
Kragujevac Journal of Mathematics
Volume 51(1) (2027), Pages 7–22.

STUDY OF NONLINEAR HYBRID FRACTIONAL DIFFERENTIAL
EQUATIONS INVOLVING ψ-HILFER GENERALIZED

PROPORTIONAL DERIVATIVE VIA TOPOLOGICAL DEGREE
THEORY

SAMIRA ZERBIB1, HAMID LMOU1, KHALID HILAL1, AND AHMED KAJOUNI1

Abstract. In this paper, we investigate the existence and uniqueness of a solution
for a hybrid fractional differential equation involving the generalized proportional
fractional derivative of the ψ-Hilfer type. We first establish the equivalence between
the original problem and an integral equation. Using topological degree theory
for condensing maps, we investigate the existence of the solution. Then we apply
Banach’s fixed point theorem to study the uniqueness of the solution. Finally, we
present an illustrative example to demonstrate our main results.

1. Introduction

The origins of fractional calculus go back to the late 17th century, when Newton
and Leibniz laid the foundations of differential and integral calculus. But it is only in
the last three decades that fractional calculus has gained significant interest and seen a
proliferation of applications, with the concept of fractional derivatives having evolved
considerably. Fractional calculus extends the concept of conventional derivatives to
non-integer orders, allowing for greater flexibility in modeling. For further insights
into fractional derivatives, see references [2, 3, 11,18].

Dynamical models of fractional order, which use differentiation or integration of
non-integer orders are often more accurate in describing a variety of complex systems.
Compared to integer-order models, fractional-order systems tend to be more sensitive
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and exhibit richer dynamics. They are sometimes referred to as “memory systems”
because they can incorporate past behavior into their responses, especially when
considering initial conditions.

The potential of fractional calculus to reshape our understanding of the natural
world is considerable. Several theoretical and experimental studies suggest that
non-integer derivatives can better describe certain physical systems, including those
in electrochemical, thermal and viscoelastic contexts (see [1, 5, 8, 18]). The use of
traditional models based on integer-order derivatives may not be suitable in these
cases.

As a result, new models based on differential equations with non-integer derivatives
have been developed (see [1,4,7,17,20]). These fractional-order models provide a pow-
erful tool to accurately represent complex systems, which can lead to more effective
analysis and control in various scientific and engineering applications. Recently, much
attention has been paid to the study of hybrid fractional differential equations. These
systems have attracted interest in both the automation and computing communities.
The main goal of studying hybrid dynamical systems is to provide solutions in terms
of models, methods, performance and overall quality for problems that can be inade-
quately solved by homogeneous approaches. More details about the theory of hybrid
systems can be found in [7, 19–21].

The generalized proportional fractional derivative, or more specifically the ψ-Hilfer
generalized proportional fractional derivative, is the new type of derivative that inter-
ests us in this work and that has been proposed and developed in several papers (see
[10,13,15,16]).

The authors of [14], have introduced and studied the following nonlocal mixed
boundary value problem involving ψ-Hilfer generalized proportional fractional deriva-
tive of order α ∈ (1, 2]

(1.1)


Dα,β,σ,ψ
c+ y(t) = f(t, y(t)), t ∈ [c, d],

y(c) = 0,
y(d) = ∑m

j=1 ηjy(γj) +∑n
i=1 γiI

ϕi,σ,ψ
c+ y(λi) +∑r

k=1 ρiD
δk,β,σ,ψ
c+ y(µk),

where Dα,β,σ,ψ
c+ is the ψ-Hilfer generalized proportional fractional derivative of order

α ∈ (1, 2] and type β ∈ [0, 1], such that f ∈ C([c, d] × R,R), ηj, γi, ρi ∈ R, Iϕi,σ,ψc+

is the generalized proportional fractional integral operator of order ϕi > 0, and
γj, λi, µk ∈ [c, d].

In [20] we have investigated the existence of solutions for the following p-Laplacian
hybrid fractional differential equation involving the generalized Caputo proportional
fractional derivative:

C
δD

α,g
0+ Φp

(
C
δD

ϑ,g
0+ ( x(t)

G(t,x(t)))
)

= H(t, x(t)), t ∈ Θ := [0, b],(
x(t)

G(t,x(t))

)
t=0

= w0, w0 ∈ R,(
x(t)

G(t,x(t))

)′

t=0
= 0,
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where 0 < α < 1, 1 < ϑ < 2, C
δD

α,g
0+ (·) is the generalized Caputo proportional fractional

derivative of order α, Φp(x) = |x|p−2x, p > 1 is the p-Laplacian operator, g : Θ → R,
G ∈ C(Θ × R,R∗) and H ∈ C(Θ × R,R).

Motivated by the above mentioned works, in the present paper we investigate the
existence and uniqueness results of the following nonlinear hybrid differential equation
with ψ-Hilfer generalized proportional fractional derivative with order 0 < β < 1

(1.2)


H
δ D

β,σ,ψ
a+

(
x(t)−Q(t,δIβ,ψ

a+ x(t))
L(t,δIβ,ψ

a+ x(t))

)
= M(t,δ Iβ,ψa+ x(t)), t ∈ T := [a, b],

δI
1−ζ,ψ
a+

(
x(t)−Q(t,δIβ,ψ

a+ x(t))
L(t,δIβ,ψ

a+ x(t))

)
t=a

= ∑n
k=1 λkx(ϵk), ϵk ∈ [a, b], λk ∈ R,

where T := [a, b] is a finite interval of R with 0 ≤ a < b < +∞, H
δ D

β,σ,ψ
a+ (·) is the

ψ-Hilfer generalized proportional fractional derivative of order β and type σ, such that
0 < β < 1, 0 ≤ σ ≤ 1, 0 ≤ δ ≤ 1 ζ = β + σ(1 − β), ζ > β, ζ > σ, ζ ∈ (0, 1], δIβ,ψa+ (·)
is the ψ-Hilfer generalized proportional fractional integral, L ∈ C([a, b] × R,R \ {0})
and Q,M ∈ C([a, b] × R,R).

This paper is structured as follows. Section 2 introduces some definitions and
lemmas. In Section 3, we present our main results concerning the existence and
uniqueness of solution to the problem described above. In Section 4, we present
an application to illustrate our main results. Finally, we present our conclusion in
Section 5.

2. Preliminaries

In this section, we present definitions and lemmas related to the ψ-Hilfer generalized
proportional fractional derivative and the Kuratowski measure of noncompactness,
which will be consistently utilized throughout the following sections of this study.

• We denote by C(T,R) the space of all continuous functions with the norm ∥f∥ =
sup{|f(t)| : t ∈ T}.

• We consider the Banach space X = (C(T,R), ∥ · ∥).
• We denote by Bη(0) = {u ∈ X : ∥u∥ ≤ η} the closed ball centered at 0 with

radius η.
Throughout this paper we consider the function ψ : [a, b] → R, that is an increasing

differentiable function.

Definition 2.1 ([11, 12]). Let δ ∈ (0, 1], β > 0, Φ ∈ L1([a, b],R), The left-sided
generalized proportional fractional integral with respect to ψ of order β of the function
Φ is defined by

δI
β;ψ
a+ Φ(t) = 1

δβΓ(β)

∫ t

a+
e
δ−1
δ

(ψ(t)−ψ(s))ψ′(s)(ψ(t) − ψ(s))β−1Φ(s)ds,

where Γ(β) =
∫+∞

0 e−ττβ−1dτ , β > 0, is the Euler gamma function.

Definition 2.2 ([11,12]). Let δ ∈ [0, 1], γ, ϱ : [0, 1]×R → [0,+∞) be continuous such
that limδ→0+ γ(δ, t) = 0, limδ→1− γ(δ, t) = 1, limδ→0+ ϱ(δ, t) = 1, limδ→1− ϱ(δ, t) = 0,
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and γ(δ, t) ̸= 0, δ ∈ (0, 1], ϱ(δ, t) ̸= 0, δ ∈ [0, 1). Then, the proportional derivative of
order δ with respect to ψ of the function Φ is given by

δD
ψΦ(t) = ϱ(δ, t)Φ(t) + γ(δ, t)Φ′(t)

ψ′(t) .

In particular, if γ(δ, t) = δ and ϱ(δ, t) = 1 − δ, then we have

δD
ψΦ(t) = (1 − δ)Φ(t) + δ

Φ′(t)
ψ′(t) .

Definition 2.3 ([11, 12]). Let δ ∈ (0, 1]. The left-sided ψ-Riemann-Liouville gen-
eralized proportional fractional derivative of order n − 1 < β < n of the function
Φ ∈ Cn([a, b]) is given by

δD
β;ψ
a+ Φ(t) =δ D

n,ψ
δ In−β;ψ

a+ Φ(t)

= δD
n,ψ

δn−βΓ(n− β)

∫ t

a
e
δ−1
δ

(ψ(t)−ψ(s))ψ′(s)(ψ(t) − ψ(s))n−β−1Φ(s)ds,

where n = [β] + 1 and δD
n,ψ = δD

ψ ·δ Dψ · · ·δDψ︸ ︷︷ ︸
n−times

.

Definition 2.4 ([16]). Let δ ∈ (0, 1]. The left-sided ψ-Hilfer generalized proportional
fractional derivative of order n − 1 < β < n and type σ ∈ [0, 1] of the function
Φ ∈ Cn([a, b],R) is given by

H
δ D

β,σ,ψ
a+ Φ(t) =δ I

σ(n−β);ψ
a+ (δDn,ψ)δI(1−σ)(n−β);ψ

a+ Φ(t).
In other way

H
δ D

β,σ,ψ
a+ Φ(t) =δ I

σ(n−β);ψ
a+ (δDζ,ψ

a+ Φ(t)),
where ζ = β + σ(n− β) and n = [β] + 1.

Lemma 2.1 ([11,12]). Let δ ∈ (0, 1], β, ρ > 0 and Φ ∈ L1([a, b],R). Then, we have

δI
β;ψ
a+ (δIρ;ψ

a+ Φ(t)) =δ I
ρ;ψ
a+ (δIβ;ψ

a+ Φ(t)) =δ I
β+ρ;ψ
a+ Φ(t).

Throughout this paper, as a simplification, we set
Ωζ−1
ψ (t, a) = e

δ−1
δ

(ψ(t)−ψ(a))(ψ(t) − ψ(a))ζ−1.

Lemma 2.2 ([16]). Let δ ∈ (0, 1], n − 1 < β < n, σ ∈ [0, 1], Φ ∈ C([a, b],R) and
δI
n−ζ;ψ
a+ Φ(t) ∈ Cn([a, b],R). Then, we have

δI
β;ψ
a+ (Hδ D

β,σ,ψ
a+ Φ(t)) = Φ(t) −

n∑
k=1

Ωζ−k
ψ (t, a)

δζ−kΓ(ζ − k + 1)(δIk−ζ;ψ
a+ Φ(a)),

where ζ = β + σ(n− β) and n = [β] + 1.

Lemma 2.3 ([11, 12]). Let δ ∈ (0, 1], n − 1 < ρ < β < n, n ∈ N, σ ∈ [0, 1] and
Φ ∈ Cn([a, b],R). Then, we have

H
δ D

ρ,σ,ψ
a+ (δIβ;ψ

a+ Φ(t)) =δ I
β−ρ;ψ
a+ Φ(t).
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Lemma 2.4 ([11,12]). Let β > 0, ρ > 0 and δ ∈ (0, 1]. Then, we have
(i)

(
δI
β;ψ
a+ e

δ−1
δ

(ψ(τ)−ψ(a))(ψ(τ) − ψ(a))ρ−1
)

(t) = Γ(ρ)
δβΓ(β+ρ)Ω

β+ρ−1
ψ (t, a);

(ii)
(
δD

β;ψ
a+ e

δ−1
δ

(ψ(τ)−ψ(a))(ψ(τ) − ψ(a))ρ−1
)

(t) = δβΓ(ρ)
Γ(ρ−β)Ω

ρ−β−1
ψ (t, a).

Lemma 2.5 ([11, 12]). Let β > 0, δ > 0 and Φ ∈ L1([a, b],R). Then, we have
limt→a(δIβ;ψ

a+ Φ(t)) = 0.

We will now introduce definitions and properties related to the Kuratowski measure
of noncompactness, which serve as the basis for proving the existence of a solution to
the problem (1.2).

Definition 2.5 ([6]). Let X be a Banach space and E be a bounded subset of X. We
define the Kuratowski measure of noncompactness by the mapping ω : E → [0,+∞)
defined as follows

ω(F ) = inf {ϱ > 0/F ⊆ ∪n
i=1Fi and diam(Fi) ≤ ϱ} .

Lemma 2.6 ([11, 12]). Let F and G be two bounded subset of the Banach space X.
The Kuratowski measure of noncompactness ω satisfies the following proprieties:

(1) F ⊆ G ⇒ ω(F ) ≤ ω(G);
(2) ω(F +G) ≤ ω(F ) + ω(G);
(3) ω(F ) = ω(F ) = ω(conv(F )), where F and conv(F ) denote the closure and the

convex hull of F , respectively;
(4) ω(αF ) = |α|ω(F ), α ∈ R;
(5) ω(F ) = 0 if and only if F is relatively compact in X.

Definition 2.6 ([11,12]). Let Λ : E → X be a continuous bounded operator. Then,
Λ is ω-Lipschitz if there exists a constant θ ≥ 0, such that for all F ⊂ E we have

ω(Λ(F )) ≤ θω(F ).

Remark 2.1. If the constant θ < 1, then the operator Λ becomes strict ω-contraction.

Definition 2.7 ([11,12]). Let F be a bounded subset of E. We say that the operator
Λ : E → X is ω-condensing if

ω(Λ(F )) ≤ ω(F ).

Remark 2.2. If ω(Λ(F )) ≥ ω(F ), then this implies that ω(F ) = 0.

Lemma 2.7 ([9]). Let Λ,Υ : E → X are two ω-Lipschitz operators with constants
θ and ϑ, respectively. Then, the operator Λ + Υ : E → X is ω-Lipschitz with the
constant ς = θ + ϑ.

Lemma 2.8 ([9]). Let Λ : E → X. Then, we have the following.
(i) If the map Λ is compact, then Λ is ω-Lipschitz with constant θ = 0.
(ii) If the map Λ is Lipschitz with constant ϑ, then Λ is ω-Lipschitz with the same

constant.



12 S. ZERBIB, H. LMOU, K. HILAL, AND A. KAJOUNI

Theorem 2.1 ([9]). Let Π : E → X be ω-condensing and

∆ = {x ∈ X : x = λΠx, λ ∈ [0, 1]} .

If ∆ is a bounded set in X, then there exists η > 0 such that ∆ ⊂ Bη(0) and

deg(I − λΠ, Bη(0), 0) = 1, for all λ ∈ [0, 1].

Therefore, Π has at least one fixed point and the set of the fixed points of the operator
Π belongs to Bη(0).

3. Auxiliary Results

In this section, we derive the solution formula for the problem (1.2) and identify the
conditions under which it has a solution. We also study the existence and uniqueness
of solutions to the problem (1.2).

Lemma 3.1. Let L ∈ C([a, b] × R,R \ {0}), Q,M ∈ C([a, b] × R,R) and

χ = δζ−1Γ(ζ) −
n∑
k=1

λkL(ϵk,δ Iβ,ψa+ x(ϵk))Ωζ−1
ψ (ϵk, a) ̸= 0.(3.1)

The solution of the hybrid fractional differential equation (1.2) is then given by

x(t) =Q(t,δ Iβ,ψa+ x(t)) + L(t,δ Iβ,ψa+ x(t))
Ωζ−1
ψ (t, a)
χ

n∑
k=1

λk
(
Q(ϵk,δ Iβ,ψa+ x(ϵk))

+ L(ϵk,δ Iβ,ψa+ x(ϵk))Iβ,ψa+ M(ϵk,δ Iβ,ψa+ x(ϵk))
)

+ L(t,δ Iβ,ψa+ x(t))δIβ,ψa+ M(t,δ Iβ,ψa+ x(t)).
(3.2)

Proof. Let t ∈ T, then we consider that x(t) is a solution of the problem (1.2), then by
applying the operator δIβ;ψ

a+ (·) on both sides of the problem (1.2) and using Lemma 2.2,
we obtain

x(t) =Q(t,δ Iβ,ψa+ x(t)) + L(t,δ Iβ,ψa+ x(t))
Ωζ−1
ψ (t, a)
δζ−1Γ(ζ) δ

I1−ζ,ψ
a+

(
x(t) −Q(t,δ Iβ,ψa+ x(t)

L(t,δ Iβ,ψa+ x(t))

)
t=a

(3.3)

+ L(t,δ Iβ,ψa+ x(t))Iβ,ψa+ M(t,δ Iβ,ψa+ x(t)).

In (3.3) we take t = ϵk and multiply its two members by λk, and we get

λkx(ϵk) =λkQ(ϵk,δ Iβ,ψa+ x(ϵk))

+ λkL(ϵk,δ Iβ,ψa+ x(ϵk))
Ωζ−1
ψ (ϵk, a)
δζ−1Γ(ζ) δ

I1−ζ,ψ
a+

(
x(a) − Q(a,δ Iβ,ψa+ x(a)

L(a,δ Iβ,ψa+ x(a))

)
+ λkL(ϵk,δ Iβ,ψa+ x(ϵk))δIβ,ψa+ M(ϵk,δ Iβ,ψa+ x(ϵk)).
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Then, we have

n∑
k=1

λkx(ϵk) =
n∑
k=1

λkQ(ϵk,δ Iβ,ψa+ x(ϵk))

(3.4)

+
n∑
k=1

λkL(ϵk,δ Iβ,ψa+ x(ϵk))
Ωζ−1
ψ (ϵk, a)
δζ−1Γ(ζ) δ

I1−ζ,ψ
a+

(
x(a) −Q(a,δ Iβ,ψa+ x(a)

L(a,δ Iβ,ψa+ x(a))

)

+
n∑
k=1

λkL(ϵk,δ Iβ,ψa+ x(ϵk))Iβ,ψa+ M(ϵk,δ Iβ,ψa+ x(ϵk)).

From the initial condition δI
1−ζ,ψ
a+

(
x(a)−Q(a,δIβ,ψ

a+ x(a)
L(a,δIβ,ψ

a+ x(a))

)
= ∑n

k=1 λkx(ϵk) and (3.4), we
obtain

δI
1−ζ,ψ
a+

(
x(a) − Q(a,δ Iβ,ψa+ x(a)

L(a,δ Iβ,ψa+ x(a))

)
=δ

ζ−1Γ(ζ)
χ

(
n∑
k=1

λkQ(ϵk,δ Iβ,ψa+ x(ϵk))

(3.5)

+
n∑
k=1

λkL(ϵk,δ Iβ,ψa+ x(ϵk))Iβ,ψa+ M(ϵk,δ Iβ,ψa+ x(ϵk))
)
.

Substituting (3.5) into (3.3) we get

x(t) =Q(t,δ Iβ,ψa+ x(t)) + L(t,δ Iβ,ψa+ x(t))
Ωζ−1
ψ (t, a)
χ

n∑
k=1

λk
(
Q(ϵk,δ Iβ,ψa+ x(ϵk))

+ L(ϵk,δ Iβ,ψa+ x(ϵk))Iβ,ψa+ M(ϵk,δ Iβ,ψa+ x(ϵk))
)

+ L(t,δ Iβ,ψa+ x(t))δIβ,ψa+ M(t,δ Iβ,ψa+ x(t)).
The opposite follows by direct computation. □

As we prepare to provide the main results of this investigation, we first present the
following hypotheses.

(H1) There exists a constant C1 > 0 such that for all p, q ∈ R, and t ∈ T we have
|M(t, p) − M(t, q)| ≤ C1|p− q|.

(H2) There exists a constant ξ > 0 such that for all p ∈ R, r ∈ (0, 1), and t ∈ T we
have:

|M(t, p)| ≤ ξ|p|r.
(H3) There exists a constant C2 > 0 such that for all p, q ∈ R, and t ∈ T we have

|Q(t, p) − Q(t, q)| ≤ C2|p− q|.

(H4) There exist constants φ > 0 and N > 0 such that for all p ∈ R, and t ∈ T we
have

|L(t, p)| ≤ φ, |Q(t, p)| ≤ N.
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Define the two operators A,B : X → X as follows:

Ax(t) =Q(t,δ Iβ,ψa+ x(t)) + L(t,δ Iβ,ψa+ x(t))
Ωζ−1
ψ (t, a)
χ

n∑
k=1

λk
(
Q(ϵk,δ Iβ,ψa+ x(ϵk))

+ L(ϵk,δ Iβ,ψa+ x(ϵk))Iβ,ψa+ M(ϵk,δ Iβ,ψa+ x(ϵk))
)
, t ∈ T,

and
Bx(t) = L(t,δ Iβ,ψa+ x(t))δIβ,ψa+ M(t,δ Iβ,ψa+ x(t)), t ∈ T.

We consider the operator Π : X → X defined by
Πx(t) = Ax(t) + Bx(t), t ∈ T.

Next, we have the following lemmas.

Lemma 3.2. The operator A is Lipschitz and satisfies the following condition

∥Ax∥ ≤N + Nφ(ψ(b) − ψ(a))ζ−1

|χ|

n∑
k=1

|λk|

+ ξφ(ψ(b) − ψ(a))β(r+1)+ζ−1

|χ|δβ(r+1)(Γ(β + 1))r+1 ∥x∥r
n∑
k=1

|λk|.

Proof. Let x, y ∈ X, then by using hypotheses H1, H3, H4, Lemma 2.4 (i), and using
the fact that e δ−1

δ
(ψ(t)−ψ(a)) ≤ 1 we get

|Ax(t) − Ay(t)|

≤
∣∣∣Q(t,δ Iβ,ψa+ x(t)) − Q(t,δ Iβ,ψa+ y(t))

∣∣∣
+

Ωζ−1
ψ (t, a)

|χ|

∣∣∣∣∣L(t,δ Iβ,ψa+ x(t))
n∑
k=1

λkQ(ϵk,δ Iβ,ψa+ x(ϵk))

− L(t,δ Iβ,ψa+ y(t))
n∑
k=1

λkQ(ϵk,δ Iβ,ψa+ y(ϵk))
∣∣∣∣∣

+
Ωζ−1
ψ (t, a)

|χ|

∣∣∣∣∣L(t,δ Iβ,ψa+ x(t))
n∑
k=1

λkL(ϵk,δ Iβ,ψa+ x(ϵk))Iβ,ψa+ M(ϵk,δ Iβ,ψa+ x(ϵk))

− L(t,δ Iβ,ψa+ y(t))
n∑
k=1

λkL(ϵk,δ Iβ,ψa+ y(ϵk))Iβ,ψa+ M(ϵk,δ Iβ,ψa+ y(ϵk))
∣∣∣∣∣

≤ C2

δβΓ(β)

∫ t

a
Ωβ−1
ψ (t, s)ψ′(s)|x(s) − y(s)|ds+ φ(ψ(b) − ψ(a))ζ−1

|χ|

×
n∑
k=1

|λk| ·
∣∣∣Q(ϵk,δ Iβ,ψa+ x(ϵk)) − Q(ϵk,δ Iβ,ψa+ y(ϵk))

∣∣∣
+ φ2(ψ(b) − ψ(a))ζ−1

|χ|

n∑
k=1

|λk|δIβ,ψa+

∣∣∣M(ϵk,δ Iβ,ψa+ x(ϵk)) − M(ϵk,δ Iβ,ψa+ y(ϵk))
∣∣∣
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≤ C2

δβΓ(β)

∫ t

a
(ψ(t) − ψ(s))β−1ψ′(s)|x(s) − y(s)|ds+ φC2(ψ(b) − ψ(a))ζ−1

δβ|χ|Γ(β)

×
n∑
k=1

|λk|
∫ ϵk

a
Ωβ−1
ψ (ϵk, s)ψ′(s)|x(s) − y(s)|ds+ C1φ

2(ψ(b) − ψ(a))ζ−1

|χ|δβΓ(β)

×
n∑
k=1

|λk|
∫ ϵk

a
(ψ(ϵk)−ψ(s))β−1ψ′(s)

(
1

δβΓ(β)

∫ s

a
Ωβ−1
ψ (s, τ)ψ′(τ)|x(τ) − y(τ)|dτ

)
ds

≤(ψ(b) − ψ(a))βC2

δβΓ(β + 1) ∥x− y∥ + φC2(ψ(b) − ψ(a))β+ζ−1

δβ|χ|Γ(β + 1)

n∑
k=1

|λk| · ∥x− y∥

+ C1φ
2(ψ(b) − ψ(a))β+ζ−1

|χ|δ2βΓ(β)Γ(β + 1)

n∑
k=1

|λk|
∫ ϵk

a
(ψ(ϵk) − ψ(s))β−1ψ′(s)ds∥x− y∥

≤(ψ(b) − ψ(a))βC2

δβΓ(β + 1) ∥x− y∥ + φC2(ψ(b) − ψ(a))β+ζ−1

δβ|χ|Γ(β + 1)

n∑
k=1

|λk| · ∥x− y∥

+ C1φ
2(ψ(b) − ψ(a))2β+ζ−1

|χ|δ2β(Γ(β + 1))2

n∑
k=1

|λk| · ∥x− y∥

≤R∥x− y∥.

Therefore, the operator A is Lipschitz with a constant

R =(ψ(b) − ψ(a))β
δβΓ(β + 1)

(
C2 + φC2(ψ(b) − ψ(a))ζ−1

|χ|

n∑
k=1

|λk|

+ C1φ
2(ψ(b) − ψ(a))β+ζ−1

|χ|δβ(Γ(β + 1))

n∑
k=1

|λk|
)
.(3.6)

Moreover, using Hypotheses (H2) and (H4), we get

|Ax(t)| ≤N + Nφ(ψ(b) − ψ(a))ζ−1

|χ|

n∑
k=1

|λk| + ξφ2(ψ(b) − ψ(a))ζ−1

|χ|δβΓ(β) ∥x∥r

×
n∑
k=1

|λk|
∫ ϵk

a
Ωβ−1
ψ (ϵk, s)ψ′(s)

∣∣∣∣∣ 1
δβΓ(β)

∫ s

a
Ωβ−1
ψ (s, τ)ψ′(τ)dτ

∣∣∣∣∣
r

ds

≤N + Nφ(ψ(b) − ψ(a))ζ−1

|χ|

n∑
k=1

|λk| + ξφ2(ψ(b) − ψ(a))rβ+ζ−1

|χ|δβ(r+1)Γ(β)(Γ(β + 1))r ∥x∥r

×
n∑
k=1

|λk|
∫ ϵk

a
(ψ(ϵk) − ψ(s))β−1ψ′(s)

≤N + Nφ(ψ(b) − ψ(a))ζ−1

|χ|

n∑
k=1

|λk|

+ ξφ2(ψ(b) − ψ(a))β(r+1)+ζ−1

|χ|δβ(r+1)(Γ(β + 1))r+1 ∥x∥r
n∑
k=1

|λk|.(3.7)
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Therefore,

∥Ax∥ ≤N + Nφ(ψ(b) − ψ(a))ζ−1

|χ|

n∑
k=1

|λk|

+ ξφ(ψ(b) − ψ(a))β(r+1)+ζ−1

|χ|δβ(r+1)(Γ(β + 1))r+1 ∥x∥r
n∑
k=1

|λk|.(3.8)

□

Lemma 3.3. The operator B is continuous, and verifies the following condition

∥Bx∥ ≤ ξφ(ψ(b) − ψ(a))β(r+1)

δβ(r+1)(Γ(β + 1))r+1 ∥x∥r.

Proof. Let xn, x ∈ C(T,R), such that xn → x as n → +∞. Then, we have
∥Bxn(t) − Bx(t)∥

≤ φ

δβΓ(β)

∫ t

a
(ψ(t) − ψ(s))β−1ψ′(s)

∣∣∣M(s,δ Iβ,ψa+ xn(s)) − M(s,δ Iβ,ψa+ x(s))
∣∣∣ ds.

Thanks to the continuity of the function M and Lebesgue dominated convergence
theorem we get

∥Bxn(t) − Bx(t)∥ → 0 as n → +∞.

This implies that the operator B is continuous.
On the other hand, by using the hypotheses (H2) and (H4), we get

|Bx(t)| ≤ ξφ

δβ(1+r)(Γ(β))(1+r)

×
∫ t

a
(ψ(t) − ψ(s))β−1ψ′(s)

∣∣∣∣∫ s

a
(ψ(s) − ψ(τ))β−1ψ′(τ)x(τ)dτ

∣∣∣∣r ds
≤ξφ(ψ(b) − ψ(a))β(r+1)

δβ(r+1)(Γ(β + 1))r+1 ∥x∥r.(3.9)

□

Lemma 3.4. The operator B is compact.

Proof. To prove that the operator B is compact, we prove that B(Bη) is relatively
compact by using the Arzela-Ascoli Theorem. Let t ∈ T, x ∈ Bη, from the inequality
(3.9) we have

∥Bx∥ ≤ ξφ(ψ(b) − ψ(a))β(r+1)

δβ(r+1)(Γ(β + 1))r+1 ηr.

By extension, this suggests that the operator B(Bη) is uniformly bounded.
Now we show that operator B is equicontinuous. Let t1, t2 ∈ T and x ∈ Bη, then

we have
|Bx(t2) − Bx(t1)|
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≤
∣∣∣∣∣L(t2,δ Iβ,ψa+ x(t2))

1
δβΓ(β)

∫ t2

a
Ωβ−1
ψ (t2, s)ψ′(s)|M(s,δ Iβ,ψa+ x(s))|ds

− L(t1,δ Iβ,ψa+ x(t1))
1

δβΓ(β)

∫ t1

a
Ωβ−1
ψ (t1, s)ψ′(s)|M(s,δ Iβ,ψa+ x(s))|ds

∣∣∣∣∣
≤ζφ∥x∥r

δβΓ(β)

∣∣∣∣∣
∫ t2

a
(ψ(t2) − ψ(s))β−1ψ′(s)

∣∣∣∣∣ 1
δβΓ(β)

∫ s

a
(ψ(s) − ψ(τ))β−1ψ′(τ)dτ

∣∣∣∣∣
r

ds

−
∫ t1

a
(ψ(t1) − ψ(s))β−1ψ′(s)

∣∣∣∣∣ 1
δβΓ(β)

∫ s

a
(ψ(s) − ψ(τ))β−1ψ′(τ)dτ

∣∣∣∣∣
r

ds

∣∣∣∣∣
≤ζφ∥x∥r(ψ(b) − ψ(a))rβ
δβ(r+1)Γ(β)(Γ(β + 1))r

×
∣∣∣∣∫ t2

a
(ψ(t2) − ψ(s))β−1ψ′(s)ds−

∫ t1

a
(ψ(t1)ψ(s))β−1ψ′(s)ds

∣∣∣∣
≤ζφ∥x∥r(ψ(b) − ψ(a))rβ

δβ(r+1)(Γ(β + 1))r+1

∣∣∣(ψ(t2) − ψ(a))β − (ψ(t1)ψ(a))β
∣∣∣ .

By using the continuity of the function ψ, we obtain |Bx(t2)−Bx(t1)| → 0 as t1 → t2,
this implies that the operator B is equicontinuous.

Therefore, according to the above arguments, the operator B is bounded and
equicontinuous. Thanks to Arzelá-Ascoli theorem, the operator B is compact. □

Theorem 3.1. Let us assume that the hypotheses (H1), (H2), (H3) and (H4) are
verified. Then, the problem (1.2) has at least one solution x ∈ X provided that R < 1
and the set of solutions is bounded in C(T,R), where R is given by (3.6).

Proof. Let A,B and Π be the bounded and continuous operators defined above. Then,
thanks to Lemma 3.2 and Lemma 2.8 (ii), the operator A is ω-Lipschitz with constant
0 < R < 1 and according to Lemma 3.4 and Lemma 2.8, (i), the operator B is ω-
Lipschitz with constant 0. Consequently, the operator Π is ω-Lipschitz with constant
R. Since R < 1, Π is therefore ω-condensing.

We consider the set ∆ defined as follows:

∆ = {x ∈ X : x = λΠx, λ ∈ [0, 1]} .

The set ∆ is bounded. Indeed, let x ∈ ∆. Then, using inequalities (3.8) and (3.9), we
get

∥x∥ =∥λ(Ax+ Bx)∥
≤λ(∥Ax∥ + ∥Bx∥)

≤N + Nφ(ψ(b) − ψ(a))ζ−1

|χ|

n∑
k=1

|λk| + ξφ(ψ(b) − ψ(a))β(r+1)+ζ−1

|χ|δβ(r+1)(Γ(β + 1))r+1 ∥x∥r
n∑
k=1

|λk|

+ ξφ(ψ(b) − ψ(a))β(r+1)

δβ(r+1)(Γ(β + 1))r+1 ∥x∥r
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≤N
(

1 + φ(ψ(b) − ψ(a))ζ−1

|χ|

n∑
k=1

|λk|
)

+ ξφ(ψ(b) − ψ(a))β(r+1)∥x∥r

δβ(r+1)(Γ(β + 1))r+1

×
(

(ψ(b) − ψ(a))ζ−1

|χ|

n∑
k=1

|λk| + 1
)
.

This implies that the set ∆ is bounded in X. If this is not the case, we assume that
ε := ∥x∥ → +∞ and divide both sides of the above inequality by ε, we get:

1 ≤ lim
ε→+∞

N

ε

(
1 + φ(ψ(b) − ψ(a))ζ−1

|χ|

n∑
k=1

|λk|
)

+ lim
ε→+∞

ξφ(ψ(b) − ψ(a))β(r+1)∥x∥r

εδβ(r+1)(Γ(β + 1))r+1

(
(ψ(b) − ψ(a))ζ−1

|χ|

n∑
k=1

|λk| + 1
)

=0.

This is absurd; hence, the set ∆ is bounded. Consequently, by Theorem 2.1, the
operator Π has at least one fixed point in X, which serves as a solution to the
problem (1.2).

The proof is completed. □

Theorem 3.2. Suppose that the hypotheses (H1), (H3) and (H4) are satisfied. Then,
the problem (1.2) has a unique solution provided that

R + φC1(ψ(b) − ψ(a))2β

δ2β(Γ(β + 1))2 < 1,(3.10)

where R is given by (3.6).

Proof. Suppose that the hypotheses (H1), (H3) and (H4) are satisfied, and let x, y ∈
C(T,R). Using the same arguments as in the proof of Lemma 3.2 we obtain the
following

|Πx(t) − Πy(t)| =|(Ax(t) + Bx(t)) − (Ay(t) + By(t))|
≤|Ax(t) − Ay(t)| + |Bx(t) − By(t)|

≤R∥x− y∥ +
∣∣∣L(t,δ Iβ,ψa+ x(t))δIβ,ψa+ M(t,δ Iβ,ψa+ x(t))

− L(t,δ Iβ,ψa+ y(t))δIβ,ψa+ M(t,δ Iβ,ψa+ y(t))
∣∣∣

≤R∥x− y∥ + φδI
β,ψ
a+ |M(t,δ Iβ,ψa+ x(t)) − M(t,δ Iβ,ψa+ y(t))|

≤R∥x− y∥ + φC1

δβΓ(β)

×
∫ t

a
Ωβ−1
ψ (t, s)ψ′(s)

(
1

δβΓ(β)

∫ s

a
Ωβ−1
ψ (s, τ)ψ′(τ)|x(τ) − y(τ)|dτ

)
ds

≤R ∥ x− y ∥ +φC1(ψ(b) − ψ(a))β
δ2βΓ(β)Γ(β + 1)
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×
∫ t

a
(ψ(t) − ψ(s))β−1ψ′(s)ds∥x− y∥

≤
(
R + φC1(ψ(b) − ψ(a))2β

δ2β(Γ(β + 1))2

)
∥x− y∥.

From the condition (3.10) it follows that the operator Π is a contraction. It follows
that Π has a unique fixed point according to the Banach fixed point theorem, which
is the solution of the nonlinear hybrid fractional differential equation (1.2).

The proof is completed. □

4. Example

In this section, we illustrate our main results with an example. Consider the
following problem:

(4.1)



H
1
2
D

1
2 ,

1
4 ,t

0+

x(t) − 1
2t+54


∣∣∣ 2

3
I

1
2 ,t

0+ x(t)
∣∣∣

1+
∣∣∣ 1

2
I

1
2 ,t

0+ x(t)
∣∣∣
 =

t cos
(

1
2
I

1
2 ,t

0+ x(t)
)

17 , t ∈ [0, 1],

1
2
I

1− 5
8 ,t

0+

x(t) −

∣∣∣ 1
2
I

1
2 ,t

0+ x(t)
∣∣∣

1+
∣∣∣ 1

2
I

1
2 ,t

0+ x(t)
∣∣∣

t=0

= ∑3
k=1 λkx(ϵk), ϵk ∈ [0, 1], λk ∈ R.

In this example, we take T = [0, 1], ψ(t) = t, β = 1
2 , σ = 1

4 , δ = 1
2 , ζ = 5

8 , λ1 = 1
8 ,

λ2 = 1
11 , λ3 = 2

23 , ε1 = 2
15 , ε2 = 3

8 , and ε3 = 1
16 .

Comparing Problem (4.1) with Problem (1.2), we find

Q(t,δ Iβ,ψa+ x(t)) = 1
2t+ 54


∣∣∣∣ 2

3
I

1
2 ,t

0+ x(t)
∣∣∣∣

1 +
∣∣∣∣ 2

3
I

1
2 ,t

0+ x(t)
∣∣∣∣
 , M(t,δ Iβ,ψa+ x(t)) =

t cos
(

2
3
I

1
2 ,t

0+ x(t)
)

16 ,

and
L(t,δ Iβ,ψa+ x(t)) = 1.

Then for all p, q ∈ R and t ∈ [0, 1] we have

|M(t, p) − M(t, q)| = t

17 | cos(p) − cos(q)| ≤ 1
17 |p− q|.

This implies that the function T is Lipschitz, with a Lipschitz constant C1 = 1
17 , then

hypothesis (H1) is satisfied. Also, we have

|M(t, p)| =
∣∣∣∣ t17 cos p

∣∣∣∣ ≤ 1
17 |p|.

Hence, hypothesis (H2) is satisfied with r = 1 and ξ = 1
17 .

It is clear that for all p, q ∈ R and t ∈ [0, 1], we have

|Q(t, p) − Q(t, q)| = 1
2t+ 54

∣∣∣∣∣ |p|
1 + |p|

− |q|
1 + |q|

∣∣∣∣∣ ≤ 1
54 |p− q|.
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This implies that the function Q is Lipschitz, with a Lipschitz constant C2 = 1
54 , then

hypothesis (H3) is satisfied.
Next, to check hypothesis H4, we have L(t,δ Iβ,ψa+ x(t)) = 1 = φ and

Q(t,δ Iβ,ψa+ x(t)) = 1
2t+ 54


∣∣∣∣ 1

2
I

1
2 ,t

0+ x(t)
∣∣∣∣

1 +
∣∣∣∣ 1

2
I

1
2 ,t

0+ x(t)
∣∣∣∣
 ≤ N = 1

54 .

Now it only remains to verify the conditions (3.1) and (3.6). We have

χ = δζ−1Γ(ζ) −
n∑
k=1

λkL(ϵk,δ Iβ,ψa+ x(ϵk))Ωζ−1
ψ (ϵk, a)

=
(1

2

)−3
8

Γ
(5

8

)
−

3∑
k=1

λkϵ
−3
8
k e−ϵk = 1, 295 ̸= 0

and

R =(ψ(b) − ψ(a))β
δβΓ(β + 1)

(
C2 + φC2(ψ(b) − ψ(a))ζ−1

|χ|

n∑
k=1

|λk|

+ C1φ
2(ψ(b) − ψ(a))β+ζ−1

|χ|δβ(Γ(β + 1))

n∑
k=1

|λk|
)

= 1
(1

2) 1
2 Γ(3

2)

 1
54 + 1

54 × 1, 295

3∑
k=1

|λk| + 1
17 × |χ| × (1

2) 1
2 Γ(3

2)

3∑
k=1

|λk|


≃0, 0713 < 1.

We remark that all the conditions and the hypotheses are satisfied, then Problem
(4.1) has a solution in C(T,R). In addition, we have:

R + φC1(ψ(b) − ψ(a))2β

δ2β(Γ(β + 1))2 = 0, 0713 + 1
17 × 1

2Γ2(3
2)

≃ 0, 2211 < 1,

this implies that the problem (4.1) has a unique solution in C(T,R).

5. Conclusion

In this study, we have developed the theory of hybrid fractional differential equa-
tions, which includes the ψ-Hilfer generalized proportional fractional derivative. We
have used the Banach fixed point theorem and topological degree theory to analyze
the existence and uniqueness of solutions. An illustrative example is provided to
demonstrate our main findings.

As a possible direction for future research, we intend to investigate the existence,
uniqueness and Ulam-Hyers stability of a novel class of hybrid Langevin equations
and their associated formulations.
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