ B+ +sd)
B a+f+y+sd
=205+ (0—-28—-27)s+B+y+ L
a+ B +v+so
_ P(s)
S a+fB+y+sd

where P(t) = —20t* + (6 — 28 — 2y)t + 8+ + L. Since d # 0, then the polynomial
P(t) is of degree 2, and we have

A=(0-268-29)°+8(B+vy+1L)
= 62+ 4B* + 4% — 4B5 — 46 + 8By + 853 + 85y + 8IL
=62+ 487 + 44% + 465 + 475 + 86~ + 84 L.
Since A > 0 then the polynomial P(t) has two roots:
§—=28-2y—vVA = §-28-27+VA
46 T 46 '

Obviously we have t; < t5. One can observe that if t5 < s, then P(s) < 0, therefore
ki — 2s < 0. We have:

t2<s<:>5—26—2fy+\/Z<435
SA < ((4s —1)6 4+ 28 + 27)°
0% 4+ 487 + 497 + 4B + 4y5 4+ 8By + 85L < (4s — 1)%0% + 43* + 442
+4(4s — 1)B6 + 4(4s — 1)y + 80~
=0 < (165> — 85)6% + (165 — 8)30 + (165 — 8)y6 — 8L

tlz
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<S0<8[s(2s—1)d+(2s— 1)+ (2s — 1)y — L]
S0<s(2s—1)d+(2s—1)8+(2s—1)y—L
eL<s(2s—1)0+ (2s — 1)+ (25 — 1)7.

We conclude that ky — 2s < 0, i.e., by < 2s.
If (Ry) holds, then we put z = T?%y and we get

o(Ty, T?y) < kyo(y, Ty),

where ky = W' With the same arguments, we prove that ky < 2s. For the
assertion of the lemma, one can take k = min {ky, k2 }. O

Lemma 2.3. Let (E,0) be a b-metric space with constant s > 1 and T : E — E a
self-mapping satisfying (2.1), where (Ry) or (Ry) holds. Then, there exists 0 < e < 1
such that for all x €

(2.4) o(T?x, T%z) < eo(x, Tx).
Proof. Assume (R;) holds, we have
o(T?x, T%z) <ao(Tx, T?z) + Bo(Tx, T?x) + yo (T?z, T3x)
+ 60 (T, T?z) + Lo(T?x, T?x)
<ao(z,Tx)+ po(x,Tx) + vyo(x,Tz) + k1do(z, Tz)
=(a+B+v+kd)o(x,Tx)
=c0(z,Tx),

where ey =a+ 8+v+kid <a+p+v+2s0 =1, since § # 0.
If (R2) holds, then we get also

o(T?z, T°z) < e90(x, Tx),
where eg =a+8+v+ kL <a+p+v+2sL =1, since L # 0. O

Proof of Theorem 2.1. According to (2.4), for all x € E, we have o(T%z,T3z) <
eo(x,Tx), where 0 <e=a+B+vy+kmin{d, L} < 1. Foralln € Nand x € E, let
us denote x,, = T™z. Hence, from (2.4), we obtain for all n > 0

o(T" 3z, T"2x) < eo (T, T'x).

If n is even, then we obtain by induction (T 'z, T"z) < ezo(z, Tz). If n is odd,
then n — 1 is even and we get o(T" 'z, T"z) < "z o(z, Tx).
Therefore, for all n > 0, the following inequality holds

(2.5) o (@i, 1) < (VE)" (VE)  olx, Ta).

Thus, the condition (1.10) of Lemma 1.1 is fulfilled for
A=vE=yJa+B+y+kmin{d L} <1

and M = (\/2) " o(z, Tx). Hence, the sequence {T"z} converges to z* € E.
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If T' is continuous, then it is clear that z* is a fixed point of T'.
Suppose that sf + sL < 1. Let us take z = z* and y = x,, in (2.1), then we obtain

o(Tz*, Tx,) <aoc(z*,x,)+ fo(z*, Tx*) + yo(zn, Tz,)
+éo(z*,Tx,) + Lo(x,, Tx")
<ao(z*,x,) + sfo(z*,Tx,) + sfo(Tx,, Tx*) + yo(Tn, Tpni1)
+ 00 (2", wpy1) + sLo(xy, Txy,) + sLo(Tx,, Tx*).
This yields
(1—sp—sL)o(Tx*,Tx,) <ao(z*,x,) + sBo(x”, Tpi1) + Y0 (T, Tpi1)
+ 0o(x*, xpi1) + sLo (T, Tpat).

By taking the limit as n — +o00 on both sides of this last inequality, we get
o(Tx,,Tz*) = 0. On the other hand we obtain

o(x*,Tx*) < s(o(z*,Tx,) + 0(Tx,, Tx")) = s(o(x", xps1) + o(Tzy, Tx")).

Taking the limit as n — 400 we obtain o(z*, Tx*) = 0, which implies that Tz* = z*.
By assuming the condition sy + sd < 1 and substituting = z,, and y = z* in (2.1),
we get Tx* = x* by using the same sketch of proof.
Assume that a+ 0+ L < 1 holds. Let * and y* two fixed points such that y* # x*.
We have

o(Tx*, Ty") < ao(z*,y*) + Bo(z*, Tx*) + vo(y*, Ty*) + do(x*, Ty*) + Lo(y*, Tz").

This latter inequality yields o(z*, y*) < ao(z*,y*) + do(z*,y*) + Lo(y*, x*) or equiv-
alently (1 —a— 0 — L)o(z*,y*) < 0. Since y* # 2*, then 1 —a —§ — L < 0 and this
is in contradiction with o+ + L < 1. Then, T" has a unique fixed point in £. [

The following example shows that all the conditions of Theorem 2.1 are satisfied,
while some classical contraction fail to hold.

Example 2.1. LetE:{O,l i1 ...,%,...}and

)99 39
0, if v =y,
(2.1) 1, if x,y € {0,1} and x # y,
T, Y) = .
LY |z — yl, 1fa:,y€{0}u{%:n:1,2,...}anda:;«éy,
4, otherwise.

Then, we get o is a b-metric with s = 4 (see [21]).
We define the self-mapping 7': E — E by

T(0)=0, T(1)=0,

1
T<21n):2<n+1), T(355) =0 n>1
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The inequality (2.1) is satisfied for the constants
a=04, =01, ~=01, §=0.05, L=20.
We distinguish the following cases.
a T,y € Uis-:n = 1§, then o(z,y) = x—y z,1ly)= |1z —"1y|. For
If 0 2171 > 1}, th o(Tz,T Tx—Ty|. F
T = % and y = ﬁ with n < m, we have Tz = Ty = 50 1 FE and therefore

(n+1)
1 1 m—n
| V=130 2ms )| 2t Dm 1)
Moreover,
-n 1 1
_ Tyl= = Tyl =
v =yl = Qnm ’ [z =Tl 2n(n + 1)’ [y =Tyl 2m(m + 1)’
—n+1 m—n+1
w—Tyl = "7 Ty =T
v =Tyl = ( T T
Thus, [Tz — Ty| < 5 iy < Lo(y, Tx).
If o = 5- andy—O then [Tz — Ty| = 5=, and
1 1
_ - —Txl = —Ty|l =0
o —yl=—,  |o—Ta| CFSL ly — Tyl
1
[z =Tyl =—, |y—Tz|=-
n
so the inequality holds as well.
(b) If x =0 and y = 1, then o(Tz, Ty) = 0.
(c) If o = 505 = 5, then
1

So, o(Tx,Ty) = 2(n1+1).
On the other hand,

ao(x,y) + Bo(x, Tx) +yo(y, Ty) + é0(x, Ty) + Lo(y, Tx)

0.1 2
:0.4~4+O.1-4+7+0.05~4+7
n

2n(n +1)

2.1+ 2n

=04+ — .

* 2n(n + 1)

Hence,
o(Tz,Ty) — lao(x,y) + fo(z, Tx) +yo(y, Ty) + do(z, Ty) + Lo(y, Tx)]

1 2.1+2n
2n4+1) 7 2n(n+1)

—0.8n2 —1.8n—2.1
— <0,
2n(n +1) -
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which shows that (2.1) holds iln this case too.
Thorefore, i ol oses 2
o(Tz,Ty) < ao(z,y) + fo(z, Tx) +vo(y, Ty) + do(x,Ty) + Lo(y, Tz),
with the constants
a=04, =01, ~=0.1, §=0.05 L=2.0.
Next, we check the remaining assumptions of Theorem 2.1

a+pf+v+2s0=04+0.14+01+2-4-0.05=1,
s(2s—=1)0+(2s—1)f+(2s —1)y=28>2=1L,
sy+s6 =08<1.
Thus, all conditions of Theorem 2.1 are satisfied.
Next, we show that the Banach, Kannan, Reich and Hardy-Rogers contraction

conditions are not satisfied by 7.
For x = % and y = 0, we have

O'(T,I, Ty) = 2(n1+1)a O'(ZL‘,y) = %7 O'(.I‘, T.I‘) = Qn(i+1)7 O‘(y’ Ty) = 07
U(l’,Ty) = %7 U(y,TZE) = 2(71714—1)
(a) Banach. Assuming o(Tz,Ty) < ko(x,y) with k£ < 1 gives ﬁ < ks, ie,

-5 < k, which is impossible as n — +00. Hence, T" is not a Banach contraction.
(b) Kannan. If
o(Tz,Ty) < bo(z,Tx) + co(y, Ty),

then
1 b

<
2(n+1) = 2n(n+1)’
which yields n < b < 1, a contradiction.
(c) Reich. If

o(Tz, Ty) < ao(z,y) + bo(x, Tx) + co(y, Ty),

then
1 a b

<
2(n+1) ~ 2n + 2n(n+1)
which implies (1 — a)n < a + b, which is impossible.
(d) Hardy-Rogers. If

o(Tz,Ty) < ao(z,y) + bo(z, Tx) + co(y, Ty) + do(z,Ty) + eo(y, T'z),

we obtain
a b d e

- < _ -
2(n+1) = 2n * 2n(n+1) o T 2(n+1)
which leads to (1 —a —d — e)n < a+ b+ d, again impossible since 1 —a —d — e > 0.
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(e) Theorem 1.4. We have
sB+s°L=324>1 and sy+s°6=12>1.

Therefore, Theorem 1.4 cannot be applied, which further highlights the significance
and validity of our results.

The completeness of the space: Assume that (z,) is a Cauchy sequence in (£, o).
Then, for any € € (0, 1), there exists py € N such that

o(zp, ) <e, forall p,r > py.
In particular, this implies that z, € {0} U {5 : n > 2} for every p > py. The set

{0} U {5 : n > 2} is closed in R (since o(z,y) = |z — y|), hence it is complete.
Therefore, (x,) converges in E.

3. DISCUSSIONS

3.1. Comparison with Theorem 1.5. Suppose that the assumptions in Theorem 1.5
hold.
If § = L # 0, then all assumptions (R;), (Rs) and (Ry) are equivalent, because

a+pf+y+s0+L)=a+F+v+20 =a+[+y+2sL.
Moreover, the supplementary conditions in both (R;) and (Ry) become
d<s(2s—=1)04(2s— 1)+ (2s — 1),
L<s(2s—1)L+(2s—1)8+ (25 —1)7.
Since B + v # 0, these conditions also hold. Hence, we conclude that the assumptions
of Theorem 1.5, 2.1 are equivalent in the case 6 = L.

Let us consider the second case: § # L, without loss of generality we suppose that
0 < L. Then,

a+pf+y+2sd =a+F+v+2smin{0, L} <a+L+vy+s(0+L)=1,
so, we use only Theorem 1.4. On the other hand, we have
d<L<s(2s—1)0+(2s—1)+ (25— 1)y,

which is true, since g + v # 0.

As a conclusion, the condition [(R;) or (Rs2) or (R)] is weaker than (Rp).

On the other hand, we only assume that sg + sL < 1 or sy + sé < 1, whereas in
Theorem 1.4, the assumption is s3 + s?L < 1 or sy + 526 < 1. This represents an
additional advantage.

The next theorem is a weak form of both Theorems 1.4 and 2.1.

Theorem 3.1. Let (E,0) be a complete b-metric space with constant s > 1 and
T:E — E a self- mapping satisfying (2.1), where (R) or (Ry) or (Rs) holds.

If T is continuous or sf + sL <1 or sy+ sd < 1, then T' has at least a fized point
in E. If moreover a+ 6 + L < 1, then T has a unique fixed point.
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3.2. In the setting of metric spaces. In Theorem 2.1, if we put s = 1, we get a

general form for [7, Theorem 1] established in the particular class of complete metric
spaces. Moreover, if (R;) holds, then the condition L < s(2s—1)d0+4(2s—1)8+(2s—1)y
become L < § + [ + v which is equivalent to the condition

(3.1) a+d+L<1.

If (Ry) holds, then the condition § < s(2s — 1)L + (2s — 1)8 + (25 — 1) is equivalent

0 (3.1). On the other hand, under the condition ao + 5+ v+ 26 = 1,0 # 0 we get

v+ 6 < 1, and from the condition o + 5+ v+ 2L =1, L # 0 we derive § + L < 1.
From these remarks we get the following theorems.

Theorem 3.2. Let (E,d) be a complete metric space, and T : E — E a self-mapping
satisfying

(3.2)  d(Tz,Ty) < ad(z,y) + Bd(z, Tz) + vd(y, Ty) + dd(x, Ty) + Ld(y, Tx),
such that either (M) or (Ms) holds, where

(M) a+pB+v+20=1, §#0,

(My) a+pB+~v+2L=1, L#0,

with a + 6 + L < 1. Then, T has a unique fixed point.

Theorem 3.3. Let (E,d) be a complete metric space, and T : E — E a self-mapping
satisfying (3.2) for all x,y € E, such that the following condition holds:

(M) a+8+y+2min{d, L} < 1.

Then, T has a fived point in E. If moreover a+ 6 + L < 1, then T has a unique fixed
point.

Remark 3.1. (a) Comparing the conditions (M;) and (M) with the condition (B), we
see that in the case f =y =0band § = L = ¢ the two conditions (M;) and (M,) are
equivalent to the following:

(M) a+2b+2c=1, c#0.

One can deduce that the condition (M) is weaker than the condition (B), since the
constant b can vanish in (M). Hence, Theorem 3.2 is more general than Theorem 1.1.

(b) Theorem 3.2 in the case § =y = 0 and § = L = ¢ is more general than the
Theorem 1.2, since we assume only that the space is complete, while in Theorem 1.2
the author assumes that the space is compact.

Ezxample 3.1. Let E = {0,1,2} be endowed with the metric d(z,y) = |z — y|. We
define a mapping 7' : ' — E by
T(0)=0, T(1)=0, T(2)=1.
A simple calculation gives: d(0,1) =1, d(0,2) = 2, d(1,2) = 1, and d(70,71) = 0,
d(T0,T2) =1, d(T1,T2) = 1.
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We consider the inequality
d(Tz,Ty) <0.1d(z,y) + 0.1d(z, Tx) +0.2d(y, Ty) + 0.3d(z, Ty) + 0.4 d(y, Tx),
which shows that T" is a non-expansive mapping with the coefficients
a=01, pg=01, ~=02 §=03, L=04.
It is easy to verify that
a+p+v+20=1 and a+d+L=08<1,

so all the conditions of Theorem 3.2 are satisfied.

On the other hand, 7" does not satisfy the classical contraction conditions.

(a) Banach. For the pair x = 1, y = 2, we have d(T1,72) = 1 < kd(1,2) = k,
which implies k£ > 1, contradicting the requirement k£ < 1. Hence, 7" is not a Banach
contraction.

(b) Kannan. For any coefficient o/ < %, consider = 1,y = 2. Then, d(T1,72) =
1 < 2d/, which requires o > % Therefore, T' is not a Kannan contraction.

(c) Reich. For the pair x = 1, y = 2, we obtain 1 < a + b+ ¢, which contradicts the
condition a + b+ ¢ < 1. Thus, T is not a Reich contraction.

(d) Hardy-Rogers. Suppose there exist non-negative coefficients p, q,r, u,v with
p+q+r+u+v < 1 satisfying the Hardy-Rogers inequality for all pairs. Considering
the pairs (1,2) and (2,1), we obtain

1<p+qg+r+2v, 1<p+qg+7r+2u.

Adding these inequalities yields 2 < 2(p 4+ ¢+ r + u + v), or equivalently 1 < p+q +
r + u + v, contradicting the assumption p+ ¢+ +u+ v < 1. Therefore, no choice of
Hardy-Rogers coefficients with sum less than 1 can satisfy the inequality for all pairs.

3.3. Conclusion. The example above fully satisfies the conditions of theorem under
(M), ensuring the existence (and uniqueness) of a fixed point, while it does not fall
under the classical Banach, Kannan, Reich, or Hardy-Rogers contraction results.

Remark 3.2. If we use (M;) or (M,) together with the condition v+ 6 + L < 1, then
the function D defined in Theorem 1.3 is a metric on £. However, the mapping 7T is
not a contraction with respect to D; it is only a non-expansive mapping. Therefore,
we cannot deduce the existence of a fixed point of T'.

Remark 3.3. We obtain similar results when working in b-metric-like spaces instead
of b-metric spaces.
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